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1 Introduction

We will study how to solve four central problems in Linear
Algebra and the associated matrix decompositions that arise from
the solutions

Linear Systems Ax = b n× n matrix A A = LU
Least Squares Ax = b m× n matrix A A = QR
Eigenvalues Ax = λx n× n matrix A A = PDP−1

Singular values Av = σu m× n matrix A A = UΣV T

1.1 Scalar Fields

We will primarily consider real vector spaces, but we will have
occasion to consider complex vector spaces. The type of vector
space is determined by the field of scalars, this will be either R or
C.

1.1.1 Review of complex numbers

Recall that the complex numbers, C, is the set of numbers of the
form z = a+ ib ∈ C with a, b ∈ R, where i2 = −1, or if you like,
i =
√
−1.

The magnitude of a complex number, z = a+ ib, is defined to be

|z| df
=
√
a2 + b2

and the conjugate of z = a+ ib is

z∗
df
= a− ib.

Notice
z is real ⇔ z∗ = z ,

also
z∗z = |z|2

Since z
Ç
z∗

|z|2

å
=
z∗z

|z|2
=
|z|2

|z|2
= 1,

1

z
= z−1 =

z∗

|z|2
.

Problem 1 Write each of the following in the form a+ ib:

(a)
1

2− 3i
.
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1

2− 3i
=

1 + 3i

4 + 9
=

1

13
+

3

13
i

�

(b)
2 + 5i

3 + 2i

2 + 5i

3 + 2i
= (2 + 5i)

3− 2i

13
=

16 + 11i

13
=

16

13
+

11

13
i

�

For a complex number z let ẑ = z
|z| so |ẑ| = 1, ẑ = cos(θ) + i sin(θ)

and z = |z|ẑ = |z|(cos(θ) + i sin(θ)).

i

R

z

ẑ

θ

Using the fact1 that cos(θ) + i sin(θ) = eiθ it is convenient to
express a complex number as z = reiθ, where r is the magnitude of

1This is Euler’s formula and can be derived from the infinite series represen-
tation of eit as follows using the fact that i2 = −1:

eit =
∞∑
n=0

(it)n

n!
= 1 + it+

(it)2

2!
+

(it)3

3!
+

(it)4

4!
+

(it)5

5!
+ · · ·

=

Å
1− t2

2!
+
t4

4!
+ · · ·

ã
+

Å
it− i t

3

3!
+
t5

5!
+ · · ·

ã
=
∞∑
n=0

(−1)n t2n

(2n)!
+ i

∞∑
n=0

(−1)n t2n+1

(2n+ 1)!
= cot(t) + i sin(t)
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z and eiθ is the point on the unit circle indicating the direction.

Problem 2 Show that z∗ = re−iθ when z = reiθ, so that,
zz∗ = (reiθ)(re−iθ) = r2eiθ−iθ = r2e0 = r2.

�

Problem 3 Write z as r(cos(θ) + i sin(θ)) and as reiθ for each of
the following z:

(a) z = 3√
2
− i 3√

2
.

|z|2 = 9
4

+ 9
2

= 29
2
so

z = 3
(

1√
2
− i 1√

2

)
= 3(cos(−π/4) + i sin(−π/4)) = 3e−i

π
4 .

�

(b) z = −1 + i
√

3.

|z|2 = 1 + 3 so
z = 2

(
−1

2
+ i

√
3
2

)
= 2(cos(2π/3) + i sin(2π/3)) = 3ei

2π
3 .

�

Write the following as a+ ib:

(c) 3ei
5π
6 .

3ei
5π
6 = 3

(√
3
2
− i1

2

)
= 3

√
3

2
− i3

2
.

�

(d) 4(cos
Ä
3π
4

ä
+ i sin (3π) 4).
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4(cos
Ä
3π
4

ä
+ i sin (3π) 4) = 4

(
− 1√

2
+ i 1√

2

)
= −2

√
2 + i2

√
2.

�

Problem 4 Geometrically what does multiplication by eiβ do?
What does multiplication by a real α do?

rz scales z by a factor of r, if r < 0, then rz is in the opposite
direction, i.e., −reiθ = rei(π+θ).

Multiplication by an eiβ rotates z through the angle β,
(eiβ)(reiθ) = rei(β+θ).

�

Problem 5 Using the representation z = reiθ geometrically and
algebraically describe the n, nth roots of z. Which one should be
called the principle root? What are the 3 cubed roots of −1?
What is the principle cubed root of −1?

�

These are the basic facts to remember about complex numbers.

1.2 (Real) Euclidean vector spaces Rn

Euclidean n-space, Rn, is the set of all n-tuples of reals. An
element, x = (x1, . . . , xn), of Rn will be considered both as a point
and as a vector, which can be viewed as a directed line segment
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(arrow) from the origin to x. Mathematically, we do not
distinguish between points and vectors in Rn.

y

x
O

u = (4, 3)

u
=

(4
, 3

)

Notation We will denote elements of Rn as tuples and also as
column vectors

u = (u1, u2, . . . , un) =


u1
u2
...
un

 =
î
u1 u2 · · · un

ó
For example (1, 3, 2) in R3 can also be written as

1
3
2

. ♦

Points P = (x1, . . . , xn) and Q = (y1, . . . , yn) in Rn determine the
vector

#    –

PQ which could be viewed as having its tail at P and head
at Q. We do not distinguish between vectors of the same length
and direction and thus identify

#    –

PQ with the corresponding vector
u = Q− P = (y1 − x1, y2 − x2, . . . , yn − xn) with tail at the origin.
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y

x
O

P

Q

#  
  –

PQ

P ′

Q′

#  
   

  –

P
′ Q
′

Q− P = Q′ − P ′
u

u =
#    –

PQ =
#       –

P ′Q′

Clearly

#    –

PQ =
#       –

P ′Q′ ⇔ Q− P = Q′ − P ′

Problem 6 Given that P =

ñ
2
3

ô
and u =

ñ
1
−2

ô
, for what point Q

would
#    –

PQ = u? Draw the corresponding vectors and points.

�

1.2.1 Linear combinations

There is a natural algebraic structure on vectors. Given
u = (u1, . . . , un) and v = (v1 . . . , vn) in Rn and scalar α ∈ R:
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• (vector addition/component-wise addition)

u+ v = (u1, . . . , un) + (v1, . . . , vn) = (u1 + v1, . . . , un + vn)

or


u1
...
un

+


v1
...
vn

 =


u1 + v1

...
un + vn


• (scalar multiplication/component-wise multiplication)

αv = α(v1, . . . , vn) = (αv1, . . . , αvn)

or α


v1
...
vn

 =


αv1
...

αvn


The vector addition, u+ v, can be viewed, geometrically, as
finding the resultant vector when attaching v to the head of u, or
vice versa

y

x

u =

ñ
3
4

ô

v =

ñ
5
−2

ô
u+ v =

ñ
8
2

ô
u

v

x

y

z

u =

3
4
2



v =

 5
−2
5


u+ v =

8
2
7


u

v

Vector subtraction has a similar geometric interpretation.
y

x

u =

ñ
3
4

ô

v =

ñ
5
−2

ô−v

−vu
−
v u
−
v

ñ
−2
6

ô

Notice that this agrees with our earlier use of #  –vu = u− v.

Scalar multiplication can be viewed geometrically as scaling,
stretching/dilating, and perhaps inverting direction, reflecting
through the origin.
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y

x

u =

ñ
2
2

ô2u =

ñ
4
4

ô
−1/2u =

ñ
−1
−1

ô
v =

ñ
4
−2

ô1/2v =

ñ
2
−1

ô
−v =

ñ
−4
2

ô

Important! A linear combination of the vectors v1, . . . ,vk in Rn

is
α1v1 + α2v2 + · · ·αkvk

where the αi are scalars.

Problem 7 Write down 3 vectors in each of R2, R3, and R4 and
find 2 different linear combinations of those vectors. Draw pictures
for your your linear combinations in R2.

�

Problem 8 Let u = (1, 2, 3), v = (−3,−2,−1), and
w = (1,−1, 0).

(a) Find 2u− 3w.

(b) Find scalars α, β, γ so that αu+ βv + γw = (0,−2, 2).
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You could do this by just “playing around” with the vectors,
here is a more mechanical solutions: You need to solve

α− 3β+ γ = 0 (eq 1)
2α− 2β− γ = −2 (eq 2)
3α− β = 2 (eq 3)

Adding (eq 1) and (eq 2) gives

3α− 5β = −2 (eq 1′)
3α− β = 2 (eq 2′)

Subtracting (eq 2′) from (eq 1′) gives −4β = −4 so β = 1.
Hence α = 1 and γ = 2.

�

(c) Important Concept! Describe algebraically and
geometrically the following subsets of R3:

(i) All linear combinations of u?

Algebraic: (parametric) The set of all

x1x2
x3

 such that

x1x2
x3

 =

 1
2t
3t

. Geometric: A line through the origin containing

v.

�

(ii) All linear combinations of u and v?
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Algebraically: (parametric) The set of all

x1x2
x3

 such that

x1x2
x3

 =

 s− 3t
2s− 2t
3s− t

. (equation) The set of all

x1x2
x3

 so that

x1x2
x3

 �
 1
−1
1

 = x1 − x2 + x3 = 0. Geometrically: The plane

through the origin containing u and v.

�

(iii) All linear combinations of u, v, and w?

Algebraically: The set of all

x1x2
x3

 such that

x1x2
x3

 =

 r − 3s+ t
2r − 2s− t

3r − s

. Geometrically: All of 3-space. You can

see this by noting that each standard basis vector can be
realized as a linear combination of u, v, and w.

�

Problem 9 For u and v in R2 which are not co-linear, describe
geometrically the set of all linear combinations of u and the set of
all linear combinations of u and v. What if u and v had come
from R3?
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�

Problem 10 For u,v and w in R3 which are not coplanar,
describe geometrically the set of all linear combinations u, v, and
w.

�

Problem 11 For what scalars c, d do the linear combinations

c

ñ
1
2

ô
+ d

ñ
−1
1

ô
fill the triangle with vertices (0, 0), (1, 2), and

(−1, 1).
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Given two vectors/points u and v a parametrization of the line
segment uv is u+ t(v − u) = tv + (1− t)u for 0 ≤ t ≤ 1.
Thus we see that {cu+ dv | c+ d ≤ 1 N c, d ≥ 0} gives the
triangle with vertices 0, u, and v.

�

1.2.2 Standard Basis

The ith standard basis element for Rn is denoted eni and is the
element of Rn with a 1 in the ith position and a 0 everywhere else.
In R2 and R3 there is a tradition of using i, j, and k.

In R2:
e21 = i =

ñ
1
0

ô
e22 = j =

ñ
0
1

ô
In R3:

e31 = i =

1
0
0

 e32 = j =

0
1
0

 e33 = k =

0
0
1


Notation If it is clear that we are working in Rn, then write ei
instead of eni . ♦

Every vector in Rn is a linear combination of the n
standard basis vectors!

Example In R3:3
4
5

 = 3

1
0
0

+ 4

0
1
0

+ 5

0
0
1

 = 3i+ 4j + 5k = 3e31 + 4e32 + 5e33

i

j

k

x

y

z

u
=

3i
+

4j
+

5k

34

5

♦
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Problem 12 Choose 2 vectors in each of R2, R3, and R4 and
write them as linear combinations of standard basis vectors.

�

1.2.3 The "dot product" or “Euclidean inner product”

Given two vectors u and v both in Rn, the dot product of u and v
is given as

u � v df
=

n∑
i=1

uivi

This is also called the Euclidean inner product or standard real
inner product and is often denoted 〈u|v〉. We will adopt this
notation and terminology when dealing with inner products of
complex vectors as well as more general inner products.

The dot product is important and actually underlies both the
notion of length of a vector and angle between vectors.

The norm2 (length, magnitude) of a vector v ∈ Rn is defined by

‖v‖ df
=
»
v21 + · · ·+ v2n =

(
n∑
i=1

v2i

)1/2

the standard Euclidean distance is given by

dist(u,v)
df
= ‖u− v‖ =

(
n∑
i=1

(ui − vi)2
)1/2

2The 2-norm is just one of many possible norms on Rn, for example the
p-norm is ‖v‖p = (

∑n
i=1|vi|

p
)
1/p, where for p = 1 we have ‖v‖1 =

∑n
i=1|vi|.

We will almost exclusively use the 2-norm and hence drop the subscript 2, so
‖u‖ = ‖u‖2.
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Problem 13 Write down two vectors u and v in each of R2, R3,
and R4 and compute ‖u‖, ‖3u− 2v‖, and dist(u,v).

�

Problem 14 Show that ‖αu‖ = |α|‖u‖.

�

From this we see ∥∥∥∥∥ u‖u‖
∥∥∥∥∥ =

1

‖u‖
‖u‖ = 1

so
û =

u

‖u‖
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is the unit vector in the direction of u.

Problem 15 (a) Find the unit vector in the direction of
(1,−2, 2).

�

(b) Find the vector of length 6 in the direction of (2,−4, 2, 1).

�

(c) In R2, find the vector of length 4 which makes an angle of π/4
rad measured starting from the positive x-axis.

�
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(d) In R2, find the vector of length r > 0 which makes an angle
of θ rad measured starting from the positive x-axis.

�

Clearly,

‖u‖2 = u � u =
n∑
i=1

u2i

dist(u,v)2 = ‖v − u‖2 = (v − u) � (v − u)

Problem 16 Show that the dot product satisfies each of the
following

(a) (symmetry/commutativity) u � v = v � u.

�

(b) (left linearity) (αu+ βv) �w = α(u �w) + β(v �w).
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�

(c) (positive definiteness) u � u ≥ 0 and equality holds iff u = 0.

�

Problem 17 Show that

dist(u,v)2 = ‖u− v‖2 = ‖u‖2 + ‖v‖2 − 2u � v
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‖v − u‖2 = (v − u) � (v − u)

= (v − u) � v − (v − u) � u (left linearity)
= v � v − u � v − v � u+ u � u (right linearity)
‖v‖2 − 2u � v + ‖u‖2 (symmetry)

�

The previous problem shows that

‖u− v‖2 = ‖u‖2 + ‖v‖2 ⇔ u � v = 0

This is the Pythagorean Theorem! once we know (or define)
that two vectors u and v are orthogonal (perpendicular) exactly
when u � v = 0.

If u and v are vectors in Rn, then we can form the triangle with 0,
u, and v as vertices. Let θ be the (unique) angle between u and v
such that 0 ≤ θ ≤ π, the law of cosines yields

‖v − u‖2 = ‖u‖2 + ‖v‖2 − 2‖u‖‖v‖ cos(θ)

On the other hand Problem 17 gives

‖u− v‖2 = ‖u‖2 + ‖v‖2 − 2u � v.

So we get

‖u‖2 + ‖v‖2 − 2‖u‖‖v‖ cos(θ) = ‖u‖2 + ‖v‖2 − 2u � v

and hence

u � v = ‖u‖‖v‖ cos(θ).

Thus we have

cos(θ) =
u � v
‖u‖‖v‖

Problem 18 Characterize in terms of u � v the following:

(a) u and v are orthogonal (perpendicular).

�
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(b) u and v are in the same direction.

�

(c) u and v are in opposite directions.

�

(d) u and v make an acute angle.

�

(e) u and v make an obtuse angle.

�

Problem 19 Show that in R3, u = ‖u‖

cos(θ1)
cos(θ2)
cos(θ3)

 where θi is the

angle between u and ei. (This generalizes to Rn.) How does this

compare to what happens in R2 where u = ‖u‖
ñ
cos(θ)
sin(θ)

ô
?
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�

Problem 20 Let

u1 =

1
0
1

 u2 =

 1
−2
3


(a) Find a linear combination v of u1,u2 so that v and u1 are

orthogonal. Geometrically, v is in the plane determined by
u1 and u2 and is orthogonal to u1.

v =

ab
c

 satisfies both

ab
c

 �
1

0
1

 = a+ c = 0 and

ab
c

 = α

1
0
1

+ β

 1
−2
3

. So a = −c and

ab
c

 =

 α + β
−2β
α + 3β

. So
α + β = −α− 3β and thus α = −2β andab
c

 =

 −β−2β
β

 = β

−1
−2
1

. Taking β = 1 gives

ab
c

 =

−1
−2
1

.

�

(b) Find w orthogonal to both u1 and v.
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Here we need

ab
c

 �
1

0
1

 = a+ c = 0 and

ab
c

 �
−1
−2
1

 = −a− 2b+ c = 0. Since a = −c we get

2c− 2b = 0 so c = b = −a. Hence w =

 a−a
−a

 = a

 1
−1
−1

.
Taking a = 1 give w =

 1
−1
−1

.

It is easy to check that B = {

1
0
1

 ,
−1
−2
1

 ,
 1
−1
−1

} are mutually

orthogonal.

�

1.3 (Complex) Euclidean vector spaces, Cn

If the field of scalars is C, then Rn is not closed under scalar
multiplication, we must move to the vector spaces Cn. Most
everything about euclidean spaces caries over. The dot product is
extended to the standard inner product on Cn:3

〈u|v〉 =
n∑
i=1

v∗i ui

Notice that 〈u|v〉 = u � v if u and v are in Rn, so the inner
product extends the dot product. 4

The properties of dot products (see Problem 16) become:

Problem 21 Show that the inner product satisfies

(a) (conjugate symmetry) 〈u|v〉 = 〈v|u〉∗

4In order to not invalidate certain definitions that appear later, we will take
u �v to be defined as before even when the vectors are complex. So for complex
u and v, typically, 〈u|v〉 6= u � v.
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�

(b) (left linearity) 〈αu+ βv|w〉 = α〈u|w〉+ β〈v|w〉

�

(c) (positive definiteness) 〈u|u〉 ∈ R+ = [0,∞) and 〈u|u〉 = 0 iff
u = 0. (Notice 〈u|u〉 =

∑n
i=1 u

∗
iui =

∑n
i=1 |ui|2.)
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�

Conjugate symmetry and left linearity give right conjugate
linearity

〈u|αv + βw〉 = α∗〈u|v〉+ β∗〈u|w〉

From the positiveness of the inner product, it makes sense to define

‖u‖ =
»
〈u|u〉

and it is simple to verify that this is a norm, i.e., the following are
satisfied

• ‖u‖ = 0⇒ u = 0.

• ‖u+ v‖ ≤ ‖u‖+ ‖v‖. (sub-additivity or triangle inequality)

• ‖αu‖ = |α|‖u‖.

The triangle inequality requires Cauchy-Schwartz

|〈u|v〉| ≤ ‖u‖ ‖v‖

Problem 22 Verify Cauchy-Schwartz by first verifying it for unit
u and v and then generalizing. (Hint: Compute 〈u− λv|u− λv〉
and take λ = 〈u|v〉.) Next verify, the triangle inequality.
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0 ≤ 〈u− λv|u− λv〉 = 〈u|u− λv〉 − λ〈v|u− λv〉
= 〈u|u〉 − λ∗〈u|v〉 − λ〈v|u〉+ λλ∗〈v|v〉
= ‖u‖2 − λ∗〈u|v〉 − λ〈u|v〉∗ + |λ|2‖v‖2

= 1− λ∗λ− λλ∗ + |λ|2 = 1− |λ|2

So

0 ≤ 1− |λ|2 = 1− |〈u|v〉|2 hence |〈u|v〉| ≤ 1 = ‖u‖ ‖v‖.

Now if u and v are arbitrary, then∣∣∣∣∣
Æ
u

‖u‖

∣∣∣∣∣ v‖v‖
∏∣∣∣∣∣ =

1

‖u‖ ‖v‖
|〈u|v〉| ≤ 1.

This gives CS.

For the triangle inequality calculate:

‖u+ v‖2 = 〈u+ v|u+ v〉
= ‖u‖2 + 〈u|v〉+ 〈v|u〉+ ‖v‖2

= ‖u‖2 + 2Re(〈u|v〉) + ‖v‖2

≤ ‖u‖2 + 2‖u‖ ‖v‖+ ‖v‖2

Notice that if 〈u|v〉 = a+ ib, then
|Re〈u|v〉| = |a| =

√
a2 ≤

√
a2 + b2 = |〈u|v〉|.

�

The next exercise indicates some things do change in passing to
complex.

Problem 23 Show that

〈u|v〉 = 0⇒ ‖u+ v‖2 = ‖u‖2 + ‖v‖2,

but that
‖u+ v‖2 = ‖u‖2 + ‖v‖2 6⇒ 〈u|v〉 = 0.
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The proof of the triangle inequality in the previous problem
clearly shows that

Re(〈u|v〉) = 0↔ ‖u+ v‖2 = ‖u‖2 + ‖v‖2.

So for example if v =

ñ
a
i

ô
and u =

ñ
i
b

ô
in C2, then

‖u+ v‖2 = (a2 + 1) + (b2 + 1) = ‖u‖2 + ‖v‖2, yet
〈u|v〉 = (b− a)i.

�

C can be interpreted/visualized as R2, i.e., z = a+ ib 7→ (a, b).
Get that every z ∈ C has the form r(cos(θ) + i sin(θ)) and notice
|z| = ‖(a, b)‖. This is indicated in the illustration on page 3.

1.4 Matrices

A m× n matrix is an array of scalars which is viewed as having m
rows and n columns

A =



a1,1 a1,2 · · · a1,j · · · a1,n
a2,1 a2,2 · · · a2,j · · · a2,n
...

... . . . ... . . . ...
ai,1 ai,2 · · · ai,j · · · ai,n
...

... . . . ... . . . ...
am,1 am,2 · · · am,j · · · am,n


The ith row will be denoted rowi(A) and the jth column will be
denoted colj(A), where the A may be omitted if it is clear from
the context.

rowi(A) =
î
ai,1 ai,2 · · · ai,j · · · ai,n

ó
colj(A) =


a1,j
a2,j
...

am,j


Remark We will focus on a matrix as a collection of columns
and/or rows more than an array of entries. This will be important
in all that is to come! ♦

The i, jth entry of A will be denoted Ai,j and for an arbitrary
matrix, A, we will often also use Ai,j = ai,j.

The set of all m× n matrices is denoted Mmn.

Problem 24 Let A =


1 2 −1
2 3 0
4 1 −2
2 5 −6


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(a) What is A1,2, A4,2, and A2,4?

�

(b) What is row3(A), col2(A)?

�

Matrices will typically be denoted with uppercase letters, A,B,M ,
etc. The set of all m× n matrices will be denoted Mm,n.

We will encounter many special types of matrices as we go, a few
initial types are:

• A is square iff A has the same number of rows and columns.

• A is diagonal iff Ai,j = 0 whenever i 6= j. (Note A need not
be square!) For example1 0 0 0

0 −1 0 0
0 0 2 0

 non square diagonal

2 0 0
0 0 0
0 0 1

 square diagonal

• A square matrix A is upper triangular iff Ai,j = 0 whenever
i > j, i.e., any non-zero entries occur in the upper right
triangle. Similarly, A is lower triangular iff Ai,j = 0
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whenever j > i. For example1 0 2
0 1 −3
0 0 1

 upper triangular

1 0 0
0 1 0
2 −3 1

 lower triangular

1.4.1 Linear combinations of matrices

Addition and scalar multiplication is very much like that for
vectors: Let A and B be two m× n matrices:

• (vector addition/component-wise addition)

(A+B)i,j = Ai,j +Bi,j

• (scalar multiplication/component-wise multiplication)

(αA)i,j = αAi,j

For example if A =

 1 2
−3 1
2 1

 and B =

 0 3
−4 0
1 1

, then

A+B =

 1 5
−7 1
3 2

 − 3A =

−3 −6
9 −3
−6 −3


Problem 25 For the A and B in the above example find 2A− 3B.

�
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1.4.2 Adjoint and Transpose

Given an m× n matrix A, the transpose of A is the n×m matrix
AT where the rows/columns of A are now the columns/rows of AT ,
formally this amounts to

ATi,j = Aj,i

For example:

A =

ñ
1 2 1
0 −1 6

ô
AT =

1 0
2 −1
1 6



The following fact would really be a better definition for AT :

rowi(A
T ) = coli(A) coli(AT ) = rowi(A)

This seemingly simple operation will turn out to be of
tremendous importance.

Problem 26 (a) Show that (αA)T = α(AT ) and
(A+B)T = AT +BT . So the transpose operation is a linear
operator from Mmn to Mnm, i.e., (αA+ βB)T = αAT + βBT .

(αA)Ti,j = (αA)j,i = αAj,i = αATi,j

so (αA)T = αAT .

(A+B)Ti,j = (A+B)j,i = Aj,i +Bj,i = ATi,j +BT
i,j

so (A+B)T = AT +BT .

�

(b) Show (AT )T = A

(AT )Tij = ATji = Aij.

�

Among the special kinds of matrices we will use add the following:

• A is symmetric iff AT = A.

• A is skew-symmetric iff AT = −A.
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Problem 27 Show that every square matrix, A, can be written as
A = S + T where S is symmetric and T is skew symmetric.

Hint: Consider A+ AT and A− AT .

Clearly A = 1
2
((A+ AT ) + (A− AT )) so all we need to do is

check that A+AT is symmetric and A−AT is skew-symmetric:

(A+ AT )Tij = (A+ AT )ji = Aji + ATji = ATij + Aij = (A+ AT )ij

(A− AT )Tij = (A− AT )ji = Aji − ATji = ATij − Aij = −(A− AT )ij

�

Most matrices we consider will have real entries, however, there
are important results that require considering matrices with
complex entries.

If A is a matrix with complex entries, then the adjoint or
conjugate transpose of A is A∗ and is defined by

A∗i,j = (Aj,i)
∗

For exampleñ
1 + i 2 3− 2i

0 1− 2i 6i

ô∗
=

 1− i 0
2 1 + 2i

3 + 2i −6i

 .

Note that for A a complex matrix we have two distinct operations
AT and A∗, these both extend the transpose operation on real
matrices.

Problem 28 Show that (αA)∗ = α∗A∗.

�

A is Hermitian iff A∗ = A. For A with real entries A∗ = AT , in
which case Hermitian and symmetric mean the same thing.
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1.4.3 Matrix Multiplication

We will consider 5 ways to multiply matrices, all of which give the
same result and each of which is useful and will be used.

Row×Column: This is the “standard way” matrix multiplication
is introduced. For A is an m× n matrix and B is an n× k matrix,
then we can form the product AB ∈ m× k defined by

(AB)il = rowi(A) � coll(B) =
n∑
j=1

Ai,jBj,l



row1(A)

row2(A)

...
rowi(A)

...
rowm(A)


[
col1(B) col2(B) · · · colj(B) · · · colk(B)

]
=


row1(A) � col1(B) · · · row1(A) � colj(B) · · · row1(A) � colk(B)
row2(A) � col1(B) · · · row2(A) � colj(B) · · · row2(A) � colk(B)

... . . . ... . . . ...
rowm(A) � col1(B) · · · rowm(A) � colj(B) · · · rowm(A) � colk(B)


Example 1 3

2 4
−1 −1

 ñ1 0 4
1 −2 6

ô
=

 (1, 3) � (1, 1) (1, 3) � (0,−2) (1, 3) � (4, 6)
(2, 4) � (1, 1) (2, 4) � (0,−2) (2, 4) � (4, 6)

(−1,−1) � (1, 1) (−1,−1) � (0,−2) (−1,−1) � (4, 6)



=



î
1 3

ó ñ1
1

ô î
1 3

ó ñ 0
−2

ô î
1 3

ó ñ4
6

ôî
2 4

ó ñ1
1

ô î
2 4

ó ñ 0
−2

ô î
2 4

ó ñ4
6

ôî
−1 −1

ó ñ1
1

ô î
−1 −1

ó ñ 0
−2

ô î
−1 −1

ó ñ4
6

ô


=

 4 −6 22
6 −8 32
−2 2 −10


♦

Three important facts about matrix multiplication are:

• Matrix multiplication is not commutative, that is, in
general, AB = BA fails. For this to be defined A and B
must be square.
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• Matrix multiplication is linear,

A(αB + βC) = α(AB) + β(AC)

(αB + βC)A = α(BA) + β(CA).

• Matrix multiplication is associative, that is,

(AB)C = A(BC).

The proof of linearity and non-commutativity is an exercise. The
proof of associativity can proceed either by brute force
(unenlightening) or by a connection we will later develop between
matrices and linear functions (then associativity becomes trivial).
Part of this relationship is already apparent. If A ∈Mmn, then
multiplication on the right by A defines a mapping, which we call
LA from Rn to Rm, namely, LA(x) = Ax which is linear

LA( αu+ βv︸ ︷︷ ︸
linear combination of u and v

) = αLA(u) + βLA(v)︸ ︷︷ ︸
the same linear combination of LA(u) and LA(v)

Problem 29 (a) Produce 2× 2 matrices A and B so that
AB 6= BA.

One example would be A =

ñ
0 −1
1 0

ô
and B =

ñ
−1 0
0 1

ô
.

Geometrically, A rotates the plane counterclockwise π/2 and B
reflects across the y-axis. Here AB = −BA.

�

(b) Show by example that cancellation fails, i.e., find A,B,C so
that AB = AC and yet B 6= C.

Here take A =

ñ
1 0
0 0

ô
(A must be singular) and B =

ñ
1 0
0 b

ô
and C =

ñ
1 0
0 c

ô
(this gives infinitely many such pairs). The

point is that B and C scale along the y-axis while A projects
onto the x-axis. notice AB = A.

�

Problem 30 Find at least three (perhaps infinitely many)

“square roots of” I =

ñ
1 0
0 1

ô
.
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Reflection through any line ax+ by = 0 works, this matrix

sends
ñ
a
b

ô
to −

ñ
a
b

ô
and sends

ñ
−a
b

ô
to itself. Suppose

a 6= 0 6= b, then the matrix isñ
0 −a/b
−b/a 0

ô
Rotation counterclockwise through π radians also works.

�

Problem 31 Show that (AB)T = BTAT . Similarly,
(AB)∗ = B∗A∗ for complex A,B.

(AB)Tij = (AB)ji = rowj(A) � coli(B) = colj(AT ) � rowi(B
T ) =

rowi(B
T ) � colj(AT ) = (BTAT )ij.

�

Problem 32 (a) Show that AAT and ATA are symmetric, and
that AA∗ and A∗A are Hermitian (for complex A).

Take the A∗A case, then (A∗A)∗ij = (A∗A∗∗)ji = (A∗A)ji so
A∗A is Hermitian.

�

(b) Show, in addition, that xT (ATA)x ≥ 0. (Similarly for the
other 3 variants AAT , A∗A, and AA∗.)5

Take one of these say A∗A, we have
x∗(A∗A)x = (x∗A∗)(Ax) = (Ax)∗(Ax) = 〈Ax|Ax〉 ≥ 0.

�

Dot product/inner product as matrix multiplication. We
defined matrix multiplication via the dot product, this can be

5This shows that ATA is positive semidefinite. If we wanted additionally to
get that x∗(A∗A)x = 0 iff x = 0 (positive definite), then we would require that
A∗A be invertible, we will see that this occurs precisely when A has maximal
rank.
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turned around:

Problem 33 Show that u � v = vTu, while for u and v in Cn,
〈u|v〉 = v∗u for u,v ∈ Cn, when u and v are viewed as column
vectors. Thus both the dot product and inner product can be
defined by matrix multiplication.

�

Columns×Rows: The preceding problem begs us to define the
outer product

Problem 34 Define the outer product of u ∈ Rm and v ∈ Rn by

u⊗ v df
= uvT ∈Mmn

Compute (2, 3)⊗ (1,−1, 3) and (1,−1, 3)⊗ (2, 3). What is their
relationship? What is the relationship between u⊗ v and v⊗u in
general?

�
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Notice for u ∈ Rm and v ∈ Rn

u⊗ v = uvT =


u1
u2
...
um


î
v1 v2 · · · vn

ó
=
î
uv1 uv1 · · · uvn

ó
=


u1v
u2v

...
umv


So all columns/rows are co-linear, later we will call such a matrix
rank 1 and all rank 1 matrices in Mmn arise as uvT for some
u ∈ Rm and v ∈ Rn.

Matrix multiplication could be defined with outer product. For A
a m× n matrix and B a n× k matrix we have

AB =
[
col1(A) col2(A) · · · colj(A) · · · coln(A)

]


row1(B)

row2(B)

...
rowi(B)

...
rown(B)


=

k∑
l=1

coll(A)⊗ rowl(B)

Here I am treating rowl(B) as an element of Rk and hence as a
column vector, if we literally take it as a row vector, then we
should simply write AB =

∑n
l=1 coll(A) rowl(B).(

n∑
l=1

coll(A)⊗ rowl(B)

)
i,j

=

(
n∑
l=1

coll(A)⊗ rowl(B)

)
i.j

=
n∑
l=1

(coll(A)⊗ rowl(B))i,j

=
n∑
l=1

coll(A)i rowl(B)j

=
n∑
l=1

Ai,lBl,j = (AB)i,j
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Example 1 3
2 4
−1 −1

 ñ1 0 4
1 −2 6

ô
= (1, 2,−1)⊗ (1, 0, 4) + (3, 4,−1)⊗ (1,−2, 6)

=

 1
2
−1

⊗
1

0
4

+

 3
4
−1

⊗
 1
−2
6



=

 1
2
−1

 î1 0 4
ó

+

 3
4
−1

 î1 −2 6
ó

=

 1 0 4
2 0 8
−1 0 −4

+

 3 −6 18
4 −8 24
−1 2 −6



=

 4 −6 22
6 −8 32
−2 2 −10


♦

Columns×Columns: Here we describe matrix multiplication AB
by viewing the columns of the result as linear combinations of the
columns of A.

For A an m×n matrix view A alternatively as a matrix of columns

A =
[
col1(A) col2(A) · · · colj(A) · · · coln(A)

]
where colj(A) ∈ Rm.

Right multiplication of A by a vector x in Rn becomes a linear
combination of columns:

Ax =
[
col1(A) col2(A) · · · colj(A) · · · coln(A)

] 
x1
...
xn


= x1col1(A) + · · ·+ xncoln(A)

Example 1 3
2 4
−1 −1

 ñ4
6

ô
= (4)

 1
2
−1

+ (6)

 3
4
−1

 =

 22
32
−10


♦

The Matrix product AB becomes

AB = A
[
col1(B) col2(B) · · · colj(B) · · · colk(B)

]
=
[
A col1(B) A col2(B) · · · A colj(B) · · · A colk(B)

]
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where

A coll(B) =
[
col1(A) col2(A) · · · colj(A) · · · coln(A)

]
coll(B)

=
[
col1(A) col2(A) · · · colj(A) · · · coln(A)

]

B1,l

B2,l
...

Bn,l



Example 1 3
2 4
−1 −1

 ñ1 0 4
1 −2 6

ô
=

=


 1 3

2 4
−1 −1

 ñ1
1

ô  1 3
2 4
−1 −1

 ñ 0
−2

ô  1 3
2 4
−1 −1

 ñ4
6

ô
=

 (1)

 1
2
−1

+ (1)

 3
4
−1

 (0)

 1
2
−1

+ (−2)

 3
4
−1

 (4)

 1
2
−1

+ (6)

 3
4
−1




=

 4 −6 22
6 −8 32
−2 2 −10


♦

Rows×Rows: Here we describe matrix multiplication AB by
viewing the columns of the result as linear combinations of the
columns of A.

Let B be an n× k matrix, let x ∈ Rn, typically we view x as a
column vector and need to write xTB to make sense of the
multiplication, when this is clear (and unambiguous), we will be
sloppy and just write xB. (So we have a uniform notion of left
and right multiplication of a matrix by a vector.)

We have

xB = x



row1(B)

row2(B)

...
rowi(B)

...
rown(B)


= x1 row1(B) + · · ·+ xn rown(B) ∈ Rk.

so the result is a linear combination of rows of B.
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If A is an m× n matrix also viewed as rows, then

AB =



row1(A)

row2(A)

...
rowi(A)

...
rowm(A)


B =



row1(A)B

row2(A)B

...
rowi(A)B

...
rowm(A)B


where in turn

rowi(A)B =
î
Ai,1 Ai,2 · · · Ai,n

ó


row1(B)

row2(B)

...
rowi(B)

...
rown(B)


= Ai,1 row1(B) + · · ·+ Ai,n rown(B) ∈ Rk

Example

 1 3
2 4
−1 −1

 ñ1 0 4
1 −2 6

ô
=



î
1 3

ó ñ1 0 4
1 −2 6

ô
î
2 4

ó ñ1 0 4
1 −2 6

ô
î
−1 −1

ó ñ1 0 4
1 −2 6

ô


=


(1)
î
1 0 4

ó
+ (3)

î
1 −2 6

ó
(2)
î
1 0 4

ó
+ (4)

î
1 −2 6

ó
(−1)

î
1 0 4

ó
+ (−1)

î
1 −2 6

ó


=

 4 −6 22
6 −8 32
−2 2 −10


♦

Problem 35 Show that Aeni = coli(A) and emi A = rowi(A)



1 Introduction
1.4 Matrices 39

�

Notice that this problem tells you how to find a matrix A given
that you know how the matrix acts on the standard basis vectors.

Problem 36 The function Rθ which rotates the plane
counterclockwise through θ radians is given by a matrix, that is,

Rθ

Çñ
x
y

ôå
= A

ñ
x
y

ô
for some × matrix A. find the matrix by computing Ae21 and
Ae22 and then using Problem 35.

�
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Problem 37 The function that reflects points in R2 through the
line 2x− 3y = 0 is given by a × matrix A. Find A.

�

The following also follows from Problem 35

Problem 38 We saw before that “cancellation” fails for matrices
(see Problem 29). However there is an important sense in which it
holds:

(a) Show that if A and B are m× n matrix such that Ax = Bx
for all x ∈ Rn, then A = B.

You have that for all j, colj(A) = Aej = Bej = colj(B), so
clearly A = B.

�

(b) Show that if A and B are m× n matrix such that
xTA = xTB for all x ∈ Rm, then A = B.
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Define Ik ∈Mkk by

(Ik)i,j =
î
ek1 ek2 · · · ekk

ó
=


ek1
ek2
· · ·
ekk

 =

1 if i = j

0 otherwise

Then for A ∈Mmn

AIn = ImA = A

To see this notice

ImA =


em1
em2
...
emm

A =


em1 A

em2 A

...
emmA

 =


row1(A)

row2(A)

...
rowm(A)

 = A

similarly

AIn = A
[
en1 e

n
2 · · · enn

]
=
[
Aen1 Ae

n
2 · · · Aenn

]
=
[
col1(A) col2(A) · · · coln(A)

]
= A

Problem 39 For A a 4× 3 matrix

(a) What matrix would we multiply A by on the left so that the
result is what we get by replacing row2(A) by
row2(A) + α row3(A)?
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�

(b) What matrix would we multiply on the left by to
interchange the 1st and 4th rows of A?

�

(c) What matrix would we multiply on the right to replace
col3(A) by col3(A) + αcol1(A)?

�
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Problem 40 For A and m× n matrix show that
Aij = (Aenj ) � emi . What is emi � (Aenj )?

(Aenj ) � emi = eni
TAanj = eni

T colj(A) = Aij

�

Problem 41 (a) For A a real matrix, show that AT is the
unique real matrix, B, so that

(Ax) � y = x � (By)

Hint: Use Problem 40 or Problem 38.

To see that AT works, replace the given equation by the
equivalent matrix equation

yT (Ax) = (ATy)Tx,

which is true since (ATy)T = yTATT = yTA together with
associativity.

To prove uniqueness I will use Problem 38.

Written in terms of matrix products we are assuming that for
all x ∈ Rn and y ∈ Rm

(By)Tx = yT (Ax) = (yTA)x

since this holds for all x Problem 38 shows that for all y

(By)T = (yTA).

Transposing gives that for all y

By = ATy.

Applying Problem 38 again gives that B = AT .

�

(b) For A a complex matrix, show that A∗ is the unique complex
matrix, B, so that

〈Ax|y〉 = 〈x|By〉6

6This is will become the definition of adjoint in the context of inner product
spaces.
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Block Matrices The matrices A and B may be partitioned into
arbitrary blocks

A =

A1 A2 A3

A4 A5 A6



B =


B1 B2

B3 B4

B5 B6


AB =

A1B1 + A2B3 + A3B5 A1B2 + A2B4 + A3B6

A4B1 + A5B3 + A6B5 A4B2 + A5B4 + A6B6


Of course all of the sizes have to match up so that it makes sense
to multiply the blocks.

Example

 1 3
2 4
−1 −1

 ñ1 0 4
1 −2 6

ô
=


ñ
1 3
2 4

ô ñ
1 0
1 −2

ô ñ
1 3
2 4

ô ñ
4
6

ô
î
−1 −1

ó ñ1 0
1 −2

ô î
−1 −1

ó ñ4
6

ô
=


ñ
4 −6
6 −8

ô ñ
22
32

ôî
−2 2

ó
−10

 =

 4 −6 22
6 −8 32
−2 2 −10


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Note that this has the “block form”A1

A2

 [B1 B2

]
=

A1B1 A1B2

A2B1 A2B2


♦

Problem 42 For each of the following matrices A and vectors x
and y write Ax as a linear combination of the columns of A and
yA as a linear combination of the rows of A.

(a) A =

ñ
1 0 3
4 −1 2

ô
, x = (1, 2,−2), and y = (4,−1).

�

(b) A =

 1 0
−1 2
5 2

, x = (2,−2), and y = (4,−1, 3).

�

Problem 43 Expand each of the following matrix multiplications
AB in each of “rows×columns”, “columns×rows”,
“columns×columns”, and “rows×rows”:
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(a) A =

ñ
1 2 3
−1 0 2

ô
and B =

 2 1
0 4
−3 0



�

(b) A =


1 1
−1 −1
2 −3
4 0

 and B =

ñ
1 2 3 1
−2 0 2 1

ô
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Problem 44 Compute AB using “block multiplication”

A =

1 0 −2 3 4
0 2 1 3 −3
5 2 −2 1 0

 B =


3 −1 6
1 2 −2
−3 2 0
0 2 2
1 −1 −2



�
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Problem 45 A square n× n matrix, A, is positive definite iff
xTAx > 0 for all x 6= 0. Let B be the upper left k × k square
submatrix of A. Show that if A is positive definite so is B.

We have
A =

ñ
B C
D E

ô
where C k × (n− k), D is (n− k)× k, and E is
(n− k)× (n− k). We want to show yTBy > 0 for all non-zero
y in Rk ( or Ck). Consider;

[
yT 0T

] ñ B C
D E

ô ñ
y

0

ô
= yTBy+yTC0+0TDy+0TE0 = yTBy

So yTBy > 0 for
ñ
y
0

ô
6= 0, which clearly gives what we want.

�

Problem 46 Describe the result of multiplying two square
diagonal matrices, lower triangular matrices, upper triangular
matrices. What are the diagonal entries?

Take the lower triangular case: Let A,B be lower triangular,
then

(AB)ij = rowi(A) � colj(B) =



ai1
...
aii
0
...
0


�



0
...
0
bjj
...
bnj


Clearly:

• If i < j, then (AB)ij = 0, so AB is also lower triangular.

• (AB)ii = aiibii, so along the diagonal, just multiply the
corresponding diagonal elements.

�

Problem 47 Let A =

2 0 0
0 −1 0
0 0 3

. Compute, by hand, A5.
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�
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2 Ax = b

Consider the problem of solving

x1 + x2 + x3 = 3

x1− x2 + x3 = 1

2x1 + 3x2− 4x3 = 1

The matrix form of this is1 1 1
1 −1 1
2 3 −4


x1x2
x3

 =

3
1
1


There are two pictures associated to this problem:

The row picture: Here we view this as asking for a point where
the three planes described by the three equations intersect.

x

y

z

This illustrates the three intersecting planes whose equations are
given.

The column picture: Here we view this equation as a linear
combination of columns.

x1

1
1
2

+ x2

 1
−1
3

+ x3

 1
1
−4

 =

3
1
1



It is clear that x1 = x2 = x3 = 1 will work.
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x

y

z

u1 =

1
1
2


u2 =

 1
−1
3



u3 =

 1
1
−4



v =

3
1
1



This picture illustrates the three vectors for which we want to find
a linear combination of giving the vector (1, 3, 1).

Problem 48 Describe geometrically, the set of all linear
combinations of (1, 1, 2), (1,−1, 3), and (1, 1,−4)?

�

Problem 49 Illustrate the row picture and column picture for the
solution to

2x1 + 3x2 = 1

x1 + x2 = 0

Note that the row picture will consist of two intersecting lines.
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�

If you had just one equation to solve

ax = b,

then of course you would simply multiply both sides by a−1 = 1
a
.

In the case that there are n-equations in n-unknowns, so that in
the equation

Ax = b

we will look for an analogous multiplicative inverse A−1 for the
square n× n matrix A.

Important! For a square matrix A, A−1 will be the unique matrix
B so that AB = BA = In. A big question will be “When does a
square matrix A have an inverse? ”. A square matrix is called
singular if it fails to have an inverse and non-singular if invertible.

Problem 50 Show that if A is invertible, then A−1 is unique.
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Suppose B1 and B2 are both inverses of A, then

B1 = B1I = B1(AB2) = (B1A)B2 = B2
7

The proof here actually shows that if A has a left and a right
inverse, i.e., there are Al and Ar so that AlA = I = AAr, then
Al = Ar is the unique inverse:

Al = AlI = Al(AAr) = (AlA)Ar = IAr = Ar

We will strengthen this later to see that if A has a left or right
inverse, then A is invertible.

�

We will see later (see Problem 63) that for square matrices A the
following are equivalent:

• There is a left inverse, i.e., a B so that BA = I.

• There is a right inverse, i.e., a C so that AC = I.

• A is invertible.

Moreover, in the first two cases, B = C = A−1.

This will follow from the fact that the function LA : x 7→ Ax the
following are equivalent

• LA is is one-to-one.

• LA is onto.

• LA is invertible.

Problem 51 Show that is A is invertible, then so is Ak. What is
(Ak)−1? Define A−k = (Ak)−1, what is An+m for arbitrary integers
n,m?
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�

Problem 52 Show that if A and B are invertible, then so is AB
and (AB)−1 = B−1A−1.8

�

Problem 53 Show that if A is invertible, then so is A∗ and
(A∗)−1 = (A−1)∗.

A∗(A−1)∗ = (A−1A)∗ = I∗ = I and similarly
(A−1)∗A∗ = (AA−1)∗ = I∗ = I.

�

Problem 54 Characterize when a diagonal matrix A is invertible.
For A that is diagonal and invertible, compute A−1. (For an
arbitrary n× n diagonal matrix A!)

8We will see later that AB is invertible iff A and B are invertible, assuming
all are square.
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For A,B ∈Mnn, if BA = I, then coli(B)Aii = eni so AiiBii = 1
and Bji = 0 when j 6= i. In other words, B is also diagonal and
Bii = A−1ii = 1

Aii
.

For example

2 0 0
0 −3 0
0 0 4


−1

=


1
2

0 0
0 −1/3 0
0 0 1/4

 while

2 0 0
0 0 0
0 0 4


is not invertible.

�

The next problem indicates how to invert certain block diagonal
matrices.

Problem 55 (a) Suppose B ∈Mnn and D ∈Mmm are square
invertible matrices, C,X ∈Mnm, and O is the m× n matrix
of 0’s. Compute ñ

B C
O D

ô ñ
B−1 X
O D−1

ô
ñ
B C
O D

ô ñ
B−1 X
O D−1

ô
=

ñ
I BX + CD−1

O I

ô
�

(b) Use (a) to find X (in terms of B, B−1, D, D−1, and C) so
that ñ

B C
O D

ô ñ
B−1 X
O D−1

ô
= In+m.

This shows that A =

ñ
B C
O D

ô
is invertible iff B and D are

invertible.

BX + CD−1 = O so X = −B−1CD−1. So
A−1 =

ñ
B−1 −B−1CD−1
O D−1

ô
�

Problem 56 Use the preceding problem to show that a triangular
matrix is invertible iff there are no 0’s on the diagonal.
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Let A be an n× n triangular matrix with no 0’s on the
diagonal. If n = 1, then clearly, A is invertible. If n > 1, then

A =

ñ
B C
O D

ô
, where B and D are each triangular of dimension

< n and with no 0′s on their diagonal, so by induction, B and
D are invertible, and the previous problem, then shows how to
find an inverse for A.

�

Problem 57 Use the preceding problem to find A−1 for

A =


1 0 0 −1 2
0 2 0 3 1
0 0 −3 −2 3
0 0 0 6 0
0 0 0 0 −3



A =


1 0 0 −1 2
0 2 0 3 1
0 0 −3 −2 3
0 0 0 6 0
0 0 0 0 −3

 =

ñ
B C
O D

ô
where

B =

1 0 0
0 2 0
0 0 −3

 and D =

ñ
6 0
0 −3

ô
So

A−1 =

ñ
B−1 −B−1CD−1
O D−1

ô
=



1 0 0 1/6 2/3

0 1/2 0 −1/4 1/6

0 0 −1/3 −1/9 −1/3

0 0 0 1/6 0

0 0 0 0 −1/3



�

2.1 Gauss elimination

Gauss elimination is a key, and simple, technique underlying
many procedures and results.
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Consider again the system of 3 equations and 3 unknowns:

x1 + x2 + x3 = 3 (eq 1)
x1− x2 + x3 = 1 (eq 2)

2x1 + 3x2− 4x3 = 1 (eq 3)

To solve this we may first eliminate the x1’s from the second two
equations by replacing (eq 2) with −(eq 1) + (eq 2) and replacing
(eq 3) similarly with −2(eq 1)+ (eq 3) this results in a new system
of equations, which clearly has the same solutions as the original
system:

x1 + x2 + x3 = 3 (eq 1)
− 2x2 = −2 (eq 2)

x2− 6x3 = −5 (eq 3)

Next we can eliminate the x2 in (eq 3) by replacing (eq 3) with
1/2(eq 2) + (eq 3):

x1 + x2 + x3 = 3 (eq 1)
− 2x2 = −2 (eq 2)

− 6x3 = −6 (eq 3)

This can now easily be solved by back substitution

x3 = 1

x2 = 1

x1 = 3− 1− 1 = 1

So the unique solution is x =

1
1
1

.
Two systems of m linear equations in n unknowns are called
equivalent iff they both have the same solution set. There are
three elementary operations that transform systems of equations
into equivalent systems of equations:

(1) Replace the (eq i) by (eq i)+α(eq j) for some scalar α.

(2) Swap (eq i) and (eq j).

(3) Multiply (eq i) by a non-zero scalar.

We shall see, these operations suffice to solve any system. First we
translate these operations into operations on matrices.

Reconsider what we just did in the language of matrices. Start
with the augmented matrix, where A is the coefficient matrix and
b = (3, 1, 1): î

A b
ó

=

 1 1 1 3

1 −1 1 1
2 3 −4 1


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The (1, 1) entry is called the pivot (a pivot must always be
non-zero.)

Our first step corresponds to replacing row 2 by the result of
subtracting row 1 from row 2, denoted row2 ⇐= row2− row1. The
point is to eliminate the (2, 1) entry. The result is 1 1 1 3

0 −2 0 −2
2 3 −4 1

 (2, 1) elimination

Next we eliminate the (3, 1) entry in a similar fashion giving
1 1 1 3

0 −2 0 −2

0 1 −6 −5

 (3, 1) elimination

Now we eliminate the (3, 2) element using the new pivot −2 by
replacing row 3 by the result of multiplying row 2 by 1/2 and
adding this to row 3. The result is

1 1 1 3
0 −2 0 −2

0 0 −6 −6

 (3, 2) elimination

This results in the final pivot −6.

Call the upper triangular matrix that results from applying
this procedure to just the coefficient matrix A, U , that is,

U =

1 1 1
0 −2 0
0 0 −6


In general the result will not be triangular, for example, the
number of equations and unknowns might not be the same.

A matrix A is in echelon form if the first non-zero entry in a
particular row occurs to the right of the first non-zero entry from
the preceding rows. Echelon form is a generalization of upper
triangular.

For example 0 1 2 −2 4

0 0 0 3 −2

0 0 0 0 −2


is in echelon form while0 1 2 −2 4

0 1 0 3 −2

0 0 0 4 −2


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is not, although it is clear that one row operation would transform
this into echelon form.

The elementary operations performed on systems of equations
above give rise to elementary row operations on matrices:

The three types of elementary row operations.

Type I: Replace rowi with rowi +α rowj.

Type II: Swap rowi and rowj.

Type III: Replace rowi by α rowi for α 6= 0.

It is evident that every matrix is row equivalent to a matrix in
echelon form. In fact it is evident that this is true even if we drop
Type III operations. Make sure you convince yourself of this!

Generally move the left most non-zero entry to the first row using
a Type II operation, then kill all non-zero entries below it, this
will be a sequence of Type I operations, find the next left most
non-zero entry in a row below the first one, move it to the second
row, kill all the non-zero entries below it, etc.

Example 1 Consider the matrix

A =


1 2 −1 −3 −2
6 12 0 6 −6
3 6 1 7 0
2 4 0 2 −2


Use the (1, 1) entry to kill all non-zero entries below using Type I
operations row2 ⇐= row2−6 row1, row3 ⇐= row3−3 row1, and
row4 ⇐= row4−2 row1. These are the (2, 1), (3, 1), and (4, 1) steps
in the elimination process. The result is

1 2 −1 −3 −2
0 0 6 24 6
0 0 4 16 6
0 0 2 8 2


Now the first non-zero entry in a later row occurs in the 3rd
column. So start eliminating in the 3rd column, again using Type I
operations, row3 ⇐= row3−4

6
row2, and row4 ⇐= row4−2

6
row2.

These are the (3, 3) and (4, 3) steps of the elimination. The result
is 

1 2 −1 −3 −2
0 0 6 24 6
0 0 0 0 2
0 0 0 0 0


This is in echelon form.

It might be the case that swapping rows, Type II operations, are
required to reduce to echelon form, but Type III operations are
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never required, they will be required for the further reduction to
reduced row echelon form, discussed below. ♦

For an echelon matrix:

• If there are any rows of 0’s they must occur at the bottom.

• The first non-zero entry in each non-zero row is called a
pivot. These are the entries in red in the example above. If
only Type I and Type II operations are used, then the pivots
can be used to compute the determinant for square matrices.

• The column that a pivot occurs in is called a pivot column.

• If the matrix correspond to a system of equations, then the
variables corresponding to pivot columns are pivot variable,
the remaining variable are called free variables.

• If the matrix corresponds to an augmented matrix for a
system of equations and there is a pivot in the final column,
then the system has no solution, since this row would
correspond to 0x1 + 0x2 + · · ·+ 0xn = p where p is the pivot.
If this happens, the system is called inconsistent otherwise it
is consistent. For example

1 −2 1 2 1
0 2 −4 1 3
0 0 0 1 1
0 0 0 0 1


would be the augmented matrix for an inconsistent system of
linear equations.

• If the matrix corresponds to an augmented matrix for a
consistent system of equations, then back substitution will
solve the system where the pivot variables are given as
functions of the free variables. For example

1 −2 1 2 1
0 2 −4 1 3
0 0 0 1 1
0 0 0 0 0


is consistent with free variable x3, all other variables are
pivots. By back substitution

x4 = 1

2x2 − 4x3 + x4 = 3⇒ 2x2 − 4x3 + 1 = 3⇒ x2 = 1 + 2x3

x1 − 2x2 + x3 + 2x4 = 1⇒ x1 − (2 + 4x3) + x3 + 2 = 1⇒ x1 = 1 + 3x3

So if x3 is assigned the value t (x3 is free so any value may be

assigned to x3), then the solution is


1 + 3t
1 + 2t
t
1

 =


1
1
0
1

+ t


3
2
1
0

.
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Example 2 Given the following matrix which is in echelon form
0 1 2 −2 4 3

0 0 0 3 −2 −1

0 0 0 0 0 1
0 0 0 0 0 0


The pivot columns are in red and the pivots are boxed. If this was
the coefficient matrix for a system of equations, then the pivot
variables are x2, x4, and x6 and the free variables are x1, x3, and
x5. ♦

Two matrices A and B are called row equivalent if B arises from A
by a series of elementary row operations.

Problem 58 Show that row equivalence is an equivalence relation
on Mmn, that is

• (Symmetry) If A row equivalent to B, then B is row
equivalent to A.

• (Reflexivity) A is row equivalent to A.

• (Transitivity) If A row equivalent to B and B row equivalent
to C, then A is row equivalent to C.

For the first item argue that the inverse of a Type I operation is a
Type I operation and similarly for Type II and Type III.

Clearly

A
rowi⇐=rowi+α rowj
===========⇒ A′ iff A′

rowi⇐=rowi−α rowj
===========⇒ A

A
rowi⇔rowj
======⇒ A′ iff A′

rowi⇔rowj
======⇒ A

A
rowi⇐=α rowi=======⇒ A′ iff A

rowi⇐= 1
α
rowi

========⇒ A′

This shows that the inverse to an elementary operation is an
elementary operation of the same type. This yields symmetry
since a sequence of elementary operations leading from A to B
can be reversed giving a sequence of elementary operations
going from B to A.

Transitivity follows by simply composing the sequence of
operations leading from A to B with those from B to C.
Reflexivity is clear.

�

See Problem 122 for a nice characterization of row equivalence.

Warning!
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A matrix is row equivalent to many matrices in row ech-
elon form.

However the following holds:

If A and B are row equivalent matrices in row echelon
form, then A and B have the same pivot columns.

So while there are many row echelon matrices equivalent to a
matrix A, all of them have the same pivot columns. Because of
this fact we define the pivot columns of A to be the pivot columns
of B for any echelon matrix which is row equivalent to A.

Define the rank of A, denoted rk(A), to be the number of pivot
columns of A.

Define the nullity of A, denoted nullity(A), to be n− rk(A), where
A is m× n. If A is the coefficient matrix for a system of m linear
equations in n unknowns, then nullity(A) is the number of free
variables and rk(A) is the number of pivot variables. Notice that
rank, and nullity, are properties which are invariant under
elementary row operations.

Problem 59 For each of the following matrices, A, find an REF
of A and find the pivot columns of A.

(a)

A =

 2 3 1 5 −3 4
−2 −3 −1 −5 6 −1
4 6 −1 7 −4 4



An REF of A is 2 3 −2 2 0 1
0 0 −3 −3 4 −2
0 0 0 0 1 1


So the pivot columns are columns 1, 3, and 5.

�

(b)

A =


1 2 −1 −3 −2
6 12 0 6 −6
3 6 1 9 0
2 4 0 2 −2


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An REF of A is 
2 4 0 2 −2
0 0 2 8 2
0 0 0 2 2
0 0 0 0 0


So the pivot columns are columns 1, 3, and 4.

�

The back substitution and solving for the pivots in terms of the
free variables can be accomplished via continuing elimination to
reach a reduced echelon form RREF. A matrix A is in reduced
echelon form iff

(1) A is in echelon form.

(2) The only non-zero entry in a pivot column is the pivot.

(3) Each pivot has value 1.

Given an REF matrix A elementary row operations can be used to
reach an RREF of A by killing all non-pivot entries in a pivot
column using Type II operations and then dividing the pivot rows,
a Type III operation, so as to make the pivots have value 1. This
is done from right to left whereas the operations to transform A to
REF are carried out left to right.

There is only one B in RREF row equivalent to A

Due to this fact write rref(A) as the unique RREF matrix row
equivalent to A.

Problem 60 For each matrix in Problem 59 find the unique
matrix rref(A).
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A =

 2 3 1 5 −3 4
−2 −3 −1 −5 6 −1
4 6 −1 7 −4 4

 REF
==⇒

2 3 −2 2 0 1
0 0 −3 −3 4 −2
0 0 0 0 1 1


RREF
===⇒

1 3
2

0 2 0 5
2

0 0 1 1 0 2
0 0 0 0 1 1

 = rref(A)

and

A =


1 2 −1 −3 −2
6 12 0 6 −6
3 6 1 9 0
2 4 0 2 −2

 REF
==⇒


2 4 0 2 −2
0 0 2 8 2
0 0 0 2 2
0 0 0 0 0



RREF
===⇒


1 2 0 0 −2
0 0 1 0 −3
0 0 0 1 1
0 0 0 0 0

 = rref(A)

�

Given a matrix in RREF row equivalent to the augmented matrix
of a system of linear equations, it is easy to read off the solution.
The RREF matrix A 0 1 2 0 −3 4

0 0 0 1 2 −5
0 0 0 0 0 0


corresponds to the system

x2 + 2x3 − 3x5 = 4 ⇒ x2 = 4− 2x3 + 3x5

x4 + 2x5 = −5⇒ x4 = −5− 2x5

Note that the last row is basically ignored. Assigning values to the
free variables we have x1 = c1, x3 = c2, and x5 = c3. The solution
is 

x1
x2
x3
x4
x5

 =


r

4− 2s+ 3t
s

−5− 2t
t

 =


0
4
0
−5
0

+


1
0
0
0
0

 c1 +


0
−2
1
0
0

 c2 +


0
3
0
−2
1

 c3

The matrix above can be interpreted asñ
x2
x4

ô
=

ñ
4
−5

ô
−
ñ
0
0

ô
x1 −

ñ
2
0

ô
x3 −

ñ
−3
2

ô
x5
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so filling in the free variables fives
x1
x2
x3
x4
x5

 =


0
4
0
−5
0


︸ ︷︷ ︸
specific

+




1
0
0
0
0

 c1 +


0
−2
1
0
0

 c2 +


0
3
0
−2
1

 c3
︸ ︷︷ ︸

homogeneous part

Each system Ax = b which has a solution, i.e., the system is
consistent, has a “general solution” of the form xspecific + xnull

where xspecific is any solution to Ax = b and xnull is a description
of all of the solutions to the homogeneous system Ax = 0.

Consider the homogeneous system Ax = 0. Suppose there are
k = nullity(A) free variables, xi1 , . . . , xik . For 1 ≤ j ≤ k, let xspecial

j

be the solution to Ax = 0 where xis =

0 if s 6= j

1 otherwise
, these are

the k special solutions to Ax = 0.

Given an equation Ax = b and any solution xspecific all other
solutions are of the form xspecific + xnull, where

xnull = c1x
special
1 + · · ·+ ckx

special
k

is a linear combination of the k special solutions corresponding to
the k free variables.

For the example above we have
x1
x2
x3
x4
x5

 =


0
4
0
−5
0


︸ ︷︷ ︸
xspecific

+




1
0
0
0
0


︸︷︷︸

xspecial
1

c1 +


0
−2
1
0
0


︸ ︷︷ ︸
xspecial
2

c2 +


0
3
0
−2
1


︸ ︷︷ ︸
xspecial
3

c3

︸ ︷︷ ︸
xnull



Problem 61 For each system Ax = b find the “general solution”
for each of the following systems, note the systems are the same as
in Problem 59.

(a)

Ax =

 2 3 1 5 −3 4
−2 −3 −1 −5 6 −1
4 6 −1 7 −4 4




x1
x2
x3
x4
x5
x6


=

−5
8
7


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rref


 2 3 1 5 −3 4 −5
−2 −3 −1 −5 6 −1 8
4 6 −1 7 −4 4 7


 =

1 3/2 0 2 0 5/2 3/2

0 0 1 1 0 2 −5
0 0 0 0 1 1 1


The free variables are x2, x4, and x6 and the solution is

x1
x2
x3
x4
x5
x6


=



3/2
0
−5
0
1
0


︸ ︷︷ ︸
xspecific

+



−3/2
1
0
0
0
0


c1 +



−2
0
−1
1
0
0


c2 +



−5/2
0
−2
0
−1
1


c3

︸ ︷︷ ︸
xnull

�

(b)

Ax =


1 2 −1 −3 −2
6 12 0 6 −6
3 6 1 9 0
2 4 0 2 −2



x1
x2
x3
x4
x5

 =


−7
6
15
2



rref




1 2 −1 −3 −2 −7
6 12 0 6 −6 6
3 6 1 9 0 15
2 4 0 2 −2 2


 =


1 2 0 0 −2 −1
0 0 1 0 −3 0
0 0 0 1 1 2
0 0 0 0 0 0


The free variables are x2 and x5 and the solution is

x1
x2
x3
x4
x5

 =


−1
0
0
2
0


︸ ︷︷ ︸
xspecific

+




−2
1
0
0
0

 c1 +


2
0
3
−1
1

 c2
︸ ︷︷ ︸

xnull

�

For A an m× n matrix:

• Say that A has full column rank iff rk(A) = n. In this case
Ax = b has either 1 or 0 solutions.
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• Say that A has full row rank iff rk(A) = m. In this case
there are either one, if m = n, or infinitely many, if n > m,
many solutions.

• If rk(A) < min{m,n}, then Ax = b has either 0, 1, or
infinitely many solutions.

Problem 62 For A ∈Mmn, view Ax 7→ y as defining the
function LA : Rn → Rm. Show

(a) LA is one-one, i.e., Ax = Ay ⇒ x = y iff rk(A) = n (full
column rank).

The point is that if Ax = b has a solution at all, then the
solution will be unique as there are no free variables.

�

(b) LA is onto, i.e., for all b ∈ Rm, there is x ∈ Rn such that
Ax = b, iff rk(A) = m (full row rank).

Here the point is that there are no all 0 rows in rref(A) so
Ax = b will have a solution.

�

This leads to the following:

Problem 63 Show that for a square n× n matrix A, the
following are equivalent:

(i) A is invertible.

(ii) LA is onto.

(iii) A has a right inverse.

(iv) rk(A) = n.

(v) rref(A) = I.

(vi) LA is one-one.

(vii) A has a left inverse.

The “circle” of implications holds from previous results.

�
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This shows that if A has a left inverse, i.e., a matrix B so that
AB = I, then B = A−1. Similarly for right inverse.

Problem 64 For square matrices A and B, show that AB is
invertible iff both A and B are invertible.

⇒ we know from the fact that B−1A−1 = (AB)−1.

For ⇐, notice that AB is one-one, hence B is one-one and
hence invertible. Also AB is onto, hence A is onto and thus
invertible.

�

2.2 Elementary Matrices

Each elementary row operation performed on a m× n matrix A
results from multiplication on the left by a corresponding m×m
elementary matrix E. To compute E simply perform the given
elementary row operation on Im.

Problem 65 For A a 3× 4 matrix. Write the elementary matrix,
Ei, for each of the following elementary row operations opi. Using
the fact that the inverse of an elementary row operation is another
elementary row operation of the same type, also write E−1i , for
each operation opi below.

(op1) row1 ⇐= row1 +3 row2.

E1 =

1 3 0
0 1 0
0 0 1

, this is what you get by performing the

operation on I3. The inverse operation is row1 ⇐= row1−3 row2

and so E−11 =

1 −3 0
0 1 0
0 0 1

.

�

(op2) row2 ⇐= row2− row3.
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E2 =

1 0 0
0 1 −1
0 0 1

. The inverse operation is

row2 ⇐= row2 + row3 so E−12 =

1 0 0
0 1 1
0 0 1

.

�

(op3) row2 ⇔ row1.

E3 =

0 1 0
1 0 0
0 0 1

. The inverse operation is just row2 ⇔ row1

again so E−13 = E3.

�

(op4) row3 ⇐= 1
2

row3.

E4 =

1 0 0
0 1 0
0 0 1/2

. The inverse operation is row3 ⇐= 2 row3 so

E−14 =

1 0 0
0 1 0
0 0 2

.

�

Write the matrix that results from applying each elementary
operation in order, this is the product of the matrices found above.
Write the inverse of this matrix as well.
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The result of applying each operation in order is

E4E3E2E1A = EA

where E is what you would get by applying the same sequence
of row operations to I so

I
row1⇐=row1 +3 row2============⇒ E1 =

1 3 0
0 1 0
0 0 1


row2⇐=row2− row3===========⇒ E2E1 =

1 3 0
0 1 −1
0 0 1


row2⇔row1======⇒ E3E2E1 =

0 1 −1
1 3 0
0 0 1


row3⇐= 1

2
row3

========⇒ E4E3E2E1 =

0 1 −1
1 3 0
0 0 1/2

 = E

and EA would be the resulting matrix.

�

To find the inverse compute (E4E3E2E1)
−1 = E−11 E−12 E−13 E−14

where E−1i is now the matrix for the inverse elementary
operation so

E−1 = E−11 E−12 E−13 E−14 = E−11 E−12

0 1 0
1 0 0
0 0 2



= E−11

0 1 0
1 0 2
0 0 2

 =

−3 1 −6
1 0 2
0 0 2


You can check

EE−1 = E−1E = I

�

What would change if A the original matrix is 4× 3, or 3× 2?
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If A is 4× 3, then the elementary matrices are 4× 4 so

E1 =


1 −3 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 E2 =


1 0 0 0
0 1 1 0
0 0 1 0
0 0 0 1



E3 =


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 E4 =


1 0 0 0
0 1 0 0
0 0 2 0
0 0 0 1



If A were 3× 2 nothing would change, the Ei would be the
same 3× 3 matrices as in (a).

�

Problem 66 Show that A is invertible iff A is a product of
elementary matrices.

A is invertible so EA = rref(A) = I for E a product of
elementary matrices. So E = A−1 and A = E−1 is a product of
elementary matrices.

�

Problem 67 Show that A and B in Mmn are row equivalent iff
B = PA for some invertible matrix P ∈Mmm. This easily gives
that row equivalence is an equivalence relation.

The point is that there is a sequence of elementary operations
leading from A to B and hence a sequence of elementary
matrices so that B = EkEk−1 · · ·E2E1A. So let
P = EkEk−1 · · ·E2E1 and hence P−1 = E−11 E−12 · · ·E−1k−1E−1k .

�

2.2.1 Finding A−1

Since A is invertible iff EA = I for some E that is the product of
elementary matrices we can find E by starting with

î
A I

ó
and

performing row operations to transform A into rref(A) = I, giving
matrix E. In this way get E

î
A I

ó
=
î
EA EI

ó
=
î
I E

ó
.
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Problem 68 Find A−1 using Gauss-Jordan elimination for

A =

1 2 2
1 2 1
1 1 0

 .

1 2 2 1 0 0
1 2 1 0 1 0
1 1 0 0 0 1

 =⇒

1 2 2 1 0 0
0 0 −1 −1 1 0
0 −1 −2 −1 0 1



=⇒

1 2 2 1 0 0
0 −1 −2 −1 0 1
0 0 −1 −1 1 0

 =⇒

1 2 0 −1 2 0
0 −1 0 1 −2 1
0 0 −1 −1 1 0



=⇒

1 0 0 1 −2 2
0 −1 0 1 −2 1
0 0 −1 −1 1 0

 =⇒

1 0 0 1 −2 2
0 1 0 −1 2 −1
0 0 1 1 −1 0


so

A−1 =

 1 −2 2
−1 2 −1
1 −1 0



�

Problem 69 Recall a Hermitian matrix (real or complex) is
positive definite iff x∗Ax > 0 for all (appropriate) x 6= 0. Show
that a symmetric (Hermitian) positive definite matrix is always
invertible by showing that Ax = 0 has the unique solution x = 0.9

Note: z = x∗Ax is real since
z∗ = (x∗Ax)∗ = x∗A∗x∗∗ = x∗Ax = z.

Suppose Ax = 0, then x∗Ax = x∗0 = 0, but then x = 0 since
A is positive definite.

�

2.3 LU-decomposition

Returning to the example from page 57 each of the elimination
steps used a Type I elementary row operation. For each i > j,
there was an (i, j) step of the elimination which looked like
rowi ⇐= rowi−Lij rowj for some scalar Lij. These operations are

9More generally, for x 6= 0, Ax = λx⇒ λ > 0.
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given by elementary matrices. In the example above we have:

E21 =

 1 0 0
−1 1 0
0 0 1

 E31 =

 1 0 0
0 1 0
−2 0 1

 E32 =

1 0 0
0 1 0
0 1/2 1



You can double check that

E32E31E21A = U and E32E31E21b =

 3
−2
−6



To solve Ax = b we are now left solving Ux =

 3
−2
−6

 which we

solve simply with back substitution giving x =

1
1
1


Each elementary matrix is clearly invertible since the inverse of

“replace rowi(A) by rowi(A) + α rowj(A)”

is simply

“replace rowi(A) by rowi(A)− α rowj(A)”

So

E−121 =

1 0 0
1 1 0
0 0 1

 E−131 =

1 0 0
0 1 0
2 0 1

 E−132 =

1 0 0
0 1 0
0 −1/2 1


We also know from Problem 52 that

(E32E31E21)
−1 = E−121 E

−1
31 E

−1
32

We can compute the product on the right by simply applying the
corresponding elementary row operations to I and the result is the
lower triangular matrix

L = E−121 E
−1
31 E

−1
32 =


1 0 0

1 1 0

2 −1/2 1


Note that in the (i, j) elimination step we performed

replace rowi(A) by rowi(A)− Lij rowj(A)

So L can be trivially recovered from the elimination procedure.

We have the LU decomposition of A:

E32E31E21A = U so A = (E32E31E21)
−1U = LU
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Now instead of solving the original Ax = b we can solve Lc = b
and then Ux = c, since this is equivalent to
Ax = L(Ux) = Lc = b. So consider solving1 0 0

1 1 0
2 −1/2 1


c1c2
c3

 =

3
1
1


︸ ︷︷ ︸

Lc=b

and

1 1 1
0 −2 0
0 0 −6


x1x2
x3

 =

c1c2
c3


︸ ︷︷ ︸

Ux=c

For Lc = b use forward substitution:

c1 = 3

c2 = 1− c1 = −2

c3 = 1− 2c1 + 1/2c3 = 1− 6− 1 = −6

Now we are left solving Ux =

 3
−2
−6

:
1 1 1

0 −2 0
0 0 −6


x1x2
x3

 =

 3
−2
−6



which we do by back substitution as before to get x =

1
1
1

.
Summary: When solving the system Ax = b (for an n× n
coefficient matrix A assuming the system has a unique solution)
we can decompose A into the product LU where L is lower
triangular and U is upper triangular and then solve Ax = b by
solving for c so that Lc = b and then solving Ux = c, since L and
U are diagonal these two steps are easy. Use forward substitution
for Lc = b and back substitution for Ux = c.

Problem 70 Find the LU decomposition of A and use it to solve
Ax = b where

A =

 2 1 1
4 0 3
−2 −7 5

 and b =

 4
5
−16


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First do

replace row2(A) by row2(A)− 2 row1(A)
replace row3(A) by

row3(A) + row1(A) = row3(A)− ( −1 ) row1(A)

This results in

2 1 1
0 −2 1
0 −6 6

 with L =

 1 0 0

2 1 0

−1 ? 1

. Now
replace row3(A) by row3(A)− 3 row2(A)

This results in

A =

 1 0 0
2 1 0
−1 3 1


︸ ︷︷ ︸

L

2 1 1
0 −2 1
0 0 3


︸ ︷︷ ︸

U

Now solve (by forward substitution) 1 0 0
2 1 0
−1 3 1


c1c2
c3

 =

 4
5
−16



This results in c =

 4
−3
−3

. Next solve (by back substitution)

2 1 1
0 −2 1
0 0 3


x1x2
x3

 =

 4
−3
−3



This results in x =

 2
1
−1

.

�

The same technique may be applied to a square matrix, without a
full set of pivots, or more generally, to a rectangular matrix. That
is, one can attempt using just Type I operations to get a
decomposition A = LU where if A is m× n, then L is lower
triangular m×m with 1’s on the diagonal and U is in echelon
form. It this is possible, this LU -decomposition of A is “essentially
unique”, it is actually unique when A is square n× n and has
n-pivots.

Uniqueness. If an invertible matrix A admits an LU with 1’s on
the diagonal of L, then this decomposition is unique.
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Proof. Suppose A = L1U1 = L2U2. Since A is invertible so are all
the other matrices, so you get L−12 L1 = U2U

−1
1 . The inverse of an

upper/lower triangular matrix is also upper/lower triangular so
the left hand side is lower triangular and the right hand side is
upper triangular, thus both sides are in fact diagonal. The
matrices L1 and L−12 have 1’s on the diagonal and hence L−12 L1

has 1’s on the diagonal (see Problem 46). Thus L−12 L1 = I and
hence L1 = L2, similarly U1 = U2.

Existence. For a square n× n matrix A let Ak be the submatrix
formed by taking the upper left k × k corner. A has an LU
decomposition iff each Ak (k = 1, ..., n) is invertible.

Fact: If A is Hermitian and positive definite, then A has an LU
decomposition. (The point is that a Hermitian positive definite
matrix is invertible (see Problem 69) and each of the Ak’s will also
be such a matrix. (See Problem 45.))

2.4 A = LDU decomposition

If A admits an LU decomposition with full pivots, then U can be
factored into U = DU ′ where D is the diagonal matrix of pivots
and U ′ has 1’s in the diagonal.

Problem 71 For the matrix

A =

 2 1 1
4 0 3
−2 −7 5


from Problem 70 find the LDU factorization of A.

A =

 1 0 0
2 1 0
−1 3 1


2 1 1

0 −2 1
0 0 3

 =

 1 0 0
2 1 0
−1 3 1


︸ ︷︷ ︸

L

2 0 0
0 −2 0
0 0 3


︸ ︷︷ ︸

D

1 1/2 1/2
0 1 −1/2
0 0 1


︸ ︷︷ ︸

U

�

Problem 72 Suppose A is invertible, symmetric, and has an
LDU decomposition. Show that U = LT , so that A = LDLT .
(Similarly, if A is Hermitian, then A = LDL∗, recall that the
diagonal elements of a Hermitian matrix are real and so the
entries in D, i.e., the pivots, are real.)
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A = LDU = AT = UTDTLT , since the representation is unique
we have U = LT .

�

Problem 73 Find the decomposition A = LDLT for

A =

−1 −2 1
−2 −2 6
1 6 8



A =

 1 0 0
2 1 0
−1 2 1


︸ ︷︷ ︸

L

−1 0 0
0 2 0
0 0 1


︸ ︷︷ ︸

D

1 2 −1
0 1 2
0 0 1


︸ ︷︷ ︸

LT

�

Problem 74 If A is Hermitian, positive definite, then A has an
LU decomposition, and so A = LDL∗. Show that A = KK∗ for
some matrix (unique) K.

A = LDL∗ for unique L and D. Take D′ to be the matrix
D′ij =

»
Dij. The fact that A is Hermitian and positive definite

implies that Dij is a positive real number. Real, since D∗ = D.
To check that each pivot, Dii, is positive, find x so that
L∗x = ei. This can be done as L∗ is invertible. Then
0 < x∗Ax = x∗LDL∗x = ei

∗Dei = Dii, so Dii > 0.

Let D1/2
ij =

»
Dij, then A = LD1/2D1/2L∗ and we let K = LD1/2,

so A = KK∗.

To see that K is unique factor K = LE where L has 1’s on the
diagonal and E is diagonal. Then K∗ = E∗L∗ and
A = L(EE∗)L∗. Let D = EE∗, then we have A = LDL∗ and
this is unique so D and hence E are unique, and hence so is K.

�

2.5 PA = LU decomposition

As explained above row exchanges might be required to convert A
into an upper triangular matrix U . A row exchange is a type of
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permutation of rows which are given by permutation matrices. For
example we want to permute rows as follows:

row1(A)

row2(A)

row3(A)

⇒


row3(A)

row1(A)

row2(A)


Then the permutation matrix is

P =

0 0 1
1 0 0
0 1 0


You can check that this is not a row exchange, but can be
accomplished by two row exchanges. Permutation matrices enjoy
many nice properties:

• If P and P ′ are permutation matrices, then so is PP ′.

• P−1 = P T .

• The rows/columns of P are mutually orthogonal.

Problem 75 One notation for a permutation of {1, 2, 3} would be
(1, 2) meaning 1→ 2→ 1, or (1, 2, 3) meaning 1→ 2→ 3→ 1.
These can be composed, for example, (1, 2)(2, 3) would be 3→ 1,
2→ 3, and 1→ 2, finally, () is just the identity. There are 3! = 6
permutations of {1, 2, 3}:

σ0 = () σ1 = (1, 2)

σ2 = (2, 3) σ3 = (1, 3)

σ4 = (3, 2, 1) σ5 = (1, 2, 3)

Let Pi be the matrix corresponding to σi, so P0 = I. Make a
multiplication table for the Pi’s and verify that P−1i = P T

i .

× σ0 σ1 σ2 σ3 σ4 σ5
σ0 σ0 σ1 σ2 σ3 σ4 σ5
σ1 σ1 σ0 σ5 σ4 σ3 σ2
σ2 σ2 σ4 σ0 σ5 σ1 σ3
σ3 σ3 σ5 σ4 σ0 σ2 σ1
σ4 σ4 σ2 σ3 σ1 σ5 σ0
σ5 σ5 σ3 σ1 σ2 σ0 σ4

�

Problem 76 Show that for a permutation matrix P , P−1 = P T

as follows:
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(a) Show (Px) � (Py) = x � y for all x and y. (Matrices with
this property are called unitary.)

(b) Rewriting you get yTP TPx = yTx. Since this is true for all
y show that P TPx = x for all x.

This is immediate from Problem 38

�

(c) Argue that since (P TP )x = x for all x it follows that
P TP = I!

This is immediate from Problem 38

�

There are many ways to find P and then the resulting PA = LU .
Some methods (partial pivoting) minimize round off error; the
method I suggest works, but is not optimal in any particular way.
Simply put we perform elimination is a column, then look for an
appropriate pivot and then swap rows if necessary in A.

Suppose you start with an n× n matrix, and assume that A is
invertible so that the process does not get stuck.

Step 0. Make sure there is a non-zero entry in the (1, 1) position.
This gets us started with a A0 = P0A.

Step 1. Perform elimination on the first column. This gives the
first column of L1. Find the least i such that the (i, 2) entry is
non-zero, this will become the next pivot. A0 has been reduced to
A′1 which has 0’s in the first column below the first pivot. Now
apply P(i,2) to A0 and eliminate as before, this will result in
A1 = P(i,2)A

′
1. Also make the appropriate change in L1 to give L1.

Let P1 = P(i,2)P0. Elimination in the first column of P1A results in
A1 and A1 has a non-zero (2, 2) entry.

Step 2. Now start eliminating below the (2, 2) element of A1.
ETC.

This continues to stage n− 1 and results in P = Pn−1 and
L = Ln−1 so that PA = LU .

The above procedure assumes that a pivot could be found at each
stage, i.e., that PA has full pivots, if this fails we need to modify
the procedure a bit and will in section 3.
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Problem 77 Find a PA = LU decomposition and solve Ax = b
for

A =


1 1 2 3
1 1 2 1
2 3 4 5
2 2 2 1

 and b =


6
2
9
2


Note you want to solve PAx = Pb = d, now solve LUx = d in the
usual fashion.

To begin with perform the elimination in the first column this
results in

A′1 =


1 1 2 3
0 0 0 −2
0 1 0 −1
0 0 −2 −5

 and L′1 =


1 0 0 0
1 1 0 0
2 ? 1 0
2 ? ? 1


Now we need to apply P(2,3) to A′1 to give A1 and make the
same change in L′1. So take

A1 =


1 1 2 3
0 1 0 −1
0 0 0 −2
0 0 −2 −5

 and L1 =


1 0 0 0

2 1 0 0

1 ? 1 0
2 ? ? 1


Notice that A1 and L1 is exactly what we would get with
elimination of the first column of P(2,3)A.

�
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There is nothing to eliminate below (2, 2) so A′2 = A1 and

L′2 =


1 0 0 0
2 1 0 0
1 0 1 0
2 0 ? 1

, but we must make the swap in rows to get

a pivot in the (3, 3):

A2 =


1 1 2 3
0 1 0 −1
0 0 −2 −5
0 0 0 −2

 and L2 =


1 0 0 0
2 1 0 0
2 0 1 0
1 0 ? 1



Notice that A2 and L2 is exactly what we would get with
elimination of the first two columns of P(3,4)P(2,3)A.

There is nothing more to do so:

P = P(3,4)P(3,2) =


1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0

 L =


1 0 0 0
2 1 0 0
2 0 1 0
1 0 0 1

 U =


1 1 2 3
0 1 0 −1
0 0 −2 −5
0 0 0 −2


You can check PA = LU .

Now we wish to solve

LUx = PAx = Pb =


6
9
2
2


By forward and then back substitution,

Lc =


6
9
2
2

⇒ c =


6
−3
−10
−4

 Ux =


6
−3
−10
−4

⇒ x =


1
−1
0
2



�

Problem 78 Find a PA = LU decomposition for
0 0 1 5 −2
1 1 2 3 1
2 2 4 6 −1
−1 1 0 1 1
3 2 5 6 −3


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Following my algorithm get

P =


0 1 0 0 0
0 0 0 1 0
1 0 0 0 0
0 0 0 0 1
0 0 1 0 0

 L =


1 0 0 0 0
−1 1 0 0 0
0 0 1 0 0
3 −1/2 0 1 0
2 0 0 0 1



U =


1 1 2 3 1
0 2 2 4 2
0 0 1 5 −2
0 0 0 −1 −5
0 0 0 0 −3



�

2.5.1 Extending decomposition to rectangular matrices

The PA = LU decomposition extends to producing REF and
additional decomposition produces RREF.

Steps to produce rref(A):

A ⇒
Type II

PA ⇒
Type I

U︸︷︷︸
echelon
PA=LU

⇒
Type I

D ⇒
Type III

R = rref(A)

Example As an example consider finding rref(A) for

A =


0 0 1 2 3
1 1 2 4 −1
2 2 4 8 0
3 3 6 10 1


Begin with P(1,2) giving 

1 1 2 4 −1
0 0 1 2 3
2 2 4 8 0
3 3 6 10 1


Now eliminate in the first column

row2(A)⇐ row2(A)− 0 row1(A) (2, 1)

row3(A)⇐ row3(A)− 2 row1(A) (3, 1)

row4(A)⇐ row4(A)− 3 row1(A) (4, 1)



2 Ax = b
2.5 PA = LU decomposition 83

This results in

L1 =


1 0 0 0
0 1 0 0
2 ? 1 0
3 ? ? 1

 U1 =


1 1 2 4 −1
0 0 1 2 3
0 0 0 0 2
0 0 0 −2 4


Now apply P(3,4) to get the next pivot in the correct position, the
result is in echelon form so adjusting L accordingly we have

L =


1 0 0 0
0 1 0 0
3 0 1 0
2 0 0 1

 U =


1 1 2 4 −1
0 0 1 2 3
0 0 0 −2 4
0 0 0 0 2


Notice the 1,3,4,5 columns are pivot columns and hence the pivot
variables are x1, x3, x4, x5. The free variable is x2.

Here we have

P = P(3,4)P(1,2) =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0


and PA = LU :

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0




0 0 1 2 3
1 1 2 4 −1
2 2 4 8 0
3 3 6 10 1

 =


1 0 0 0
0 1 0 0
3 0 1 0
2 0 0 1




1 1 2 4 −1
0 0 1 2 3
0 0 0 −2 4
0 0 0 0 2


Now eliminate from right to left upward above pivots on U

row3 ⇐ row3−2 row4 (3, 5)

row2 ⇐ row2−3/2 row4 (2, 5)

row1 ⇐ row1−(−1/2) row4 (1, 5)

This results in

Û =


1 ? ? −1/2
0 1 ? 3/2
0 0 1 2
0 0 0 1

 and


1 1 2 4 0
0 0 1 2 0
0 0 0 −2 0
0 0 0 0 2


Note the column in Û is formed by simply dividing the
corresponding column of U by the appropriate pivot and this
continues to hold.

Eliminating above the (3, 4) entry is done with

row2 ⇐ row2−(−1) row3 (2, 4)

row1 ⇐ row1−(−2) row3 (1, 4)
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This results in

Û =


1 ? −2 −1/2
0 1 −1 3/2
0 0 1 2
0 0 0 1

 and


1 1 2 0 0
0 0 1 0 0
0 0 0 −2 0
0 0 0 0 2


The final step is

row1 ⇐ row1−2 row2 (1, 3)

This results in

Û =


1 2 −2 −1/2
0 1 −1 3/2
0 0 1 2
0 0 0 1

 and D =


1 1 0 0 0
0 0 1 0 0
0 0 0 −2 0
0 0 0 0 2


So now we have U = ÛD so PA = LÛD

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0




0 0 1 2 3
1 1 2 4 −1
2 2 4 8 0
3 3 6 10 1

 =


1 0 0 0
0 1 0 0
3 0 1 0
2 0 0 1




1 2 −2 −1/2
0 1 −1 3/2
0 0 1 2
0 0 0 1




1 1 0 0 0
0 0 1 0 0
0 0 0 −2 0
0 0 0 0 2


The final step is to transform the pivots of D into 1’s so we have

row3 ⇐ 1/−2 row3

row4 ⇐ 1/2 row4

giving

D̂ =


1 0 0 0
0 1 0 0
0 0 −2 0
0 0 0 2

 and R = rref(A) =


1 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1


and PA = LÛD̂R

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0




0 0 1 2 3
1 1 2 4 −1
2 2 4 8 0
3 3 6 10 1

 =


1 0 0 0
0 1 0 0
3 0 1 0
2 0 0 1




1 2 −2 −1/2
0 1 −1 3/2
0 0 1 2
0 0 0 1




1 0 0 0
0 1 0 0
0 0 −2 0
0 0 0 2




1 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1


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So we have

A⇒
P
PA ⇒

L−1
U︸︷︷︸

echelon
PA=LU

⇒̂
U−1

D ⇒̂
D−1

R = rref(A)

This expresses R = D̂−1Û−1L−1PA where L−1 is just the product
of type I elementary matrices used to reduce PA to U , and Û−1 is
the product of type I matrices used to reduce U to D and finally
D̂−1 is the product of type III matrices used to reduce D to R.

What is described here is more than we are usually interested in,
the following captures the most relevant aspects:

A
row1⇔row2−−−−−−→


1 1 2 4 −1
0 0 1 2 3
2 2 4 8 0
3 3 6 10 1


row3⇐row3−2 row1
row4⇐row4−3 row1−−−−−−−−−−−→


1 1 2 4 −1
0 0 1 2 3
0 0 0 0 2
0 0 0 −2 4



row3⇔row4−−−−−−→


1 1 2 4 −1
0 0 1 2 3
0 0 0 −2 4
0 0 0 0 2


︸ ︷︷ ︸

U

row3⇐row3−2 row4
row2⇐row2−3/2 row4

row1⇐row1 +1/2 row4−−−−−−−−−−−−→


1 1 2 4 0
0 0 1 2 0
0 0 0 −2 0
0 0 0 0 2



row2⇐row2 +row3
row1⇐row1 +2 row3−−−−−−−−−−−→


1 1 2 0 0
0 0 1 0 0
0 0 0 −2 0
0 0 0 0 2

 row1⇐row1−2 row2−−−−−−−−−−−→


1 1 0 0 0
0 0 1 0 0
0 0 0 −2 0
0 0 0 0 2


row3⇐−1/2 row3

row4⇐1/2 row4−−−−−−−−−→


1 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1


︸ ︷︷ ︸

R

♦

Problem 79 Produce rref(A) for each of the following:

(a)

A =

 1 4 3 −1 5 1
−1 −1 −3 1 −5 2

2 5 6 −1 7 0


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A→

1 4 3 −1 5 1
0 3 0 0 0 3
0 −3 0 1 −3 −2

→
1 4 3 −1 5 1

0 3 0 0 0 3
0 0 0 1 −3 1



→

1 4 3 0 2 2
0 3 0 0 0 −3
0 0 0 1 −3 1

→
1 0 3 0 2 6

0 3 0 0 0 −3
0 0 0 1 −3 1



→

1 0 3 0 2 6
0 1 0 0 0 −1
0 0 0 1 −3 1

 = rref(A)

�

(b)

A =


0 0 1 5
3 1 2 3
6 2 4 6
−3 1 0 1

9 2 5 6



A→


3 1 2 3
0 0 1 5
6 2 4 6
−3 1 0 1

9 2 5 6

→


3 1 2 3
0 0 1 5
0 0 0 0
0 2 2 4
0 −1 −1 −3

→


3 1 2 3
0 2 2 4
0 0 1 5
0 0 0 0
0 −1 −1 −3



→


3 1 2 3
0 2 2 4
0 0 1 5
0 0 0 0
0 0 0 −1

→


3 1 2 3
0 2 2 4
0 0 1 5
0 0 0 −1
0 0 0 0

→


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

 = rref(A)

�
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3 Vector spaces and subspaces

The algebraic properties satisfied by Rn under the operations of
vector addition and scalar multiplication are as follows:

Algebraic properties of vector spaces

Axiom 1: (Associativity of vector addition) For all vectors u, v,w

u+ (v +w) = �

Axiom 2: (Existence of additive identity) There is some e such that for
all u

u+ e = e+ u = �

Axiom 3: (Existence of additive inverses) For all u there is a v such that

u+ v = �

Axiom 4: (Commutativity of vector addition) For all vectors u and v

u+ v = �

Axiom 5: (Associativity of scalar multiplication) For all scalars α, β and
all vectors v

α(βv) = �

Axiom 6: (Distributivity) For all scalars α, β and all vectors u, v

(α + β)v = �

α(u+ v) = �

Axiom 7: (Unitary property) For all vectors v

1v = �

Any set of objects satisfying the above eight properties is called a
vector space over R. The corresponding notion of a vector space
over the scalar field C is defined in a completely analogous manner.
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Remark For those going on to Abstract Algebra, the first 3
axioms state that (Rn,+,0) is a group, the 4th axiom states that
this is an abelian or commutative group. The remaining axioms
state that the field (R,+,×, 0, 1) acts on (Rn,+,0) in a structure
preserving way. Notice we are using the same symbol “+” for
addition in the scalar field and for vector addition, in this class we
will continue to be sloppy in this way. ♦

We are most interested in the vector spaces Rn (or Cn) and
associated subspaces, however, in this section, for completeness,
we will consider a sampling of more general vector spaces.

Some additional properties can be derived from the above

• The additive identity is unique we call it 0.

• (0)v = 0 for all v.

• The additive inverse of v is unique and we call it −v.

• −v = (−1)v.

Problem 80 (a) Using just the axioms show that the additive
identity and the additive inverses are unique, and hence we
write −v for the additive inverse of v. We also denote the
additive identity as 0.

• Suppose u and v both satisfy Axiom Axiom 2:, on page
87. Then v = u+ v = u so u = v. Since the additive
identity is unique we give it the name 0.

• Suppose v and v′ satisfy Axiom Axiom 3:, on page 87,
with respect to u, then
v = v + 0 = v + (u+ v′) = (v + u) + v′ = 0 + v′ = v′.
So v = v′ and since the additive inverse of u is unique
call it −u.

�

(b) Using just the axioms show that (0)v = 0.

Here is one way. v = (1 + 0)v = (1)v + (0)v, so v = v + (0)v
and hence (0)v = 0.

�

(c) Using just the axioms show that (−1)v = −v.
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v + (−1)v = (1)v + (−1)v = (1− 1)v = (0)v = 0

�
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Problem 81 Show that M22 is a vector space. (The same
obviously hold for Mmn.)

Axiom 1.

Axiom 2.

Axiom 3.

Axiom 4.

Axiom 5.

Axiom 6.

Axiom 7.
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Problem 82 Show that the set of infinite sequences of reals, RN,
x = 〈xi〉∞i=0 forms a vector space. (Here, N = {0, 1, 2, . . .} is the set
of natural numbers.) Vector addition is defined by
〈xi〉∞i=0 + 〈yi〉∞i=0 = 〈xi + yi〉∞i=0 and scalar multiplication by
α〈xi〉∞i=0 = 〈αxi〉∞i=0.

Axiom 1.

Axiom 2.

Axiom 3.

Axiom 4.

Axiom 5.

Axiom 6.

Axiom 7.
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Problem 83 Generalizing from the preceding, show that the set
of all real valued functions, RX , f : X → R (for X some fixed set),
forms a vector space. Here we define vector addition by
(f + g)(x) = f(x) + g(x) and scalar multiplication by
(α f)(x) = α f(x).

Verify that Rn, RN, Mmn are all of the form RX for appropriately
chosen X. Many vector spaces are of this form.

Axiom 1.

Note that to show f = g it suffices to show f(x) = g(x) for all
x ∈ X.

((f + g) + h)(x) = (f + g)(x) + h(x) = (f(x) + g(x)) + h(x)

= f(x) + (g(x) + h(x)) = f(x) + (g + h)(x)

= (f + (g + h))(x)

So as ((f + g) + h)(x) = (f + (g + h))(x) for all x ∈ X, it
follows that ((f + g) + h) = (f + (g + h)).

�

Axiom 2.

The additive identity must be (0)f and
((0)f)(x) = 0(f(x)) = 0 for all x so 0 is the map x 7→ 0 for all
x ∈ X. Clearly, (f + 0)(x) = f(x) + 0 = f(x) so f + 0 = f , for
all f .

�

Axiom 3.

The additive inverse of f must be (−1)f and
((−1)f)(x) = −f(x) for all x. So setting (−f)(x) = −f(x) we
have
(f + (−f))(x) = f(x) + (−f)(x) = f(x) + (−f(x)) = 0 = 0(x)
for all x. f + (−f) = 0 for all f .

�

Axiom 4.

(f + g)(x) = f(x) + g(x) = g(x) + f(x) = (g + f)(x) so
f + g = g + f .

�
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Axiom 5.

(α(βf))(x) = α((βf)(x)) = α(β(f(x))) = (αβ)f(x) =
((αβ)f)(x).

�

Axiom 6.

(α(f + g))(x) = α((f + g)(x)) = α(f(x) + g(x))

= αf(x) + αg(x) = (αf)(x) + (αg)(x)

= ((αf) + (αg))(x)

so α(f + g) = (αf) + (αg)

((α + β)f)(x) = (α + β)(f(x)) = αf(x) + βf(x)

= (αf)(x) + (βf)(x) = ((αf) + (βf))(x)

so (α + β)f = (αf) + (βf)

�

Axiom 7.

((1)f)(x) = (1)(f(x)) = f(x) so (1)f = f .

�

Rn, RN, and Mmn(R) are RX for X = {1, 2, . . . , n},
X = N = {0, 1, 2, . . .}, and X = {(i, j) | 1 ≤ i ≤ m, 1 ≤ j ≤ n},
respectively.

�
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Problem 84 Show that the set of all nth degree polynomials with
real coefficients in the variable x, Pn[x] is a vector space. Here
vector addition is defined by∑n
i=0 αix

i +
∑n
i=0 βix

i =
∑n
i=0(αi + βi)x

i and scalar multiplication
by α∑n

i=0 βix
i =

∑n
i=0(αβi)x

i.

Similarly, the set of all polynomials with real coefficients, P [x] is a
vector space as is the set of formal power series, i.e.,
p(x) =

∑∞
i=0 aix

i.

Axiom 1.

Axiom 2.

Axiom 3.

Axiom 4.

Axiom 5.

Axiom 6.

Axiom 7.
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Problem 85 Show the following are vector spaces:

(a) R+ = (0,∞) with vector addition given by r ⊕ s = rs
(standard multiplication in R) and scalar multiplication
α� r = rα.10 (The additional symbols are necessary as we
must distinguish multiplication of two scalars from scalar
multiplication of a scalar and a vector, for example
2� 3 = 32 is clear, whereas, if we just wrote (2)(3) it is not
clear if this is multiplication of two scalars or if it is the
scalar product of a scalar and a vector?)

Axiom 1.

Axiom 2.

Axiom 3.

Axiom 4.

Axiom 5.

Axiom 6.

Axiom 7.

10The map x 7→ ax is linear! This is because aαx+βy = (ax)α(ay)β = (α �
ax)⊕ (β � ay).
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(b) R2 with vector addition defined by
(x1, x2)⊕ (y1, y2) = (x1 + y1 + 1, x2 + y2 + 1) and scalar
multiplication defined by
r � (x1, x2) = (rx1 + r − 1, rx2 + r − 1).

Axiom 1.

Axiom 2.

Axiom 3.

Axiom 4.

Axiom 5.

Axiom 6.

Axiom 7.
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3.1 Subspaces

Generally we are not interested in particular vectors, but rather
entire spaces of vectors. Recall that a vector space is any set
satisfying the vector space properties on page 87.

Mostly we are interested in subspaces of Rn (or Cn), however, in
this section, for completeness, we will consider a small collection of
more general subspaces.

For V a vector space, W ⊆ V is a subspace of V iff W is itself a
vector space.

Problem 86 (Important!) ∅ 6= W ⊆ Rn is a subspace iff W is
closed under linear combinations.

To check that W is a subspace it suffices to check the following
two conditions for u,v ∈ W and α ∈ R

(1) u+ v ∈ W .

(2) αu ∈ W .

Prove this!!!

Axiom 1.

u,v,w ∈ W , then (u+ v) +w = u+ (v +w), since this holds
in V .

�

Axiom 2.

0 ∈ W since 0 = (0)w ∈ W for any w ∈ W . Here we use that
W 6= ∅.

�

Axiom 3.

w ∈ W ⇒ (−1)w = −w ∈ W .

�

Axiom 4.

u+ v = v + u since this was true in V .

�

Axiom 5.
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α(βw) = (αβ)w since this was true in V .

�

Axiom 6.

Again both distributive properties hold since they held in V .

�

Axiom 7.

(1)w = w since this was true in V .

�

There are always two trivial subspaces of a vector space V ,
namely, W = V and W = {0}.

Problem 87 Describe, geometrically, all possible subspaces of R2

and R3.

�

Problem 88 (1) Show by example, say in R2 or R3, that if W1

and W2 are subspaces of V , then W1 ∪W2 need not be a
subspace of V .
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Consider W1 and W2 two distinct lines through the origin in
R2. Let u ∈ W1 and v ∈ W2, then u+ v /∈ W1 ∪W2.

�

(2) Show that if W1 and W2 are subspaces of V , then W1 ∩W2 is
a subspace of V .

u,v ∈ W1 ∩W2, then αu+ βv ∈ W1 ∩W2. So W1 ∩W2 is a
subspace.

�

(3) Show that if W1 and W2 is a subspace of V , then
W1 +W2 = {w1 +w2 |w1 ∈ W1 Nw2 ∈ W2} is a subspace of
V .

If u,v ∈ W1 +W2, then u = u1 + u2 and v = v1 + v2 with
v1,u1 ∈ W1 and u2,v2 ∈ W2. So
αu+ βv = α(u1 + u2) + β(v1 + v2) =
(αu1 + βv1) + (αu2 + βv2) ∈ W1 +W2.

�

(4) (Important!!) Show that if S ⊆ V , then the set of all linear
combination of elements from S,

Span(S)
df
=

{
n∑
i=1

αiwi

∣∣∣∣∣αi ∈ R Nwi ∈ S
}

is the smallest subspace of V containing S.

Clearly, if S ⊆ W and W is a subspace, then Span(S) ⊆ W .
Conversely, Span(S) is clearly closed under linear
combinations.

�

Problem 89 For W,W1,W2 subspaces of a vector space V , write
W = W1 ⊕W2 to mean W = W1 +W2 and W2 ∩W2 = {0} and
say W is the direct sum of W1 and W2. Suppose W = W1 ⊕W2

show that
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(a) For w ∈ W , there is exactly one w1 and exactly one w2 such
that w = w1 +w2, in fact, w2 = w −w1.

Suppose w = w1 +w2 = w′1 +w′2, then w1 −w′1 = w2 −w′2 is
in W1 ∩W2, so w1 −w′1 = w2 −w′2 = 0. Hence w1 = w′1 and
w2 = w′2.

�

(b) Define the projection of w into W1 along W2 by
projW2,W1

(w) to be the unique w1 ∈ W1 so that there is
some w2 ∈ W2 with w = w1 +w2. Similarly define the
projection into W2 along W1, projW1,W2

: W → W2.11 Show
that the two functions projW2,W1

and projW1,W2
are linear.

For w,w′ ∈ W we have

αw + βw′ = α(proj1(w) + proj2(w)) + β(proj1(w
′) + proj2(w

′))

= [α proj1(w) + β proj1(w
′)] + [α proj2(w) + β proj2(w

′)]

By the uniqueness proved in (a) we have
proj1(αw + βw′) = α proj1(w) + β proj1(w

′) and similarly
proj2(αw + βw′) = α proj2(w) + β proj2(w

′). This shows that
both maps are linear.

In fact proj2(w) = w − proj1(w) so proj2 = idW − proj2. So
the linearity of proj2 follows from the linearity of idW and
proj1.

�

Problem 90 Show that if W ⊆ Rn and W 6= Rn, then
W⊥ = {u ∈ Rn |u ⊥ W} is a subspace of Rn. Here u ⊥ W means
that u ⊥ w for all w ∈ W . Later we will show Rn = W ⊕W⊥.

11Notice that projW2,W1
(w) is defined with respect toW1 andW2 in the sense

that if W = W1 ⊕W2 = W1 ⊕W3, then projW2,W1
6= projW3,W1

. To see this
consider W1, W2, and W3 to be three distinct lines through the origin in R2, so
that R2 =W1⊕W2 =W1⊕W3. This also indicates that W2 is not determined
by W1, that is, there is no sense in which W2 =W −W1.
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If u and v are in W⊥, then for any w ∈ W ,
w � (αu+ βv) = α(w � u) + β(w � v) = α(0) + β(0) = 0 so
αu+ βv ∈ W⊥.

�

Problem 91 In R2

(a) Why is the quarter plane consisting of all u =

ñ
a
b

ô
with

a, b > 0 not a subspace?

�

(b) Why is the two quarter plane consisting of all u =

ñ
a
b

ô
where

a and b have the same sign not a subspace?

�

Problem 92 Geometrically and algebraically describe

Span


1

2
3

 ,
1

1
1


 in R3.
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�

Problem 93 Show that the set of diagonal m× n matrices is a
subspace of Mmn.

�

Problem 94 Show that the set of upper triangular n× n
matrices is a subspace of Mnn. (Similarly for lower triangular.)
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�

Problem 95 Show that the symmetric and skew-symmetric n× n
matrices form subspaces of Mnn.

�

Problem 96 Show that the set of all absolutely convergent series,
i.e., the set of all 〈xi〉∞i=0 such that ∑∞i=0 |xi| <∞ is a subspace of
RN. This subspace is called `1.12

12Other interesting spaces are th `p spaces, these satisfy
∑∞
i=0 |xi|p,∞ for

1 ≤ p <∞.
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�

Problem 97 Show that the set C(R,R) of all continuous
functions f : R→ R is a subspace of RR.13

�

3.2 Basis and dimension

A set of vectors B = {v1, . . . ,vk} is linearly dependent iff there is
some non-trivial14linear combination of the vectors in B that gives
the 0 vector, otherwise B is linearly independent.

13Similarly, the set Cn(R,R) of all functions with continuous nth derivatives.
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Problem 98 Show that B = {v1, . . . ,vk} is linearly independent
iff for all i,
vi /∈ Span({v1, . . . ,vi−1,vi+1, . . . ,vk}) = Span(B \ {vi}).

If B is linearly independent and vi ∈ Span(B \ {vi}), then
vi =

∑k
j=1;j 6=i ajvj, so 0 =

∑k
j=1 ajvj with ai = −1. This

contradicts linear independence of B.

Conversely, B were not linearly independent, then∑k
i=1 aivi = 0 for some a 6= 0 in Rk. Suppose ai 6= 0, then

vi = − 1
ai

∑k
j=1;j 6=i ajvj, so vi ∈ Span(B \ {vi}).

�

Problem 99 Show that B = {v1, . . . ,vk} is linearly independent
iff for each v ∈ Span(B), there is unique a = (a1, . . . , ak) ∈ Rk

such that v = a1v1 + · · ·+ akvk, denote this as aB. This unique
tuple is denotes [v]B and is called the component representation of
v with respect to B. Show that the map L : Span(B)→ Rk given
by L : v 7→ [v]B is linear, one-one, and onto. Show that
L−1 : Rn → Span(B) is given by L−1 : a 7→ aB, so ([v]B)B = v and
[aB]B = a.
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If B is not linearly independent, then
vi ∈ Span({v1, . . . ,vi−1,vi+1, . . . ,vk}) so vi = aB = eki for
a 6= eki . This shows that is there is a unique a ∈ Rk so that
aB = v, then B is linearly independent.

Conversely, if B is linearly independent and v = aB = bB, then
v =

∑k
i=1 aivi =

∑k
i=1 bivi, so 0 = v − v =

∑k
i=1(ai − bi)vi. By

linear independence, ai − bi = 0 for all i. so a = b.

To see that v 7→ [v]B is linear we need to verify

[αv + βu]B = α[v]B + β[u]B

Let [v]B = a and [u]B = b, then we have

[αv + βu]B = [∗]α
(

k∑
i=1

aivi

)
+ β

(
k∑
i=1

bivi

)
B

= [∗]α
(

k∑
i=1

(αai + βbi)vi

)
B

= (αa1 + βb1, . . . , αak + βbk)

= αa+ βb = α[v]B + β[u]B

�

A set of vectors S spans a subspace W of a vector space V iff
Span(S) = W . Given a set S that spans W it is possible to throw
away some vectors to get S0 ⊆ S such that Span(S0) = Span(S)
and S0 is linearly independent. Conversely if S is a linearly
independent set of vectors in W then it is possible to find S1 ⊇ S
so that S1 is linearly independent and spans W . The next few
problems support these claims.

Problem 100 Show that Span(S0) ⊆ Span(S1) iff for each
v ∈ S0, v ∈ Span(S1).

(⇒) is clear. Suppose for each v ∈ S0, v ∈ Span(S1). Let
v ∈ Span(S0), then there are vi ∈ S0 so that v =

∑m
i=1 αivi.

By assumption, vi ∈ Span(S1), so vi = aS1
i and

v =
∑m
i=1 αivi = (

∑m
i=1 αiai)

S1 ∈ Span(S1).

�

Problem 101 Suppose S is a maximal linearly independent set of
14A linear combination

∑n
i=1 αivi is trivial iff αi = 0 for all i, that is∑n

i=1 αivi =
∑n
i=1(0)vi = 0.
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vectors in W , that is, S is linearly independent and for all
v ∈ W \ S, S ∪ {v} is linearly dependent. Show that
Span(S) = W .

Let w ∈ W , is w /∈ Span(S), then clearly for u1, . . . ,un ∈ S
and scalars αi, α1u1 + · · ·+ αnun + αn+1w = 0 iff αi = 0 for
all i. Thus S ∪ {w} is independent.

�

Problem 102 Show that if S is a minimal spanning set for W ,
that is, Span(S) = W and Span(S \ {v}) 6= W for all v ∈ S, then
S is linearly independent.

If S were not linearly independent, then for some u ∈ S we
can write u as a linear combination of other elements of S and
thus Span(S) = Span(S \ {u}), which contradicts the
minimality of S.

�

Problem 103 Suppose S spans W and v ∈ W , show that there is
u ∈ S so that S ′ = (S \ {u}) ∪ {v} spans W .

w =
∑n
i=1 αiui for some ui ∈ S and αi 6= 0. So

u1 = 1/α1

Ä
w −∑n−1

i=1 αiui
ä
and clearly,

Span((S \ u) ∪ {w}) = Span(S).

�

Problem 104 Suppose S0 = {w1, . . . ,wk} is a linearly
independent set of vectors in W and S1 = {v1, . . . ,vl} spans W .
Show that k ≤ l.

Hint: Essentially use the preceding problem to form
Si1 =

Ä
Si−11 \ {v}

ä
∪ {wi}. You must show that v can be chosen

not to be one of w1, . . . ,wi−1. At each stage you maintain
Span(Si1) = W .

Problem 105 Use the preceding problem to argue that if W has
a finite spanning set, then any two linearly independent spanning
sets must be of the same size.
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This is trivial now. Let S1 and S0 be two linearly independent
spanning sets, then Problem 104 shows that the size of S1 is no
larger than that of S0 and vice versa, so they must be the same
size.

�

Thus a spanning set for W has enough vectors to generate W , and
a linearly independent set doesn’t have too many, i.e., there is no
redundant information. A set that is linearly independent and
spanning is just right, not too many vectors nor too few.

A basis for W is a linearly independent spanning set. Three
important facts are:

• Every linearly independent set can be filled out (by adding
vectors) to form a basis.

• Every spanning set can be cut down (by deleting vectors) to
form a basis.

• Every basis for W has the same size, called the dimension of
W , and denoted dim(W ).

We have proved this in the exercises above for W that can be
spanned by a finite number of vectors, i.e., finite dimensional
vector spaces. The infinite dimensional case requires a bit more
machinery.

Problem 106 Find a basis for each of the following spaces:

(a) M33 - the space of all 3× 3 matrices.

(b) The set of symmetric 3× 3 matrices. Temporarily call this
subspace S33.

(c) The space of all lower triangular 3× 3 matrices. Temporarily
call this subspace L33.

(d) The space S33 ∩ L33.

(e) The space S33 + L33.

Problem 107 Show that for U,W subspaces of a finite
dimensional vector space V

dim(U) + dim(W ) = dim(U +W ) + dim(U ∩W )
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Start with a basis for U ∩ V say B = {v1, . . . ,vr}. Find
BU = {u1, . . . ,us} and BW = {w1, . . . ,wt} so that B ∪ BU is a
basis for U and B ∪ BW is a basis for W .

Clearly U ∪W ⊆ Span(B ∪ BU ∪ BW ) and so
Span(B ∪ BU ∪ BW ) = U +W . We need to show that
B ∪ BU ∪ BW is linearly independent and hence a basis for
U +W , this will finish the calculation since then

dim(U) + dim(W ) = (r + s) + (r + t

= (r + s+ t) + r = dim(U +W ) + dim(U ∩W )

To show independence suppose

r∑
i=1

αivi +
s∑
j=1

βiui +
t∑
l=1

γiwi = 0

Then

t∑
l=1

γiwi︸ ︷︷ ︸
∈W

= −

Ñ
r∑
i=1

αivi +
s∑
j=1

βiui

é
︸ ︷︷ ︸

∈U

(†)

so ∑t
l=1 γiwi ∈ U ∩W and hence

t∑
l=1

γiwi =
r∑
i=1

δivi

But this means
t∑
l=1

γiwi −
r∑
i=1

δivi = 0

and hence γ1 = · · · = γt = δ1 = · · · = δr = 0, since B ∪ BW is
linearly independent. In particular, ∑t

l=1 γiwi = 0 and so (†)
becomes

r∑
i=1

αivi +
s∑
j=1

βiui = 0 (‡)

Since B ∪ BU is independent we have
α1 = · · · = αr = β1 = · · · = βs = 0. so B ∪ BU ∪ BW is
independent.

�

A special case of the preceding is when U ∩W = {0}. In this case
we know
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• dim(U +W ) = dim(U) + dim(W )

• If BU is a basis for U and BW is a basis for W , then BU ∪BW
is a basis for U +W .

Recall V = U ⊕W to denotes V = U +W together with the fact
that U ∩W = {0}, in this case V is the direct sum of U and W
and U , W form a decomposition of V .

A vector space V can be decomposed into more than two
subspaces. V is the direct sum of subspaces V1, . . . , Vk, written
V = V1 ⊕ V2 ⊕ · · · ⊕ Vk, is defined to mean:

• V = V1 + V2 + · · ·+ Vk, i.e., every vector v can be written as
v1 + · · ·+ vk where vi ∈ Vi.

• Vi ∩ (V1 + · · ·+ Vi−1 + Vi+1 + · · ·+ Vk) = {0}, i.e., the
decomposition v = v1 + · · ·+ vk with vi ∈ Vi is unique.

Problem 108 Let Ei = Span{eni } be the ith axis in Rn. Show
that Rn = E1 ⊕ E2 ⊕ · · · ⊕ En.

�

Problem 109 Show that R2 = U ⊕W where U = Span

®ñ
1
2

ô´
and W = Span

®ñ
−1
1

ô´
. Generalize to explain why R2 = U +W

where U and W are any two non-colinear lines through the origin.

I will discuss this geometrically, leaving the algebraic proof for
a Problem 111. U and W are distinct lines through the origin
so U ∩W = {0} and clearly U +W = R2.

�

The next problem generalizes this to R3.

Problem 110 Show that R3 = U1 ⊕ U2 ⊕ U3 where
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U1 = Span


1

2
3


, U2 = Span


−1

1
0


, and U3 = Span


 0

1
−1


.

Generalize to explain why R3 = U1 ⊕ U2 ⊕ U3 where U1, U2 and U3

are any three non-coplanar lines through the origin.

I will discuss this geometrically, leaving the algebraic proof for
Problem 111. U1, U2, and U3 are distinct lines through the
origin so U2 +U3 is a plane and by assumption U1 is not in this
plane so U1 ∩ (U2 +U3) = {0} and similarly for the other cases.
Clearly, U1 + U2 + U3 = R3.

�

Finally generalize to an arbitrary vector space.

Problem 111 Show that v1, . . . ,vk are linearly independent iff
Span({v1, . . . ,vk}) = Span({v1})⊕ · · · ⊕ Span({vk}).

We already know v1, . . . ,vk is linearly independent iff for all i,
vi /∈ Span({v1, . . . ,vi−1,vi+1, . . . ,vk}).

It is always the case that

Span({u1, . . . ,ul}) = Span({u1}) + · · ·+ Span({ul}).

The point is

Span({v1 . . . ,vk}) = Span({v1})⊕ · · · ⊕ Span({vk})

means that

Span({vi}) ∩ (Span({v1}) + · · ·+ Span({vi−1})
+ Span({vi+1}) + · · ·+ Span({vk}))

= Span({vi}) ∩ Span({v1 . . . ,vi−1,vi+1, . . . ,vk}) = ∅,

so in particular vi /∈ Span({v1 . . . ,vi−1,vi+1, . . . ,vk}) for all i.

�

The next problem just has you think about some important
infinite dimensional subspaces of some of the vector spaces we
have considered previously.

Problem 112 Show that the following are infinite dimensional:
(There is a natural progression in these five examples.)
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(a) P [x] - the set of all polynomials in x with real coefficients.
Find a basis for this P [x].

The obvious basis here is B = {1, x, x2, . . .}.

�

(b) R<∞ = {(xi)∞i=0 |xi ∈ R N for some N, xi = 0 for all i > N}.
This is essentially ⋃∞n=1 Rn. Clearly R<∞ and P [x] are
“essentially the same”.

The basis will consist of e∞i = (0, . . . , 0, 1
ith entry

, 0, . . .)

�

(c) `1 - the set of all α = 〈αi〉∞i=0 such that ∑∞i=0 |αi| <∞. (This
is the vector space of all absolutely convergent sequences.)15

Clearly, R<∞ is a subspace of `1 so the space is infinite
dimensional. In the other hand, given s1, s2, . . . a countable set
of elements of `1, there is an s such that s /∈ Span{s1, s2, . . .}
so there is no countable basis.

�

(d) P - the set of all power series p(x) =
∑∞
i=0 cix

i whose radius
of convergence is Rp ≥ 1. Recall |x| < Rp ⇒ 〈cixi〉 ∈ `1.

�

(e) C∞((−1, 1),R) - the set of functions f : (−1, 1)→ R with
derivatives of all orders.

15You might have fun showing that there is no countably infinite basis!. It
is clear that if one allowed infinite linear combinations, then setting e∞i to be
the member of `1 with 0’s everywhere except the ith entry, we have 〈αi〉 =∑∞
i=0 αie

∞
i . These sums however intrinsically involve limits so we are moving

away from pure algebra and into analysis. What is true is that there is a
countable subset D of `1 such that any element of `1 is approximated arbitrarily
good by some element in D.
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P [x] and P are both subspaces of C∞((−1, 1)).

�

3.3 Change of bases and similar matrices

Given a set of vectors B = {v1, . . . ,vk} for Rn and x =


x1
...
xk

 in Rk

we defined

xB = x1v1 + x2v2 + · · ·+ xkvk

Conversely, if B is linearly independent and v ∈ Span(B), then

vB = x ∈ Rk ↔ xB = v.

vB is the B-coordinate representation of v.

Notice that for B a basis for Rn, (xB)B = x and (xB)B = x.

Clearly if we set B to be the matrix whose columns are the vectors
in B, that is, B =

î
v1 v2 · · · vn

ó
, then

xB = Bx.

So x→ Bx converts B-coordinates into standard coordinates.

If B is a basis for Rn, then

aB = Ba = x↔ a = xB = B−1x.

Thus B−1 converts standard coordinates into B-coordinates.

Thus B and B−1 are change of basis matrices and the
corresponding transformations x→ xB = Bx and
x→ xB = B−1x are change of bases transformations.

Example 3 Consider the following two bases for R3:

B =


1

2
3

 ,
3

2
1

 ,
1

3
2


 and C =


1

0
1

 ,
0

1
1

 ,
1

1
0



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We have1
1
1


B

=

1 3 1
2 2 3
3 1 2


1

1
1

 =

5
7
6


1

1
1


C

=

1 0 1
0 1 1
1 1 0


1

1
1

 =

2
2
2


1

1
1


B

=


1 3 1

2 2 3
3 1 2



−1 1

1
1

 =

 1/12 −5/12 7/12
5/12 −1/12 −1/12
−1/3 2/3 −1/3


1

1
1

 =

1/41/4
0


1

1
1


C

=


1 0 1

0 1 1
1 1 0



−1 1

1
1

 =

 1/2 −1/2 1/2
−1/2 1/2 1/2
1/2 1/2 −1/2


1

1
1

 =

1/21/2
1/2



So the B-coordinate representation of

1
1
1

 is

1/41/4
0

.
To go from a B coordinate representation, x, to a C coordinate
representation, y, first go from B to standard and then from
standard to C, this is given by

y = C−1Bx

For example 1/2 −1/2 1/2
−1/2 1/2 1/2
1/2 1/2 −1/2


1 3 1

2 2 3
3 1 2


1/41/4

0

 =

1/21/2
1/2



Here

1/41/4
0

 is the B-coordinate representation of

1
1
1

 and

1/21/2
1/2

 is

the C representation of

1
1
1

. ♦

Problem 113 Let B =


 1

2
−2

 ,
3

0
1


. Let W = Span(B).

(a) Find a basis, C, for W consisting of orthonormal vectors.
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Let v1 =

 1
2
−2

 we want v2 =

ab
c

 so that v2 ∈ W and

v1 � v2 = 0. So we need to solve

a+ 2b− 2c = 0 and

 1
2
−2

 s+

3
0
1

 t =

ab
c


This gives a homogeneous system of 4 equations and 5
unknowns represented by


1 2 −2 0 0
−1 0 0 1 3
0 −1 0 2 0
0 0 −1 −2 1



a
b
c
s
t

 =


0
0
0
0
0


We have

rref




1 2 −2 0 0
−1 0 0 1 3
0 −1 0 2 0
0 0 −1 −2 1





1 0 0 0 −26/9
0 1 0 0 2/9
0 0 1 0 −11/9
0 0 0 1 1/9


So the general solution is

a
b
c
s
t

 =


26/9
−2/9
11/9
−1/9

1

 r

So a vector that is in W and orthogonal to

 1
2
−2

 is v2 =

26
−2
11

.
To get an orthonormal basis just divide by the magnitudes:

u1 =
1

3

 1
2
−2

 u2 =
1

3
√

89

26
−2
11


and we can take

C =

1

3

 1
2
−2

 , 1

3
√

89

26
−2
11




�



3 Vector spaces and subspaces
3.3 Change of bases and similar matrices 116

(b) Find
ñ

2
−1

ôB
.

ñ
2
−1

ôB
=

 1 3
2 0
−2 1

 ñ 2
−1

ô
=

 4
2
−1



�

(c) Find

 4
−10
13


B

.

Solve  1 3
2 0
−2 1

 ña
b

ô
=

 1
2
−2

 a+

3
0
1

 b =

 4
−10
13



It would be nice if

 1 3
2 0
−2 1

 had an inverse, we must

approximate this. Later we will discuss pseudo-inverses for
this purpose. Proceed as follows:

rref


 1 3 4

2 0 −10
−2 1 13


 =

1 0 −5
0 1 3
0 0 0



Note: The row of 0’s must be there since

 4
−10
13

 is in the plane

W .

We get here  4
−10
13


B

=

ñ
−5
3

ô
Check:

ñ
−5
3

ôB
= (−5)

 1
2
−2

+ (3)

3
0
1

 =

 4
−10
13

.

�

(d) Find the matrix that converts elements of W into their B
coordinate representation.
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We want to solve Bu = w for w ∈ W , where B =

 1 3
2 0
−2 1

.
We can’t form B−1, but we have BTBu = BTw so if BTB is
invertible, then u = (BTB)−1BTw. It turns out that so long
as B is linearly independent, then BTB is invertible. (See
following exercise.) So the matrix is

PB =


ñ
1 2 −2
3 0 1

ô  1 3
2 0
−2 1



−1 ñ

1 2 −2
3 0 1

ô
=

ñ
7/89 20/89 −21/89
26/89 −2/89 11/89

ô
Notice ñ

7/89 20/89 −21/89
26/89 −2/89 11/89

ô 4
−10
13

 =

ñ
−5
3

ô
So PB converts points in W to their B-coordinates. We will
investigate what PB does to points outside of W later when
studying least square solutions to equations.

�

(e) Find the matrix that converts B coordinate representations
for elements of W into C coordinate representations.

Here go from B coordinates to standard coordinates by B,
then from standard coordinates to C coordinates by
PC = (CTC)−1CT . So the matrix is

((CTC)−1C)B =

ñ
3 1/3
0
√
89/3

ô
So
ñ
−5
3

ôB
=

ñ
3 1/3
0
√
89/3

ô ñ
−5
3

ô
=

ñ
−14√

89

ô
.

Check: C
ñ
−14√

89

ô
=

 1/3 1/
√
89

2/3 −2/3
√
89

−2/3 11/3
√
89

 ñ−14√
89

ô
=

 4
−10
13

.

�
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(f) Notice that


ñ
u
v

ôC ∣∣∣∣∣∣u2 + v2 = 1

 gives the unit circle in the

plane W at the origin. Convert this into an equation for the
same unit circle in terms of the variables x, y, z. Noticexy
z

 = C

ñ
u
v

ô
and

ñ
u
v

ô
= PC

xy
z

 for

xy
z

 ∈ W . Use this

together with u2 + v2 = 1 to get a system of equations
describing the circle:

ñ
u
v

ô
=

1

3

ñ
1 2 −2

26/
√
89 −2/

√
89 11/

√
89

ôxy
z


=

1

3

ñ
x+ 2y − 2z

26/
√
89x− 2/

√
89 y + 11/

√
89 z

ô
so u2 + v2 = 1 becomes

85

89
x2 +

28

89
xy +

24

89
xz +

40

89
y2 − 84

89
yz +

53

89
z2 = 1

To describe the set of points in W we need a vector, n,
orthogonal to both the basis vectors. It is clear that the
solutions to BTx = 0 is the set of all such vectors. We have

rref

ñ1 2 −2
3 0 1

ô =

ñ
1 0 1/3
0 1 −7/6

ô
So the special solution is n =

−1/3
7/6
1

. Then
W = n⊥ = {x |n � x = 0} so the plane is

1

3
x− 6

7
y + z = 0

The set of (x, y, z) satisfying the two boxed equations give the
unit circle in the plane W at the origin.

�

In the preceding we used that if B = {v1, . . . ,vk} is linearly
independent, then

PB = (BTB)−1BT

gives the conversion from standard basis representation for
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elements of Span(B) to B-coordinates. It is important to know
BTB is invertible for this.

Notice that if B is a basis for V , then the above reduces to

PB = B−1

since (BTB)−1BT = B−1(BT )−1BT = B−1.

Problem 114 Show that if B = {v1, . . . ,vk} is linearly
independent, and B =

î
v1 · · · vk

ó
, then B∗B is invertible.

The point is that B∗Bx = 0⇔ Bx = 0, this follows from a
trick with the inner product:

x∗B∗Bx = (Bx)∗(Bx) = 〈Bx|Bx〉 = 0⇔ Bx = 0

We have

Bx = 0⇒ B∗Bx = 0

conversely
B∗Bx = 0⇒ x∗B∗Bx = 0⇒ Bx = 0.

Since B is linearly independent, Bx = 0 has the unique
solution x = 0 and so B∗Bx is one-to-one and hence
invertible.

�

Notice that this shows that in order to solve Ax = b where A has
linearly independent columns and b is in the range of x 7→ Ax, we
may simply compute

x = (ATA)−1ATb.

3.4 Fundamental subspaces and general
solution to Ax = b

There are four fundamental subspaces associated to an m× n
matrix. Here we want to study those subspaces by applying Gauss
elimination to find bases for these subspaces, then further
understand the general solution to Ax = b for arbitrary A.
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3.4.1 Column space and Null space

The column space of a matrix A ∈Mmn is the smallest subspace of
Rm containing all of the columns of A, formally

CS(A)
df
= Span (col1(A), . . . , coln(A)) ⊆ Rm

Problem 115 Describe CS(A) for A =


1 1 2
2 1 3
3 1 4
4 1 5

. Is this all of
R4? Are all of the columns necessary? What is a “geometric”
description of the subspace?

�

Problem 116 With A as above, write down some b’s so that
Ax = b has a solution. How could you describe the set of all such
b’s?

�

The point of the previous two problems was to get you to see that

Ax = b has a solution ⇔ b ∈ CS(A).
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The goal is not only simply to solve Ax = b for a specific b, but
more generally to describe the set (space) of vectors b such that
Ax = b has a solution. So we would like to be able to describe
CS(A) in a “nice” way. Part of what Problem 115 indicates is that
CS(A) only depends on the first two of the columns (or more
generally any two).

Given a system of linear equations Ax = b, the associated
homogeneous system of equations is Ax = b. The homogeneous
system always has a solution. (What is it?) The set of solutions
to the homogeneous system is our next subspace.

The second fundamental subspace associated to an m× n matrix
A is the null space of A, this is the set of all solutions of Ax = 0,
formally,

NS(A)
df
= {x ∈ Rn |Ax = 0}

Problem 117 Show that NS(A) is a subspace of Rn for A ∈Mmn.

�

Problem 118 For A as in Problem 115, that is A =


1 1 2
2 1 3
3 1 4
4 1 5

,
characterize geometrically and algebraically, the null space of A.
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�

Problem 119 Let A be as in the preceding problem. Find, by
inspection, a specific solution to,

Ax =


1
2
3
4

 = b.

Call the solution you found c. Show that every element of
c+ NS(A) is also a solution to Ax = b. Argue that this is all of
the solutions. Describe, geometrically, the set of solutions to
Ax = b. (This is what we will call the general solution.)
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�

For vectors in Rm, we can phrase linear independence in terms of
matrices by noting that the following are equivalent for v1, . . . ,vk
in Rm:

• v1, . . . ,vk are linearly independent.

• Ax = 0 has only the trivial solution.

• NS(A) = {0}, that is, NS(A) is trivial.

where here A is the m× k matrix with rowi(A) = vi, that is,

A =
î
v1 · · · vk

ó
.

Problem 120 Show that the following are equivalent for a square
n× n matrix A

(i) A is invertible.

Continued from Problem 63.

(viii) CS(A) = Rn.

(ix) NS(A) = {0}.
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(x) The columns of A form a basis for Rn.

(xi) The rows of A form a basis for Rn.

�

The row space of A, denoted RS(A), is the span of the rows of A,
that is, for A ∈Mmn

RS(A)
df
= Span (row1(A), . . . , rowm(A)) .

Clearly, RS(A) = CS(AT ).

Problem 121 Show that NS(A) = RS(A)⊥.
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Considering the “(row)×(column)” interpretation of
multiplication, for x ∈ NS(A),

Ax =


row1(A) � x

row2(A) � x
...

rowm(A) � x

 .

So clearly x ⊥ rowi(A) for i = 1, . . . ,m and hence x ⊥ v for
all v ∈ RS(A).

Conversely, if x ∈ RS(A)⊥, then clearly (as above) Ax = 0, so
x ∈ NS(A).

�

�

The last of the four fundamental spaces associated to A is
NS(AT ), this is called the left nullspace since

x ∈ NS(AT )⇔ ATx = 0⇔ xTA = 0T (left nullspace).

Recall matrices A and B row equivalent if B results from
performing elementary row operations to A.

Problem 122 Show that the following are equivalent for matrices
of the same size:

(1) A and B are row equivalent.

(2) RS(A) = RS(B).
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(3) NS(A) = NS(B).

((1)⇒ (2)) Here are two arguments for this

Argument #1: Argue that a single elementary row operation
does not change the row space and hence a sequence of
elementary row operations also will not change the row space.

Argument #2: From Problem 67 we have B = PA for
P ∈Mmm invertible, so BT = ATP T . Since P T is invertible it
is onto Rm so BT and AT have the same image, that is
CS(AT ) = CS(BT ), but then
RS(A) = CS(AT ) = CS(BT ) = RS(B).

((2)⇔ (3)) This follows from Problem 121, since
NS(A) = RS(A)⊥ and NS(B) = RS(B)⊥, so

RS(A) = RS(B)⇒ RS(A)⊥ = RS(B)⊥ ⇒ NS(A) = NS(B)

This is (2)⇒ (3), the converse is proved in precisely the same
manner, perhaps using the fact that W⊥⊥ = W .

((2)⇒ (1)) This requires a bit more work. It is enough to
prove the result for matrices in row echelon form since both A
and B are row equivalent to such matrices. So assume A and
B are row echelon matrices. This means there may be some
rows of 0’s at the bottom of A and B say these look like

A =



aT1
...
aTk
0T

...
0T


B =



bT1
...
bTk
0T

...
0T



�
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The non-zero rows of an echelon form matrix are clearly
linearly independent by definition (just look at the pivots!)
and so the non-zero rows of a row echelon matrix form a basis
for its row space. Hence A and B have the same number of
non-zero rows, namely, k = dim(RS(A)) = dim(RS(B)).

For now just throw them away, this leaves us with k × n
matrices A′ and B′

A′ =


aT1
...
aTk

 B′ =


bT1
...
bTk


Since each bi ∈ RS(A′) we have
bi = ci1a1 + · · ·+ cikak =

î
ci1 · · · cik

ó
A′ = cTi A

′ where

ci =


ci1
...
cik

 let C =


cT1
...
cTk

 so that B′ = CA′.

Claim. C is invertible.

Suppose for a moment that the claim is true, then C witnesses
that B′ and A′ are row equivalent and thus

P =

 C Ok×(m−k)

O(m−k)×k I(m−k)×(m−k)


is invertible and since

A =

[
A′

O(m−k)×n

]
and B =

[
B′

O(m−k)×n

]

we have, using block multiplication

PA =

 C Ok×(m−k)

O(m−k)×k I(m−k)×(m−k)

 [ A′

O(m−k)×n

]

=

 CA′ +Ok×(m−k)O(m−k)×n

O(m−k)×kA
′ + I(m−k)×(m−k)O(m−k)×n

 =

[
B′

O(m−k)×n

]
= B

so B and A are row equivalent. This finishes the main
argument.

To verify the claim, suppose CTx = 0. Then xTC = 0T , so
xTCA′ = xTB′ = 0T , but this in turn means that B′Tx = 0
and as the columns of B′T (rows of B′) are linearly
independent, x = 0. (See page 123). Since CTx = 0⇒ x = 0
we know CT is invertible and hence C is invertible. This
finishes the verification of the claim.

�
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Problem 123 Prove that if B and C are in echelon form and are
row equivalent to A, then B and C have the same pivot columns.
Hint: Consider the first column which is a pivot column of one
and not the other and derive a contradiction.

Suppose i is least so that exactly one of B or C has a pivot in
the ith column. Suppose i is a pivot column of B and not C.
Since RS(C) = RS(A) = RS(B) we know that the row
containing the pivot in column i, say rowj(B), is in RS(C).
Say rowj(B) = α1 row1(C) + · · ·+ αk rowr(C), where
r = rank(A). Let i′ > i be least such that i′ is a pivot column
of C and let j′ be such that rowj(C) has first non-zero entry at
i′ (the row containing the pivot). Clearly α1 = · · · = αj−1,
since otherwise rowj(B) would contain non-zero entries before
i. But α′j row′j(C) + · · ·+ αr rowr(C) can not produce a
non-zero entry in the ith position, so we have a contradiction!

�

If A is in row echelon form, then:

(i) The (non-zero) rows are linearly independent and form a
basis for the row space.

(ii) The pivot columns form a basis for the column space.

From this it follows that dim(RS(A)) = # of pivots and this is
called the rank of A, denoted rank(A). If A, B, and C are row
equivalent with B and C being row echelon, then since
RS(A) = RS(B) = RS(A) we know that B and C have the same
number of pivot columns.

rank(A) = # of pivots of A

Problem 124 Prove the uniqueness of rref(A).

Hint: Suppose B and C are RREF matrices row equivalent to A.
We know that B and C have exactly the same pivots from
Problem 123.
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Let 1 ≤ i ≤ r = rank(A), then rowi(B) =
∑r
j=1 αj rowj(C).

Considering the pivot positions in rowj(C)/rowj(B), we know
αj = 0 for j 6= i and αi = 1, so

rowi(B) = rowi(C).

�

If A is m× n so that Ax = b has n variables, then

#(pivot variables) + #(free variables) = n.

3.4.2 The four fundamental subspaces

Recall that RS(A) = RS(B) if A and B are row equivalent, so

• If A is row equivalent to B and B is in echelon form, then
the non-zero rows of B are a basis for RS(A).

• dim(RS(A)) = rank(A).

In particular the “canonical basis” for RS(A) consists of the
non-zero rows of rref(A).

What happens with the columns is even more interesting. First of
all notice that generally CS(A) 6= CS(B) for row equivalent A and
B, so the answer is different than for row space. The important
fact is:

If A,B ∈Mmn are row equivalent and 1 ≤ i1 < i2 < · · · < ik ≤ n,
then

coli1(A), . . . ,colik(A) are linearly independent ⇔
coli1(B), . . . , colik(B) are linearly independent

Proof. Let A =
î
v1 v2 · · · vn

ó
and set Â =

î
vi1 vi2 · · · vik

ó
.

Since A and B are row equivalent, there is invertible m×m
matrix P so that PA = B, but
PA = P

î
v1 v2 · · · vn

ó
=
[
Pv1 Pv2 · · · Pvn

]
= B, so Pvi is

the ith column of B.

Let B̂ = PÂ, then clearly,

B̂x = 0⇔ PÂx = 0⇔ Âx = P−10 = 0
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So NS(Â) = NS(B̂). We have

The columns of Â are linearly independent ⇔
NS(Â) = {0} ⇔
NS(B̂) = {0} ⇔
The columns of B̂ are linearly independent

In particular

The pivot columns of A form a basis for CS(A).

As a consequence of this

dim(CS(A)) = dim(RS(A)) = rank(A)

Next consider NS(A) for A ∈Mmn of rank r. As with RS(A) it is
the case that NS(A) = NS(B) whenever A and B are row
equivalent, thus NS(A) = NS(rref(A)). By permuting the columns
of rref(A) (equivalently permuting the variables) we can view
R = rref(A) as having the form[

Ir F

O O

]

and Rx = 0 becomes[
Ir F

O O

] ñ
xpivot

xfree

ô
=

 0r

0n−r


that is

xpivot = −Fxfree

This can be expressed asñ
xpivot

xfree

ô
=

[
−F
In−r

] î
xfree

ó
The matrix that corresponds to permuting the rows of

[
−F
In−r

]
back to the standard order of the variables is the null space matrix
and its columns clearly span null space.

Another way to view the basis for NS(A) is as follows: Consider
the n− r assignments to the free variables where in each case one
variable is assigned the value 1 and the rest are assigned the value
0 (similar to the standard basis for Rn−r). All possible
assignments to the free variables arise as linear combinations of
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these special assignments. To each special assignment there is an
associated special solutions, namely, those of the form

xfree = en−ri and xpivot = −coli(F )

These n− r special solutions are linearly independent elements of
NS(A). So dim(NS(A)) ≥ n− r, that the special solutions span
NS(A) follows from the fact that NS(A) + RS(A) = Rn, which is
shown in Problem 125 below. This shows dim(NS(A)) = n− r.
Before arguing this, first let’s look an example.

Example Say R = rref(A) is

R =


1 2 0 1 −1 0 1
0 0 1 −3 2 0 −1
0 0 0 0 0 1 2
0 0 0 0 0 0 0
0 0 0 0 0 0 0


So the pivot variables are x1, x3, x6 and the rest are free, thus

xpivot =

x1x3
x6

 and xfree =


x2
x4
x5
x7

 and we view Rx = 0 as


1 0 0 2 1 −1 1
0 1 0 0 −3 2 −1
0 0 1 0 0 0 2
0 0 0 0 0 0 0
0 0 0 0 0 0 0





x1
x3
x6
x2
x4
x5
x7


=



0
0
0
0
0
0
0


so

F =

2 1 −1 1
0 −3 2 −1
0 0 0 2



Method 1: (Compute the null space matrix first and then
the special solutions.) The null space matrix is the appropriate
permutation of rows of

[
−F
In−r

]
=



−2 −1 1 −1
0 3 −2 1
0 0 0 −2
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


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So the null space matrix is

−2 −1 1 −1
1 0 0 0
0 3 −2 1
0 1 0 0
0 0 1 0
0 0 0 −2
0 0 0 1


The columns of this matrix are the canonical basis for NS(A),
these are also the special solutions.

Method 2: (Compute the special solutions first and then
the null space matrix.) The special solutions are determined by
the assignments:

xfree =


x2
x4
x5
x7

 = e1 =


1
0
0
0

⇒ xpivot =

x1x3
x6

 = −col1(F ) =

−2
0
0



xfree =


x2
x4
x5
x7

 = e2 =


0
1
0
0

⇒ xpivot =

x1x3
x6

 = −col2(F ) =

−1
3
0



xfree =


x2
x4
x5
x7

 = e3 =


0
0
1
0

⇒ xpivot =

x1x3
x6

 = −col3(F ) =

 1
−2
0



xfree =


x2
x4
x5
x7

 = e4 =


0
0
0
1

⇒ xpivot =

x1x3
x6

 = −col4(F ) =

−1
1
−2



Thus the special solutions and a basis for NS(A) are

xspecial
1 =



−2
1
0
0
0
0
0


, xspecial

2 =



−1
0
3
1
0
0
0


, xspecial

3 =



1
0
−2
0
1
0
0


, xspecial

4 =



−1
0
1
0
0
−2
1


with a little practice you can read these off without actually
permuting the variables, writing F , etc. The null space matrix is
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the matrix with the n− r special solutions as columns:

[
xspecial
1 xspecial

2 xspecial
3 xspecial

4

]
=



−2 −1 1 −1
1 0 0 0
0 3 −2 1
0 1 0 0
0 0 0 −2
0 0 0 1


♦

Remark. The ith special solution is the unique solution to
Ax = 0 that you get by setting xfree to be eni . In other words, it
does not make a difference whether rref(A), A, or any other matrix
B that is row equivalent to A, is used to find the special solutions.

Problem 125 Show that Rn = RS(A)⊕ NS(A), that is

• NS(A) ∩ RS(A) = {0} and

• Rn = NS(A) + RS(A).

That RS(A) ∩ NS(A) = {0} follows from the fact that
RS(A) ⊥ NS(A). (See Problem 121.) To see that
Rn = NS(A) + RS(A) let r = rank(A) and notice that we have
dim(NS(A)) ≥ n− r since the n− r special solutions are
linearly independent elements of NS(A). From Problem 107

n ≤ dim(RS(A)) + dim(NS(A))

= dim(NS(A) + RS(A)) + dim(NS(A) ∩ RS(A)) ≤ n

So we must have equality throughout and so
dim(NS(A) + RS(A)) = n and hence NS(A) + RS(A) = Rn.

�

The nullity of A is the dimension of the null space of A and we
have that for A an m× n matrix

nullity(A) + rank(A) = n

alternatively

dim(NS(A)) + dim(RS(A)) = dim(NS(A)) + dim(CS(A)) = n .

Problem 126 For the matrices in Example on page 82 and
Problem 79 find the rank, nullity, and canonical bases for each of
RS(A), CS(A), and NS(A).
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The final issue is to find a canonical basis for the fourth
fundamental subspace, the left nullspace, NS(AT ).

Method 1: Find rref(AT ) and then compute the basis for NS(AT )
as the special solutions to ATx = 0 just as you did for NS(A).

Method 2: For this we must keep track of the matrix leading to
rref(A), this can be done in a manner similar to the way we found
A−1 in the invertible case. Set up[

Am×n Im×m
] row ops−−−−→

î
R E

ó
,

where R = rref(A) and EA = R, that is E is the product of the
elementary matrices associated to the row operations used in
reducing A to reduced row echelon form.

We are interested in when xTA = 0T , this shows up here if R has
final rows of 0’s, suppose rank(A) = r < m, then

EA =



uT1
...
uTr
uTr+1

...
uTm


A =



vT1
...
vTr
0T

...
0T


= R

The m− r vectors ur+1, . . . ,um are a basis for NS(AT ).

Fact: These two methods give exactly the same basis for NS(AT ).
The argument for this follows after the next example.

Example 4 For

A =


1/2 1 −1/2
3 6 0
3/2 3 1/2
1 2 0


Find the bases for each of the four fundamental subspaces found
by Gauss elimination.
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[
A I4×4

]
=


1/2 1 −1

2
1 0 0 0

3 6 0 0 1 0 0
3/2 3 1/2 0 0 1 0

1 2 0 0 0 0 1


row2⇐row2−6 row1
row3⇐row3−3 row1
row4⇐row4−2 row1−−−−−−−−−−−→


1/2 1 −1/2 1 0 0 0

0 0 3 −6 1 0 0
0 0 2 −3 0 1 0
0 0 1 −2 0 0 1


row3⇐row3−2/3 row2

row4⇐row4−1/3 row2−−−−−−−−−−−−→


1/2 1 −1/2 1 0 0 0

0 0 3 −6 1 0 0
0 0 0 1 −2/3 1 0

0 0 0 0 −1/3 0 1



row1⇐row1 +1/6 row2−−−−−−−−−−−−→


1/2 1 0 0 1/6 0 0

0 0 3 −6 1 0 0
0 0 0 1 −2/3 1 0

0 0 0 0 −1/3 0 1


row1⇐2∗row1
row2⇐1/3 row2−−−−−−−−→


1 2 0 0 1/3 0 0

0 0 1 −2 1/3 0 0

0 0 0 1 −2/3 1 0

0 0 0 0 −1/3 0 1

 =
î
R E

ó
CS(A): The pivot columns are columns 1 and 3 so
dim(CS(A)) = 2, moreover, a basis for CS(A) is

1/2
3
3/2
1

 ,

−1/2

0
1/2
0



NS(A): dim(NS(A)) = 3− dim(CS(A)) = 1 and the basis of
special solutions to Ax = 0 is −2

1
0



CS(AT ) = RS(A): dim(RS(A)) = dim(CS(A)) = 2 and a basis is1
2
0

 ,
0

0
1



NS(AT ): dim(NS(AT )) = 4− dim(CS(AT )) = 2
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Method 1: Here AT =

 1/2 3 3/2 1
1 6 3 2
−1/2 0 1/2 0

 and

rref(AT ) =

1 0 −1 0
0 1 2/3 1/3
0 0 0 0

. So the special solutions to ATx = 0

are 
1
−2/3

1
0

 and


0
−1/3

0
1


Method 2: The final two rows of E are exactly the two special
solutions just found above.

♦

The reason that the two methods for finding a basis for NS(AT ) is
as follows: First notice that the first round of elimination, killing
non-zeros below pivots, results in E1PA = U1 where U1 is in
echelon form. Suppose P is unnecessary, or replace A with PA.
The matrix E1 is an m×m lower triangular matrix of the formL O(m−r)×r

B I(m−r)


where L is an r × r lower triangular matrix with 1’s on the
diagonal and B is an (m− r)× r matrix such thatL O(m−r)×r

B I(m−r)

A1

A2

 =

 LA1

BA1 + IA2


=

 LA1

O(m−r)×n


We get here that

BA1 + I(m−r)A2 = O(m−r)×n

taking transposes gives

AT1B
T + AT2 I(m−r) = On×(m−r)

which can be rewritten asAT1
AT2

 [ BT

I(m−r)

]
= Om×(m−r)

So the matrix
[

BT

I(m−r)

]
is the matrix of special solutions for

ATx = 0.
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Problem 127 Find the dimension and canonical basis for each of
the four fundamental spaces associated with

A =


1/2 1 −1/2 −3/2 −1
3 6 0 3 −3
3/2 3 1/2 7/2 −1
1 2 0 1 −1



[
A I4

]
⇒
î
R E

ó
=


1 2 0 1 −1 0 1/3 0 0

0 0 1 4 1 −2 1/3 0 0

0 0 0 0 0 1 −2/3 1 0

0 0 0 0 0 0 −1/3 0 1


We can read off that dim(RS(A)) = dim(CS(AT )) = 2 with a
basis 

1
2
0
1
−1




0
0
1
4
1


dim(CS(A)) = 2 with a basis consisting of the first and third
columns of A, namely, 

1/2
3
3/2
1



−1/2

0
1/2
0


dim(NS(A)) = 5− 2 = 3 and a basis for NS(A) consists of the
three special solutions

−2
1
0
0
0




−1
0
−4
1
0




1
0
−1
0
1


Finally, dim(NS(AT )) = 4− 2 = 2 and a basis consists of the
final two rows of E, namely

1
−2/3

1
0




0
−1/3

0
1



�
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The four fundamental subspaces of A

NS(A)⊥ =
RS(A) =

CS(AT )

NS(A)

Rn

dim =
n− r

dim = r

0

x = a+ b

b

a NS(AT )⊥ =
RS(AT ) =

CS(A)

NS(AT )

Rm

dim =
m− r

dim = r

0

Ax = Aa

A ∈Mmn rank(A) = r

AT ∈Mnm
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4 Projection operations and least
squares solution to Ax = b

Begin with the simplest case of projection onto a one dimensional
subspace, that is a line. Let L be a line through the origin in Rn,
i.e., a one dimensional subspace of Rn, the projection of u into L
is defined as the point p on L so that dist(u,p) is minimal. We
will show that such a point exists presently. Let {a} be a basis for
L, that is L = Span{a}. The point/vector p that we seek is
p = xa for some scalar x.

Claim: For u a fixed element of Rn and v in L, dist(u,p) is
minimal when u− p is orthogonal to L.

This is intuitively clear as illustrated in the following picture

y

x

L

u

p

u
−
p

v − pp
v

u
−
v

To see this suppose p ∈ L and (u− p) ⊥ L, let v ∈ L, then

dist(u,v)2 = ‖u−v‖2 = ‖(u−p)+(p−v)‖2 = ‖u−p‖2+‖p−v‖2 ≥ ‖u−p‖2 = dist(u,p)2

since as (u− p) ⊥ (p− v) we have the Pythagorean theorem (see
Problem 17.)

So we seek p = xa so that a � (u− xa) = 0, but then we can solve
for x,

x =
u � a
a � a

= (aTa)−1aTu

and so we derive the following computation for p

p =

Ç
u � a
a � a

å
a = [a(aTa)−1aT ]u

This p is the orthogonal projection of u into L and is denoted
projL(u). Two things to take note of are:

• It does not matter what a ∈ L is used and so we can write
proja(u) in place of projL(u).
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• The orthogonal projection function is linear in u, that is,
projL(α1u1 + α2u2) = α1 projL(u1) + α2 projL(u2).

A

B

C

θA

v

u

proj⊥L(u)

projL(u)
L

projL(u) is linear so there is a matrix PL satisfying
projL(u) = PLu, we can use the formula for projection above to
explicitly write PL as

PL = a(aTa)−1aT

is a rank one matrix which does not depend on choice of a ∈ L.

Notice the range of PL, that is CS(PL), is the 1 dimensional L,
while the kernel of PL, that is NS(PL) is n− 1 dimensional.

The part of u orthogonal to p = projL(u) is
proj⊥L(u) = u− projL(u). The matrix for this operation is the
rank (n− 1) matrix

P⊥L
df
= PL⊥ = In×n − PL.

A discussed in the next section, P⊥L = I − PL is also a projection
matrix, now projecting into the (n− 1)-dimensional subspace
NS(PL) with the property that

dist(u, P⊥L u) = min{dist(u,v) |v ∈ NS(PL)}.

This can be illustrated in R3 where L⊥ is a plane, in fact if

L = Span


 2
−3
1


, then L⊥ is the plane 2x− 3y + z = 0, that is

the set of all

xy
z

 such that

xy
z

 �
 2
−3
1

 = 0, that is,î
2 −3 1

ó xy
z

 = 0. So L⊥ is NS
Äî

2 −3 1
óä

rref
Äî

2 −3 1
óä

=
î
1 −3/2 1/2

ó
so the special solutions for

î
2 −3 1

ó
x = 0 form the canonical

basis for NS
Äî

2 −3 1
óä
, and hence, the canonical basis for
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NS
Äî

2 −3 1
óä

is

B =


3/21

0

 ,
−1/2

0
1




and so the plane 2x− 3y + z = 0 is spanned by B.

L⊥

x
y

z

u1 =

 2
−3
1



Lu2 =

3/21
0


u =

 2
−2
−2



projL(u)

proj⊥L(u)

u3 =

−1/2
0
1



Problem 128 Let a =

 1
2
−2

 and let L = Span{a}, find the

matrices PL and P⊥L . Find projL(b) and proj⊥L(b) for b =

−2
−3
0


and find the canonical basis for L⊥ from aT .

All of the above we now generalize to projections into higher
dimensional subspaces.

4.1 Projections along a subspace into a
subspace

Projection along a subspace W ⊆ Rn onto a subspace U ⊆ Rn was
introduced in Problem89) . Briefly recall the setup: Rn = U ⊕W ,
this means U +W = Rn and U ∩W = {0}. The function
projW,U : Rn → U was defined by

projW,U(x) = u df⇐⇒ x = u+w for some w

This function is linear and hence is given by a matrix P , that is,
projW,U(x) = Px. The projection satisfies projW,U(x) ∈ U and
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hence projW,U
Ä
projW,U(x)

ä
= projW,U(x) so

(PW,U)2 x = PW,UPW,Ux = PW,Ux .

Some additional properties of this projection matrix are:

• CS(PW,U) = U and

• NS(PW,U) = W .

Any n× n matrix satisfying P 2 = P is called a projection matrix.
The reason for this is explained in the next problem.

Problem 129 Let P ∈Mnn be a projection matrix. Show that if
U = CS(P ) and W = NS(P ), then

(a) Rn = U ⊕W , that is Rn = U +W and U ∩W = {0}.

That Rn = U +W follows since u = Pu+ (u− Pu) and
u− Pu ∈ W since P (u = Pu) = Pu− P 2u = 0. That
U ∩W = {0} follows since if u ∈ U we have u = Pv and so
Pu = PPv = Pv = u. So if Pu = 0, then u = 0.

�

(b) P is the matrix for projW,U .

Here we need only check that Pu+ (u− Pu) = u and that
Pu ∈ U = CS(P ) and u− Pu ∈ W = NS(P ). Both are true,
the second because P (u = Pu) = Pu− P 2u = 0.

�

(c) I − P is a projection matrix and is the matrix for projW,U .
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Check (I − P )2 = (I − P )(I − P ) = I(I − P )− P (I − P ) =
I2 − IP − PI + P 2 = I − 2P + P 2 = I − P since P 2 = P .

Notice that this implies that CS(P ) = {x |Px = x}, since
z = Px⇒ Pz = P 2x = Px = z. This now implies
CS(I − P ) = NS(P ) and NS(I − P ) = CS(P ) since

x ∈ NS(P )↔ Px = 0↔ (I − P )x = x↔ x ∈ CS(I − P )

x ∈ NS(I − P )↔ (I − P )x = 0↔ x = Px↔ x ∈ CS(P )

�

The picture here is: P is a projection, W = NS(P ), and
U = CS(P ):

U

W

Rn = U ⊕W

0

x = a+ b

b = PU,Wx

a = PW,Ux

Given that Rn = U ⊕W and bases BU = {u1, . . . ,ur}, for U , and
BW = {w1, . . . ,w(n−r))}, for W . Let A be the n× n matrix whose
columns are the vectors of B = BU ∪BW . A is invertible, since B is
a basis for Rn. Let x ∈ Rn and let

ñ
a
b

ô
=



a1
...
ar

b1
...

b(n−r)


be the unique solution to Ay = x, soñ

a
b

ô
= A−1x

Now A =
[
AU AW

]
and
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x = AA−1x =
[
AU AW

] ñ a
−b

ô
= AUa+ AWb. Noting that

a =
[
Ir Or×(n−r)

]
A−1x b =

[
O(n−r)×(r) I(n−r)

]
A−1x

We get

x = AUa+ AWb

= A

 Ir Or×(n−r)

O(n−r)×(r) O(n−r)×(n−r)

A−1x+ A

 Or×r Or×(n−r)

O(n−r)×(r) I(n−r)

A−1x
= PW,Ux+ PU,Wx

So we get

PW,U = A

 Ir Or×(n−r)

O(n−r)×(r) O(n−r)×(n−r)

A−1
PU,W = A

 Or×r Or×(n−r)

O(n−r)×(r) I(n−r)

A−1 = I − PW,U

Problem 130 Find PW,U and PU,W for

U = Span




1
0
1
1

 ,


0
1
1
0


 and W = Span




0
1
1
1

 ,


1
1
0
1




Find the projection of b =


1
2
−2
1

 along W into U .
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A =
[
AU AW

]
=


1 0 0 1
0 1 1 1
1 1 1 0
1 0 1 1

 and A−1 =


1/2 −1/2 1/2 0
1/2 1/2 1/2 −1
−1 0 0 1
1/2 1/2 −1/2 0


So

PW,U = A


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

A−1 =


1/2 −1/2 1/2 0
1/2 1/2 1/2 −1
1 0 1 −1
1/2 −1/2 1/2 0



PW,U = A


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

A−1 =


1/2 1/2 −1/2 0
−1/2 1/2 −1/2 1
−1 0 0 1
−1/2 1/2 −1/2 1


Finally

PW,Ub =

Ç
−1

2

å3
1
4
3

 and PU,Wb =

Ç
5

2

å1
1
0
1



�

4.1.1 Orthogonal Projections

The two subspaces U and W , in Rn, are called orthogonal iff
u �w = 0 for all u ∈ U and w ∈ W . U and W are orthogonal
complements iff U and W are orthogonal and U +W = Rn.

Problem 131 (a) Are two planes in R3 ever orthogonal?

(b) Are two planes in R4 ever orthogonal?

(c) What is the orthogonal complement of a plane in R3? In R4?

Suppose W is a subspace of Rn and W ⊕W⊥ = Rn, define

projW = projW⊥,W and proj⊥W = projW⊥ = projW,W⊥

The matrices in this case are PW and PW⊥ = P⊥W .

In such a case we have that for any x,y ∈ Rn

projW (y) ⊥ proj⊥W (x) = x− projW (x)

so if PW is the matrix for projW , then

(I − PW )x � PWy = yTP T
W (I − PW )x = yTP T

Wx− yTP T
WPWx = 0
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So yTP T
Wx = yT (P T

WPW )x for all x,y and hence P T
W = P T

WPW .
So PW symmetric. The same argument shows PW is Hermitian in
the complex case.

There is a nice converse to this: Call a n× n matrix an orthogonal
projection matrix iff

• PPx = Px

• P is symmetric (Hermitian.)

Problem 132 Prove that if P is an orthogonal projection matrix
and U = CS(P ) and W = NS(P ), then W = U⊥, so P is the
matrix of the orthogonal projection projU .

Given Problem129 all that need to be shown is that CS(A) and
NS(A) are orthogonal. Since A is symmetric, CS(A) = RS(A)
and RS(A) and NS(A) are orthogonal. so this does it.

�

Define the distance between a point v and a subspace U as

dist(v, U) = min{dist(v,u) |u ∈ U}.

If v̂ = Pv where P is an orthogonal projection matrix, then for
any other u ∈ U we have

dist(v,u)2 = ‖v − u‖2 = ‖(v − v̂) + (v̂ − u)‖2

= ‖(v − v̂)‖2 + ‖(v̂ − u)‖2 (Pythagorean Theorem)
≥ ‖(v − v̂)‖2 = dist(v, v̂)2

The Pythagorean Theorem applies since v − v̂ ⊥ v̂ − u.

So dist(v, v̂) ≤ dist(v,u) and thus

dist(v, U) = dist(v, Pv).

Notice dist(v, U) is always > 0 for v /∈ U , this was not clear from
the initial definition.

As a result we have

projU(v) = the point in U closest to v.

Now we address finding PU and hence projU(v). The following
problem is just Problem 114. The problem is repeated here in
slightly different language.

Problem 133 Given an m× n matrix A with rank(A) = r show
that the n× n matrix ATA has rank(ATA) = r. Hint: Show
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NS(A) = NS(ATA). Use ATAx = 0⇒ xTATAx = 0 and interpret
as the dot product.

Clearly, Ax = 0⇒ ATAx = 0 so NS(A) ⊆ NS(ATA). Next let
x ∈ NS(ATA), then ATAx = 0 and so xTATAx = 0, but this
just says (Ax) � (Ax) = 0 so that Ax = 0. Thus the two
matrices have the same nullspace and hence the same rank.

�

It follows from the preceding that if A has n linearly independent
columns, then ATA is invertible.

Given a basis {u1, . . . ,uk} for U let A =
î
u1 · · · uk

ó
be the

m× k matrix whose ith column is just the ith member of the basis,
then ATA is invertible. We wish to find matrix P so that

• AT (u− Pu) = 0 and

• Pu = Ay for some y

so we are looking for
ATu = ATAy.

Since ATA is invertible we get

y = (ATA)−1ATu

and
Pu = Ay = A(ATA)−1ATu.

Since this holds for all u,

P = A(ATA)−1AT .

Problem 134 Check that P = A(ATA)−1AT is an orthogonal
projection matrix, that is PPx = x and P T = P .

Remark This gives a second proof that P = A(ATA)−1AT = PU .
This is because we know P = PCS(P ) so all we need is that
CS(P ) = U . Clearly, CS(P ) ⊂ CS(A) = U and for any v ∈ CS(A),
say v = Au we have

Pv = A(ATA)−1AT (Au) = A[(ATA)−1(ATA)]u = AIu = Au = v

So v ∈ CS(P ). ♦

Problem 135 Find the orthogonal projection of


1
2
3
4

 into

Span




1
−2
2
0

 ,


0
1
0
3

 ,


1
0
0
4


.
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We can finally prove that W⊥ is the a complement of W , that is,
Rn = W ⊕W⊥.

Problem 136 For W a subspace of Rn show that Rn = W ⊕W⊥,
that is, show that

• W ∩W⊥ = {0} and

• Rn = W +W⊥

So W and W⊥ are orthogonal complements.

Let B = {w1, . . . ,wr} be a basis for W , let A =
î
w1 · · · wr

ó
and P = A(ATA)−1AT , then we have shown above that
W = CS(A) = CS(P ) = RS(P ) and NS(P ) = RS(P )⊥ = W⊥

and so RS(P )⊕ NS(P ) = W ⊕W⊥ = Rn.

�

To summarize: Given W = Span({w1, . . . ,wk}) where the wi’s
are linearly independent, letting A =

î
w1 | w2 | · · · | wk

ó
we have

projW (u) = A(ATA)−1ATu

proj⊥W (u) = u− A(ATA)−1ATu

dist(u,W ) = ‖u− A(ATA)−1ATu‖

The picture in this general case can be represented by

U

U⊥

Rn

0

x = a+ b

b = P⊥U x = (I − PU)x

a = PUx

Problem 137 Find projW (u), proj⊥W (u), and dist(u,W ) where
W = Span({(1, 2, 3, 4), (−1, 2, 0, 1), (1, 1,−2, 2)}) and
u = (−2, 2, 1, 0).
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A =


1 −1 1
2 2 1
3 0 −2
4 1 2



A(ATA)−1A =


659
1100

− 399
1100

− 63
1100

357
1100

− 399
1100

739
1100

− 57
1100

323
1100

− 63
1100

− 57
1100

1091
1100

51
1100

357
1100

323
1100

51
1100

811
1100


projW (u) = A(ATA)−1Au =

Ç
−2179

1100
,

2219

1100
,

1103

1100
, − 17

1100

å
proj⊥W (u) =

Ç
− 21

1100
, − 19

1100
, − 3

1100
,

17

1100

å
dist(u,W ) = ‖ proj⊥W (u)‖ =

1

10

 
1

11

�

4.2 Least Squares solution to Ax = b for A of
full column rank

We look at finding best approximate solutions for m linear
equations in n < m unknowns, Ax = b for A ∈Mmn. Typically
there is no solution in this case.

If the system Ax = b fails to have a solution, one can still look for
the best approximate solution, namely that x so that dist(Ax, b) is
minimized. This just amounts to finding a point in CS(A) so that
dist(b,CS(A)) is minimized.

In the case that A has full column rank we have b̂ = projCS(A)(b),
and we look for those x̂ such that Ax̂ = b̂. Since the columns of A
are linearly independent, x̂ is unique and we have

Ax̂ = A(ATA)−1ATb

multiplying by AT on both sides gives

(ATA)x̂ = ATb (?)

since ATA is invertible we get

x̂ = (ATA)−1ATb (?)

This x̂ is called the least squares solution to Ax = b, this is the
unique x̂ that minimizes dist(Ax̂, b) = ‖Ax̂− b‖. This is the least
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squares solution because you are minimizing
√∑k

i=1

Ä
(Ax̂)i − bi

ä2,
which is equivalent to minimizing ∑k

i=1

Ä
(Ax̂)i − bi

ä2.
Recall this very same matrix was used back on page 119 to solve
Ax = b in the case that A had linearly independent columns and
b was in the column space of A

CS(A)

NS(AT )

Rn

Find x̂ that minimizes ‖Ax̂− b‖.

0

b
PCS(A)b = Ax̂

Problem 138 Find the least squares solution to

(a)



1 2
3 −1
2 4
0 1
7 4
5 6


ñ
x
y

ô
=



1
5
4
3
1
2


Hint: Recall all you need to do is solve ATAx = ATb, as
long as the columns of A are linearly independent you will
get a unique solution x̂.

(b)



1 2 2
3 −1 1
2 4 4
0 1 0
7 4 6
5 6 −1


xy
z

 =



1
5
4
3
1
2



4.3 Fitting polynomials to data

Fitting polynomials, e.g., lines, parabolas, etc. to data is a typical
application of least squares solutions. Suppose we want to find a
line that “best fits” some data (xi, yi) for i = 1, . . . , N . We look for
a, b so that yi = axi + b, of course there is no reason such a line
should exist so we look for the line that minimizes, the total error,
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i.e., the sum of all of the errors ei = |yi − (axi + b)|. It turns out
that minimizing the sum of the squares of these errors an easier
question. Rephraing the question as a matrix equation we arte
trying to solve 

1 x1
1 x2
...

...
1 xN


︸ ︷︷ ︸

A

ñ
b
a

ô
=


y1
y2
...
yN



This need not have a solution, but we can find the least squares
solution by solving:

ATA

ñ
b
a

ô
= ATy (?)

This will minimize the error∥∥∥∥∥A
ñ
b
a

ô
− y

∥∥∥∥∥ =

(
N∑
i=1

Ä
(b+ axi)− yi

ä2)1/2

=

(
N∑
i=1

e2i

)1/2

(least squares error)

Problem 139 Write out (?) to get the typical formulation of the
regresion line from statistics:

ñ
1 1 · · · 1
x1 x2 · · · xN

ô1 x1
1 x2
...

...
1 xN


ñ
b
a

ô
=

ñ
1 1 · · · 1
x1 x2 · · · xN

ôy1y2...
yN

ñ
N

∑N
i=1 xi∑N

i=1 xi
∑N
i=1 x

2
i

ô ñ
b
a

ô
=

ñ ∑N
i=1 yi∑N
i=1 xiyi

ô
now solve for a and b.

Problem 140 Consider the data

D ={(1.73, 1.12), (2.64, 0.69), (3.59, 0.95), (4.44, 1.40), (5.18, 2.29),

(6.56, 4.00), (7.99, 5.37), (8.19, 6.38), (9.90, 8.14), (10.12, 9.74)}

(a) Find the straight line that best fits the data. Sketch the line.
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Let A =
î
1 x

ó
, solving ATA

ñ
b
a

ô
= y gives b = −2.35 and

a = 1.054 and the line of best fit is y = 1.054x− 2.35, the least

square error is
∥∥∥∥∥A
ñ
a
b

ô
− y

∥∥∥∥∥ = 2.72.

�

(b) Generalize the above method to find the quadratic that best
fits the data. Sketch the quadratic approximation on the
same graph you used in (a).
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Let A =
î
1 x x2

ó
, solving ATA

cb
a

 = ATy gives

(c, b, a) = (1.07,−0.38, 0.12) and the quadratic best fit is
0.12x2 − 0.38x+ 1.07, the least square error is∥∥∥∥∥∥∥A

cb
a

− y
∥∥∥∥∥∥∥ = 1.215

�

(c) Which approximation fits the data best? (Which has least
sum of squares error?)

4.4 Gramm-Schmidt, orthonormal bases, QR
decomposition

A set of vectors B = {v1, . . . ,vk} is orthogonal iff vi ⊥ vj for i 6= j
(and vi 6= 0 for all i).

Problem 141 Let B = {v1, . . . ,vk} be an orthogonal set of
vectors. show

(a) If v =
∑k
i=1 αivi ∈ SpanB, then

αi =
v � vi
vi � vi

= [(vTi vi)
−1vTi ]v
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vi �
k∑
j=1

αjvj =
k∑
j=1

αj(vj � vj) = αj(vi � vj) = αi(vi � vi)

so
αj =

v � vj
vj � vj

�

(b) B is linearly independent.

This follows from (a) since if 0 =
∑k
i=1 aivi, then

αi =
0 � vi
vi � vi

= 0

�

Problem 142 Show that it B = {u1, . . . ,uk} is an orthogonal
basis for U , a subspace of Rn, then

projU(u) =
k∑
i=1

projui(u)

=
k∑
i=1

Ç
u � ui
ui � ui

å
ui

=
k∑
i=1

î
ui(u

T
i ui)

−1uTi
ó
u



4 Projection operations and least squares solution to Ax = b
4.4 Gramm-Schmidt, orthonormal bases, QR decomposition155

This is really just a computation using

uTi uj =

uTi ui = ‖ui‖2 for i = j

0 otherwise

We have

PU = A(ATA)−1AT

=
î
u1 · · · uk

ó uT1u1 · · · 0
... . . . ...
0 · · · uTkuk


−1 

uT1
...
uTk



=
î
u1 · · · uk

ó (uT1u1)
−1 · · · 0

... . . . ...
0 · · · (uTkuk)

−1



uT1
...
uTk



=
[
u1(u

T
1u1)

−1 · · · uk(uTkuk)−1
] 
uT1
...
uTk


=

k∑
i=1

ui(u
T
i ui)

−1uTi

�

A useful and obvious fact is that if U and W are orthogonal
subspaces of Rn with BU and BW orthogonal bases for U and W
respectively, then BU ∪ BW is an orthogonal basis for U ⊕W .

A set of vectors is orthonormal if it is orthogonal and each vector
is of unit length. A matrix A is orthogonal provided the columns
of A are an orthonormal set of vectors.16

Problem 143 Show that the following are equivalent for an m×n
orthogonal matrix. (Note A is of full column rank so m ≥ n.)

(1) A is orthogonal.

(2) ATA = In.

(3) (Ax) � (Ay) = x � y.

(4) ‖Ax‖ = ‖x‖ so A : Rn → Rm preserves lengths.

(5) dist(Ax1, Ax2) = dist(x1,x2) so A : Rn → Rm preserves
distances.

16There is no particular reason for not having two distinct notions, that of
an orthogonal matrix and that of an orthonormal matrix, this is just a matter
of history.
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(1)⇔(2): This is clear since

(ATA)ij =

1 if i = j

0 if i 6= j
↔ coli(A) � colj(A) =

1 if i = j

0 if i 6= j

(2)⇒(3):

(Ax) � (Ay) = (yTAT )(Ax) = yT Ix = x � y.

(3)⇒(2): We have from (3) that for all x and y,
yT (ATA)x = yTx, thus (ATA)x = x for all x and hence
ATA = I.

(3)⇒(4): This is obvious.

(4)⇒(5): Trivial since dist(Ax1, Ax2) = ‖Ax2 − Ax1‖ =
‖A(x2 − x1)‖ = ‖x2 − x1‖ = dist(x1,x2).

(5)⇒(4): This is trivial.

(4)⇒(3): ‖Ax− Ay‖2 = (Ax− Ay) � (Ax− Ay) =
‖Ax‖2 − 2(Ax) � (Ay) + ‖Ay‖2 = ‖x‖2 − 2(Ax) � (Ay) + ‖y‖2.
On the other hand, ‖Ax− Ay‖2 = ‖x− y‖2 since (5) holds
and ‖x− y‖2 = ‖x‖2 − 2x � y + ‖y‖2. So we clearly have
−2(Ax) � (Ay) = −2x � y which give what we want.

�

If in the previous problem A is square, then A is called unitary
and we can add to the list of equivalences AT = A−1.

Problem 144 Let B = {u1, . . . ,uk} be an orthonormal set of
vectors in Rn. Show

(a) For any u ∈ SpanB, u =
∑k
i=1(u � ui)ui.

This is immediate from Problem 141.

�

(b) Let A =
î
u1 · · · uk

ó
, then if x ∈ CS(A) and a = ATx, it

follows that x = Aa so we have

AATx = x for all x ∈ CS(A)

ATAa = a for all a ∈ Rk
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AATx = x for x ∈ CS(A): This follows immediately from (a)

and the interpretation of ATx as


u1 � x

...
uk � x

 =


a1
...
ak

 = a

(“row×column”) and then the interpretation of Aa as
a1u1 + · · ·+ akuk (“column×column”). So

AATx =
k∑
i=1

(x � ui)ui

ATAa = a: This is by the uniqueness of the coefficients a such
that x =

∑k
i=1 aiui,which follows from the linear independence

of the ui’s. The point is that if x = Aa, then
ATx = ATAa = a by this uniqueness and part (a).

�

Suppose we are given a linear independent set of vectors
U = {u1, · · · ,uk} and want to convert this into an orthonormal Q
with SpanU = SpanQ. A method to do this is Gramm-Schmidt

Step 1 (“The hard part.”) First find an orthogonal set V with the
same span as U . To do this proceed as follows:

v1 = u1

v2 = u2 −
Ç
u2 � v1
v1 � v1

å
v1 = u2 − projv1

(u2)

= u2 − projSpan{u1}(u2) = proj⊥Span{u1}(u2)

v3 = u3 −
Ç
u3 � v1
v1 � v1

å
v1 −

Ç
u3 � v2
v2 � v2

å
v2 = u3 − projv1

(u3)− projv2
(u3)

= u3 − projSpan{u1,u2}(u3) = proj⊥Span{u1,u2}(u3)

...

vi+1 = ui+1 −
i∑

j=1

Ç
ui+1 � vj
vj � vj

å
vj = ui+1 −

i∑
j=1

projvj(ui+1)

= ui+1 − projSpan{u1,...,ui}(ui+1) = proj⊥Span{u1,...,ui}(ui+1)

Letting

Ai =
î
u1 · · · ui

ó
we have

vi+1 =
î
I − Ai(ATi Ai)−1ATi

ó
ui+1.

That {v1, . . . ,vi} is orthogonal and
Span{u1, . . . ,ui} = Span{v1, . . . ,vi} is evident.
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Step 2: Let qi =
vi
‖vi‖

.

For one reason or another, it seems Q = {q1, . . . , qk} is often used
to denote an orthonormal set of vectors, the associated orthogonal
matrix is Q =

î
q1 · · · qk

ó
.

Once we have Q notice that since ui ∈ Span{q1, . . . , qi} we have
(see also Problem 144)

coli(A) = ui = QQTui = Q



qT1 ui
qT2 ui
...

qTi ui
0
...
0


= Qcoli(QTA)

so A = Q(QTA) and R = QTA is the k × k upper triangular
matrix with

coli(R) =



qT1 ui
qT2 ui
...

qTi ui
0
...
0


R has non-zero entries on the diagonal so R is invertible.

A = QR is a QR decomposition .

Problem 145 Use Gramm-Schmidt to find an orthonormal basis
for CS(A) and then find the associated QR-decomposition for A.

(1) A =

 1 0 1
0 2 1
−2 1 0


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Gramm-Schmidt gives

v1 =

 1
0
−2



v2 = col2(A)−
Ç
col2(A) � v1
v1 � v1

å
v1 =

2/52
1/5



v3 = col3(A)−
Ç
col3(A) � v1
v1 � v1

å
v1 −

Ç
col3(A) � v2
v2 � v2

å
v2 =

 4/7
−1/7
2/7



Now qi =
vi
‖vi‖

so

q1 =

 1/5
√

5
0

−2/5
√

5

 q2 =


2/21
»

21/5
10/21

»
21/5

1/21
»

21/5

 q3 =


4/3
»

3/7

−1/3
»

3/7
2/3
»

3/7


So

Q =


1/5
√

5 2/21
»

21/5 4/3
»

3/7

0 10/21
»

21/5 −1/3
»

3/7

−2/5
√

5 1/21
»

21/5 2/3
»

3/7


and

R = QTA =


√

5 −2/5
√

5 1/5
√

5

0
»

21/5 4/7
»

21/5

0 0
»

3/7



�

(2) A =


1 1 0 0
0 1 1 0
0 0 1 1
1 0 1 0
0 1 0 1


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Gramm-Schmidt applied to the columns of A yields the
orthogonal set of vectors

v1 =


1
0
0
1
0



v2 = col2(A)−
Ç
col2(A) � v1
v1 � v1

å
v1 =


1/2
1
0
−1/2

1



v3 = col3(A)−
Ç
col3(A) � v1
v1 � v1

å
v1 −

Ç
col3(A) � v2
v2 � v2

å
v2 =


−3/5
4/5
1
3/5
−1/5


v4 = col4(A)−

Ç
col4(A) � v1
v1 � v1

å
v1 −

Ç
col4(A) � v2
v2 � v2

å
v2

−
Ç
col4(A) � v3
v3 � v3

å
v3 =


0
−2/3
2/3
0
2/3


Now qi =

v1
‖vi‖

so

q1 =



»
1/2
0
0»
1/2
0

 q2 =



1/5
»

5/2
2/5
»

5/2
0

−1/5
»

5/2
2/5
»

5/2

 q3 =



−1/2
»

3/5
2/3
»

3/5
5/6
»

3/5
1/2
»

3/5

−1/6
»

3/5

 q4 =



0

−
»

1/3»
1/3
0»
1/3


So

Q =



1/2
√

2 1/5
»

5/2 −1/2
»

3/5 0

0 2/5
»

5/2 2/3
»

3/5 −
»

1/3

0 0 5/6
»

3/5
»

1/3
1/2
√

2 −1/5
»

5/2 1/2
»

3/5 0

0 2/5
»

5/2 −1/6
»

3/5
»

1/3



�
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We have

R = QTA =


√

2 1/2
√

2 1/2
√

2 0

0
»

5/2 1/5
»

5/2 2/5
»

5/2

0 0 2
»

3/5 2/3
»

3/5

0 0 0 2
»

1/3



�

Given the QR decomposition of A ∈Mmn (m > n) the least
squares problem

ATAx̂ = ATb

becomes

RTQTQRx̂ = RT InRx̂ = RTRx̂ = RTQTb

which gives the least squares solution to Ax = b to be x̂ such that:

Rx̂ = QTb

since R, and hence RT , is invertible. This last equation is
particularly easy to solve by substitution since R is upper
triangular.

Problem 146 For the matrix in part (b) of Problem 145 check
that Ax = b has no solution and then find the least squares

solution to Ax̂ = b by solving Rx̂ = QTb for b =


1
−1
1
−1
1

. In
addition, find the least squares error, ‖Ax̂− b‖.
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You can check that Ax = b has no solution by looking at

rref(
î
A b

ó
) =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

.

We must solve
√

2 1/2
√

2 1/2
√

2 0

0
»

5/2 1/5
»

5/2 2/5
»

5/2

0 0 2
»

3/5 2/3
»

3/5

0 0 0 2
»

1/3

 x̂ = QTb =


0

2/5
»

5/2

−
»

3/5

3
»

1/3



The fourth equation is 2x4 = 3 so x4 = 3/2.

The next equation 2x3 + (2/3)(3/2) = −1 which is 2x3 = −2 so
x3 = −1. becomes

The second equation is now x2 + (1/5)(−1) + (2/5)(3/2) = 4/5
which is x2 = 0.

Finally the first equation is x1 + (1/2)(0) + (1/2)(−1) = 0 so
x1 = −1/2.

We have

x̂ =


−1/2

0
−1
3/2


and

Ax̂− b =


1/2
−1
1/2
−1/2
3/2

−


1
−1
1
−1
1

 =


−1/2

0
−1/2
1/2
1/2


and

‖Ax̂− b‖ = 1

�
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5 Linear mappings and inner product
spaces

For V and W vector spaces a map L : V → W is linear iff L
preserves linear compositions, that is,

L(α1v1 + · · ·+ αkvk) = α1L(v1) + · · ·+ αkL(vk)

To check that L is linear it suffices to check that L preserves scalar
multiplication and vector addition, that is,

• L(αv) = αL(v)

• and L(v1 + v2) = L(v1) + L(v2).

The generic example of a linear mapping is given by matrix
multiplication, when A is an m× n matrix, then LA : Rn → Rm

defined by LA(x) = Ax is a linear mapping since matrix
multiplication is linear, that is, A(αx+ βy) = α(Ax) + β(Ay).

Problem 147 Let L : V → W be linear prove the following:

(a) Ker(L) = {v |L(v) = 0} is a subspace of V . (This is the
analogue of NS(A).)

Suppose v1,v2 ∈ Ker(L) and α1, α2 ∈ F (the scalar field), then
L(α1v1 + α2v2) = α1L(v1) + α2L(v2) = α10 + α20 = 0 so
α1v1 + α2v2 ∈ Ker(L) and hence Ker(L) is closed under linear
combinations.

�

(b) Img(L) = {L(v) |v ∈ V } is a subspace of W . (This is
analogous to CS(A).)

Let w1,w2 ∈ Img(L), then wi = L(vi) and
L(α1v1 +α2v2) = α1L(v1) +α2L(v2) = α1w1 +α2w2 ∈ Img(L).

�

Problem 148 Define P : V → V to be a projection iff P 2 = P ,
that is P (P (v)) = P (v). Let N = Ker(L) and let U = Img(L).
Show that U ⊕Ker(N) = V . (Hint: v = P (v) + (id−P )(v))
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�

In general given V = V1 ⊕ V2 and v ∈ V there are unique v1 ∈ V1
and v2 ∈ V2. Define PV1,V2(v) = v2 and PV2,V1(v) = v1. These two
maps are linear and satisfy

P 2
V1,V2

= PV1,V2 Img(PV1,V2) = V2 Ker(PV1,V2) = V1

P 2
V2,V1

= PV2,V1 Img(PV2,V1) = V1 Ker(PV2,V1) = V2

PV1,V2 = id−PV2,V1 PV2,V1 = id−PV1,V2 .

So abstractly P 2 = P characterizes projections and for such a P ,
P = PKer(P ),Img(P ).

To generalize the notion of orthogonal projection we need to
generalize the notion of adjoint - hence self-adjoint - to linear
operators. This will be done when discussing inner product spaces
below.

The next problem generalizes the fact that
dim(RS(A)) = dim(CS(A)). The point is Rn = RS(A)⊕NS(A) for
A ∈Mmn.

Problem 149 Show that if L : V → W and V = U ⊕Ker(L),
then L|U : U → Img(L) is one-to-one and onto. Argue that if B is
a basis for U , then L[B] = {L(v) |v ∈ B} is a basis for Img(L).
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Suppose L(u1) = L(u2), then L(u1 − u2) = 0 so
u1 − u2 ∈ Ker(L). So if u1,u2 ∈ U , then u1 − u2 ∈ Ker(L) so
u1 − u2 = 0 and hence u1 = u2. so L|U is one-to-one.

To see that L|U is onto Img(L), take w ∈ Img(L). So
w = L(v). Let u = PKer(L),U(v) ∈ U , then L(u) = L(v) = w.

�

The preceding brings up the issue of invariant subspaces. If
L ∈ L(V ) is a linear operator on V and U is a subspace of V , then
L|U ∈ L(U) if L : U → U . When this happens call U an invariant
subspace of L. If V = V1 ⊕ V2 ⊕ · · · ⊕ Vk and each Vi is an
invariant subspace of L, then L can be fully understood by what L
does on each of the Vi’s.

For example a projection map P : V → V has two invariant
subspaces, namely Img(P ) and Ker(P ) and V = Img(P )⊕Ker(P ).
P |Img(P ) = id while P |Ker(P ) = 0|Ker(P ) so that
P = id |Img(P ) ⊕ 0|Ker(P ) : Img(P )⊕Ker(P )→ Img(P )⊕Ker(P ).
In this way a decomposition of V into L-invariant subspaces
induces a decomposition of L itself into “simpler” operators on
“simpler” spaces.

This idea is what underlies the study of eigenvalues, eigenvectors,
eigenspaces, and eigendecomposition below.

5.1 The matrix of a transformation

If V and W are vector spaces with BV = {v1, . . . ,vn} and
BW = {w1, . . . ,wm} bases for V and W respectively and
L : V → W is linear, then L is completely determined by how L
moves the basis elements from BV .

Problem 150 Verify the last claim.

Say L(vj) = uj. Let v =
∑n
j=1 αjvj, then

L(v) =
∑n
j=1 αjL(vj).

�

Write L(vj) as its, unique, linear combination of elements of BW ,

so L(vj) =
∑m
i=1 aijwi where L(vj)BW =


a1j
...
amj

. For v ∈ V , say
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vBV =


α1
...
αn

, we have:

L(v) =
n∑
j=1

αjL(vj) =
n∑
j=1

αj

(
m∑
i=1

aijwi

)

=
m∑
i=1

Ñ
n∑
j=1

αjaij

é
wi

=
m∑
i=1

Ü[
L(v1)BW L(v2)BW · · · L(vn)BW

] 
α1
...
αn


ê
wi

= (A(vBV ))BW

where

A = [L]BW ,BV =
[
L(v1)BW L(v2)BW · · · L(vn)BW

]
So

L(v) = ([L]BW ,BV vBV )BW

Written another way this is

L(v)BW = [L]BW ,BV vBV

Here [L]BW ,BV is the matrix that takes a BV component
representation for v ∈ V and outputs a BW component
representation for L(v) ∈ W .

Remark If L : Rn → Rm and the standard bases, En and Em, are
used on both sides, then [L]En,Em is just denoted [L].

In particular, if A is an m× n matrix and LA : Rn → Rm is, as
usual, given by LA(x) = Ax, then [LA] = A. This is because

[LA]Em,En =
[
LA(en1 )Em · · · LA(enn)Em

]
=
[

(Aen1 )Em · · · (Aenn)Em
]

=
[
col1(A)Em · · · coln(A)Em

]
=
[
col1(A) · · · coln(A)

]
= A.

♦

In this context a change of basis matrix on Rn, changing from B
coordinates to C coordinates is [id]B,C. some things to note are

• The change of basis from B = {v1, . . . ,vn} coordinates to
standard coordinates is

[id]E,B =
î
v1E · · · vnE

ó
=
î
v1 · · · vn

ó
= B.

As before the matrix B associated to a basis B is just the
matrix whose columns are the vectors of B written in terms
of the standard coordinates.
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• The change of basis from standard to B is

[id]B,E =
[

(en1 )B (en2 )B · · · (enn)B
]

= ([id]E,B)−1 = B−1.

• The change of basis from B to C can be obtained by going
from B to standard and then from standard to C so

[id]C,B = [id]C,E [id]E,B = ([id]C,E)
−1[id]E,B = C−1B

The set of all linear maps from V to W is denoted L(V,W ) and is
itself a vector space, essentially the same as Mmn if dim(V ) = n
and dim(W ) = m. An important special case is when V = W ,
that is when L : V → V is linear. In this case call L a linear
operator on V . The vector space of all linear operators is denoted
L(V ). For B a basis for V and L ∈ L(V ) write [L]B for [L]B,B.

Problem 151 Let L : R3 → R3 be the linear mapping projecting

points in R3 to the closest point in W = Span



 1

0
−2

 ,
 1
−2
0



.

Let B =


 1

0
−2

 ,
 1
−2
0

 ,
2

1
1


. Noting that

L


 1

0
−2


 =

 1
0
−2

 L


 1
−2
0


 =

 1
−2
0

 L


2

1
1


 =

0
0
0


find the following:

(a) [L]B.

[L]B =

L

 1

0
−2



B

L


 1
−2
0



B

L


2

1
1



B



=


 1

0
−2


B

 1
−2
0


B

0
0
0


B

 =


1

0
0


0

1
0


0

0
0


 =

1 0 0
0 1 0
0 0 0



�

(b) [L]E,B.
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Here the goal is to take as input the B coordinates for v and
output the standard coordinates for L(v).

[L]E,B =

 L

 1

0
−2



E

L


 1
−2
0



E

L


2

1
1



E



=


 1

0
−2


 1
−2
0


0

0
0




=

 1 1 0
0 −2 0
−2 0 0


This corresponds to finding the matrix from (a) and then
doing the change of basis from B coordinates to standard
coordinates, this matrix is just the matrix whose columns are
the vectors of B. Namely,

[L]E,B = [id]E,B[L]B = B[L]B =

 1 1 2
−2 0 1
0 −2 1


1 0 0

0 1 0
0 0 0



�

(c) [L]B,E .
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Directly this matrix is

[L]B,E =

 L

1

0
0



B

L


0

1
0



B

L


0

0
1



B


The best way to do this is to convert from standard coordinates
to B coordinates and then use [L]B from (a). So we have

[L]B,E = [L]B[id]B,E = [L]BB
−1 =

1 0 0
0 1 0
0 0 0


1/6 −5/12 1/12
1/6 1/12 −5/12
1/3 1/6 1/6



=

1/6 −5/12 1/12
1/6 1/12 −5/12
0 0 0



�

(d) [L].

Here the best thing to do is

[L] = [id]E,B[L]B,B[id]B,E = B[L]B,BB
−1

=

 1 1 2
−2 0 1
0 −2 1


1 0 0

0 1 0
0 0 0


1/6 −5/12 1/12
1/6 1/12 −5/12
1/3 1/6 1/6



=

 1/3 −1/3 −1/3
−1/3 5/6 −1/6
−1/3 −1/6 5/6


This is the same as the orthogonal projection matrix onto W

which is A(ATA)−1AT where A =

 1 1
−2 0
0 −2

.

�

Two square matrices A and B are similar iff there is an invertible
matrix P so that A = PBP−1.

Problem 152 Show that n× n matrices A and B are similar iff
there is a choice of basis D for Rn so that

[LA]D = B

So two matrices are similar if they both represent the same linear
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transformation with respect to an appropriate choice of basis.

The point is

B = [LA]D = [id]D,E [LA][id]E,D = D−1AD

So A = DBD−1 and taking P = D works. In fact, is
A = PBP−1, then taking the columns of P as a basis, P , for
Rn we get [LA]P = B.

�

Problem 153 Let c = (c1, . . . , cn) with ci 6= cj for i 6= j. Let

pci (x) =
∏

j=1,...,n
j 6=i

(x−cj)
(ci−cj) .

(a) Show that Bc = {pci (x) | i = 1, . . . , n} is a basis for Pn−1[x].

These are linearly independent since if
q(x) =

∑n
i=1 αip

c
i (x) = 0 we have q(ci) = αi = 0 so all αi = 0.

�

(b) Given an arbitrary q(x) in Pn−1[x] show that qBc =


q(c1)
q(c2)
...

q(cn)

.
That is q(x) =

∑n
i=1 q(ci)p

c
i (x).

This is because pci (cj) =

1 if i = j

0 if i 6= j
. We know

q(x) =
∑n
i=1 αip

c
i (x) and so q(ci) = αi.

�

(c) For c = (1, 2, 3, 4) find the basis Bc for P3[x].
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p1(x) =
(x− 2)(x− 3)(x− 4)

(1− 2)(1− 3)(1− 4)
= −1

6
x3 +

3

2
x2 − 13

3
x+ 4

p2(x) =
(x− 1)(x− 3)(x− 4)

(2− 1)(2− 3)(2− 4)
=

1

2
x3 − 4x2 +

19

2
x− 6

p3(x) =
(x− 1)(x− 2)(x− 4)

(3− 1)(3− 2)(3− 4)
= −1

2
x3 +

7

2
x2 − 7x+ 4

p4(x) =
(x− 1)(x− 2)(x− 3)

(4− 1)(4− 2)(4− 3)
=

1

6
x3 − x2 +

11

6
x− 1

�

(d) Find qBc where q(1) = 1, q(2) = 3, q(3) = −4, and q(4) = 0
and then find q = (qBc)

Bc .

From part (b) we know qBc =


1
3
−4
0

 and so

q(x) =


1
3
−4
0


Bc

= (1)p1(x) + (3)p2(x) + (−4)p3(x) + (0)p4(x)

=
10

3
x3 − 49

2
x2 +

313

6
x− 30

�

(e) Find the change of bases matrices from Bc to the standard
basis for P3[x] and from the standard basis back to Bc.
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Let E = {1, x, x2, x3} be the standard basis, then

pc1 =


4
−13/3
3/2
−1/6


E

pc2 =


−6
19/2
−4
1/2


E

pc3 =


4
−7
7/2
−1/2


E

pc4 =


−1
11/6
−1
1/6


E

So the change of basis matrix from Bc to E is

P =


4 −6 4 −1
−13/3 19/2 −7 11/6
3/2 −4 7/2 −1
−1/6 1/2 −1/2 1/6


The change of basis matrix from E to Bc is

P−1 =


1 1 1 1
1 2 3 4
1 4 9 16
1 8 27 64



For example, q(x) = 1 + 3x− x2 + x3 we have

q =


1
3
−1
1


E

=




1 1 1 1
1 2 3 4
1 4 9 16
1 8 27 64




1
3
−1
1



Bc

=


4
11
28
61


Bc

so q(x) = (4)p1(x) + (11)p2(x) + (28)p3(x) + (64)p4(x).

�
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Actually the E to Bc transition matrix is easy to compute

using that given q(x) = a+ bx+ cx2 + dx3 =


a
b
c
d


E

we have

q =


q(1)
q(2)
q(3)
q(4)


Bc

=


a+ b+ c+ d

a+ 2b+ 4c+ 8d
a+ 3b+ 9c+ 27d
a+ 4b+ 16c+ 64d

 =


1 1 1 1
1 2 3 4
1 4 9 16
1 8 27 64


︸ ︷︷ ︸

Q


a
b
c
d

 .

So we could have computed P as Q−1 and then read off pi(x)
from this! Notice, for c = (c1, . . . , ck) the matrix Q (the
standard basis to Bc basis transition matrix) is:

Q =



c01 c02 · · · c0k
c1 c2 · · · ck
c21 c22 · · · c2k
...

... . . . ...
ck−11 ck−12 · · · ck−1k


So the Bc basis to standard basis matrix is Q−1.

�

(f) For d = (0, 1, 2) find the basis Bd for P2[x]
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Arguing as in the previous part, the standard basis to Bd

matrix is

Q =

1 1 1
0 1 2
0 1 4


so the Bd basis to standard basis matrix is

Q−1 =

1 −3/2 1/2
0 2 −1
0 −1/2 1/2


this gives

pd1 (x) = 1− 3

2
x+

1

2
x2

pd2 (x) = 2x− x2

pd3 (x) = −1

2
x+

1

2
x2

You can check that this is what we would get by direct
calculation, for example

pd1 (x) =
(x− 1)(x− 2)

(0− 1)(0− 2)
= 1− 3

2
x+

1

2
x2

�

(g) Find [ d
dx

]Bd,Bc where d
dx

: P3[x]→ P2[x] is just differentiation.
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For this write down the matrix with respect to the standard
basis and then change bases on both sides. Since

1 7→ 0, x 7→ 1, x2 7→ 2x, and x3 7→ 3x2

we have
1
0
0
0

 7→
0

0
0

 ,


0
1
0
0

 7→
1

0
0

 ,


0
0
1
0

 7→
0

2
0

 , and


0
0
0
1

 7→
0

0
3


so

[∗] d
dx

=

0 1 0 0
0 0 2 0
0 0 0 3


Then

[∗] d
dxBd,Bc

=

1 1 1
0 1 2
0 1 4


0 1 0 0

0 0 2 0
0 0 0 3




4 −6 4 −1
−13/3 19/2 −7 11/6
3/2 −4 7/2 −1
−1/6 1/2 −1/2 1/6



=

−11/6 3 −3/2 1/3
2 −5 4 −1
1 −2 1 0



For example the derivative of the 3rd degree polynomial q(x)
satisfying q(0) = 1, q(1) = 4, q(2) = −10, q(4) = 5 is the 2nd
degree polynomial p(x) where

p(x) =


−11/6 3 −3/2 1/3

2 −5 4 −1
1 −2 1 0




1
4
−10

5



Bd

=

 3
−20
83


Bd

so p(x) is the 2nd degree polynomial satisfying
p(0) = 3, p(1) = −20, p(2) = 83.

In general if q is the unique ≤3rd degree polynomial satisfying
q(1) = a, q(2) = b, q(3) = c, and q(4) = d, then d

dx
q is the

unique ≤2nd degree polynomial p satisfying p(0) = A,
p(1) = B, and p(2) = C where

AB
C

 =

−11/6 3 −3/2 1/3
2 −5 4 −1
1 −2 1 0



a
b
c
d

 =

−
11
6
a+ 3b− 3

2
c+ 1

3
d

2a− 5b+ 4c− d
a− 2b+ c



�
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Problem 154 The operation ·T : M33 →M33 is linear, find the
matrix for this transformation wrt the standard basis for M33, so

Eij is the 3× 3 matrix satisfying Eij(rs) =

1 (i, j) = (r, s)

0 otherwise
.

Take this basis to be ordered lexicographically, i.e.,
E = {E11, E12, E13, E21, . . . , E32, E33} so (E11)E = e91, (E12)E = e92,
etc.

The matrix of this operation is [·T ]E which is a 9× 9 matrix

[·T ]E =
[
(ET

11)E (ET
12)E · · · (ET

32)E (ET
33)E

]
=
[
(E11)E (E21)E · · · (E23)E (E33)E

]
=
[
e91 e

9
4 · · · e96 e99

]

�

Problem 155 Show that if L : V → W is linear and invertible,
i.e., one-to-one and onto, then the inverse L−1 : W → V is linear.
(Give a proof that works even when V , and hence W , are infinite
dimensional.)

We must see that

L−1(α1w1 + α2w2) = α1L
−1(w1) + α2L

−1(w2).

For this we may just apply L to both sides:

L(LHS) = L(L−1(α1w1 + α2w2))

= α1w1 + α2w2

L(RHS) = L(α1L
−1(w1) + α2L

−1(w2))

= α1L(L−1(w1)) + α2L(L−1(w2))

= α1w1 + α2w2

Since L is one-to-one it follows that RHS = LHS which is
what was wanted.

�

Problem 156 What can you say about the form of [L]B if
V = V1 ⊕ V2 ⊕ · · · ⊕ Vk, where each Vi is an L-invariant subspace
of V , and B = B1 ∪ B2 ∪ · · · ∪ Bk where Bi is a basis for Vi.
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[L]B =


[L|V1 ]B1 O O · · · O
O [L|V2 ]B2 O · · · O
...

...
... . . . ...

O O O · · · [LVk ]Bk


So [L]B is block diagonal.

�

Problem 157 What property would a basis B = {u1, . . . ,uk} for
V (of dimension k) have to have so that [L]B is upper triangular,
where L : V → V ?

The property is that
Span{L(u1), . . . , L(uk)} ⊆ Span{u1, . . . ,uk}, which is
equivalent to saying that Span{u1, . . . ,uk} is L-invariant for
all k. The point is

[L]B =
[
L(u1)B L(u2)B · · · L(uk)B

]
and the assumption guarantees that

L(ui)B =



a1i
a2i
...
aii
0
...
0


since L(ui) =

∑i
j=1 ajiuj for some coefficients aji by

assumption.

�

5.2 Inner product spaces

For an arbitrary vector space V over the field F, 〈·|·〉 : V × V → F
is an inner product iff

(i) 〈·|·〉 is linear in the left coordinate, i.e.,

〈αv + βu|w〉 = α〈v|w〉+ β〈u|w〉.

(ii) 〈·|·〉 is conjugate symmetric, that is,

〈u|v〉 = 〈v|u〉∗.
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(iii) 〈·|·〉 is positive,

〈u|u〉 ∈ R+ = [0,∞) 〈u|u〉 = 0⇔ u = 0

It follows that 〈·|·〉 is right conjugate linear:

〈u|αv + βw〉 = α∗〈u|v〉+ β∗〈u|w〉

This is a simple calculation:

〈u|αv + βw〉 = 〈αv + βw|u〉∗

= (α〈v|u〉+ β〈w|u〉)∗

= α∗〈v|u〉∗ + β∗〈w|u〉∗

= α∗〈u|v〉+ β∗〈u|w〉

From here on the notation 〈·|·〉 will be interpreted by context, by
default it means the standard inner product 〈u|v〉 = v∗u unless
the context suggests otherwise. If two inner products are required
at the same time, then additional notation will be used like 〈·|·〉1
and 〈·|·〉2.

The positive definiteness of an inner product 〈·|·〉 allows length or
magnitude to be defined with respect to this inner product,
namely,

‖u‖ =
»
〈u|u〉.

One of the most important facts about an inner product is the
Cauchy-Schwartz inequality:

|〈u|v〉| ≤ ‖u‖‖v‖

Problem 158 Prove the Cauchy-Schwartz inequality by first
verifying it for unit vectors, u and v and then generalizing.

Hint: Compute 〈u− λv|u− λv〉 for an arbitrary λ and then
choose λ wisely. (See Problem 22).
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For u and v unit vectors this reduces to showing

−1 ≤ 〈u|v〉 ≤ 1

Compute

0 ≤ 〈u− λv|u− λv〉 = 〈u|u− λv〉 − 〈v|u− λv〉
= 〈u|u〉 − λ∗〈u|v〉 − λ〈v|u〉+ λλ∗〈v|v〉
= ‖u‖2 − λ∗〈u|v〉 − λ〈u|v〉∗ + |λ|2‖v‖2

Take λ = 〈u|v〉 so that λ∗〈u|v〉 = |〈u|v〉|2 = λ〈u|v〉∗ and the
inequality becomes

0 ≤ 1− 2|〈u|v〉|2 + |〈u|v〉|2

and so

|〈u|v〉|2 ≤ 1.

Now for the general case let û = u
‖u‖ and same for v, then

|〈û|v̂〉| = 1

‖u‖‖v‖
|〈u|v〉| ≤ 1

so

|〈u|v〉| ≤ ‖u‖‖v‖.

As desired.

�

Cauchy-Schwartz implies the triangle inequality

‖u+ v‖ ≤ ‖u‖+ ‖v‖

Problem 159 Prove the triangle inequality.
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Just compute

‖u+ v‖2 = 〈u+ v|u+ v〉
= 〈u|u〉+ 〈v|u〉+ 〈u|v〉+ 〈v|v〉
= ‖u‖2 + ‖v‖2 + 〈u|v〉∗ + 〈u|v〉)
= ‖u‖2 + ‖v‖2 + 2Re(〈u|v〉)
≤ ‖u‖2 + ‖v‖2 + 2‖u‖‖v‖ = (‖u‖+ ‖v‖)2

Here Re(a+ ib) = a is the real part of z = a+ ib. The point is

Re(〈u|v〉) ≤ |Re(〈u|v〉)| ≤ |〈u|v〉| ≤ ‖u‖‖v‖.

�

The distance between two points in an inner product space
(V, 〈·|·〉) is defined as dist(u,v) = ‖u− v‖.

Problem 160 Verify that dist : V × V → [0,∞) satisfies

(i) dist(u,v) ≥ 0 and dist(u,v) = 0 iff u = v.

(ii) dist(u,v) = dist(v,u).

(iii) (Triangle inequality) dist(u,v) ≤ dist(u,w) + dist(w,v).

�

Cauchy-Schwarz also allows the following definition of the angle
between two vectors:

θu,v
df
= arccos

Ç 〈u|v〉
‖u‖ ‖v‖

å
The magnitude and angle between vectors determined by an
arbitrary inner product will differ from the standard inner product
and this leads to different “geometries”.
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As expected, if (V, 〈·|·〉) is an arbitrary inner product space, u and
v are called orthogonal if 〈u|v〉 = 0.

Problem 161 Verify the Pythagorean Theorem in an arbitrary
inner product space (V, 〈·|·〉). Show that
〈u|v〉 = 0⇒ ‖u+ v‖2 = ‖u‖2 + ‖v‖2.

This is precisely as before (see Problem 17).

‖u+ v‖2

= 〈u+ v|u+ v〉
= 〈u|u+ v〉+ 〈v|u+ v〉
= 〈u|u〉+ 〈u|v〉+ 〈v|u〉+ 〈v|v〉
= ‖u‖2 + ‖v‖2 + 〈u|v〉+ 〈u|v〉∗

= ‖u‖2 + ‖v‖2 + 2Re(〈u|v〉)

So 〈u|v〉 = 0 implies ‖u+ v‖2 = ‖u‖2 + ‖v‖2.

Notice in the complex case that ‖u+ v‖2 = ‖u‖2 + ‖v‖2 only
implies Re(〈u|v〉) = 0 not that u and v are orthogonal!

�

For V finite dimensional the Gramm-Schmidt procedure provides
a method for converting any basis into an orthogonal or
orthonormal basis. So if W is a subspace of V with basis
B = {w1, . . . ,ws}, then we may convert B into an orthonormal
basis B′ = {q1, . . . , qs} and given w ∈ W we have

w =
s∑
i=1

〈w|qi〉qi,

that is, wB′ =


〈w|q1〉
〈w|q2〉

...
〈w|qs〉

.
This is because if w =

∑s
i=1 αiqi, then

〈∑s
i=1 αiq|qj〉 =

∑s
i=1 αi〈qi|qj〉 = αj so αj = 〈w|qj〉

Similarly, given any v ∈ V , define

projW (v)
df
=

s∑
i=1

〈v|qi〉qi

proj⊥W (v)
df
= v − projW (v)
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As before proj⊥W (v) ⊥ W , for let w =
∑s
i=1 αiqi ∈ W , then∞

v −
s∑
i=1

〈v|qi〉qi

∣∣∣∣∣∣
s∑
j=1

αjqj

∫
=

〈
v

∣∣∣∣∣ s∑
i=1

αiqi

〉
−

s∑
i=1

〈v|qi〉

∞
qi

∣∣∣∣∣∣
s∑
j=1

αjqj

∫
=

s∑
i=1

α∗i 〈v|qi〉 −
s∑
i=1

〈v|qi〉
s∑
j=1

α∗j〈qi|qj〉

=
s∑
i=1

α∗i 〈v|qi〉 −
s∑
i=1

〈v|qi〉α∗i = 0

We may now use Pythagorean Theorem as before to see that
p = projW (v) is the unique element of W that minimizes
dist(p,v). For let w ∈ W be distinct from p, then

dist(w,v)2 = ‖w − v‖2

= ‖(w − p) + (p− v)‖2

= ‖w − p‖2 + ‖p− v‖2

> ‖p− v‖2 = dist(p,v)2

This shows p is the unique point in W minimizing dist(p,v).

Problem 162 Show that V = W ⊕W⊥ for any finite dimensional
inner product space (V, 〈·|·〉).

Above it was shown that v = projW (v) + proj⊥W (v) so this
shows V = W +W⊥. Clearly if v ∈ W ∩W⊥, then 〈v|v〉 = 0
so v = 0 and thus, V = W ⊕W⊥.

�

Problem 163 Let L ∈ L(V,W ) with V finite dimensional. Show
that dim(Ker(L)⊥) = dim(Img(L)). Again this is analogous to
dim(RS(A)) = dim(CS(A)).)

This follows from Problem 149 and the fact that
V = Ker(L)⊥ ⊕Ker(L).

�

The next exercise gives what a large number of examples of
“non-standard” inner products on Cn. Later, see Problem 167, it is
shown that all non-standard inner products are generated this way.

Problem 164 Given any positive Hermitian matrix A, i.e.,
A∗ = A and x∗Ax > 0 for all x 6= 0, y∗Ax = 〈x|y〉A is an inner
product on Cn.
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Here just check

〈αu+ βv|w〉A = w∗A(αu+ βu)

= α(w∗Au+ β(w∗Au)

= α〈u|w〉A + β〈v|u〉A
〈w|u〉A = u∗Aw = (u∗Aw)∗∗

= (w∗A∗u∗∗)∗ = (w∗A∗u)∗ = (〈u|w〉A)∗

〈u|u〉A = u∗Au ≥ 0 and u∗Au = 0⇔ u = 0

�

For example if wi ∈ R and wi > 0 for i = 1, . . . , n, then
〈u|v〉w =

∑n
i=1wiv

∗
i ui is the weighted inner product with weight w.

This is an example of the preceding by taking
A = diag(w1, . . . , wn), the n× n matrix with

Aij =

wi if i = j

0 otherwise
.

Problem 165 Consider the weighted inner product on R2 given
by 〈u|v〉w = w1v1u1 + w2v2u2. Describe geometrically the unit
circle under this inner product, that is, what shape is
{u | ‖u‖ = 1} where ‖u‖2 = 〈u|u〉w.

The equation is w1u
2
1 + w2u

2
2 = 1 so this is an ellipse centered

at (0, 0) hitting the x-axis at (±1/√w1, 0) and hitting the y-axis
at (0,±1/√w2).

�

Problem 166 Let l : Fn → F be linear, show that there is a
unique zl ∈ Fn so that l(x) = zl

∗x.



5 Linear mappings and inner product spaces
5.2 Inner product spaces 184

Existence: Take [l] to be the 1× n matrix for l, with respect
to the standard basis, then set zl = [l]∗ so that
l(x) = [l]x = [l]∗∗x = zl

∗x = 〈x|zl〉.

Uniqueness: The key is the following cancellation property
for inner products.

Cancellation: Let 〈·|·〉 be an arbitrary inner product, then if
〈y|a〉 = 〈y|b〉 for all y ∈ Fn, then a = b. (Exercise!.)

This clearly shows that zl is unique.

�

Problem 167 Let 〈·|·〉 be any inner product on Fn, the
interesting case being something other than the standard inner
product, then there is a positive Hermitian matrix A such that
〈x|y〉 = y∗Ax.

Existence of A: For each y, ly : Fn → F given by
ly(x) = 〈x|y〉 is linear and so there is zy so that 〈x|y〉 = z∗yx.
(Keep in mind this is an arbitrary inner product so
〈x|y〉 6= y∗x! in the interesting case.)

The map y → zy is linear since

(α1zy1 + α2zy2)
∗x = α∗1z

∗
y1
x+ α∗2z

∗
y2
x

= α∗1〈x|y1〉+ α∗2〈x|y2〉
= 〈x|α1y1 + α2y2〉

So there is a matrix A so that Ay = zy and
〈x|y〉 = z∗yx = (Ay)∗x = y∗A∗x.

A is Hermitian: Now
y∗A∗x = 〈x|y〉 = 〈y|x〉∗ = (x∗A∗y)∗ = y∗A∗∗x∗∗ = y∗Ax.
Since this holds for all x and y it follows that A∗ = A so A is
Hermitian.

A is positive definite: That A is positive definite is trivial
since 〈x|x〉 = x∗Ax ≥ 0 and equality holds iff x = 0.

�

Problem 168 Show that for every inner product 〈·|·〉 on Fn there
is a one-to-one and onto linear K : Fn → Fn so that
〈u|v〉 = (Kv)∗(Ku). So K transforms the standard inner product
into the given inner product.
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We have 〈u|v〉 = v∗Au for some Hermitian positive definite A.
We know any Hermitian positive definite A can be written as
A = K∗K, where in addition K is upper triangular. So
〈u|v〉 = v∗Au = v∗K∗Ku = (Kv)∗(Ku).

�

The preceding problems demonstrate the possibilities of inner
products on Fn, the following now demonstrates the generality of
the concept.

The “next” vector spaces to consider after Fn are Mmn(F), viewing
each m× n matrix as a vector in Fmn we get the induced inner
product and corresponding norm, called the Frobenious norm, the
following characterizes this in a slightly different fashion.

Problem 169 Define 〈A|B〉 = tr(B∗A) on Mmn(F).

(a) Show this is an inner product.

• (conjugate symmetry)
〈B|A〉 = tr(A∗B) = tr((B∗A)∗) = tr(B∗A)∗ = 〈A|B〉∗.

• (left linearity) 〈α1A1 + α2A2|B〉 =
tr(B∗(α1A1 + α2A2)) = tr(α1B

∗A1 + α2B
∗A2) =

α1 tr(B∗A1) + α2 tr(B∗A2) = α1〈A1|B〉+ α2〈A2|B〉.

• (positive)
tr(A∗A) =

∑n
i=1(A

∗A)ii =
∑n
i=1

∑m
j=1(A

∗)ijAji =∑n
i=1

∑m
j=1 a

∗
jiaji =

∑n
i=1

∑m
j=1 |aji|2 ≥ 0 and equality

holds iff aji = 0 for all j, i.

�

(b) Compute ‖A‖ for A =

ñ
1 2 1
0 1 3

ô
.

‖A‖2 = 〈A|A〉 = tr(A∗A) =
∑2
i=1

∑3
j=1 a

2
ij = 16 so ‖A‖ = 4.

�

(c) Compute cos(θA,B) for A as in (b) and B =

ñ
−1 2 3

0 2 0

ô
.
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cos(θ) = 〈A|B〉
‖A‖‖B‖ we have

〈A|B〉 = tr


−1 −1 −1

2 6 8
3 6 3


 = 8

‖B‖2 = tr


 1 −2 −3
−2 8 6
−3 6 9


 = 18

so cos(θ) = 8
6
√
2

= 2
√
2

3
.

�

(d) Find A′, B′ so that Span(A,B) = Span(A,B′) and the set
{A′, B′} is orthonormal.

Take A′ = A
‖A‖ and B

′ = C
‖C‖ , where

C = proj⊥A(B) = B − 〈A|B〉‖A‖2 A = B − 1
2
A = 1

2

ñ
−3 2 5

0 3 −3

ô
.

‖C‖2 = 1
4
(9 + 4 + 25 + 9 + 9) = 14 and so

A′ =
1

4

ñ
1 2 1
0 1 3

ô
B′ =

1

2
√

14

ñ
−3 2 5

0 3 −3

ô
�

(e) Show that the norm induced by this inner product is the
Frobenius norm.

This was shown in the proof of positiveness in (a).

�

Problem 170 Let V = C([0, 1],R) be the vector space of all
continuous functions f : [0, 1]→ R. Define

〈f |g〉 =
∫ 1

0
fg dx

(a) Show that this is an inner product.
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• (symmetry) 〈f |g〉 =
∫ 1
0 fg dx =

∫ 1
0 gf dx

• (left linearity) 〈α1f1 + α2f2|g〉 =
∫ 1
0 (α1f1 + α2f2)g dx =

α1

∫ 1
0 f1g dx+ α2

∫ 1
0 f2g dx = α1〈f1|g〉+ α2〈f2|g〉.

• (positive) 〈f |f〉 =
∫ 1
0 f

2 dx ≥ 0 and
∫ 1
0 f

2 dx = 0 iff f = 0.
(This is from continuity, if f 2(c) > 0, then there is an
interval I = (c− ε, c+ ε) and a δ > 0 so that f 2(x) > δ
for all x ∈ I, and so

∫ 1
0 f

2 dx ≥ 2δε > 0.)

�

(b) Determine ‖2 + x− x2‖.

∫ 1
0 (2 + x− x2)2 dx =

∫ 1
0 (4 + 4x− 3x2 − 2x3 + x4) dx =

[∗] 4x+ 2x2 − x3 − 1
2
x4 + 1

5
x5

x=1

x=0
= 47

10
, so

‖2 + x− x2‖ =
Ä
47
10

ä 1
2 .

�

(c) Determine 〈2 + x− x2|1 + x〉.

∫ 1
0 (2 + x− x2)(1 + x) dx =

∫ 1
0 (2 + 3x− x3) = 13

4

�

(d) Determine cos(θ) where θ is the angle between 2 + x− x2
and 1 + x.

cos(θ) =
〈2+x−x2|1+x〉
‖2+x−x2‖‖1+x‖ =

13/4√
47/10

√
73
≈ 0.9814. So these two

functions are “close” to being parallel.

�

(e) Determine dist(2 + x− x2, 1 + x).
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dist(2 + x− x2, 1 + x)2 = ‖(2 + x− x2)− (1 + x)‖2 =
‖1− x2‖2 =

∫ 1
0 (1− x2)2 dx =

∫ 1
0 (1− 2x2 + x4)2 = 8

15
so

dist(2 + x− x2, 1 + x) =
»

8
15
.

�

(f) Find an orthonormal basis for W = Span(2 + x− x2, 1 + x).

Here us projection let u1 = 2 + x− x2 and

u2 = (1+x)−proju1
(1+x) = (1+x)−〈2+x−x

2|1+x〉
‖2+x−x2‖2 (2+x−x2) =

(1 + x)− 13/4
47/10

(2 + x− x2) = 65
94
x2 + 29

94
x− 18

47

�

(g) Find the orthogonal projection of 1− x in W .

Letting v = 1− x, then projW (v) = proju1
(v) + proju2

(v) =
〈1−x|2+x−x2〉
‖2+x−x2‖ (2 +x−x2) +

〈1−x| 6594 x2+ 29
94
x− 18

47〉
‖ 65
94
x2+ 29

94
x− 18

47
‖2 (65

94
x2 + 29

94
x− 18

47
) =

(2+x−x2)+ −
31/376

97/1128
(65
94
x2+ 29

94
x− 18

47
) = − 1

291
(260x2+19x−241).

�

Problem 171 Consider C([−π, π],R). Show that
fn = 1√

π
cos(nx), for n ≥ 0 an integer, and gm = 1√

π
sin(mx) for m

an integer > 0 are all mutually orthonormal. That is 〈fn|gm〉 = 0
for all n and m 6= 0, 〈fn|fm〉 = 0 for all m 6= n, 〈fn|fm〉 = 0 for all
m 6= n with m 6= 0 6= n, and 〈fn|fn〉 = 〈gn|gn〉 = 1. 17

Let

an(f) =
1

π

∫ π

−π
f(x) cos(nx) dx for n ≥ 0 and

bn(f) =
1

π

∫ π

−π
f(x) sin(nx) dx for n > 0,

then for f ∈ C([−π, π],R) (this is non-trivial)

f(x) =
∞∑
n=0

〈f |fn〉fn(x) dx+
∞∑
n=1

〈f |gn〉gn(x) dx

=
1

2
a0(f) +

∞∑
n=1

an(f) cos(nx) +
∞∑
n=1

bn(x) sin(nx)

17A generalization of this would be to consider C([−π, π],C) and take fn(x) =
einx = cos(nx) + i sin(nx) for all integers n.
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The computations are just exercises∫ π

−π
sin(nx) sin(mx) dx =

∫ π

−π

1

2
(cos((n−m)x)− cos((n+m)x)) dx

=

0 if n 6= m

π if m = n∫ π

−π
cos(nx) cos(mx) dx =

∫ π

−π

1

2
(cos((n−m)x) + cos((n+m)x)) dx

=

0 if n 6= m

π if m = n∫ π

−π
sin(nx) cos(mx) dx =

∫ π

−π

1

2
(sin((n−m)x) + sin((n+m)x)) dx = 0

�

5.2.1 Dual space and adjoints

The adjoint of a linear function can be generalized given that for
any subspace W of an inner product space V , V can be
decomposed as V = W ⊕W⊥, see Problem 162 for finite
dimensional V . For any linear L : V → W , where V and W are
inner product spaces with inner products 〈·|·〉V and 〈·|·〉W , there is
a unique linear L∗ : W → V satisfying

〈L(v)|w〉W = 〈v|L∗(w)〉V .

This leads a generalization of the orthogonal projection operator
and the consequent least squares solutions to L(v) = b, namely
the orthogonal projection map is P = L(L∗L)−1L∗. Other
consequences of the existence of an adjoint follow as well.

Finally the picture of the four fundamental subspaces associated
to a linear operator emerges exactly as we had for matrices.

We can generalize Problem 166. One generalization would be:

Let 〈·|·〉 be an arbitrary inner product on Fn and let l : Fn → F be
linear. Then there is unique zl ∈ Fn so that l(x) = 〈x|zl〉.

More generally we have:

The dual space to a vector space V is the space L(V,F) of linear
functions into F. This space is denoted V ∗ and typically objects in
V ∗ are denoted v∗.

Problem 172 Show that if (V, 〈·|·〉) is an inner product space,
then for any v∗ ∈ V ∗, there is a unique yv∗ so that for all v ∈ V ,
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v∗(v) = 〈v|yv∗〉. Moreover show that, the map v∗ 7→ yv∗ is a
conjugate linear one-to-one and onto map.

Hint: If v∗ = 0V ∗ , then take yV ∗ = 0V . Else, take w ∈ Ker(v∗)⊥18,
notice that for all u ∈ V :

v∗(u)w − v∗(w)u ∈ Ker(v∗)

So

〈v∗(u)w − v∗(w)u|w〉 = v∗(u)〈w|w〉 − v∗(w)〈u|w〉 = 0

The last equation give

v∗(u) =
v∗(w)

〈w|w〉
〈u|w〉 =

Æ
u

∣∣∣∣∣
Ç
v∗(w)∗

〈w|w〉

å
w

∏
so take

yv∗ =
v∗(w)∗

〈w|w〉
w

From the previous problem we know Ker(v∗)⊥ is
one-dimensional, hence yv∗ is independent of the choice of w
and is hence unique.

That v∗ 7→ yv∗ is conjugate linear is a computation:

(α1v
∗
1 + α2v2)

∗(u) = α1v
∗
1(u) + α2v

∗
2(u)

= α1

¨
u
∣∣∣yv∗1∂+ α2

¨
u
∣∣∣yv∗2∂

=
¨
u
∣∣∣α∗1yv∗1 + α∗2yv∗2

∂
so

yα1v∗1+α2v∗2
= α∗1yv∗1 + α∗2yv∗2

�

The following is the generalization of adjoint to arbitrary inner
product spaces:

Problem 173 Show that for (V, 〈·|·〉V ) and (W, 〈·|·〉W ) be inner
product spaces and L ∈ L(V,W ). There is a unique L∗ ∈ L(W,V )
so that 〈L(v)|w〉W = 〈v|L∗(w)〉W .

18What follows depends on V = Ker(v∗)⊥ ⊕ Ker(v∗) and that
dim(Ker(v∗)⊥) = dim(Img(v∗)) = 1. These follow from Problem 162 under
the additional assumption that V is finite dimensional. In the general case one
needs some additional assumptions to know that V = Ker(L)⊥ ⊕Ker(L).
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Let vw be unique so that fw(v) = 〈L(v)|w〉W = 〈v|vw〉V . (See
Problem 149.) Let L∗(w) = vw.

L∗ is linear:

〈L(v)|α1w1 + α2w2〉W = α∗1〈L(v)|w1〉+ α∗2〈L(v)|w2〉V
= α∗1〈v|L∗(w1)〉V + α∗2〈v|L∗(w2)〉V
= 〈v|α1L

∗(w1) + α2L
∗(w2)〉V .

By uniqueness, L∗(α1w1 + α2w2) = α1L
∗(w1) + α2L

∗(w2).

�

Problem 174 Let V , W , L, and L∗ be as in Problem 173. Show
that Img(L∗) = Ker(L)⊥. (This is like CS(A∗) = NS(A)⊥, notice
that for A ∈Mmn(C) this is the correct equation since
rowi(A)x = coli(A∗)∗x = 〈x|coli(A∗)〉. For A with complex
entries, RS(A) 6= CS(A∗), rather RS(A)∗ = CS(A∗) under the
obvious definition.)

The computation is as follows: Let x ∈ Ker(L) and w ∈ W ,
then

〈x|L∗(w)〉V = 〈L(x)|w〉W = 〈0W |w〉W = 0

�

Problem 175 Let V , W , L, and L∗ be as in Problem 173. Show
that L∗∗ = L, (LS)∗ = S∗L∗, and (L∗)−1 = (L−1)∗ when L is
invertible.
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L∗∗ = L:

〈L∗(w)|v〉V = 〈v|L∗(w)〉∗V = 〈L(v)|w〉∗W = 〈w|L(v))〉W .

So L satisfies the defining property to be L∗∗.

(LS)∗ = S∗L∗:

〈L(S(v))|w〉 = 〈S(v)|L∗(w)〉 = 〈v|S∗L∗(w)〉.

Ignoring the subscripts on the inner products.

(L−1)∗ = (L∗)−1:¨
w
∣∣∣(L∗)−1(v)

∂
W

=
¨
L(L−1(w))

∣∣∣(L∗)−1(v)
∂
W

=
¨
L−1(w)

∣∣∣L∗(L∗−1(v))
∂
V

=
¨
L−1(w)

∣∣∣v∂
V

�

Problem 176 Let V , W , L, and L∗ be as in Problem 173. Show
that if L is one-to-one, then L∗L is invertible.

From the preceding problems, Img(L∗) = Ker(L)⊥ = V , since
Ker(L) = {0V } as L is one-to-one. L∗L : V → V . We have
Img(L) = Ker(L∗)⊥ and L∗ : Img(L)⊕Ker(L∗) onto−−→ V and
thus L∗|Img(L) : Img(L)

onto−−→ V so L∗L is onto.

Suppose L∗(L(v1)) = L∗(L(v2)), then
L(v1)− L(v2) = L(v1 − v2) ∈ Ker(L∗), but as
L(v1 − v2) ∈ Img(L) and Img(L) ∩Ker(L∗) = {0W} we have
L(v1 − v2) = 0W so |bmv1 − v2 ∈ Ker(L) = {0V }. Hence
v1 − v2 = 0V .

�

Problem 177 Let V , W , L, and L∗ be as in Problem 173. Show
that if L is one-to-one, then L(L∗L)−1L∗ = P is the orthogonal
projection function onto Img(L).
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Just check P 2 = P , P ∗ = P (self-adjoint), and
Img(P ) = Img(L).

P 2 = L(L∗L)−1L∗L(L∗L)−1L∗ = L[(L∗L)−1(L∗L)](L∗L)−1L∗

= L id(L∗L)−1L∗ = L(L∗L)−1L∗ = P

P ∗ = (L(L∗L)−1L∗)∗ = L∗∗((L∗L)−1)∗L∗ = L((L∗L)∗)−1L∗

= L((L∗L∗∗)∗)−1L∗ = L(L∗L)−1L∗ = P ∗

Clearly, Img(P ) ⊆ Img(L), since P = LS for some S. In the
other direction let w ∈ Img(L), so w = L(v) and so

P (w) = L(L∗L)−1L∗w = L(L∗L)−1L∗L(v) = L(L∗L)−1(L∗L)(v)

= L ◦ id(v) = L(v) = w

�

Finally, the picture of the four fundamental subspaces associated
to a linear function

Ker(L)⊥ =
Img(L∗)

Ker(L)

V

0

x = a+ b

b

a

Ker(L∗)⊥ =
Img(L)

Ker(L∗)

W

0

L(x) = L(a)

L : V → W

L∗ : W → V
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6 Eigenvalues, eigenvectors, and
diagonalization

In this section we decompose the action of a matrix into scalar
multiplication along certain principal axes or eigenspaces. Given a
linear mapping L : V → V a scalar λ is an eigenvalue for L iff
L(v) = λv for some v 6= 0V . If λ is an eigenvalue for L, and
L(v) = λv, then v is an associated eigenvector.

If L is given by a matrix A and V = Rn, then say λ is an
eigenvalue for A iff Ax = λx for some non-zero x ∈ Rn and call
such an x an eigenvector associated to λ.

Problem 178 Let Eλ = {v |L(v) = λv} for λ and eigenvalue of
L. Show that Eλ is an invariant subspace of V .

If v,u ∈ Eλ, then
L(αv + βu) = αL(v) + βL(u) = α(λv) + β(λu) = λ(αv + βu)
so αv + βu ∈ Eλ. So Eλ is closed under linear combinations.

Alternatively, note that Eλ = Ker(L− λ id) which we already
know is a subspace of V .

Clearly, L|Eλ : Eλ → Eλ, in fact, this restricted map is a
bijection whenever λ 6= 0, since division by λ provides an
inverse.

�

Problem 179 For A an n× n matrix, show that E0 = NS(A) and
consequently, A is singular iff 0 is an eigenvalue of A.
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�

Problem 180 Suppose P is a projection matrix what are the
eigenvalues/eigenspaces of P? Suppose P is an orthogonal
projection matrix what else can you say about the eigenspaces of
P? (We will show below that the eigenspaces for a
symmetric/hermitian matrix are orthogonal.)

�

Problem 181 Let L : R2 → R2 be reflection about the line y = x.

L is given by the matrix A =

ñ
0 1
1 0

ô
what are the

eigenvalues/eigenspaces?
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�

Problem 182 Let L : R2 → R2 be rotation counterclockwise
through the angle θ. For what θ are there real eigenvalues? When
there are real eigenvalues what are the eigenspaces?

�

Problem 183 Show that if λ1, . . . , λk are distinct eigenvalues for
L and vi ∈ Eλi , then {v1, . . . ,vk} are linearly independent.
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Suppose toward a contradiction, that the claim is false. Let k
is least such that for some L : V → V there is v1, . . . ,vk so
that {v1, . . . ,vk} is not linearly independent. Clearly, k 6= 2
and 0 =

∑k
i=1 αivi where the right hand side is a non-trivial

linear combination of vi’s. Without loss of generality suppose
αk 6= 0, then, there are βi = αi/αk, not all 0, so that

vk =
k−1∑
i=1

βivi

and applying L− λk id to both sides

0 = (L− λk id)(vk) = (L− λk id)

(
k−1∑
i=1

βivi

)

=
k−1∑
i=1

βiL(vi)− λk
(
k−1∑
i=1

βivi

)
=

k−1∑
i=1

βiλivi − λk
(
k−1∑
i=1

βivi

)

=
k−1∑
i=1

(λi − λk)βivi.

So (λi − λk)βi = 0 for all i, by minimality of k, since
{v1, . . . ,vk−1} is linearly independent. As λi − λk 6= 0, βi = 0
for all i = 1, ..., k − 1 contradicting the choice of βi’s. So the
assumption that {v1, . . . ,vk} is linearly dependent leads to a
contradiction.

�

The previous problem shows that if λ1, . . . , λs, λs+1, . . . , λk are
distinct eigenvalues, thenÄ

Eλ1 ⊕ · · · ⊕ Eλs
ä
∩
Ä
Eλs+1 ⊕ · · · ⊕ Eλk

ä
= {0}.

The next exercise follows easily.

Problem 184 Show that if λ1, . . . , λk are distinct eigenvalues for
L and Bi is a basis for Eλi , then B =

⋃k
i=1 Bi is linearly

independent.
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�

Define the geometric multiplicity of the eigenvalue λ to be
dim(Eλ). If λ1, . . . , λk are distinct eigenvalues of L : V → V where
dim(V ) = n, then

Eλ1 ⊕ Eλ2 ⊕ · · · ⊕ Eλk
has dimension dimEλ1 + dimEλ2 + · · ·+ dimEλk . The linear
operation L, or matrix A, is said to be diagonalizable if the sum of
the geometric multiplicities of the eigenvalues is equal to dim(V ).
This is equivalent to V having a basis of eigenvectors.

If v1, · · ·vn is a basis of eigenvectors for L : Rn → Rn with
corresponding eigenvalues λ1, . . . , λn let

S =
î
v1 · · · vn

ó
Λ =


λ1 0 · · · 0
0 λ2 · · · 0
...

... . . . ...
0 0 · · · λn


S is called the eigenvector matrix and the diagonal matrix Λ is
called the eigenvalue matrix. We clearly have

AS =
[
Av1 · · · Avn

]
=
[
λ1v1 · · · λnvn

]

=
î
v1 · · · vn

ó λ1 0 · · · 0
0 λ2 · · · 0
...

... . . . ...
0 0 · · · λn

 = SΛ

Since the columns of S are independent S−1 exists and

A = SΛS−1

This decomposition is called a diagonalization of A.
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Problem 185 Show that is B = {u1, . . . ,un} is a basis of
eigenvalues with L(ui) = λiui, then

[L]B = diag(λ1, . . . , λn) =


λ1

λ2
. . .

λn


so [L] = B[L]BB

−1 is viewed in terms of a change of basis.

�

Problem 186 Show that if A = SΛS−1 is a diagonalizaion of A,
then S is a matrix of eigenvectors for A and Λ is the associated
matrix of eigenvalues.
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�

Problem 187 Given that v1, . . . ,vn is a basis of eigenvectors for
L with associated eigenvalues λ1, . . . , λn, express Lk(u) given that
u =

∑n
i=1 αivi.

�

There are many useful properties of a diagonalization of A which
we will investigate, one of the most useful is the ease with which
we can take powers a diagonalized matrix.

If A = SΛS−1, then Ak = SΛkS−1, where Λk is easy to compute
since (Λk)ij = (Λij)

k.

Problem 188 Show that if λ is an eigenvalue of L and v an
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associated eigenvector, then λk is an eigenvalue for Lk and v is an
eigenvector for Lk associated to λk.

�

Problem 189 This is important in studying dynamical systems
for example if initially 30% of people use brand X, 25% brand Y ,

and 45% brand Z is expressed by u0 =

 .3.25
.45

 and at time t+ 1 we

have

ut+1 =

.2 .3 .5
.6 .1 .4
.2 .6 .1

ut
then 20% of brand X stay with brand X, 60% of brand X users
switch to brand Y , and 20% of brand X users switch to brand Z,
etc. The question is: “What is the eventual distribution of users?”
That is what is limt→∞ ut?

If there is such a limit, then it should be an eigenvector for 1 and
its entries should sum to 1. show that such a vector exists and find
it. Later we will diagonalize the matrix and find its limit.
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A− I =

−.8 .3 .5
.6 −.9 .4
.2 .6 −.9


so

rref(A− I) =

1 0 −19/18
0 1 −31/27
0 0 0


So a basis for NS(A− I) is

u =
1

19/18 + 31/27 + 1

19/1831/27
1

 =

0.329...
0.358...
0.312...


So in the limit 33% use brand X, 36% use brand Y , and 31%
use brand Z.

�

Problem 190 Let L : R3 → R3 be the linear transformation so
that

L


 1

2
−1


 =

 3
6
−3

 L


−2

4
−2


 =

 1
−2
1

 L


0

0
1


 =

 0
0
−5



compute L5


−1

6
−2


. Find [L] and [L5].
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−1
6
−2

 =

 1
2
−1

+

−2
4
−2

+

0
0
1


so

L5


−1

6
−2


 = L5


 1

2
−1


+ L5


−2

4
−2


+ L5

Ö0
0
1


è

= (3)5

 1
2
−1

+
−1

2

5

−2
4
−2

+ (−5)5

0
0
1



We have

[L] =

 1 −2 0
2 4 0
−1 −2 1


3 0 0

0 −1/2 0
0 0 −5


 1 −2 0

2 4 0
−1 −2 1


−1

=

 5/4 7/8 0
7/2 5/4 0
−7/4 −25/8 −5



[L5] =

 1 −2 0
2 4 0
−1 −2 1




35 0 0

0
−1/2

5
0

0 0 (−5)5


 1 −2 0

2 4 0
−1 −2 1


−1

=


7775
64

7777
128

0
7777
32

7775
64

0
−7777

64
−207775

128
−3125



�

Problem 191 Show that every L ∈ L(V ), for V a finite
dimensional vector space over C has an eigenvalue.
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x

y

z

v1

v2

Figure 1: A 2-parallelepiped in R3.

Suppose dim(V ) = n, then for any v ∈ V and some k ≤ n,
{v, L(v), L2(v), . . . , Lk(v)} is linearly dependent and thus
there are coefficients, c0, . . . , ck so that

c0v + c1L(v) + · · ·+ ckL
k(v) = 0

Suppose now that k is least such that the above holds for some
v 6= 0.

Consider the polynomial p(z) = c0 + c1z + · · ·+ ckz
k, this has a

root λ, since all polynomial have roots over C. So
p(z) = (z − λ)q(z) and thus

p(L) = (L− λ id)q(L) hence (L− λ id)q(L)(v) = 0

By assumption on the minimality of k, x = q(L)(v) 6= 0 and
thus (L− λ id)(x) = 0 for some x 6= 0 and thus λ is an
eigenvalue for L.

�

6.1 Determinants and volume

Under Revision!!!
A parallelogram (or 2-parallelepiped) in Rn is determined by 2
non-co-linear vectors v1 and v2 with the 4 vertices being 0, v1, v2,
and v1 + v2:

a parallelepiped (or 3-parallelepiped) in Rn is determined by 3
non-coplanar vectors v1, v2, and v3 and has vertices 0, v1, v2, v3,
v1 + v2, v1 + v2, v2 + v3, and v1 + v2 + v3.

An m-parallelepiped in n-space is determined by m linearly
independent vectors u1, . . . ,um in Rn. For each subset S of
{1, . . . ,m} there is a vertex PS at P +

∑
i∈S ui. The



6 Eigenvalues, eigenvectors, and diagonalization
6.1 Determinants and volume 205

x

y

z

v1

v3

v2

Figure 2: A 3-parallelepiped in R3

m-parallelepiped determined by u1, . . . ,um will be denoted
P (u1, . . . ,um). Formally

P (u1, . . . ,um)
df
=

{
m∑
i=1

a1ui

∣∣∣∣∣ 0 ≤ ai ≤ 1,
n∑
i=1

ai ≤ 1

}
.

Define addition of m-parallelepipeds as follows:

P (u1, . . . ,ui−1,ui,ui+1, . . . ,um) + P (u1, . . . ,ui−1,u
′
i,ui+1, . . . ,um)

df
= P (u1, . . . ,ui−1,ui + u′i,ui+1, . . . ,um)

Define a function ∆ : Cn × Cn → C so that the volume of the
n-parallelepiped P (u1, . . . ,un) is |∆(u1, . . . ,un)|. This makes sen

n-parallelepiped �(u1, . . . ,un) will be denoted ∆(u1, . . . ,un).
The volume should be the absolute value of the signed volume:∣∣∣∆(u1, . . . ,un)

∣∣∣ = Vol(u1, . . . ,un).

where Vol(u1, . . . ,un) is the n-dimensional volume.

The following three properties of ∆ : Rn × · · · × Rn → R
completely determine its value.

(1) (multilearity)

∆(u1, . . . ,ui−1, αui + βu′i,ui+1, . . . ,un)

α∆(u1, . . . ,ui−1,ui,ui+1, . . . ,un)

+ β∆(u1, . . . ,ui−1,u
′
i,ui+1, . . . ,un),

for each i.

(2) If the ui’s are not linearly independent, then
∆(u1, . . . ,un) = 0 since the parallelepiped would not be
n-dimensional. This is captured simply by

∆(. . . ,u . . . ,u, . . .) = 0.
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(3) It is clear that the volume of the unit cube should be 1, that
is,

Vol(e1, e2, . . . , en) = 1.

Hence, either ∆(e1, e2, . . . , en) = 1 or
∆(e1, e2, . . . , en) = −1, by fiat choose the former. This single
choice “orients” the n-dimensional space in a certain fashion.

∆(e1, e2, . . . , en) = 1 (2)

To see why ∆ is multilinear let W be the (n− 1)-dimensional
hyperplane determined by u1, . . . ,ui−1,ui+1, . . . ,un. Let n be
normal to the plane and unit length and let compn(u) = u � n so
that proj⊥W (u) = compn(u)n.

∆(u1, . . . ,ui−1,ui,ui+1, . . . ,un)

= ∆(u1, . . . ,ui−1, proj⊥W (ui),ui+1, . . . ,un)

= ∆(u1, . . . ,ui−1, compn(ui)n,ui+1, . . . ,un)

= compn(ui)∆(u1, . . . ,ui−1,n,ui+1, . . . ,un)

This together with the fact that compn : Rn → R is linear, i.e.,
compn(αui + βu′i) = αcompn(ui) + βcompn(u′i) gives the desired
multilinearity of ∆.

x

y

z P1

P2

P3

x

y

z P ′1

P ′2

P ′3

w1

w′1

w1 +w′1

w2

w3

proj⊥W (w1)

proj⊥W (w′1)

proj⊥W (w1 +w′1)

w2

w3

Illustrated is the case of adding two parallelepipes to form a third

P1 = �(w1,w2,w3)

P2 = �(w′1,w2,w3)

P3 = �(w1 +w′1,w2,w3)

= �(w1,w2,w3) + �(w′1,w2,w3)

The sign of P1 and P3 are the same and opposite that of P2 due to
being on different sides of the plane W = Span{w2,w3}.

From ∆(. . . ,u, . . . ,u, . . .) = 0 we get

∆(. . . ,u, . . . ,v, . . . ) = −∆(. . . ,v, . . . ,u, . . . ),



6 Eigenvalues, eigenvectors, and diagonalization
6.1 Determinants and volume 207

that is, swapping, two vectors changes the sign. The proof is a
simple calculation:

∆(. . . ,u, . . . ,v, . . .) + ∆(. . . ,v, . . . ,u, . . .) = 0.

Just calculate:

∆(. . . ,u, . . . ,v, . . .) + ∆(. . . ,v, . . . ,u, . . .)

= ∆(. . . ,u, . . . ,v, . . .) + ∆(. . . ,u, . . . ,u, . . .)+

∆(. . . ,v, . . . ,u, . . .) + ∆(. . . ,v, . . . ,v, . . .)

= ∆(. . . ,u, . . . ,v + u, . . .) + ∆(. . . ,v, . . . ,v + u, . . .)

= ∆(. . . ,u+ v, . . . ,v + u, . . .) = 0.

Each step just follows by multilinearity. Similarly,

∆(u1, . . . ,un) = 0⇔ u1, . . . ,un are not linearly independent19.

Claim The properties (1) and (2) completely decide the value of
∆(u1, . . . ,un). ♦

First consider two vectors in R2:

In R2 let v1 = 〈v11, v12〉 = v11e1 + v12e2, similarly for v2.

∆(v1,v2) = ∆(v11e1 + v12e2,v2)

= v11∆(e1,v2) + v12∆(e2,v2)

= v11∆(e1, v21e1 + v22e2) + v12∆(e2, v21e1 + v22e2)

= v11v21∆(e1, e1) + v1,1v22∆(e1, e2) + v12v21∆(e2, e1) + v12v22∆(e2, e2)

= v11v21(0) + v11v22(1) + v12v21(−1) + v12v22(0)

= v11v22 − v12v21

Problem 192 Show that
∆(u1,u2,u3) = u11∆((u22, u23), (u32, u33))−
u12∆((u21, u23), (u31, u33)) + u13∆((u21, u22), (u31, u32)). This gives
the usual expansion of a 3× 3 determinant.
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�

In general, in order to get the usual expansion of determinants one
argues as follows:

∆(v1, . . . ,vn) =
n∑
i=1

v1 i∆(ei,v2, . . . ,vn)

Now using the above properties it follows that

∆(ei,v2, . . . ,vn) =

(−1)i+1∆(v2 − v2 iei, . . . ,vi − vi iei, ei,vi+1 − vi+1 iei, . . . ,vn − vn iei)

Viewing the vectors as the rows of a matrix

∆



0 0 · · · 0 1 0 · · · 0
v2 1 v2 2 · · · v2 i−1 v2 i v2 i+1 · · · v2n
...

...
...

...
...

...
vi 1 vi 2 · · · vi i−1 vi i vi i+1 · · · vi n
vi+11 vi+12 · · · vi+1 i−1 vi+1 i vi+1 i+1 · · · vi+1n
...

...
...

...
...

...
vn 1 vn 2 · · · vn i−1 vn i vn i+1 · · · vnn


=

(−1)i+1∆



v2 1 v2 2 · · · v2 i−1 0 v2 i+1 · · · v2n
...

...
...

...
...

...
vi 1 vi 2 · · · vi i−1 0 vi i+1 · · · vi n
0 0 · · · 0 1 0 · · · 0

vi+11 vi+12 · · · vi+1 i−1 0 vi+1 i+1 · · · vi+1n
...

...
...

...
...

...
vn 1 vn 2 · · · vn i−1 0 vn i+1 · · · vnn


For uk in Rn−1 let u′k ∈ Rn with u′k j = uk j for j < i, u′k i = 0, and
u′k,j = uk,j−1 for j > i. Now define

∆′(u1, . . . ,un−1) = ∆(u′1, . . . ,u
′
i−1, ei,u

′
i, . . . ,u

′
n)
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It should be clear that ∆′ : (Rn−1)n−1 → R satisfies (1)–(3), thus
∆′(u1, . . . ,un−1) = ∆(u1, . . . ,un−1) and hence,

∆(ei,v2, . . . ,vn) = (−1)i+1∆(vi2, . . . ,v
i
n)

where vij is just vj with the ith component dropped. This is the
usual cofactor expansion for the determinant along the first row:

∆(v1, . . . ,vn) =
n∑
i=1

v1 i(−1)i+1∆(vi2, . . . ,v
i
n)

Given an n× n matrix A, the matrix Mij(A) is the
(n− 1)× (n− 1) matrix which is A with the ith row and jth
column deleted. Mij(A) is called the ijth minor of A. The ijth
cofactor of A is cofij(A) = (−1)(i+j) detMij(A). So the formula
above for det(A) becomes:

detA =
n∑
i=1

A1i(−1)1+i detM1i(A).

We can expand along the ith row, instead of the first, to get

detA =
n∑
k=1

Aik(−1)i+k detMik(A).

Define the ijth cofactor of A to be cofij(A) = (−1)i+j detMij(A).
Thus the cofactor expansion of the determinant along the ith row
is

det(A) =
n∑
k=1

Aik cofik(A)

Define cof(A) be the n× n matrix of cofactors. A direct
computation shows

A cof(A)T = det(A)I

and so if det(A) 6= 0, i.e., A is non-singular,

A−1 =
1

det(A)
cof(A)T

Problem 193 Prove A cof(A)T = det(A)I. This amounts to
verifying that

(A cof(A)T )ij = rowi(A)colj(cof(A)T ) = rowi(A) � rowj(cof(A))

=

det(A) if i = j

0 if i 6= j
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If i = j, then
rowi(A) � rowj(cof(A)) =

∑n
k=1Aik cofik(A) = det(A). If i 6= j,

let B be the matrix where the jth row of A is replaced by the
ith row of A, so B has two identical rows and thus det(B) = 0.
Now the point is that rowi(A) � rowj(cof(A)) =∑n
k=1Aik cofjk(A) =

∑n
k=1Bjk cofjk(B) = det(B) = 0. These

two facts prove what was required.

�

Problem 194 Show that det(A) for A triangular is ∏n
i=1Aii.

�

Problem 195 Show that det(AB) = det(A) det(B) for
A,B ∈Mnn. Split this into two cases, (1) either A is singular or
(2) otherwise. If A is singular, then so is AB and hence both sides
of the equality are 0. In the case that A is non-singular, A can be
written as the product of elementary matrices.

The main issue is to see that det(EB) = det(E) det(B) for each
elementary matrix E.
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To see that det(EB) = det(E) det(B) consider the three types
of row operations.

• If the row operation is rowi(B)⇒ rowi(B) + α rowj(B),
and E is the associated elementary matrix, then using
linearity in the ith row and the fact that the determinant
of a matrix with identical rows is 0 we get

det(EB) = det



row1(B)
...

rowj(B)
...

rowi(B) + α rowj(B)
...

rown(B)



= det



row1(B)
...

rowj(B)
...

rowi(B)
...

rown(B)


+ α det



row1(B)
...

rowj(B)
...

rowj(B)
...

rown(B)


= det(B) + 0

The same argument shows
det(E) = det(EI) = det(I) = 1 and this completes the
proof that det(EB) = det(E) det(B).

• If the row operation is rowi(B)⇔ rowj(B), then
det(E) = −1 and det(EB) = − det(B).

• If the row operation is rowi(B)⇐ α rowi(B), then
det(E) = α det(I) = α and det(EB) = α det(B).

�

A similar argument shows that det(A) = det(AT ).

Problem 196 Show that det(A) = det(AT ). As in the previous
problem use that A is singular iff AT is singular and in this case
det(A) = 0 = det(AT ). Otherwise A = E1 · · ·Ek where the Ei are
elementary matrices. Now argue det(E) = det(ET ) for elementary
matrices and use the previous problem.
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We have AT = ET
k · · ·ET

1 and
det(AT ) =

∏k
i=1 det(ET

i ) =
∏k
i=1 det(Ei) = det(A).

�

This shows that we can expand determinants along rows as well as
columns. Expanding on the jth column gives

det(A) =
n∑
k=1

Akj cofkj(A).

Problem 197 Show that det(A) is the ±(product of the pivots of
A). Consider A→ U where the only elementary row operations
used are Ri + αRj → Ri and Ri ↔ Rj (swap rows.)

This is because PA = LU where L is lower triangular with 1’s
on the diagonal, U is upper triangular and P is a permutation
matrix. Thus we get
det(PA) = ± det(A) = det(L) det(U) =

∏n
i=1 Uii, but the Uii

are the pivots of A.

�

Problem 198 For A that is non-singular argue det(A−1) = 1
det(A)

.

�

Problem 199 Suppose u1, . . . ,un−1 are linearly independent in

Rn and let×n−1
i=1

ui = det


e1 e2 · · · en

u1

...
un−1

 be a “formal”

determinant. Show that×n−1
i=1

ui is orthogonal to each ui and that
‖×n−1

i=1
ui‖ is the (n− 1)-volume of the (n− 1)-parallelotrope

determined by u1, . . . ,un−1.
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�

Problem 200 (a) Suppose L : R2 → R2 is linear and R is a
bounded region in the plane with area area(R), show that
area(L[R]) = det[L]area(R).
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�

(b) Suppose L : R3 → R3 is linear and S is some solid in R3 with
a volume Vol(S). Show that Vol(L[S]) = det[L]Vol(S).
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�

Problem 201 Consider A =

5/3 1/3 1/3
1/3 11/12 5/12
1/3 5/12 11/12

 and let S be the

unit ball. Find the volume of A[S]. Find the volume of A[S].

�
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Discussion: In the preceding problem A

xy
z

 =

uv
w

 and so

xy
z

 = A−1

uv
w

. The unit sphere is

S =


xy
z


∣∣∣∣∣∣∣
∥∥∥∥∥∥∥
xy
z


∥∥∥∥∥∥∥ = 1


Notice that A is symmetric. We get an equation for A[S] since∥∥∥∥∥∥∥A−1

uv
w


∥∥∥∥∥∥∥ = 1 is equivalent to

A−1
uv
w



T A−1

uv
w


 =

î
u v w

ó
(A−1)TA−1

uv
w



=
î
u v w

ó
(A)−1A−1

uv
w



=
î
u v w

ó
A−2

uv
w



=
î
u v w

ó  1/2 −1/4 −1/4
−1/4 19/8 −13/8
−1/4 −13/8 19/8


uv
w


=

1

2
u2 − 1

2
uv − 1

2
uw +

19

8
v2 − 13

4
vw +

19

8
w2 = 1

A is diagonalizable as

A =

−1 2 0
1 1 1
1 1 −1


1 0 0

0 2 0
0 0 1/2


−1 2 0

1 1 1
1 1 −1


−1

The eigenvalues are orthogonal (since A is symmetric) and A acts
by stretching in the direction of each eigenvector, the result is the
ellipsoid.
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Given an n× n matrix, A, we now have a “simple” check as to
whether A is singular, namely

A is singular iff det(A) = 0.

From this it follows that λ is an eigenvalue of A iff A− λI is
singular iff det(A− λI) = 0. The nth degree polynomial
pA(t) = det(A− tI) is the characteristic polynomial of A and

λ is an eigenvalue of A iff λ is a root of pA(t)

Problem 202 For each of the given matrices A, compute the
characteristic polynomial, the eigenvalues, and find bases for the
associated eigenspaces. If you need to move to C.

(1) A =

ñ
0 1
1 0

ô
(reflection about the line x = y.)
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�

(2) A =

ñ
3 1
0 3

ô
. (Notice here that R2 fails to have a basis

consisting of eigenvectors.)

�

(3) A =

ñ
0 −1
1 0

ô
(rotation through 90◦).
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�

Problem 203 Show that if A and B are similar, i.e.,
A = PBP−1, then A and B have the same eigenvalues.

There are two possible arguments.

Argument 1: Let λ be an eigenvalue for A and x an
associated eigenvector, then Ax = λx so PBP−1x = λx and
multiplying on the left by P−1 and performing a little algebra
we have

B(P−1x) = λ(P−1x)

so λ is an eigenvalue of B with associated eigenvector P−1x.
Similarly, if λ is an eigenvalue for B with eigenvector x, then
x = P−1y for some y and
Ay = PB(P−1y) = PBx = P (λx) = λP (P−1y) = λy so λ is
an eigenvalue for A with associated eigenvector y = Px.

Argument 2: Alternatively, notice
pA(t) = det(A− tI) = det(P ) det(A− tI) det(P−1) =
det(PAP−1 − tPIP−1) = det(PAP−1 − tI) = pPBP−1(t). So A
and PBP−1 have the same characteristic function.

�

A polynomial p(t) with real coefficients factors into a product of
powers of the form x− r with r a root and irreducible quadratics
ax2 + bx+ c. For example

p(t) = (t− 1)(t− 2)2(t+ 3)3(t2 + 1)(t2 + t+ 1)2

The root 2 is said to have algebraic multiplicity 2 and the root −3
algebraic multiplicity 3.
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Moving to C, the polynomial factors completely, that is, an nth
degree polynomial p(t) factors as p(t) = c

∏k
i=1(t− ri)mi where ri

are distinct complex roots of p(t) with ri having multiplicity mi.
For the example above:

p(t) = (t− 1)(t− 2)2(t+ 3)3(t2 + 1)(t2 + t+ 1)2

= (t− 1)(t− 2)2(t+ 3)3(t− i)(t+ i)
Ä
t−
Ä
−1
2
− 3

2
i
ää2 Ä

t−
Ä
−1
2

+ 3
2
i
ää2

If the polynomial p(t) has real coefficients, then the complex roots
appear in complex conjugate pairs, each being the solution to an
irreducible at2 + bt+ c.

The algebraic multiplicity of an eigenvalue, λ, is the multiplicity of
the root λ in pA(t).

For A ∈Mnn(C) and factoring in C we get pA(t) =
∏n
i=1(λi − t)

where λ1, . . . , λn are the eigenvalues where each eigenvalue λ is
repeated according to its algebraic multiplicity. Notice that

pA(t) = (−t)n +

(
n∑
i=1

λi

)
(−t)n−1 + · · ·+

n∏
i=1

λi

= (−t)n + trace(Λ)(−t)n−1 + · · ·+ det(Λ)

= (−t)n + trace(A)(−t)n−1 + · · ·+ det(A)

To see this we need to notice that is λ1, . . . , λn is a listing of
eigenvalues with repetition, then

trace(A) = trace(Λ) =
n∑
i=1

λi.

We will verify this for diagonalizable matrices, Jordan canonical
form can be used to generalize this to any matrix A. Suppose
A = SΛS−1 where S is a matrix of eigenvectors. The key lies in

trace(AB) = trace(BA)

Problem 204 Prove this.
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trace(AB) =
n∑
i=1

(AB)ii =
n∑
i=1

row(Ai)coli(B)

=
n∑
i=1

n∑
k=1

AikBki

=
n∑
k=1

n∑
i=1

BkiAik

=
n∑
k=1

rowk(B)colk(A)

=
n∑
k=1

(BA)kk = trace(BA)

�

So trace(SΛS−1) = trace(S−1(SΛ)) = trace((SS−1)Λ) =
trace(IΛ) = trace(Λ). In fact the problem shows that if A and B
are similar matrices, then trace(A) = trace(B).

Problem 205 Show that for A,B n× n matrices, AB −BA 6= I.

trace(AB −BA) = trace(AB)− trace(BA) = 0 6= 1 = trace(I).

�

For λ an eigenvalue of A

geometric multiplicity of λ ≤ algebraic multiplicity of λ

A is diagonalizable precisely when equality holds for each
eigenvalue.

Problem 206 Show that the geometric multiplicity of an
eigenvalue λ is ≤ the algebraic multiplicity. Hint: Let v1, . . . ,vk
be a basis for Eλ, where λ is an eigenvalue of A. Expand this set
of vectors to a basis B = {v1, . . . ,vk,vk+1, . . . ,vn} for V . Consider
A = PBP−1 where P =

î
v1 · · · vk vk+1 · · · vn

ó
is the matrix

which represents the change of basis from B coordinates to
standard basis coordinates. Notice that pA(t) = pB(t).
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B =


λ · · · 0
... . . . ...
0 · · · λ

D

O E

 for some D and E

so pB(t) = (λ− t)k det(E − tI) = (λ− t)mq(t) where m is the
algebraic multiplicity of λ and clearly k ≤ m.

�

Problem 207 Show that if

A =

ñ
B C
O D

ô
is a block triangular matrix with each B and E square, then
det(A) = det(B) det(D) and pA(t) = pB(t)pD(t).

If any one of the B’s is singular, then A is singular and both
sides are 0. If B is non-singular, then

A =

ñ
B O
O I

ô ñ
I B−1C
O D

ô
Clearly

det(A) = det

ñ
B O
O I

ô
det

ñ
I B−1C
O D

ô
= det(B) det(D).

�

6.2 Diagonalization of Hermitian Matrices

The adjoint of A satisfies

〈Ax|y〉 = 〈x|A∗y〉,

since

〈Ax|y〉 = y∗(Ax) = (y∗A∗∗)x = (yA∗)∗x = 〈x|A∗y〉

Conversely, if B ∈Mnn(C) is such that for all x and y

〈Ax|y〉 = 〈x|By〉, (†)

then B = A∗.

This gives a characterization of the adjoint of A, as the unique
matrix B satisfying (†).
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This characterization of adjoint is not only useful, but also
generalizes to an arbitrary linear operator on a finite dimensional
inner-product space, namely, if L : V → V is a linear operator,
then the adjoint of L, L∗ : V → V , is the unique linear operator
satisfying:

〈L(x)|y〉 = 〈x|L∗(y)〉

A is self-adjoint (hermitian) iff for all x and y

〈Ax|y〉 = 〈x|Ay〉

In terms of operators, L : V → V is self-adjoint iff for all x,y ∈ V ,

〈L(x)|y〉 = 〈x|L(y)〉.

Problem 208 For V a finite dimensional inner product space and
L ∈ L(V ), show that λ is an eigenvalue of L iff λ∗ is an eigenvalue
of L∗. Generally you can not say too much about the associated
eigenvectors unless L is normal. (See Problem 214.)

There are two key points here, first (αL+ βS)∗ = α∗L∗ + β∗S∗

since

〈(αL+ βS)(v)|w〉 = α〈L(v)|w〉+ β〈S(v)|w〉
= α〈v|L∗(w)〉+ β〈v|S∗(w)〉
= 〈v|α∗L∗(w) + β∗S∗(w)〉
= 〈v|(α∗L∗ + β∗S∗)(w)〉

so by the defining property of adjoint
(αL+ βS)∗ = α∗L∗ + β∗S∗. So (L− λ id)∗ = L∗ − λ∗ id.

The second key point is that dim(Ker(L)) = dim(Ker(L∗)) so

λ is an eigenvalue of L↔ dim(Ker(L− λ id)) 6= 0

↔ dim(Ker((L− λ id))∗) 6= 0

↔ dim(Ker(L∗ − λ∗ id)) 6= 0

↔ λ∗ is an eigenvalue of L∗

�

Problem 209 Show that if L is self-adjoint, then every
eigenvalue is real.
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λ〈x|x〉 = 〈λx|x〉 = 〈Lx|x〉
= 〈x|L∗x〉 = 〈x|Lx〉
= 〈x|λx〉 = λ∗〈x|x〉

So λ = λ∗.

�

As a consequence we have that if A ∈Mnn(F) is hermitian, then
the eigenvalues of A are real. Next we see that if A is a hermitian
n× n matrix, then Fn has an orthogonal basis of eigenvectors.

Show by induction on n that if A is a hermitian n× n matrix,
then A has an orthonormal basis of eigenvectors.

Let λ be an eigenvalue of A and let u be an eigenvector. Let
U = Span{u}. Notice that for v ∈ U⊥,

〈Av|u〉 = 〈v|Au〉 = 〈v|λu〉 = λ〈v|u〉 = 0,

so Av ∈ U⊥. In other words, U⊥ is A-invariant.

Consider the linear function B : U⊥ → U⊥ given by Bv = Av.
Notice that B remains self adjoint since

〈Bv|w〉 = 〈Av|w〉 = 〈v|Aw〉 = 〈v|Bw〉

Since dim(U⊥) = n− 1 we know by induction that U⊥ has an
orthogonal basis of B-eigenvectors which are clearly also A
eigenvectors.

Recall that a matrix U is unitary if UU∗ = I so that U−1 = U∗

(see Problem 143).

Putting these together we get the Spectral Decomposition:

For A a symmetric n × n matrix, there is a unitary
matrix U and a diagonal matrix Λ such that

A = UΛUT

If the unitary matrix is the orthogonal matrix of eigenvectors say
U =

î
u1 · · · un

ó
where ui is an eigenvector for λi, then the

above decomposition gives the following which is also refered to as
a spectral decomposition of A:

A =
n∑
i=1

λiuiu
T
i

So

Ax =
n∑
i=1

λi(uiu
T
i )x =

n∑
i=1

λi projui(x) =
k∑
i=1

PEix



6 Eigenvalues, eigenvectors, and diagonalization
6.2 Diagonalization of Hermitian Matrices 225

where Fn = E1 ⊕ · · · ⊕ Ek is the decomposition of Fn into
eigenspaces associated to distinct eigenvalues.

This last form of the Spectral decomposition can be written as

A =
n∑
i=1

λi(uiu
T
i ) =

k∑
i=1

λiPEi

Problem 210 Find the spectral decomposition for A and A3 for

each of the following. Let b =


1
1
1
1

, write down b as the sum of its

projections into the eigenspaces and write down the distance of b
from each eigenspace.

(1) A =


4/9 4/9 1/3 2/9
4/9 16/9 0 −4/9
1/3 0 11/6 1/3
2/9 −4/9 1/3 4/9


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PA(t) = t4 − 5 t3 + 8 t2 − 4 t = t(t− 1)(t− 2)2

E0 = NS(A) = NS(rref(A)) = NS




1 0 0 −1
0 1 0 0
0 0 1 1/2
0 0 0 0




= Span




1
0
−1/2

1


 = Span


1

3


2
0
−1
2




E1 = NS(A− I) = NS(rref(A− I)) = NS




1 0 0 1
0 1 0 −1/2
0 0 1 0
0 0 0 0




= Span



−1
1/2
0
1


 = Span


1

3


−2
1
0
2


 =

E2 = NS(A− 2I) = NS(rref(A− 2I)) = NS




1 0 −1/2 1
0 1 −1 4
0 0 0 0
0 0 0 0




= Span



1/2
1
1
0

 ,

−1
−4
0
1




We need to make the basis for E2 orthogonal. By
Gramm-Schmidt get

E2 = Span

1/3


1
2
2
0

 , 1

3


0
−2
2
1




We get

U =
1

3


2 −2 1 0
0 1 2 −2
−1 0 2 2
2 2 0 1

 Λ =


0 0 0 0
0 1 0 0
0 0 2 0
0 0 0 2



�
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(2) A =


17/9 −2/9 −2/9 0
−2/9 14/9 −4/9 0
−2/9 −4/9 14/9 0

0 0 0 2


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pA(t) = t4 − 7 t3 + 18 t2 − 20 t+ 8 = (t− 1)(t− 2)3

E1 = NS(A− I) = NS(rref(A− I)) = NS




1 0 −1
2

0
0 1 −1 0
0 0 0 1
0 0 0 0




= Span



1/2
1
1
0




E2 = NS(A− 2I) = NS(rref(A− 2I)) = NS




1 2 2 0
0 0 0 0
0 0 0 0
0 0 0 0




= Span



−2
1
0
0

 ,

−2
0
1
0

 ,


0
0
0
1




To get the orthonormal basis Gramm-Schmidt is used on the
current basis for E2.

u1 =


−2
1
0
0

 , u2 =


−2
0
1
0

− 4

5


−2
1
0
0

 =
1

5


−2
−4
5
0

 , u3 =


0
0
0
1



So an orthonormal basis for E2 is


1√
5


−2
1
0
0

 , 1
3
√
5


−2
−4
5
0

 ,


0
0
0
1




and we have

U =


1/3 −2/

√
5 −2/3

√
5 0

2/3 1/
√
5 −4/3

√
5 0

2/3 0 5/3
√
5 0

0 0 0 1

 Λ =


1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 2


so

A = UΛUT

=


1/3 −2/

√
5 −2/3

√
5 0

2/3 1/
√
5 −4/3

√
5 0

2/3 0 5/3
√
5 0

0 0 0 1




1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 2




1/3 2/3 2/3 0
−2/

√
5 1/

√
5 0 0

−2/3
√
5 −4/3

√
5 5/3

√
5 0

0 0 0 1



�
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We have E1 = E⊥2 so to decompose b we just compute

u = projE1
(b) = a(aTa)aTb = a�b

a�aa where a =


1
2
2
0

 so

u = 5
9


1
2
2
0

 and v =


1
1
1
1

− u = 1
9


4
−1
−1
9

 so


1
1
1
1

 =
5

9


1
2
2
0


︸ ︷︷ ︸
E1

+
1

9


4
−1
−1
9


︸ ︷︷ ︸

E2

Finally

dist(b, E1) =

∥∥∥∥∥∥∥∥∥∥
1

9


4
−1
−1
9


∥∥∥∥∥∥∥∥∥∥

=
1

9
(3
√

11) =

√
11

3

dist(b, E2) =

∥∥∥∥∥∥∥∥∥∥
5

9


1
2
2
0


∥∥∥∥∥∥∥∥∥∥

=
5

9
(3) =

5

3

�

Problem 211 Assume A and B are diagonalizable, give an
example and explain what the problem is with:

If α is an eigenvalue of A and β is an eigenvalue
for B, then αβ is an eigenvalue for AB
If α is an eigenvalue of A and β is an eigenvalue
for B, then α + β is an eigenvalue for A+B
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If A and B share an eigenvector x, with Ax = αx and
Bx = βx, then ABx = (αβ)x and (A+B)x = (α + β)x so
αβ would be an eigenvalue for AB and α + β would be an
eigenvalue for A+B. The key is in having a common
eigenvectors.

�

Problem 212 Show that if A and B are diagonalizable, then the
following are equivalent:

• AB = BA (the matrices commute)

• A and B have a common basis of eigenvectors. (A and B do
not have the same eigenvalues.) The fact that A and B share
a common basis of eigenvectors can be stated as
A = SΛAS

−1 and B = SΛBS
−1, that is, they share a

common eigenvector matrix. In such a case A and B are
simultaneously diagonalizable.

In the case that A and B commute, and EA
λ ∩ EB

λ′ 6= {0}, then λλ′
is an eigenvalue for AB.

Assume A and B can be diagonalized.

First suppose AB = BA, let λ be an eigenvalue for A. Now for
x ∈ Eλ, A(Bx) = B(Ax) = λBx so x ∈ Eλ ⇒ Bx ∈ Bλ and
henceEλ is B invariant. This means that we can decompose Eλ
into B-eigenspaces. In such a way produce a decomposition
Fn = V1 ⊕ V2 ⊕ · · · ⊕ Vl such that for each x ∈ Vi, Ax = λix
and Bx = λ′ix. Choosing a basis Ci for each Vi and taking
C =

⋃l
i=1 Ci gives a common basis of eigenvectors and we get

A = CΛAC
−1 and B = CΛBC

−1.

The other direction is clear, given A = CΛAC
−1 and

B = CΛBC
−1 for a common C, clearly, AB = BA.

�

A linear operator T ∈ L(V ), or equivalently matrix A in Mnn(F),
is normal iff TT ∗ = T ∗T .

Problem 213 T : V → V is normal iff ‖Tx‖ = ‖T ∗x‖ for all
x ∈ V .
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T is normal ↔ TT ∗ − T ∗T = 0

↔ 〈(TT ∗ − T ∗T )x|x〉 = 0 for all x ∈ V
↔ 〈TT ∗x|x〉 = 〈T ∗Tx|x〉 for all x ∈ V

↔ 〈T ∗x|T ∗x〉 = 〈Tx|Tx〉∗ for all x ∈ V
↔ ‖T ∗x‖2 = ‖Tx‖2 for all x ∈ V

�

Problem 214 For T ∈ L(V ) show that if TT ∗ = T ∗T , then
ET
λ = ET ∗

λ∗ , that is Tv = λv ↔ T ∗v = λ∗v. So not only do T and
T ∗ these have the same eigenvectors they have the same
eigenspaces.

Since (c1T1 + c2T2)
∗ = c∗1T

∗
1 + c∗2T

∗
2 we have

(T − λ id)∗ = T ∗ − λ∗ id and so

(T − λ id)(T − λ id)∗ = (T − λ id)(T ∗ − λ∗ id)

= TT ∗ − λT ∗ − λ∗T + |λ|2

= T ∗T − λT ∗ − λ∗T + |λ|2

= (T ∗ − λ∗ id)(T − λ id)

= (T − λ id)∗(T − λ id)

so T − λ id is normal and by the preceding

‖(T − λ id)(v)‖ = 0↔ ‖(T ∗ − λ∗ id)(v)‖ = 0

so

v ∈ ET
λ ↔ v ∈ ET ∗

λ∗ .

�

Next we see that the following are equivalent for T ∈ L(V ) for V a
vector space over C.

• T is unitarily diagonalizable.

• T is normal.

If T is diagonalizable, then [T ] = UΛU∗ and [T ∗] = UΛ∗U∗ for U
unitary, so U∗ = U−1 and

[TT ∗] = UΛU∗UΛ∗U∗ = UΛΛ∗U∗ = UΛ∗ΛU∗ = UΛU∗UΛ∗U∗ = [T ∗T ]
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so T is normal.

In the other direction suppose T is normal. Let u be an
eigenvector for the eigenvalue λ and let W = Span({u})⊥. We
know that u is an eigenvector for T ∗ for λ∗. We just need to show
W is both T and T ∗ invariant and in fact if S = T |W , then
S∗ = T ∗|W and S is normal. Then induction can be used on
dim(V ).

W is both T and T ∗ invariant: Let w ∈ W , so 〈w|u〉 = 0 we
need to show 〈T (w)|u〉 = 0. The point is 〈T (w)|u〉 = 〈w|T ∗(u)〉
and T ∗(u) ∈ Span({u}), since u is an eigenvector for T ∗, so
〈w|T ∗(u)〉 = 0. This shows that W is T invariant. showing that
W is T ∗ invariant is completely analogous.

If S = T |W , then S∗ = T ∗|W : This is trivial since

〈S(w)|w′〉 = 〈T |W (w)|w′〉 = 〈T (w)|w〉
= 〈w|T ∗(w′)〉 = 〈w|T ∗|W (w′)〉

So T ∗|W = S∗.

6.3 Bilinear and quadratic forms

Let V be a vector space. A bilinear form is a function
B : V × V → F, where F is either R or C satisfying

(i) B(α1u1 + α2u2,v) = α1B(u1,v) + α2B(u2,v). (Linear in
the left coordinate.)

(ii) B(v, α1u1 + α2u2) = α∗1B(v,u1) + α∗2B(v,u2). (Conjugate
linear in the right coordinate.)

Notice that if F = R, then this reduces to linear in both
coordinates, hence bi-linear.

6.4 Singular Value Decomposition (SVD)

Here we aim to produce a useful decomposition that applies to an
arbitrary matrix A that is similar to diagonalization. One attempt
at “diagonalizing” an m× n matrix A of rank k would be to
produce a basis B = {v1, . . . ,vk,vk+1, . . . ,vn} for Fn and
C = {u1, . . . ,uk,uk+1, . . . ,um} where {v1, . . . ,vk} is a basis for
Ker(A)⊥ and Avi = σiui with {u1, . . . ,uk} a basis for Img(A) and
{uk+1, . . . ,um} a basis for Img(A)⊥.

This can easily be accomplished and we get

A = CΣB−1 where Σ = [A]C,B =


σ1 0 · · · 0
0 σ2 · · · 0
...

... . . . · · ·


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In general there is nothing particularly useful about this
decomposition. It would be nice to have B and C be othonormal
bases. We can pick B to be orthonormal, the problem is in getting
{Av1, . . . , Avk} to be orthogonal.

The trick is to consider A∗A, this is a hermitian positive matrix so
all eigenvalues are real and non-negative. List the eigenvalues of
A∗A in descending order (with repetition) λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0,
and let vi be an eigenvector for λi. We know λi = 0 for i > k since
rank(A) = k. For 1 ≤ i, j ≤ k we have

v∗iA
∗Avj = 〈Avj|Avi〉 = λj(v

∗
i vj) = λj〈vi|vj〉 = 0

so {Av1, . . . , Avk} is an orthogonal basis for Img(A).

We see that

v∗iA
∗Avi = 〈Avi|Avi〉 = ‖Avi‖2 = λi〈vi|vi〉 = λi

〈Avi|Avi〉 =
√
λi = σi so set ui = 1

σi
Avi and hence Avi = σiui.

We have σ1 ≥ σ2 ≥ · · ·σk > 0, these are the singular values of A.

Extend {u1, . . . ,uk} by adding an orthonormal basis for Img(A)⊥.

Let

V =
î
v1 v2 · · · vn

ó
U =

î
u1 u2 · · · um

ó
Σ =



σ1 0 · · · 0 0 · · · 0

0 σ2 · · · 0 0 · · · 0

...
... . . . 0 0 · · · 0

0 0 · · · σk 0 · · · 0

0 0 · · · 0 0 · · · 0
...

... . . . 0 0 · · · 0
0 0 · · · 0 0 · · · 0


=

[
diag(σ1, . . . , σk) O

O O

]

Since V is unitary V −1 = V ∗ and the following is the singular
value decomposition:

A = UΣV ∗ =
î
u1 u2 · · · uk

ó
diag(σ1, . . . , σk)


v∗1
v∗2
...
v∗k

 =
k∑
i=1

σiuiv
∗
i

Note for A a m× n matrix, U is m×m, Σ is m× n, and V ∗ is
n× n. In the above it is clear that we can ignore the “0” part.
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