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1 Introduction

We will study how to solve four central problems in Linear
Algebra and the associated matrix decompositions that arise from
the solutions

Linear Systems Ax=b nxnmatrix A A=LU
Least Squares Ax=b mxnmatrix A A=QR
Eigenvalues Ax =)xr n xnmatrix A A= PDP™!
Singular values Av =ocu m xnmatrix A A=UXVT

1.1 Scalar Fields

We will primarily consider real vector spaces, but we will have
occasion to consider complex vector spaces. The type of vector
space is determined by the field of scalars, this will be either R or
C.

1.1.1 Review of complex numbers

Recall that the complex numbers, C, is the set of numbers of the
form z = a +ib € C with a,b € R, where i2 = —1, or if you like,

i=+—1.

The magnitude of a complex number, z = a + ib, is defined to be
12| £ Va2 + b2

and the conjugate of z = a + ib is

x df

2 =a—1b.
Notice
zis real < 2f =z,
also
¥z = |2|?
, z* 2*z |z|?
sine +(52) = 5 = e =
1 1 z*
2T TP

Problem 1 Write each of the following in the form a + ib:

(2) 2—13@"
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2+ 51
3+ 21

For a complex number z let 2 = % so 2] =1, £ = cos(f) + isin(0)
and z = |z]Z = |z|(cos(#) + isin(0)).

i

TR

Using the fact! that cos(f) + isin(f) = % it is convenient to
express a complex number as z = re, where r is the magnitude of

IThis is Euler’s formula and can be derived from the infinite series represen-
tation of e as follows using the fact that % = —1:

P 0 PPN ) GO ) SO ) RO

T4l of "3l T4 sl
2t 35
:<1_5+I+' >+<zt—z§+5'+---)
oo th e t2n+1
=N (=1)n iy (—1)" ———— = cot(t) + isin(t
nz::o( )(2n)!“;0( )(2n+1)! cot(t) + isin(t)
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z and e is the point on the unit circle indicating the direction.

Problem 2 Show that z* = re™® when z = re?, so that,
22% = (rei®)(re~0) = 1260710 = 1260 — 42,

&

Problem 3 Write z as r(cos(f) + isin(f)) and as e for each of
the following z:

(a) 2= —1

Sl
-

&
(b) z=—1+1iV3.
&
Write the following as a + b:
(c) 3¢i%.
&

(d) 4(cos (?jf) +isin (3m) 4).
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Problem 4 Geometrically what does multiplication by e** do?
What does multiplication by a real a do?

&

Problem 5 Using the representation z = re? geometrically and
algebraically describe the n, n'" roots of z. Which one should be
called the principle root? What are the 3 cubed roots of —17?
What is the principle cubed root of —17

&

These are the basic facts to remember about complex numbers.

1.2 (Real) Euclidean vector spaces R"

FEuclidean n-space, R™, is the set of all n-tuples of reals. An
element, x = (z1,...,x,), of R" will be considered both as a point
and as a vector, which can be viewed as a directed line segment
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(arrow) from the origin to . Mathematically, we do not
distinguish between points and vectors in R"™.

Notation We will denote elements of R™ as tuples and also as
column vectors

Uy
U2
U = (u17u2a 7un) = . = [ul Uz un]
Unp,
1
For example (1,3,2) in R? can also be written as {3 J . &
2

Points P = (x1,...,2,) and Q = (y1,...,¥,) in R™ determine the
vector P—Cj which could be viewed as having its tail at P and head
at (). We do not distinguish between vectors of the same length
and direction and thus identify I—D_é with the corresponding vector
u=0Q—P=(y; —x1,Y2 — Ta,...,Y, — T,) With tail at the origin.
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. lu—ra-pPq
g
5
?Q
P OQ — P = Q/ — P,
ay
x
@) Q'
797
P/
Clearly

PG=FPQ&Q-P=Q P

Problem 6 Given that P = E

would ]—3@ = u? Draw the corresponding vectors and points.

} and u = { 12}, for what point @)

1.2.1 Linear combinations

There is a natural algebraic structure on vectors. Given
u = (uy,...,u,) and v = (vy...,v,) in R” and scalar o € R:
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e (vector addition/component-wise addition)

U+ v=(up,...,u) + (v1,...,0,) = (ug +v1,...,u, +vy)

] ] e

"l L

e (scalar multiplication/component-wise multiplication)

av = a(vy,...,v,) = (avy, ..., cv,)
] oo

"

The vector addition, uw + v, can be viewed, geometrically, as
finding the resultant vector when attaching v to the head of u, or

vice versa

Notice that this agrees with our earlier use of vu = u — v.

Scalar multiplication can be viewed geometrically as scaling,
stretching/dilating, and perhaps inverting direction, reflecting
through the origin.
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)
4
—v = _4} j = {4
r.. u=|,
[ o 1 x
—_ 1/c — @
—1/2’11, L {_ﬂ K /Z’U — {_1J
| 4
YT 2
Important! A linear combination of the vectors vy, ..., v, in R”

1S

where the «; are scalars.

Problem 7 Write down 3 vectors in each of R?, R3, and R* and
find 2 different linear combinations of those vectors. Draw pictures

for your your linear combinations in RZ.

a1V + QU + - - - QU

Problem 8 Let u = (1,2,3), v = (-3,

w=(1,-1,0).
(a) Find 2u — 3w.

(b) Find scalars «, 3,7 so that au + fv + yw = (0,

—2,—1), and

~2,2).
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(c) Important Concept! Describe algebraically and
geometrically the following subsets of R?:

(i) All linear combinations of w?

(ii) All linear combinations of w and v?
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(iii) All linear combinations of u, v, and w?

Problem 9 For v and v in R? which are not co-linear, describe
geometrically the set of all linear combinations of w and the set of
all linear combinations of w and v. What if 4 and v had come
from R3?
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&

Problem 10 For w,v and w in R? which are not coplanar,
describe geometrically the set of all linear combinations w, v, and
w.

&

Problem 11 For what scalars ¢, d do the linear combinations
c B +d {_11} fill the triangle with vertices (0,0), (1,2), and
(—1,1).
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1.2.2 Standard Basis

The ** standard basis element for R™ is denoted el and is the
element of R™ with a 1 in the i*" position and a 0 everywhere else.
In R? and R? there is a tradition of using %, j, and k.

In R2:

In R3:

0 0

o i
Notation If it is clear that we are working in R", then write e;
instead of e]'. &

Every vector in R" is a linear combination of the n
standard basis vectors!
Example In R3:
3 1 0 0
N R R
{4J =3 {OJ +4 FJ +5 {OJ = 3t + 47 + 5k = e} + 4e; + Sej
5 0 0 1
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Problem 12 Choose 2 vectors in each of R?, R?, and R* and
write them as linear combinations of standard basis vectors.

&

1.2.3 The "dot product" or “Euclidean inner product”

Given two vectors u and v both in R", the dot product of w and v
is given as

n
af
UV = Z U;V;
=1

This is also called the Fuclidean inner product or standard real
inner product and is often denoted (u|v). We will adopt this
notation and terminology when dealing with inner products of
complex vectors as well as more general inner products.

The dot product is important and actually underlies both the
notion of length of a vector and angle between vectors.

The norm? (length, magnitude) of a vector v € R" is defined by

n 1/2
loll & 7 T ok (zvf)
=1

the standard Fuclidean distance is given by

dist(u, v) < |lu — v| = (En:(u - W) 12

i=1

2The 2-norm is just one of many possible norms on R", for example the
p-norm is ||v||, = (Z?:ﬂvi\p)l/p, where for p = 1 we have ||v||; = >iL|vil.
We will almost exclusively use the 2-norm and hence drop the subscript 2, so
l[ull = w2
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Problem 13 Write down two vectors uw and v in each of R?, R3,
and R* and compute |lul|, [|[3u — 2v]|, and dist(u, v).

Problem 14 Show that |aul|| = |a||ul|.

From this we see

]
H [l H [lull

SO
u

T
]
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is the unit vector in the direction of wu.

Problem 15 (a) Find the unit vector in the direction of
(1,-2,2).

(b) Find the vector of length 6 in the direction of (2, —4,2,1).

&

(c) In R?, find the vector of length 4 which makes an angle of /4
rad measured starting from the positive x-axis.
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(d) In R? find the vector of length r > 0 which makes an angle
of 6 rad measured starting from the positive z-axis.

Clearly,

n
ol = wew =3 uf
i=1

dist(u,v)? = ||[v —ul* = (v —u) - (v — u)

Problem 16 Show that the dot product satisfies each of the
following

(a) (symmetry/commutativity) v = v« u.

(b) (left linearity) (au + fv) . w = a(uw) + f(v . w).
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(c) (positive definiteness) w«w > 0 and equality holds iff w = 0.

Problem 17 Show that

dist(u, v)* = lu —v|* = [Jul* + [lv]* - 2u.v
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The previous problem shows that
lw = w[* = [Jul|* + [[v]]* & w v =0

This is the Pythagorean Theorem! once we know (or define)
that two vectors u and v are orthogonal (perpendicular) exactly
when v« v = 0.

If w and v are vectors in R", then we can form the triangle with 0,
u, and v as vertices. Let 6 be the (unique) angle between u and v
such that 0 < 6 < 7, the law of cosines yields

lv =l = flul* + [Jv]|* — 2[|ull[|v] cos(6)
On the other hand Problem 17 gives
lu = vl = flul* + [Jv]|* — 2u - v.
So we get
[l + [[v]* = 2[luf[[v]lcos(8) = [Jul® + [[v]|* - 2u v
and hence
u v = |ul||v] cos(6).

Thus we have

u-v

0 p—
0s(0) = Talllol

Problem 18 Characterize in terms of w « v the following:

(a) w and v are orthogonal (perpendicular).
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(b) w and v are in the same direction.

(¢) w and v are in opposite directions.

(d) w and v make an acute angle.

(e) u and v make an obtuse angle.

cos(6) -I

Problem 19 Show that in R, w = ||ul| {cos(6;)| where 0; is the
{cos 0 J

angle between w and e;. (This generalizes to R™.) How does this

Bl

compare to what happens in R? where u = ||u|| {sm
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Problem 20 Let
1 1
u; — |'O-| Uy = [—2]
i 5]
(a) Find a linear combination v of w1, us so that v and u; are

orthogonal. Geometrically, v is in the plane determined by
u; and us and is orthogonal to w;.

(b) Find w orthogonal to both u; and v.
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1.3 (Complex) Euclidean vector spaces, C"

If the field of scalars is C, then R" is not closed under scalar
multiplication, we must move to the vector spaces C". Most
everything about euclidean spaces caries over. The dot product is
extended to the standard inner product on C":3

n
(ulv) = viu,
i=1

Notice that (u|v) = w.v if w and v are in R", so the inner
product extends the dot product. *

The properties of dot products (see Problem 16) become:
Problem 21 Show that the inner product satisfies

(a) (conjugate symmetry) (u|v) = (v|u)”

4In order to not invalidate certain definitions that appear later, we will take
u+v to be defined as before even when the vectors are complex. So for complex
u and v, typically, (u|v) # uw.v.
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(b) (left linearity) (au + fv|w) = a{u|w) + B{v|w)

&

(c) (positive definiteness) (u|u) € RT = [0, 00) and (u|u) = 0 iff
u = 0. (Notice (ulu) = " wiu; = S0 Juil?.)
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Conjugate symmetry and left linearity give right conjugate
linearity
(ulov + fw) = o™ (u|v) + 5 (u|w)

From the positiveness of the inner product, it makes sense to define
Jul] = v/(u|u)

and it is simple to verify that this is a norm, i.e., the following are
satisfied
o |u|=0=u=0.
o |lu+v| <|ul +|v|. (sub-additivity or triangle inequality)
o [lowu] = |affjul].
The triangle inequality requires Cauchy-Schwartz

[(ulv)| < [lu] [|v]|

Problem 22 Verify Cauchy-Schwartz by first verifying it for unit
u and v and then generalizing. (Hint: Compute (u — A\v|u — \v)
and take A\ = (u|v).) Next verify, the triangle inequality.
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25

The next exercise indicates some things do change in passing to
complex.

Problem 23 Show that
(ulv) = 0= [[u+v|* = [Jul]® + |Jv]?

but that
lu+v|? = [Jul]® + o] % (u|v) = 0.
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&

C can be interpreted /visualized as R?, i.e., z = a + ib — (a,b).
Get that every z € C has the form r(cos(6) + isin(6)) and notice
|z] = ||(a,b)||. This is indicated in the illustration on page 3.

1.4 Matrices

A m X n matrix is an array of scalars which is viewed as having m
rows and n columns

11 Q12 - Qi1 o Aip
21 G292 -+ Qg5 - AQ2p
A=
i1 Q2 0 Qi 0 Qgp
1Am,1 Am2 " am,j st Amn

The i*" row will be denoted row;(A) and the 5 column will be
denoted col;(A), where the A may be omitted if it is clear from
the context.

]

az,j
row;(A) = [am Qg - Qi am] col;(A) = | .
a/m’-]
Remark We will focus on a matrix as a collection of columns

and /or rows more than an array of entries. This will be important
in all that is to come! &

The i, j™ entry of A will be denoted A; ; and for an arbitrary
matrix, A, we will often also use A;; = a; ;.

The set of all m x n matrices is denoted M,,,.

1 2 —1
2 3 0
Problem 24 Let A = 41 9
2 5 —6
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(a) What is ALQ, A472, and A274?

(b) What is rows(A), coly(A)?

Matrices will typically be denoted with uppercase letters, A, B, M,
etc. The set of all m x n matrices will be denoted M, .

We will encounter many special types of matrices as we go, a few
initial types are:

e A is square iff A has the same number of rows and columns.

o Ais diagonal iff A;; =0 whenever i # j. (Note A need not
be square!) For example

1 0 0 O]

0 -1 00 non square diagonal
0o 0 2 OJ

2 0 O-I

0 00 square diagonal
0 0 1J

e A square matrix A is upper triangular iff A; ; = 0 whenever
1 > 7, 1.e., any non-zero entries occur in the upper right
triangle. Similarly, A is lower triangular iff A; ; =0
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whenever 5 > i. For example

1 0 2

01 =3 upper triangular
0 1

1 0 0

0 1 0 lower triangular
2 -3 1

1.4.1 Linear combinations of matrices

Addition and scalar multiplication is very much like that for
vectors: Let A and B be two m X n matrices:

e (vector addition/component-wise addition)

(A + B)i,j - AZ'J + Bi,j

e (scalar multiplication/component-wise multiplication)

(OéA)i’j = ozAi,j

1 2 { 0 3

For example if A= |—3 1| and B= |[—4 0], then
I R PR

1 5 -3 —6

A+B=|-7 1 —-3A=19 -3

3 2 —6 -3

Problem 25 For the A and B in the above example find 2A — 3B.
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1.4.2 Adjoint and Transpose

Given an m x n matrix A, the transpose of A is the n x m matrix
AT where the rows/columns of A are now the columns/rows of AT,
formally this amounts to

Afj:Am-
For example:
1 0
P R I
i

The following fact would really be a better definition for A”:

row;(AT) = col;(A) col;(AT) = row;(A)

This seemingly simple operation will turn out to be of
tremendous importance.

Problem 26 (a) Show that («A)” = a(AT) and
(A+ B)T = AT 4+ BT. So the transpose operation is a linear
operator from M,,, to My, i.e., (A + BB)T = a AT + 3BT,

(b) Show (A7) = A

Among the special kinds of matrices we will use add the following:
o A is symmetric iff AT = A.

o A is skew-symmetric iff AT = —A.
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Problem 27 Show that every square matrix, A, can be written as
A =S5+T where S is symmetric and 7" is skew symmetric.

Hint: Consider A + AT and A — AT,

&

Most matrices we consider will have real entries, however, there
are important results that require considering matrices with
complex entries.

If A is a matrix with complex entries, then the adjoint or
conjugate transpose of A is A* and is defined by

Al = (Ag)
For example

L4i 2 3_97 |1zt 0]
0 19 6i = 2 14220 .
Lo 3+ 2i —6z’J

Note that for A a complex matrix we have two distinct operations
AT and A*, these both extend the transpose operation on real
matrices.

Problem 28 Show that (aA)* = a*A*.

&

A is Hermitian iff A* = A. For A with real entries A* = AT, in
which case Hermitian and symmetric mean the same thing.
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1.4.3 Matrix Multiplication
We will consider 5 ways to multiply matrices, all of which give the
same result and each of which is useful and will be used.

Rowx Column: This is the “standard way” matrix multiplication
is introduced. For A is an m X n matrix and B is an n X k matrix,
then we can form the product AB € m x k defined by

(AB)ZZ = I"OWZ'(A) [ COll(B) = Z Ai,ij,l
7=1

rowi(4)
Towa(4).
row;(A) {coll(B) ‘coly(B) - icoly(B)i--- icolk(B)} =
[ row,,, (A) |
[rowy(A) »coly(B) --- rowy(A).col;(B) --- row;(A)coly(B)
rowy(A)«coly(B) -+ rowy(A).colj(B) --- rowy(A).coly(B)
row(A) s coli(B) -+ towm(A) +coli(B) -+ towm(A) - coly(B)
Example

(1,3) - (1,1) (1,3)«(0,-2) (1,3)« (4,6) }
=1 (2,4)-(1,1) (2,4)«(0,-2) (2,4)« (4,6)
(=1,-1)«(1,1) (=1,-1).(0,—-2) (—=1,—1).(4,6)
I
S T H N | A R T
RIS NS
4 —6 22}
=16 -8 32
-2 2 —10

Three important facts about matrix multiplication are:

e Matrix multiplication is not commutative, that is, in
general, AB = BA fails. For this to be defined A and B

must be square.

1
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e Matrix multiplication is linear,

A(aB + BC) = a(AB) + B(AC)
(aB+ BC)A = a(BA) + B(CA).

e Matrix multiplication is associative, that is,

(AB)C = A(BC).

The proof of linearity and non-commutativity is an exercise. The
proof of associativity can proceed either by brute force
(unenlightening) or by a connection we will later develop between
matrices and linear functions (then associativity becomes trivial).
Part of this relationship is already apparent. If A € M,,,, then
multiplication on the right by A defines a mapping, which we call
L from R™ to R™, namely, L4(x) = Az which is linear

La( au + fv )= ala(u) + BLA(v)
. R
linear combination of u and v the same linear combination of L 4(u) and L 4 (v)

Problem 29 (a) Produce 2 x 2 matrices A and B so that
AB # BA.

(b) Show by example that cancellation fails, i.e., find A, B, C so
that AB = AC and yet B # C.

Problem 30 Find at least three (perhaps infinitely many)

“square roots of” I = Ll) (ﬂ
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Problem 31 Show that (AB)T = BT AT. Similarly,
(AB)* = B*A* for complex A, B.

&

Problem 32 (a) Show that AA” and AT A are symmetric, and
that AA* and A*A are Hermitian (for complex A).

(b) Show, in addition, that &7 (AT A)x > 0. (Similarly for the
other 3 variants AAT, A*A, and AA*.)

Dot product/inner product as matrix multiplication. We
defined matrix multiplication via the dot product, this can be

5This shows that AT A is positive semidefinite. If we wanted additionally to
get that «* (A* A)x = 0 iff © = 0 (positive definite), then we would require that
A* A be invertible, we will see that this occurs precisely when A has maximal
rank.
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turned around:

Problem 33 Show that w.v = v’ u, while for u and v in C,
(u|lv) = v*u for u,v € C", when u and v are viewed as column
vectors. Thus both the dot product and inner product can be
defined by matrix multiplication.

&

Columnsx Rows: The preceding problem begs us to define the
outer product

Problem 34 Define the outer product of w € R™ and v € R" by
uvEuv’ e M,

Compute (2,3) ® (1,—1,3) and (1,—1,3) ® (2,3). What is their
relationship? What is the relationship between u ® v and v ® w in
general?
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Notice for v € R™ and v € R
Ui
U2
uURU= uv! = [

Um

.J[Ul Va e U, = (WU U, |

So all columns/rows are co-linear, later we will call such a matrix
rank 1 and all rank 1 matrices in M,,,, arise as uv? for some

w € R™ and v € R".

Matrix multiplication could be defined with outer product. For A

a m X n matrix and B a n X k& matrix we have

= > coli(A) @ row,(B)
=1

Here I am treating row;(B) as an element of R* and hence as a
column vector, if we literally take it as a row vector, then we

—~

should simply write AB = 7, col;(A) row;(B).

(lZ: col;(A) ® rOWz(B)> y = (g coly(A) ® I"OWZ(B)) y
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Example

=(1,2,-1)®(1,0,4) + (3,4,-1) ® (1, —2,6)

(1] N 3 1
B PN A PR Y
1) L)L) Lo
(1] 3
= 2[1 0 4+|4|1 -2 ¢
1] ~1
1 0 4 3 —6 18
=12 0 8({+|4 —8 24
-1 0 -4 [-1 2 -6
4 -6 2]
=6 -8 32
-2 2 —10J

O

Columns x Columns: Here we describe matrix multiplication AB
by viewing the columns of the result as linear combinations of the
columns of A.

For A an m x n matrix view A alternatively as a matrix of columns
A= {coll(A) ‘coly(A)i--- icolj(A)i--- icoln(A)}
where col;(A) € R™.

Right multiplication of A by a vector & in R™ becomes a linear
combination of columns:

=]
Ax = {coll(A)icolg(A)i--- col;(A)f- - icoln(A)} [ : |

= x1coly(A) + - - + x,c0l, (A)

Example

The Matrix product AB becomes

AB = A[coly(B)icoly(B)|--- icol;(B)|- - {colx(B)]

= {Acoll(B) Acoly(B)i--- iAcoly(B) - - iAcolk(B)}
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where

Acoly(B) = {coll(A) ‘coly(A) i icol(A)i--- icoln(A)} col;(B)

= {coll(A) ‘colg(A) i+ icol(A)i--- icoln(A)}

T @20
__<1){21J+(1>[4J(O)VJH_Q)“J(4){2J+(6){4J|

- ~1 ~1 —1 [ ~1
(4 6 22]

=16 -8 32
—2 2 —10J

RowsxRows: Here we describe matrix multiplication AB by
viewing the columns of the result as linear combinations of the
columns of A.

Let B be an n x k matrix, let € R"”, typically we view x as a
column vector and need to write £ B to make sense of the
multiplication, when this is clear (and unambiguous), we will be
sloppy and just write B. (So we have a uniform notion of left
and right multiplication of a matrix by a vector.)

We have

xB=x |- S

= 2y 10w (B) 4 - - - + x, row, (B) € RF.

so the result is a linear combination of rows of B.
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If Ais an m X n matrix also viewed as rows, then

AB =

where in turn

Example

| rowy(A) | Tow; (A) B ]
rows(A) rows(A) B
i) | 2= | rowila) B
Tow,, (A) 10w, (A) B |

[ rowy(B) |

rowy(B)

Aonl o, ()

row,(B)

22 ]
-6 -8 32
—2 2 —10J

Problem 35 Show that Ae’ = col;(A) and e]"A = row;(A)
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&

Notice that this problem tells you how to find a matrix A given
that you know how the matrix acts on the standard basis vectors.

Problem 36 The function Ry which rotates the plane
counterclockwise through 6 radians is given by a matrix, that is,

m( >:A

for some D X D matrix A. find the matrix by computing Ae? and
Ae3 and then using Problem 35.

x
Y

x
Y
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Problem 37 The function that reflects points in R? through the
line 2x — 3y = 0 is given by a D X D matrix A. Find A.

The following also follows from Problem 35

Problem 38 We saw before that “cancellation” fails for matrices
(see Problem 29). However there is an important sense in which it

holds:

(a) Show that if A and B are m x n matrix such that Ax = Bx
for all x € R", then A = B.

(b) Show that if A and B are m X n matrix such that
T’ A =x"B for all x € R™, then A = B.
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Define I, € My, by

0 otherwise

@
(Ik)i,j:[elf eg ellﬂ: [82‘ :{1 fi1=

Then for A € M,,,

Al, =1,A=A
To see this notice
[er]  [era] [rowi(4) ]
oo | g A o))
em emA Tow,,(A)

similarly

= [coly(A)icoly(A) -+ icol,(A)| = A

Problem 39 For A a 4 X 3 matrix

(a) What matrix would we multiply A by on the left so that the

result is what we get by replacing rowy(A) by
rowy(A) + arows(A)?
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(b) What matrix would we multiply on the left by to
interchange the 1% and 4% rows of A?

(c) What matrix would we multiply on the right to replace
col3(A) by colz(A) + acoly(A)?
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Problem 40 For A and m X n matrix show that
A = (Ae;?) »e". What is e]" . (Ae?)?

Problem 41 (a) For A a real matrix, show that AT is the
unique real matrix, B, so that

(Az) .y =z« (By)
Hint: Use Problem 40 or Problem 38.

&

(b) For A a complex matrix, show that A* is the unique complex
matrix, B, so that

(Az|y) = (z|By)°

6This is will become the definition of adjoint in the context of inner product
spaces.
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Block Matrices The matrices A and B may be partitioned into

arbitrary blocks

| A A ]
| AuiAs A |
[ By B,
B=|B; B,
| Bs| Bs
AB =

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Of course all of the sizes have to match up so that it makes sense

to multiply the blocks.

Example

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Note that this has the “block form”

,,,,,,,,,,,,,,,,,,,,,,,,,,,

¢

Problem 42 For each of the following matrices A and vectors «
and y write Az as a linear combination of the columns of A and
yA as a linear combination of the rows of A.

(a) A= Lll _01 g}, x=(1,2,-2), and y = (4, —1).

1 0
(b) A= {51 ﬂ, x=(2,—-2),and y = (4,—1,3).

Problem 43 Expand each of the following matrix multiplications

PO

AB in each of “rowsxcolumns”, “columns xrows”,
“columns x columns”, and “rowsxrows”:
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wa=[1 27 andBFB ﬂ
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Problem 44 Compute AB using “block multiplication”

3 —16
10 —2i3 4 1 22
A=102 113 -3 B=|=320
52201 0 0 22
1 —1-2
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Problem 45 A square n X n matrix, A, is positive definite iff
xT Az > 0 for all © # 0. Let B be the upper left k& x k square
submatrix of A. Show that if A is positive definite so is B.

&
Problem 46 Describe the result of multiplying two square
diagonal matrices, lower triangular matrices, upper triangular
matrices. What are the diagonal entries?

&

2 0 0
Problem 47 Let A = {O -1 OJ. Compute, by hand, A°.
0 0 3
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20

2 Ax=0b

Consider the problem of solving

T+ X9+ .’E3:3
T — X9+ 1'3:1
2x1+3m2—4m3 =1

The matrix form of this is

[1 1 1-| [xl

1 -1 1 :H
2w )

There are two pictures associated to this problem:

The row picture: Here we view this as asking for a point where

the three planes described by the three equations intersect.

This illustrates the three intersecting planes whose equations are

given.

The column picture: Here we view this equation as a linear

combination of columns.

1 1 1
T 1 + T -1 + I3 1
2 3 —4

It is clear that x1 = x5 = 23 = 1 will work.



This picture illustrates the three vectors for which we want to find
a linear combination of giving the vector (1,3, 1).

Problem 48 Describe geometrically, the set of all linear
combinations of (1,1,2), (1,—1,3), and (1,1, —4)7

&

Problem 49 Illustrate the row picture and column picture for the
solution to

201+ 3r9 =1
xr,+ JZQZO

Note that the row picture will consist of two intersecting lines.



If you had just one equation to solve

ar = b,
then of course you would simply multiply both sides by a™! = %
In the case that there are n-equations in n-unknowns, so that in
the equation

Az =0b
we will look for an analogous multiplicative inverse A=! for the

square n X n matrix A.

Important! For a square matrix A, A~! will be the unique matrix
B so that AB = BA = I,,. A big question will be “ When does a
square matriz A have an inverse?”. A square matrix is called
singular if it fails to have an inverse and non-singular if invertible.

Problem 50 Show that if A is invertible, then A~! is unique.



&

We will see later (see Problem 63) that for square matrices A the
following are equivalent:

e There is a left inverse, i.e., a B so that BA = 1.
e There is a right inverse, i.e., a C' so that AC' = I.
e A is invertible.

Moreover, in the first two cases, B = C' = A™%.

This will follow from the fact that the function L4 : © — Az the
following are equivalent

e [, is is one-to-one.
e [, is onto.
e [ 4 is invertible.

Problem 51 Show that is A is invertible, then so is A¥. What is
(A¥)717 Define A=% = (A¥)~!, what is A"*™ for arbitrary integers
n, m?



&

Problem 52 Show that if A and B are invertible, then so is AB
and (AB)™! = B71A138

Problem 53 Show that if A is invertible, then so is A* and
(A*)fl _ (Afl)*'

&

Problem 54 Characterize when a diagonal matrix A is invertible.
For A that is diagonal and invertible, compute A1, (For an
arbitrary n x n diagonal matrix Al)

8We will see later that AB is invertible iff A and B are invertible, assuming
all are square.



&

The next problem indicates how to invert certain block diagonal
matrices.

Problem 55 (a) Suppose B € M,,, and D € M,,,, are square
invertible matrices, C, X € M,,,, and O is the m x n matrix
of 0’s. Compute

(b) Use (a) to find X (in terms of B, B™*, D, D7! and C) so

that
{BC} {B_{X} _
OD|| O D! mm
) _|BiC| .. . ) :
This shows that A = OD is invertible iff B and D are
invertible. |

Problem 56 Use the preceding problem to show that a triangular
matrix is invertible iff there are no 0’s on the diagonal.
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&
Problem 57 Use the preceding problem to find A~! for
[1 O 0 -1 2 -|
0 2 O 3 1
A=10 0 -3 -2 3
00 O 6 0
00 O 0 -3
&

2.1 Gauss elimination

Gauss elimination is a key, and simple, technique underlying
many procedures and results.
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Consider again the system of 3 equations and 3 unknowns:

T1+ T2+ 13=23 (eq 1)
X1 — T9+ 1'3:1 (eq2)
2I1 + 3l‘2 — 41’3 =1 (eq 3)

To solve this we may first eliminate the x;’s from the second two
equations by replacing (eq 2) with —(eq 1) + (eq 2) and replacing
(eq 3) similarly with —2(eq 1) + (eq 3) this results in a new system
of equations, which clearly has the same solutions as the original
system:

T+ Tot+ w3=3 (eq 1)
— 219 = -2 (eq 2)
T9g —6x3 = —5H (eq 3)

Next we can eliminate the x5 in (eq 3) by replacing (eq 3) with
'/2(eq 2) + (eq 3):

1+ To+ w3 =3 (eq 1)
— 219 = —2 (eq 2)
—6x3 = —6 (eq 3)

This can now easily be solved by back substitution
T3 = 1
To = 1
r1=3—-1-1=1
1

So the unique solution is & = {1 J .
1

Two systems of m linear equations in n unknowns are called
equivalent iff they both have the same solution set. There are
three elementary operations that transform systems of equations
into equivalent systems of equations:

(1) Replace the (eq i) by (eq i)+a(eq j) for some scalar .
(2) Swap (eq i) and (eq j).
(3) Multiply (eq ¢) by a non-zero scalar.

We shall see, these operations suffice to solve any system. First we
translate these operations into operations on matrices.

Reconsider what we just did in the language of matrices. Start
with the augmented matriz, where A is the coefficient matrix and

b=(3,1,1):
1 1 3]
[Ab}zv -1 1 1J

2 3 —4i1
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The (1,1) entry is called the pivot (a pivot must always be
non-zero. )

Our first step corresponds to replacing row 2 by the result of
subtracting row 1 from row 2, denoted rows < row, —row;. The
point is to eliminate the (2,1) entry. The result is

1] 1 13

0 -2 0 -2 (2,1) elimination
2 3 41

Next we eliminate the (3,1) entry in a similar fashion giving

(11 1i3]

{o 0 —2| (3,1) elimination
1

0 —6i—5

Now we eliminate the (3,2) element using the new pivot —2 by
replacing row 3 by the result of multiplying row 2 by 1/2 and
adding this to row 3. The result is

11 143
0-2 0 -2 (3,2) elimination

0 0 [=6] -6

This results in the final pivot —6.

Call the upper triangular matrix that results from applying
this procedure to just the coefficient matrix A, U, that is,

[11 1]

U=10-2 0
[00—6J

In general the result will not be triangular, for example, the
number of equations and unknowns might not be the same.

A matrix A is in echelon form if the first non-zero entry in a
particular row occurs to the right of the first non-zero entry from
the preceding rows. Echelon form is a generalization of upper
triangular.

For example

[0 2 =2 4

0 00 —2

{o 00 0
is in echelon form while

0 2 -2 4

0 0 3 —2

0 00 —2
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is not, although it is clear that one row operation would transform
this into echelon form.

The elementary operations performed on systems of equations
above give rise to elementary row operations on matrices:

The three types of elementary row operations.
Type I: Replace row; with row; +a row;.
Type II: Swap row; and row;.
Type III: Replace row; by arow; for a # 0.

It is evident that every matrix is row equivalent to a matrix in
echelon form. In fact it is evident that this is true even if we drop
Type III operations. Make sure you convince yourself of this!

Generally move the left most non-zero entry to the first row using
a Type II operation, then kill all non-zero entries below it, this
will be a sequence of Type I operations, find the next left most
non-zero entry in a row below the first one, move it to the second
row, kill all the non-zero entries below it, etc.

Example 1 Consider the matrix
{1 2 -1 -3 —2'|
. r 12 0 6 -6 ‘

36 1 7 0
2 4 0 2 =2

Use the (1,1) entry to kill all non-zero entries below using Type I
operations rows <= rows —6 rowy, rows < rows —3row;, and

rowy < rowy —2row;. These are the (2,1), (3,1), and (4, 1) steps
in the elimination process. The result is

[1 2 -1 -3 —2'|
00 6 24 6
{O 0 4 16 6 ‘
00 2 8 2

Now the first non-zero entry in a later row occurs in the 3™
column. So start eliminating in the 3'¢ column, again using Type I
operations, rows < rows —% rows, and row, <= row, —32 rows.
These are the (3,3) and (4, 3) steps of the elimination. The result

is
[1 2 -1 -3 —2'|
00 6 24 6
{O 0 0 0 2 ‘
00 0 O O

This is in echelon form.

It might be the case that swapping rows, Type II operations, are
required to reduce to echelon form, but Type III operations are
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never required, they will be required for the further reduction to
reduced row echelon form, discussed below. &

For an echelon matrix:

If there are any rows of 0’s they must occur at the bottom.

The first non-zero entry in each non-zero row is called a
piwot. These are the entries in red in the example above. If
only Type I and Type II operations are used, then the pivots
can be used to compute the determinant for square matrices.

The column that a pivot occurs in is called a pivot column.

If the matrix correspond to a system of equations, then the
variables corresponding to pivot columns are pivot variable,
the remaining variable are called free variables.

If the matrix corresponds to an augmented matrix for a
system of equations and there is a pivot in the final column,
then the system has no solution, since this row would
correspond to Oz; + 0xy + - - - 4+ Ox,, = p where p is the pivot.
If this happens, the system is called inconsistent otherwise it
is consistent. For example

[1-2 1 201]
0 2 —41:3
[0 0 0 11‘
00 0 01

would be the augmented matrix for an inconsistent system of
linear equations.

If the matrix corresponds to an augmented matrix for a
consistent system of equations, then back substitution will
solve the system where the pivot variables are given as
functions of the free variables. For example

[1-2 1 201]
0 2 —41:3
[0 0 0 11‘
00 000

is consistent with free variable x5, all other variables are
pivots. By back substitution

I‘4:1
209 —4xs+ x4 =3 =209 — 43+ 1 =3 =25 =1+ 213
1 — 29+ w3+2r4=1=>21— (2+4x3)+23+2=1=2; =14 323

So if x3 is assigned the value ¢ (z3 is free so any value may be

143t 1 3
assigned to x3), then the solution is L —: 28 _ (1) +t ? .
1 1 0
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Example 2 Given the following matrix which is in echelon form

[0 2 -2 4 3 ]
00 0 -2 —1
00 0 0 0
0O 00 0 0 0
The pivot columns are in red and the pivots are boxed. If this was

the coefficient matrix for a system of equations, then the pivot
variables are xo, x4, and xg and the free variables are x1, x3, and

Ts. <>
Two matrices A and B are called row equivalent if B arises from A
by a series of elementary row operations.

Problem 58 Show that row equivalence is an equivalence relation
on M,,,, that is

e (Symmetry) If A row equivalent to B, then B is row
equivalent to A.

o (Reflexivity) A is row equivalent to A.

o (Transitivity) If A row equivalent to B and B row equivalent
to C', then A is row equivalent to C.

For the first item argue that the inverse of a Type I operation is a
Type I operation and similarly for Type II and Type III.

&

See Problem 122 for a nice characterization of row equivalence.

Warning!
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A matrix is row equivalent to many matrices in row ech-
elon form.

However the following holds:

If A and B are row equivalent matrices in row echelon
form, then A and B have the same pivot columns.

So while there are many row echelon matrices equivalent to a
matrix A, all of them have the same pivot columns. Because of
this fact we define the pivot columns of A to be the pivot columns
of B for any echelon matrix which is row equivalent to A.

Define the rank of A, denoted rk(A), to be the number of pivot
columns of A.

Define the nullity of A, denoted nullity(A), to be n — rk(A), where
Ais m x n. If A is the coefficient matrix for a system of m linear
equations in n unknowns, then nullity(A) is the number of free
variables and rk(A) is the number of pivot variables. Notice that
rank, and nullity, are properties which are invariant under
elementary row operations.

Problem 59 For each of the following matrices, A, find an REF
of A and find the pivot columns of A.

(a)
[2 03 1 5 -3 4]
A=|-2 -3 -1 =5 6 -1
{4 6 -1 7 —4 4J

6 12 0 6
36 1 9 0
2
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The back substitution and solving for the pivots in terms of the
free variables can be accomplished via continuing elimination to
reach a reduced echelon form RREF. A matrix A is in reduced
echelon form iff

(1) A is in echelon form.
(2) The only non-zero entry in a pivot column is the pivot.
(3) Each pivot has value 1.

Given an REF matrix A elementary row operations can be used to
reach an RREF of A by killing all non-pivot entries in a pivot
column using Type II operations and then dividing the pivot rows,
a Type III operation, so as to make the pivots have value 1. This
is done from right to left whereas the operations to transform A to
REF are carried out left to right.

There is only one B in RREF row equivalent to A

Due to this fact write rref(A) as the unique RREF matrix row
equivalent to A.

Problem 60 For each matrix in Problem 59 find the unique
matrix rref(A).
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&

Given a matrix in RREF row equivalent to the augmented matrix
of a system of linear equations, it is easy to read off the solution.
The RREF matrix A

corresponds to the system

To+ 203 — 315 =4 = 19 =4 — 2235+ 325
T4+ 205 = —b=> 14 = —5 — 25

Note that the last row is basically ignored. Assigning values to the
free variables we have x1 = ¢1, x3 = ¢9, and x5 = ¢3. The solution
is

T T 0 1 0 0
To 4 —2s+ 3t 4 0 —2 3
Tr3| = S =10+ |0lct+ |1 |c+]|0]cs
T4 —5—2t -5 0 0 -2
Ts t 0 0 0 1

The matrix above can be interpreted as

=[] lofe - k- [2] =

T2
T4
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so filling in the free variables fives

S I N

To 4 0 -2 3
I3 = 0+ 0 c1 + 1 Co + 0 C3
Ty -5 0 0 —2
Ts 0 0 0 1
——
specific homogeneous part

Each system Ax = b which has a solution, i.e., the system is
consistent, has a “general solution” of the form Xgpecific + Tnun
where Zgpecific 15 any solution to Az = b and x,,y is a description
of all of the solutions to the homogeneous system Ax = 0.

Consider the homogeneous system Az = 0. Suppose there are
k = nullity(A) free variables, z;,,...,z;. For 1 < j <k, let a:jpeml

0 ifs#j

", these are
1 otherwise

be the solution to Ax = 0 where z;, =

the k special solutions to Ax = 0.

Given an equation Ax = b and any solution Xgpecific all other
solutions are of the form ®gpeciic + Tnui, Where

o special special
Tpull = C1I + -ty

is a linear combination of the k special solutions corresponding to
the k free variables.

For the example above we have

S R A

To 4 0 -2 3
3| = 0 + 0 c1 + 1 Co + 0 C3
T5 0 0 0 1
~—— ~—~ ~—— ~——
Tspecific mipecial w;pecial w;pecial
Lnull

Problem 61 For each system Axz = b find the “general solution”
for each of the following systems, note the systems are the same as
in Problem 59.

(a)

(23 1 5 -3 4]“ 5]

xs3

Az=|-2 -3 -1 =5 6 -1 =18
{4 6 -1 7 —4 4J . [7J
Ts

LL6 ]




2 Az =0b

2.1 Gauss elimination

66

1 2 -1 -3 —2 _7
dp_ |612 0 6 =6 i; |6
36 1 9 0 15
2 4 0 2 —2f|™ 9

X5

For A an m X n matrix:

e Say that A has full column rank iff rk(A) = n. In this case
Ax = b has either 1 or 0 solutions.
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e Say that A has full row rank iff rk(A) = m. In this case
there are either one, if m = n, or infinitely many, if n > m,
many solutions.

o If rk(A) < min{m, n}, then Ax = b has either 0, 1, or
infinitely many solutions.

Problem 62 For A € M,,,, view Ax > y as defining the
function L, : R™ — R™. Show

(a) La is one-one, ie., Ax = Ay = x = y iff rk(A) = n (full
column rank).

(b) Ly is onto, i.e., for all b € R™, there is & € R" such that
Ax = b, iff rk(A) = m (full row rank).

This leads to the following:

Problem 63 Show that for a square n x n matrix A, the
following are equivalent:

(i) A is invertible.
(ii) L, is onto.
(iii) A has a right inverse.

rk(A) =
rref(A) = 1.

(iv

(v

(vi) Ly is one-one.

)
)
)
)
1)
)

(vii) A has a left inverse.
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This shows that if A has a left inverse, i.e., a matrix B so that
AB = I, then B = A~!. Similarly for right inverse.

Problem 64 For square matrices A and B, show that AB is
invertible iff both A and B are invertible.

2.2 Elementary Matrices

Each elementary row operation performed on a m x n matrix A
results from multiplication on the left by a corresponding m x m
elementary matriz E. To compute E simply perform the given
elementary row operation on I,,.

Problem 65 For A a 3 x 4 matrix. Write the elementary matrix,
E;, for each of the following elementary row operations op;. Using
the fact that the inverse of an elementary row operation is another
elementary row operation of the same type, also write E; ', for
each operation op; below.

(op1) row; < row; +3rows.

(op2) rows < rows — rows.
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(op3) rows < rows.

(ops) Tows <= 3 rOW;.

Write the matrix that results from applying each elementary
operation in order, this is the product of the matrices found above.
Write the inverse of this matrix as well.
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&

What would change if A the original matrix is 4 x 3, or 3 x 27
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Problem 66 Show that A is invertible iff A is a product of
elementary matrices.

&

Problem 67 Show that A and B in M,,, are row equivalent iff
B = PA for some invertible matrix P € M,,,,. This easily gives
that row equivalence is an equivalence relation.

2.2.1 Finding A™!

Since A is invertible iff A = I for some FE that is the product of
elementary matrices we can find F by starting with [ AlT ] and
performing row operations to transform A into rref(A) = I, giving
matrix . In this way get F [Ai[] = [EAiE[} = [IE}
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Problem 68 Find A~! using Gauss-Jordan elimination for
{1 2 2-|
A=11 2 1).
{1 1 OJ

&

Problem 69 Recall a Hermitian matrix (real or complex) is
positive definite iff €* Az > 0 for all (appropriate) & # 0. Show
that a symmetric (Hermitian) positive definite matrix is always
invertible by showing that Az = 0 has the unique solution = 0.°

Note: z = x*Ax is real since
¥ = (x*Ax)* = x*A*x™ = x*Ax = 2.

2.3 LU-decomposition

Returning to the example from page 57 each of the elimination
steps used a Type I elementary row operation. For each ¢ > 7,
there was an (i, j) step of the elimination which looked like
row; <= row; —L;; row; for some scalar L;;. These operations are

9More generally, for  # 0, Ax = Az = X\ > 0.
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given by elementary matrices. In the example above we have:

1 00 1 00 1 0 O
E21: —1 1 0 E31: 0 1 0 E32: 0 ]. 0
0 01 -2 0 1 0 12 1

You can double check that

3

E32E31E21A =U and E32E31E21b = [—2
o

3

To solve Ax = b we are now left solving Ux = {2} which we
6

solve simply with back substitution giving = {1}

Each elementary matrix is clearly invertible since the inverse of
“replace row;(A) by row;(A) + arow,;(A)”

is simply
“replace row;(A) by row;(A) — arow;(A)”

So

1 00

El—[ll()] Ez'=10 1 0| Exn =10 1 0
21 — 31 — 32

o o 1) 2 0 1) o e 1]

We also know from Problem 52 that
(EspEs1E5) " = By Eg)' B
We can compute the product on the right by simply applying the

corresponding elementary row operations to I and the result is the
lower triangular matrix

10 0]
L =By 'Ey' B = 10
—1/2| 1

Note that in the (7, j) elimination step we performed

replace row;(A) by row;(A) — L;jrow;(A)
So L can be trivially recovered from the elimination procedure.

We have the LU decomposition of A:

E32E31E21A =Uso A= (E32E31E21)_1U = LU
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Now instead of solving the original Ax = b we can solve Lc = b
and then Uz = ¢, since this is equivalent to
Az = L(Ux) = Le = b. So consider solving

[1 0 O] {cl—l 3 11 1] [xl] [cl—l

R S ) R i A

Le=b Ux=c

For Le = b use forward substitution:

61:3
02:1—61:—2
c3=1—2c;4+Y2c3=1-6—-1=—6

3
Now we are left solving Ux = {2} :
—6

AR AN
He IS

which we do by back substitution as before to get = {1 J :
1

Summary: When solving the system Axz = b (for an n x n
coefficient matrix A assuming the system has a unique solution)
we can decompose A into the product LU where L is lower
triangular and U is upper triangular and then solve Ax = b by
solving for ¢ so that Le = b and then solving Ux = ¢, since L and
U are diagonal these two steps are easy. Use forward substitution
for Le = b and back substitution for Uz = c.

Problem 70 Find the LU decomposition of A and use it to solve

Ax = b where
2 1 1 4
2o

A=|4 0 3 andb:[
[—2 —7 5J [—16J
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&

The same technique may be applied to a square matrix, without a
full set of pivots, or more generally, to a rectangular matrix. That
is, one can attempt using just Type I operations to get a
decomposition A = LU where if A is m x n, then L is lower
triangular m x m with 1’s on the diagonal and U is in echelon
form. It this is possible, this LU-decomposition of A is “essentially
unique”, it is actually unique when A is square n x n and has
n-pivots.

Uniqueness. If an invertible matrix A admits an LU with 1’s on
the diagonal of L, then this decomposition is unique.
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Proof. Suppose A = L1U; = LyUs,. Since A is invertible so are all
the other matrices, so you get Ly 'L; = UUp ', The inverse of an
upper/lower triangular matrix is also upper/lower triangular so
the left hand side is lower triangular and the right hand side is
upper triangular, thus both sides are in fact diagonal. The
matrices L; and Ly ' have 1’s on the diagonal and hence Ly 'L,
has 1’s on the diagonal (see Problem 46). Thus Ly'L; = I and
hence L, = Lo, similarly Uy = Us. O

Existence. For a square n x n matrix A let A, be the submatrix
formed by taking the upper left & x k corner. A has an LU
decomposition iff each Ay (k= 1,...,n) is invertible.

Fact: If A is Hermitian and positive definite, then A has an LU
decomposition. (The point is that a Hermitian positive definite
matrix is invertible (see Problem 69) and each of the Ay’s will also
be such a matrix. (See Problem 45.))

2.4 A= LDU decomposition

If A admits an LU decomposition with full pivots, then U can be
factored into U = DU’ where D is the diagonal matrix of pivots
and U’ has 1’s in the diagonal.

Problem 71 For the matrix

2 1 1
A=14 0 3
-2 =7 5

from Problem 70 find the LDU factorization of A.

&

Problem 72 Suppose A is invertible, symmetric, and has an
LDU decomposition. Show that U = LT, so that A = LDL”.
(Similarly, if A is Hermitian, then A = LDL*, recall that the
diagonal elements of a Hermitian matrix are real and so the
entries in D, i.e., the pivots, are real.)
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Problem 73 Find the decomposition A = LDL” for

[—1 —2 1]

A=[-2 =2 6
[1 68J

&

Problem 74 If A is Hermitian, positive definite, then A has an
LU decomposition, and so A = LDL*. Show that A = KK* for

some matrix (unique) K.

2.5 PA = LU decomposition

As explained above row exchanges might be required to convert A
into an upper triangular matrix U. A row exchange is a type of
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permutation of rows which are given by permutation matrices. For
example we want to permute rows as follows:

You can check that this is not a row exchange, but can be
accomplished by two row exchanges. Permutation matrices enjoy
many nice properties:

e If P and P’ are permutation matrices, then so is PP’.
o P71 =pT,
e The rows/columns of P are mutually orthogonal.
Problem 75 One notation for a permutation of {1,2, 3} would be
(1,2) meaning 1 — 2 — 1, or (1,2,3) meaning 1 — 2 — 3 — 1.
These can be composed, for example, (1,2)(2,3) would be 3 — 1,
2 — 3, and 1 — 2, finally, () is just the identity. There are 3! = 6
permutations of {1,2,3}:
0'0:() 0'1:(1,2)
0'2:(2,3) 03 = (1,3)
o, =1(3,2,1) o05=(1,2,3)

Let P; be the matrix corresponding to o;, so Py = I. Make a
multiplication table for the P;’s and verify that P, ' = PT.

&

Problem 76 Show that for a permutation matrix P, P~! = PT
as follows:
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(a) Show (Px).(Py) = .y for all  and y. (Matrices with
this property are called unitary.)

(b) Rewriting you get y” PT Pz = yTx. Since this is true for all
y show that PTPx = x for all x.

(c) Argue that since (PTP)x = x for all x it follows that
PP =1

There are many ways to find P and then the resulting PA = LU.
Some methods (partial pivoting) minimize round off error; the
method I suggest works, but is not optimal in any particular way.
Simply put we perform elimination is a column, then look for an
appropriate pivot and then swap rows if necessary in A.

Suppose you start with an n x n matrix, and assume that A is
invertible so that the process does not get stuck.

Step 0. Make sure there is a non-zero entry in the (1, 1) position.
This gets us started with a Ay = PyA.

Step 1. Perform elimination on the first column. This gives the
first column of L;. Find the least i such that the (i,2) entry is
non-zero, this will become the next pivot. Ay has been reduced to
A which has 0’s in the first column below the first pivot. Now
apply P2 to Ag and eliminate as before, this will result in

Ay = P9 A} Also make the appropriate change in L; to give L;.
Let P, = P; 2 Py. Elimination in the first column of P, A results in
Ay and A; has a non-zero (2,2) entry.

Step 2. Now start eliminating below the (2,2) element of A;.
ETC.

This continues to stage n — 1 and results in P = P,,_; and
L =1L,_;sothat PA=LU.

The above procedure assumes that a pivot could be found at each
stage, i.e., that PA has full pivots, if this fails we need to modify
the procedure a bit and will in section 3.
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Problem 77 Find a PA = LU decomposition and solve Ax = b
for

11 2 3 6
11 21 2
A= 9 3 4 5 and b = 9
2 2 21 2
Note you want to solve PAx = Pb = d, now solve LUz = d in the

usual fashion.
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Problem 78 Find a PA = LU decomposition for

0 015 =2
1 1.2 3 1
2 246 -1
-1 101 1
3 25 6 -3
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&

2.5.1 Extending decomposition to rectangular matrices
The PA = LU decomposition extends to producing REF and
additional decomposition produces RREF.

Steps to produce rref(A):

A = PA = U = D = R=rref(4)
Type 11 Type I ;:T’ Type I Type 111
echelon

PA=LU

Example As an example consider finding rref(A) for

{0 01 2 3 '|
At 124
1224 8 0 ‘
33 6 10 1
Begin with P, 9) giving
[1 1 2 4 —1—|
001 2 3
{2 24 8 0 ‘
33 6 10 1
Now eliminate in the first column
rows(A) < rowy(A) — Orow;(A) (2,1)
rows(A) <= rowz(A) — 2row; (A) (3,1)

rows(A) <= rowy(A) — 3row;(A) (4,1)



2 Az =1D
2.5 PA = LU decomposition 83

This results in

[10001 [1124—1]
L0100 001 2 3
1712 210 1o 00 o0 2‘

3771 000 —2 4

Now apply F(34) to get the next pivot in the correct position, the
result is in echelon form so adjusting L accordingly we have

1 000 112 4 -1
0100 001 2 3
L= 3010 U= 000 -2 4
20 01 000 0 2

Notice the 1,3,4,5 columns are pivot columns and hence the pivot
variables are x1, x3, x4, v5. The free variable is 5.

Here we have

0100
10 00
P=lealua=1q o ¢ 1
0010
and PA = LU:
{0100][0012 3'| {1000]{1124—1]
10004112 4 -1y 0100001 2 3
0001‘{2248 0‘_{3010‘{000—2 4‘
0 01 0J][3 3 6 10 1 2001000 0 2
Now eliminate from right to left upward above pivots on U
rOW3 <= rOW3 —2 rOwy (3,5)
rOwWy <= rows —3/2rowy (2,5)
row; <= row; —(—1/2) rowy (1,5)

This results in

(L7 - L1240
g 01?7 sy 1001 2 0
001 2 000 —20
00 0 1‘ L)OOOQJ

Note the column in U is formed by simply dividing the
corresponding column of U by the appropriate pivot and this
continues to hold.

Eliminating above the (3,4) entry is done with

rows <= rows —(—1) rows (2,4)

row; < row; —(—2) rows 1,
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(1,3)

TrOW{ <= row; —2 IOWso

Ax =10
2.5 PA = LU decomposition

The final step is
This results in

This results in

110 0 O
1 0
-2 0

2

00
000
000 O

and D

|

0
0
2

2

0
000 O

1
0

110 0 O
00
0 0

}
H

3
The final step is to transform the pivots of D into 1’s so we have

—1
0
1

LUD
1

3/2
2

2

0 1
112 4
2 24 8
336 10
10 0 0][1 2 —2 —1f3
~1
1
0

0

0
rows < 1/-2rows

rowy < 1/2rowy

01
0
0

UD so PA

A~

0 1 0 07170
1 000
0001
0010
0100
3010
2 001

So now we have U

giving

11000'|
0010()‘

0001O0
0 00O01

|

‘ and R = rref(A)

10 0 O'I
01 0 O
00 -2 0
00 0 2

|
|

i
|

2
112 4
2 2 4 8

~1 3/
0 2
0 1

0
0

A

~

LUDR

0 1 0 0][0 0 1

1 000

0001

0 0103 3 6 10
10 0 0][1 2 —2 —1/2

01 0001
3010
2 0 0 1]

and PA
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So we have

A=PA= U = D = R=rref(A)
P L-1 ~~ (-1 D1
o

This expresses R = D *U'L'PA where L™! is just the product
of type I elementary matrices used to reduce PA to U, and U~ is
the product of type I matrices used to reduce U to D and finally
D=1 is the product of type III matrices used to reduce D to R.

What is described here is more than we are usually interested in,
the following captures the most relevant aspects:

1 1 2 4 —1-| [1 1 2 4
Jrovemow 000 12 3| WS SHiov (000 1 2
2 2 4 8 0‘ {0 00 O
3 3 6 10 1 00 0 -2
M 1 2 4 -1 TOW3<=rOow3 —2 rowyg 1 1 2 4
rowg<=rows —3/2rowy
TOW3<>TOW, 0 0 1 2 3 rOW ] <Trow1 +1/2rovv4\ 0 0 1 2
0 00 =2 4‘ {O 0 0 =2
o o0 0 0 2 000 O
U
1 1 2 0 0 110 0 O
vonrrowr 42rows. [0 0 1 0 0f rowsrows —2rows, [0 0 10 0
“10 0 0 =2 OJ {O 00 -2 0
0o 00 0 2 000 0 2
rowsz<—1/2rows 11000
rows<=1/2rowy 00100
00010
00 0 0 1
R
%

Problem 79 Produce rref(A) for each of the following:

(a)
1 4 3 -1 51
A=|-1 -1 =3 1 =5 2
2 5 6 -1 70
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3 Vector spaces and subspaces

The algebraic properties satisfied by R™ under the operations of
vector addition and scalar multiplication are as follows:

Axiom 1:

Axiom 2:

Axiom 3:

Axiom 4:

Axiom 5:

Axiom 6:

Axiom T7:

‘Algebraic properties of vector spaces

(Associativity of vector addition) For all vectors u, v, w
u+ (v+w)= &

(Existence of additive identity) There is some e such that for
all u

ut+e=e+u= &

(Existence of additive inverses) For all u there is a v such that

utv= &

(Commutativity of vector addition) For all vectors u and v

u-+v= &

(Associativity of scalar multiplication) For all scalars «, 5 and
all vectors v

a(Bv) = &

(Distributivity) For all scalars «, § and all vectors u, v

(a+ B)v = &

alu+v) = &

(Unitary property) For all vectors v

lv = )23

Any set of objects satisfying the above eight properties is called a
vector space over R. The corresponding notion of a vector space
over the scalar field C is defined in a completely analogous manner.
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Remark For those going on to Abstract Algebra, the first 3
axioms state that (R", +,0) is a group, the 4'® axiom states that
this is an abelitan or commutative group. The remaining axioms
state that the field (R, +, x,0,1) acts on (R",+,0) in a structure
preserving way. Notice we are using the same symbol “+” for
addition in the scalar field and for vector addition, in this class we
will continue to be sloppy in this way. &

We are most interested in the vector spaces R™ (or C") and
associated subspaces, however, in this section, for completeness,
we will consider a sampling of more general vector spaces.

Some additional properties can be derived from the above
e The additive identity is unique we call it O.
e (0)v =0 for all .
e The additive inverse of v is unique and we call it —v.
o —v=(—1)v.

Problem 80 (a) Using just the axioms show that the additive
identity and the additive inverses are unique, and hence we
write —v for the additive inverse of v. We also denote the
additive identity as 0.

(b) Using just the axioms show that (0)v = 0.

(c) Using just the axioms show that (—1)v = —wv.
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Problem 81 Show that Ma, is a vector space. (The same
obviously hold for M,,,.)

Axiom 1.

Axiom 2.

Axiom 3.

Axiom 4.

Axiom 5.

Axiom 6.

Axiom 7.
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Problem 82 Show that the set of infinite sequences of reals, RY,
x = (z;);~, forms a vector space. (Here, N ={0,1,2,...} is the set
of natural numbers.) Vector addition is defined by

(Ti) oo + Wi)imo = (@i + ¥i) 1o and scalar multiplication by
o, = (02) 2.

Axiom 1.

Axiom 2.

Axiom 3.

Axiom 4.

Axiom 5.

Axiom 6.

Axiom 7.



3 Vector spaces and subspaces 92

Problem 83 Generalizing from the preceding, show that the set
of all real valued functions, R*, f: X — R (for X some fixed set),
forms a vector space. Here we define vector addition by

(f+9)(x) = f(z) + g(x) and scalar multiplication by

(af)(z) = o f(z).

Verify that R", RN, M,,, are all of the form R¥ for appropriately
chosen X. Many vector spaces are of this form.

Axiom 1.

&
Axiom 2.

£
Axiom 3.

£
Axiom 4.




3 Vector spaces and subspaces 93
Axiom 5.

2
Axiom 6.

/25
Axiom 7.

/23
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Problem 84 Show that the set of all n'* degree polynomials with
real coefficients in the variable x, P,[z] is a vector space. Here
vector addition is defined by

St + 0 Bt = S (e + B;)a" and scalar multiplication
by a ¥l Bia' = S g(afi)".

Similarly, the set of all polynomials with real coefficients, P[x] is a
vector space as is the set of formal power series, i.e.,
p(z) = 32 aix’.

Axiom 1.

Axiom 2.

Axiom 3.

Axiom 4.

Axiom 5.

Axiom 6.

Axiom 7.
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Problem 85 Show the following are vector spaces:
(a) RT = (0, 00) with vector addition given by r @ s =rs

(standard multiplication in R) and scalar multiplication

a®r=r>19 (The additional symbols are necessary as we

must distinguish multiplication of two scalars from scalar
multiplication of a scalar and a vector, for example

2 ® 3 = 3? is clear, whereas, if we just wrote (2)(3) it is not
clear if this is multiplication of two scalars or if it is the
scalar product of a scalar and a vector?)

Axiom 1.

Axiom 2.

Axiom 3.

Axiom 4.

Axiom 5.

Axiom 6.

Axiom 7.

The map z + a® is linear! This is because a®**+/¥ = (a®)*(a¥)? = (¢ ®
0) & (36 a¥).
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(b) R? with vector addition defined by
(1, 22) ® (y1,y2) = (x1 +y1 + 1,22 + y2 + 1) and scalar
multiplication defined by
r O (r1,20) = (rey +7r — 1Lrzg + 17 —1).

Axiom 1.

Axiom 2.

Axiom 3.

Axiom 4.

Axiom 5.

Axiom 6.

Axiom 7.
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3.1 Subspaces

Generally we are not interested in particular vectors, but rather
entire spaces of vectors. Recall that a vector space is any set
satisfying the vector space properties on page 87.

Mostly we are interested in subspaces of R" (or C"), however, in
this section, for completeness, we will consider a small collection of
more general subspaces.

For V' a vector space, W C V is a subspace of V iff W is itself a
vector space.

Problem 86 (Important!) () # W C R" is a subspace iff W is
closed under linear combinations.

To check that W is a subspace it suffices to check the following
two conditions for w,v € W and a € R

(1) u+veW.
(2) au e W.

Prove this!!!

Axiom 1.

£
Axiom 2.

£
Axiom 3.

£
Axiom 4.

£

Axiom 5.
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2

Axiom 6.
2

Axiom 7.
2

There are always two trivial subspaces of a vector space V,
namely, W =V and W = {0}.

Problem 87 Describe, geometrically, all possible subspaces of R?
and R3.

&

Problem 88 (1) Show by example, say in R? or R?, that if W,
and W5 are subspaces of V', then W; U W5 need not be a
subspace of V.
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(2) Show that if W} and W, are subspaces of V', then Wy N W is
a subspace of V.

(3) Show that if W; and W5 is a subspace of V', then
Wi+ Wy = {w; + we |w; € W) & wy € Wy} is a subspace of
V.

(4) (Important!!) Show that if S C V| then the set of all linear
combination of elements from S,

Span(S) = {Z aw;

=1

OéiER&wZ‘QS}

is the smallest subspace of V' containing S.

Problem 89 For W, W, W, subspaces of a vector space V', write
szl@Wg tomeanW=W1+W2 and WgﬂWgZ{O} and
say W is the direct sum of Wy and Wy. Suppose W = Wy @& Wy
show that
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(a) For w € W, there is exactly one w; and exactly one wy such
that w = wy + ws, in fact, wy = w — wy.

(b) Define the projection of w into Wy along Wy by
Projyy, w, (w) to be the unique w; € W so that there is
some wy € Wy with w = w; + w,. Similarly define the
projection into Wy along W1, projy, w, : W — Wa.'! Show
that the two functions projy, y, and projy, y, are linear.

Problem 90 Show that if W C R™ and W # R", then
Wt ={u e R"|u L W} is a subspace of R”. Here u | W means
that w L w for all w € W. Later we will show R* =W & W=.

"Notice that Projw, w, (w) is defined with respect to Wi and W5 in the sense
that it W = Wy @ Wy = W1 & W3, then projy, w, # Projw, w,- To see this
consider W7, Ws, and W3 to be three distinct lines through the origin in R2, so
that R? = Wy @ W = W7 & W5. This also indicates that W5 is not determined
by Wi, that is, there is no sense in which Wy =W — Wj.
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Problem 91 In R?

(a) Why is the quarter plane consisting of all u = {Z} with

a,b > 0 not a subspace?

(b) Why is the two quarter plane consisting of all u = {Z} where

a and b have the same sign not a subspace?

Problem 92 Geometrically and algebraically describe
1 1

Span {Q-I , {1-| in R3.
3 L)



3 Vector spaces and subspaces
3.1 Subspaces 102

&

Problem 93 Show that the set of diagonal m x n matrices is a
subspace of M,,,.

Problem 94 Show that the set of upper triangular n x n
matrices is a subspace of M,,. (Similarly for lower triangular.)
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&

Problem 95 Show that the symmetric and skew-symmetric n x n
matrices form subspaces of M,,,.

&

Problem 96 Show that the set of all absolutely convergent series,
i.e., the set of all (x;);-, such that >"2°,|z;| < oo is a subspace of
RY. This subspace is called ¢*.12

120ther interesting spaces are th (P spaces, these satisfy S5 |z;|P, 00 for
1<p<oo.
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Problem 97 Show that the set C'(R,R) of all continuous
functions f : R — R is a subspace of R 13

3.2 Basis and dimension

A set of vectors B = {vy, ..., v} is linearly dependent iff there is
some non-trivial**linear combination of the vectors in B that gives
the 0 vector, otherwise B is linearly independent.

13Similarly, the set C™ (R, R) of all functions with continuous n*® derivatives.
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Problem 98 Show that B = {v,...,v;} is linearly independent
iff for all 4,
v; ¢ Span({vy,...,v;_1,Vi41,...,0;}) = Span(B \ {v;}).

&

Problem 99 Show that B = {v,...,v;} is linearly independent
iff for each v € Span(B), there is unique a = (a4, ..., a;) € R*
such that v = a1v1 + - - - + azvy, denote this as a®. This unique
tuple is denotes [v]g and is called the component representation of
v with respect to B. Show that the map L : Span(B) — R* given
by L : v — [v]g is linear, one-one, and onto. Show that
L' : R" — Span(B) is given by L™ : a — a?, so ([v]p)
[a”]

B — p and

B = Q.
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&

A set of vectors S spans a subspace W of a vector space V' iff
Span(S) = W. Given a set S that spans W it is possible to throw
away some vectors to get Sy C S such that Span(Sy) = Span(.S)
and S is linearly independent. Conversely if S is a linearly
independent set of vectors in W then it is possible to find S; O S
so that S is linearly independent and spans W. The next few
problems support these claims.

Problem 100 Show that Span(Sy) C Span(S;) iff for each
v €5y, v € Span(Sy).

&

Problem 101 Suppose S is a mazimal linearly independent set of

1A linear combination Y i, a,v; is trivial iff a; = 0 for all i, that is
Y1 avi =Y i (0)v; = 0.
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vectors in W, that is, S is linearly independent and for all
ve W\ S, SU{v} is linearly dependent. Show that
Span(S) = W.

&

Problem 102 Show that if S is a minimal spanning set for W,
that is, Span(S) = W and Span(S \ {v}) # W for all v € S, then
S is linearly independent.

&

Problem 103 Suppose S spans W and v € W, show that there is
u € S sothat S" = (S\ {u}) U{v} spans W.

&

Problem 104 Suppose Sy = {w;, ..., w;} is a linearly
independent set of vectors in W and Sy = {vy,...,v;} spans W.
Show that k < [.

Hint: Essentially use the preceding problem to form
Si=(Si7"\ {v}) U {w;}. You must show that v can be chosen
not to be one of wy, ..., w;_;. At each stage you maintain

Span(S) = W.

Problem 105 Use the preceding problem to argue that if W has
a finite spanning set, then any two linearly independent spanning
sets must be of the same size.
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&

Thus a spanning set for W has enough vectors to generate W, and
a linearly independent set doesn’t have too many, i.e., there is no
redundant information. A set that is linearly independent and
spanning is just right, not too many vectors nor too few.

A basis for W is a linearly independent spanning set. Three
important facts are:

e Every linearly independent set can be filled out (by adding
vectors) to form a basis.

e Every spanning set can be cut down (by deleting vectors) to
form a basis.

e Every basis for W has the same size, called the dimension of
W, and denoted dim(WV).

We have proved this in the exercises above for W that can be
spanned by a finite number of vectors, i.e., finite dimensional
vector spaces. The infinite dimensional case requires a bit more
machinery.

Problem 106 Find a basis for each of the following spaces:
(a) Mss - the space of all 3 x 3 matrices.

(b) The set of symmetric 3 x 3 matrices. Temporarily call this
subspace S33.

(c) The space of all lower triangular 3 x 3 matrices. Temporarily
call this subspace Lss.

(d) The space Ssz N Lss.
(e) The space Ss3 + Lgs.

Problem 107 Show that for U, W subspaces of a finite
dimensional vector space V'

dim(U) 4+ dim(W) = dim(U + W) + dim(U N W)
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&

A special case of the preceding is when U N W = {0}. In this case
we know
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o dim(U + W) = dim(U) + dim(W)

e If By is a basis for U and By is a basis for W, then By U By,
is a basis for U + W.

Recall V.=U @ W to denotes V = U + W together with the fact
that U N = {0}, in this case V is the direct sum of U and W
and U, W form a decomposition of V.

A vector space V' can be decomposed into more than two
subspaces. V' is the direct sum of subspaces Vi, ..., Vj, written
V=VieVe®d- - -V, is defined to mean:

o V=V +Vo+-.---+V,, ie., every vector v can be written as
v; + -+ v, where v; € V.

o Vin(Vi+ -+ Viig + Vg1 + -+ Vi) = {0}, i.e., the
decomposition v = v; + - - - + v, with v; € V; is unique.

Problem 108 Let E; = Span{el'} be the i'" axis in R". Show

&

Problem 109 Show that R? = U @& W where U = Span{ B”

1
where U and W are any two non-colinear lines through the origin.

and W = Span{{ H Generalize to explain why R? = U + W

The next problem generalizes this to R3.

Problem 110 Show that R3 = U; @ U, @ Us where
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M e TEN ]
1 = Spang (2] ¢, Uy = Span{ | 1 ,and Uz = Spanq | 1
s o] -]
Generalize to explain why R? = U; @ U, @ Us where Uy, Uy and Us
are any three non-coplanar lines through the origin.

Finally generalize to an arbitrary vector space.

Problem 111 Show that vy, ..., v are linearly independent iff
Span({vs,. .., vy}) = Span({v,}) & - - & Span({v,}).

The next problem just has you think about some important
infinite dimensional subspaces of some of the vector spaces we
have considered previously.

Problem 112 Show that the following are infinite dimensional:
(There is a natural progression in these five examples.)
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(a) P[x] - the set of all polynomials in x with real coefficients.
Find a basis for this P[z].

(b) R = {(x;)°, | z; € R & for some N, z; =0 for all i > N}.
This is essentially (J0; R™. Clearly R<* and P[z] are
“essentially the same”.

(c) €' - the set of all & = (ay);2, such that °3° |a;] < oo. (This

7=

is the vector space of all absolutely convergent sequences.)®

(d) P - the set of all power series p(x) = 322, ¢;z* whose radius
of convergence is R, > 1. Recall |z| < R, = (¢a®) € (.

(e) C*((—1,1),R) - the set of functions f : (—1,1) — R with
derivatives of all orders.

15You might have fun showing that there is no countably infinite basis!. It
is clear that if one allowed infinite linear combinations, then setting e to be
the member of ¢! with 0’s everywhere except the i'" entry, we have (a;) =
STigo cies®. These sums however intrinsically involve limits so we are moving
away from pure algebra and into analysis. What is true is that there is a
countable subset D of ¢! such that any element of ¢! is approximated arbitrarily
good by some element in D.
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3.3 Change of bases and similar matrices
x
: | in R¥

Given a set of vectors B = {vy,..., v} for R" and & = [
T

we defined
B = T1U1 + ToVg + -+ + TRy

Conversely, if B is linearly independent and v € Span(B), then
vg=x € R¥ & 28 =v.

vg is the B-coordinate representation of v.

Notice that for B a basis for R", (zf)s = « and (z5)? = «.
Clearly if we set B to be the matrix whose columns are the vectors
in B, that is, B = [U1§U2§"' §’Un], then

z® = Bzx.

So £ — Bx converts B-coordinates into standard coordinates.

If B is a basis for R", then
a®=Ba=x < a=x3=B 'z

Thus B~! converts standard coordinates into B-coordinates.

Thus B and B~! are change of basis matrices and the
corresponding transformations x — % = Bx and
x — x3 = B~'x are change of bases transformations.

Example 3 Consider the following two bases for R3:

T E N o (PTFT
) [ 2] 1 o)
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We have
1% Tusa) ][5
L =12i2i3 |1 = |7
1] [3i1i2] [1] 6]
1% o] 1] [2]
L =10i1i1| [1] = |2
1] [1itio] (1] [2]
{1_ 13 1]) [l [Yie %2 The] {1-| [1/4-|
{1 =11223 1| = |52 =112 =112 FJ = f/zlJ
1], 131 2] 1] =Y 2z =3 |1 0
1] f101]) '] [y —Ye V2] 1 [e]
{1 =|j011 1) =|-Y2 1) 1/2J 1J = f/ZJ
1, 1110] 1] |2 Y2 —1af |1 1/2
1 1/4
So the B-coordinate representation of [1 J is [1/4 J .
1 0

To go from a B coordinate representation, @, to a C coordinate
representation, y, first go from B to standard and then from
standard to C, this is given by

y=C"'Bx

For example
[_1/122 _11£2 1/21 [131] E/ﬂ ) E/z]
e e Sl L5 a (o) 7 L

1/4 1 1/2
Here 1/4} is the B-coordinate representation of {1 and {1/2} is
0 1 /2
1
the C representation of {1 J : O
1

Problem 113 Let B = { {;J ) E} } Let W = Span(B).

(a) Find a basis, C, for W consisting of orthonormal vectors.
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(b) Find {flr.

(c¢) Find |—10
13

(d) Find the matrix that converts elements of W into their B
coordinate representation.
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(e) Find the matrix that converts B coordinate representations
for elements of W into C coordinate representations.
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C
(f) Notice that m

u? +0% = 1} gives the unit circle in the

plane W at the origin. Convert this into an equation for the
same unit circle in terms of the variables x,y, z. Notice

x x x

y|l =C {u} and {u} = Fe |y| for |y| € W. Use this

z v v z z
together with u? 4+ v? = 1 to get a system of equations
describing the circle:

In the preceding we used that if B = {wvy,..., v} is linearly

independent, then
Ps = (B"B)"'B"

gives the conversion from standard basis representation for
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elements of Span(B) to B-coordinates. It is important to know
BT B is invertible for this.

Notice that if B is a basis for V', then the above reduces to
Pz =DB"!

since (BTB)™'BT = B~Y(B")"'BT = B~

Problem 114 Show that if B = {vy,..., v} is linearly

&

Notice that this shows that in order to solve Ax = b where A has
linearly independent columns and b is in the range of & — Ax, we
may simply compute

x = (ATA)'ATb.

3.4 Fundamental subspaces and general
solution to Ax =b

There are four fundamental subspaces associated to an m x n
matrix. Here we want to study those subspaces by applying Gauss
elimination to find bases for these subspaces, then further
understand the general solution to Ax = b for arbitrary A.
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3.4.1 Column space and Null space

The column space of a matrix A € M,,, is the smallest subspace of
R™ containing all of the columns of A, formally

CS(A) = Span (coly(A), ..., col,(A)) C R™

[1 1 2'|
) 2 1 3 .
Problem 115 Describe CS(A) for A = {3 1 4‘ . Is this all of
4 1 5

R*? Are all of the columns necessary? What is a “geometric”
description of the subspace?

&

Problem 116 With A as above, write down some b’s so that
Ax = b has a solution. How could you describe the set of all such
b’s?

&

The point of the previous two problems was to get you to see that

Az = b has a solution < b e CS(A).
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The goal is not only simply to solve Ax = b for a specific b, but
more generally to describe the set (space) of vectors b such that
Ax = b has a solution. So we would like to be able to describe
CS(A) in a “nice” way. Part of what Problem 115 indicates is that
CS(A) only depends on the first two of the columns (or more
generally any two).

Given a system of linear equations Ax = b, the associated
homogeneous system of equations is Ax = b. The homogeneous
system always has a solution. (What is it?) The set of solutions
to the homogeneous system is our next subspace.

The second fundamental subspace associated to an m X n matrix
A is the null space of A, this is the set of all solutions of Ax = 0,
formally,

NS(A) = {z € R"| Az = 0}

Problem 117 Show that NS(A) is a subspace of R™ for A € M,,,.

&

{1
Problem 118 For A as in Problem 115, that is A = F

2
14

characterize geometrically and algebraically, the null space of A

—_ = = =

I
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Problem 119 Let A be as in the preceding problem. Find, by
inspection, a specific solution to,

H

il

Call the solution you found e. Show that every element of

c+ NS(A) is also a solution to Az = b. Argue that this is all of
the solutions. Describe, geometrically, the set of solutions to
Az = b. (This is what we will call the general solution.)
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&
For vectors in R™, we can phrase linear independence in terms of
matrices by noting that the following are equivalent for vq, ..., v,
in R™:
e vy, ..., v are linearly independent.

e Ax = 0 has only the trivial solution.
o NS(A) = {0}, that is, NS(A) is trivial.

where here A is the m x k matrix with row;(A) = v;, that is,

Problem 120 Show that the following are equivalent for a square
n X n matrix A

(i) A is invertible.
Continued from Problem 63.
(viii) CS(A) = R™.
(ix) NS(A) = {0}.
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(x) The columns of A form a basis for R™.

(xi) The rows of A form a basis for R".

&

The row space of A, denoted RS(A), is the span of the rows of A,
that is, for A € M,,,

RS(A) = Span (row(A), ..., row,,(A)).

Clearly, RS(A) = CS(AT).
Problem 121 Show that NS(A) = RS(A)*.
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The last of the four fundamental spaces associated to A is
NS(AT), this is called the left nullspace since

x € NS(AT) & ATz = 0 & x' A = 07 (left nullspace).

Recall matrices A and B row equivalent if B results from
performing elementary row operations to A.

Problem 122 Show that the following are equivalent for matrices
of the same size:

(1) A and B are row equivalent.

(2) RS(A) = RS(B).
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(3) NS(A) = NS(B).
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Problem 123 Prove that if B and C' are in echelon form and are
row equivalent to A, then B and C have the same pivot columns.
Hint: Consider the first column which is a pivot column of one
and not the other and derive a contradiction.

If A isin row echelon form, then:

(i) The (non-zero) rows are linearly independent and form a
basis for the row space.

(ii) The pivot columns form a basis for the column space.

From this it follows that dim(RS(A)) = # of pivots and this is
called the rank of A, denoted rank(A). If A, B, and C are row
equivalent with B and C' being row echelon, then since

RS(A) = RS(B) = RS(A) we know that B and C have the same

number of pivot columns.

rank(A) = # of pivots of A

Problem 124 Prove the uniqueness of rref(A).

Hint: Suppose B and C' are RREF matrices row equivalent to A.
We know that B and C' have exactly the same pivots from
Problem 123.
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If Aism x n so that Ax = b has n variables, then

#(pivot variables) + #(free variables) = n.

3.4.2 The four fundamental subspaces

Recall that RS(A) = RS(B) if A and B are row equivalent, so

e If A is row equivalent to B and B is in echelon form, then
the non-zero rows of B are a basis for RS(A).

e dim(RS(A)) = rank(A).

In particular the “canonical basis” for RS(A) consists of the
non-zero rows of rref(A).

What happens with the columns is even more interesting. First of
all notice that generally CS(A) # CS(B) for row equivalent A and
B, so the answer is different than for row space. The important
fact is:

If A, B € M,,, are row equivalent and 1 <i; < iy < --- <1 <m,
then

col;, (A), ... col;, (A) are linearly independent <
col;, (B),...,col; (B) are linearly independent

Proof. Let A = [U1§112§"' §’Un} and set A = [Uil VPSR §’Uik].
Since A and B are row equivalent, there is invertible m x m
matrix P so that PA = B, but

PA=P[viivai - {vn] = | Pvy [ Pvyi -+ | Pv, | = B, so P is
the i column of B.

Let B = Pfl, then clearly,

Br=0&c PAzr=0< Az =P '0=0
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So NS(A) = NS(B). We have

The columns of A are linearly independent <

~

NS(A) = {0}
NS(B) = {0} =

The columns of B are linearly independent

In particular

The pivot columns of A form a basis for CS(A).

As a consequence of this

dim(CS(A)) = dim(RS(A)) = rank(A)

Next consider NS(A) for A € M,,, of rank r. As with RS(A) it is
the case that NS(A) = NS(B) whenever A and B are row
equivalent, thus NS(A) = NS(rref(A)). By permuting the columns
of rref(A) (equivalently permuting the variables) we can view

R =rref(A) as having the form

and Rx = 0 becomes

that is

Lpivot = _waree

This can be expressed as

The matrix that corresponds to permuting the rows of [ ”””” ]

back to the standard order of the variables is the null space matrix
and its columns clearly span null space.

Another way to view the basis for NS(A) is as follows: Consider
the n — r assignments to the free variables where in each case one
variable is assigned the value 1 and the rest are assigned the value
0 (similar to the standard basis for R""). All possible
assignments to the free variables arise as linear combinations of
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these special assignments. To each special assignment there is an
associated special solutions, namely, those of the form

n
Lfree = €;

P77 and @piver = —col;(F)

These n — r special solutions are linearly independent elements of
NS(A). So dim(NS(A)) > n — r, that the special solutions span
NS(A) follows from the fact that NS(A) + RS(A) = R", which is
shown in Problem 125 below. This shows dim(NS(A)) =n —r.
Before arguing this, first let’s look an example.

Example Say R = rref(A) is
{1 2

R =

o O OO
o O OO
S OO = O

0
0
1
0
0

So the pivot variables are 1, x3, g and the rest are free, thus

o 2]

T4 .
Tpivot = |T3| and Tpee = - and we view Rx = 0 as
5
Te
X7

T
1 -1 1 T3

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

oo
)
5
I
coococoo o

SO

0 0 0 2

Method 1: (Compute the null space matrix first and then
the special solutions.) The null space matrix is the appropriate
permutation of rows of

2 -1 1 -1
0 3 -2 1
_F 0.0 0 =2
T =11 0 0 0
e 0 1 0 0
0 0 1 0
0 0 0 1
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So the null space matrix is

2 -1 1 -1
1 0 0 0
0 3 -2 1
0 1 0 0
0 0 1 0
0 0 0 =2

0 0 0 1]

The columns of this matrix are the canonical basis for NS(A),
these are also the special solutions.

Method 2: (Compute the special solutions first and then
the null space matrix.) The special solutions are determined by
the assignments:

Lree =

Ltree

Lfree =

Lree =

LL7]

L7

X2
Xy
Ts

x7]

T2
Ty
Ts

e

T2
Ly
Ts

X2
T4
Ts

:eS

:e4

:el_

262—

1
=

===

= Tpivot =

—coly (F)

—coly(F)

—colz(F)

—coly(F)

Thus the special solutions and a basis for NS(A) are

ial
wﬁpema _

)
(-

o O =

o O

2

) &2

special __

-1

0
3
=1

I

0

e}

0

special __
3 =

-2

1
0

special __
) 4

o O = O

O = O

with a little practice you can read these off without actually
permuting the variables, writing F', etc. The null space matriz is
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the matrix with the n — r special solutions as columns:

—2 -1 1 —1]
1 0 0 0
special | _special | _special | _specia 0 3 —2 1
[wlp lime 1§m3p 1§m4p 1}: 0O 1 0 0
0 0 0 -2
L0 0 0 1 |

Remark. The i*" special solution is the unique solution to

Ax = 0 that you get by setting e to be e'. In other words, it
does not make a difference whether rref(A), A, or any other matrix
B that is row equivalent to A, is used to find the special solutions.

Problem 125 Show that R™ = RS(A) & NS(A), that is
e NS(A)NRS(A) = {0} and
e R" =NS(A) + RS(A).

&

The nullity of A is the dimension of the null space of A and we
have that for A an m x n matrix

nullity(A) + rank(A) =n

alternatively

dim(NS(A)) + dim(RS(A)) = dim(NS(A)) + dim(CS(A)) = n

Problem 126 For the matrices in Example on page 82 and
Problem 79 find the rank, nullity, and canonical bases for each of
RS(A), CS(A), and NS(A).
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The final issue is to find a canonical basis for the fourth
fundamental subspace, the left nullspace, NS(AT).

Method 1: Find rref(A”) and then compute the basis for NS(AT)
as the special solutions to A7x = 0 just as you did for NS(A).

Method 2: For this we must keep track of the matrix leading to
rref(A), this can be done in a manner similar to the way we found
A~1 in the invertible case. Set up

|:Am><n]m><m} M) [RE] )

where R = rref(A) and EA = R, that is E is the product of the
elementary matrices associated to the row operations used in
reducing A to reduced row echelon form.

We are interested in when & A = 07, this shows up here if R has
final rows of 0’s, suppose rank(A) = r < m, then

- o o
Ui v
,,,,ZT 77777777
u T
v
FA= |-~ |A=|Tr | =R
Uri1 o’
"":’j'; ,,,,, T,
| U, | LO* |
The m — r vectors U, 41, ..., U, are a basis for NS(AT).

Fact: These two methods give exactly the same basis for NS(AT).
The argument for this follows after the next example.

Example 4 For

2 1 —1/2
e 1

3 6
A_\‘?’Q 3 1/2‘
1 2 0

Find the bases for each of the four fundamental subspaces found
by Gauss elimination.
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(/21 =310 0 0]

: 36 00100
Aily| = |

[T 823 12100 1 0‘

L1 2 00001
rowg<=rows —6 rowg —1/2 1 —1/2§ 1 00 0-|
TOW3<=row3 —3 rowi
rOw4<Tow4 72row1> 00 3 _6 100

00 2 -3010
100 1 i-=2001
(121 =201 0 00
rowz<rows —2/3rows
rowyg<rowy —1/3rows 00 3 —6 1 00
00 01 —2510
I 00 0 :0 =301
121000 Yo 00]
TOW1<TOW1 +1/GI“OW2\ 00 3—6 1 00
“100 O 1 =2/310
(0000 —1301
[120/0 Y5 00
o (00112 Y5 00| BB
000/ 1 —2s10] "
000/ 0 —1501

CS(A): The pivot columns are columns 1 and 3 so
dim(CS(A)) = 2, moreover, a basis for CS(A) is

HERd
Gty

NS(A): dim(NS(A)) = 3 — dim(CS(A)) = 1 and the basis of

special solutions to Ax = 0 is

CS(AT) = RS(A): dim(RS(A)) = dim(CS(A)) = 2 and a basis is

o
o) 1

NS(AT): dim(NS(AT)) = 4 — dim(CS(AT)) = 2



3 Vector spaces and subspaces
3.4 Fundamental subspaces and general solution to Ax =b 136

12 3 3/2 1
Method 1: Here AT=| 1 6 3 2| and
| 0 e o
{1 0 -1 0
rref(AT) = |0 1 2/3 1/3]. So the special solutions to ATz = 0
{0 0 0 oJ
are
1 0
_i/3 and _(1)/3
0 1

Method 2: The final two rows of E are exactly the two special
solutions just found above.

O

The reason that the two methods for finding a basis for NS(A7) is
as follows: First notice that the first round of elimination, killing
non-zeros below pivots, results in £y PA = U; where U; is in
echelon form. Suppose P is unnecessary, or replace A with PA.
The matrix F; is an m x m lower triangular matrix of the form

,,,,,,,,,,,,,,,,,,,,,,

where L is an r X r lower triangular matrix with 1’s on the
diagonal and B is an (m — r) X r matrix such that

LiOmrer | [A] [ LA

Bl Iy | |4 BA, + 1A,
[ ]
[ Otnryn |

We get here that
BA; + Iy A2 = Om—r)xn
taking transposes gives
ATB" + Al Iy = Ops(m—r)

which can be rewritten as

So the matrix [ ”””””” ] is the matrix of special solutions for

ATx = 0.
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Problem 127 Find the dimension and canonical basis for each of
the four fundamental spaces associated with

[1/2 1 =12 =3/2 —1_|

A - 3 6 0 3 -3
3 3 12 T -1

1 2 0 1 -1
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The four fundamental subspaces of A
Ae My, rank(A)=r

R™ R™

W

NS(AT): =

NS(A) NS(AT)

dim = dim =
n—r m —
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4 Projection operations and least
squares solution to Ax =Db

Begin with the simplest case of projection onto a one dimensional
subspace, that is a line. Let L be a line through the origin in R"”,
i.e., a one dimensional subspace of R", the projection of u into L
is defined as the point p on L so that dist(w, p) is minimal. We
will show that such a point exists presently. Let {a} be a basis for
L, that is L = Span{a}. The point/vector p that we seek is

p = za for some scalar x.

Claim: For u a fixed element of R” and v in L, dist(u, p) is
minimal when v — p is orthogonal to L.

This is intuitively clear as illustrated in the following picture

Y

=
S

u—v <
S

To see this suppose p € L and (v —p) L L, let v € L, then
dist(u, v)* = [[u—v|* = |[(u—p)+(p—)|* = [lu—p|*+|[p—v|* > [[u—p|® = dist(u, p)*

since as (u — p) L (p — v) we have the Pythagorean theorem (see
Problem 17.)

So we seek p = za so that a« (u — za) = 0, but then we can solve

for x,

g _ (a’a)'a"u

rT =
a--a

and so we derive the following computation for p

p= <Z Z) a=[a(a’a) " a"u

This p is the orthogonal projection of w into L and is denoted
proj; (u). Two things to take note of are:

e It does not matter what a € L is used and so we can write
proj,(u) in place of proj; (u).
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e The orthogonal projection function is linear in u, that is,
projz(aiur + asz) = a1 projy (u1) + as proj (us).

proj; (u) is linear so there is a matrix P;, satisfying
proj; (u) = Pru, we can use the formula for projection above to
explicitly write Py, as

Pp =a(a’a)'a”

is a rank one matrix which does not depend on choice of a € L.

Notice the range of Py, that is CS(P.), is the 1 dimensional L,
while the kernel of Py, that is NS(Pp) is n — 1 dimensional.

The part of w orthogonal to p = proj, (u) is
proj; (u) = u — proj; (u). The matrix for this operation is the
rank (n — 1) matrix

PIJ/_d:fPLl:Inxn_PL-

A discussed in the next section, P = I — Py, is also a projection
matrix, now projecting into the (n — 1)-dimensional subspace
NS(PL) with the property that

dist(w, Piu) = min{dist(u, v) |v € NS(P;)}.

This can be illustrated in R® where L' is a plane, in fact if

L = Span { BJ , then L' is the plane 2z — 3y + z = 0, that is
1

[x-l T 2
the set of all |y| such that |y|«|—3| =0, that is,
d ENn
]
-3 1] m =0. So L+ is NS([2 =3 1])
z

rref([2 -3 1]):[1 —3/2 1/2]

so the special solutions for [2 -3 1] x = 0 form the canonical
basis for NS( [2 -3 1]), and hence, the canonical basis for
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NS([2 =3 1])is

32] [—1/
B={{1],] 0
0 1

and so the plane 2x — 3y + 2z = 0 is spanned by B.

z

LL
|
Problem 128 Let a = { 2 | and let L = Span{a}, find the
—2
_Q'I
matrices P, and Pj-. Find proj, (b) and proj; (b) for b = {_3J
0

and find the canonical basis for Lt from a7.

All of the above we now generalize to projections into higher
dimensional subspaces.

4.1 Projections along a subspace into a
subspace

Projection along a subspace W C R" onto a subspace U C R" was
introduced in Problem89) . Briefly recall the setup: R" = U & W,
this means U + W =R" and U N W = {0}. The function

projyp : R" — U was defined by

prijU(iﬂ) =u & £ =u+ w for some w

This function is linear and hence is given by a matrix P, that is,
projy () = Px. The projection satisfies projy, () € U and
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hence projy,y (pTOJW,U(m>) = projy,y () so

(PW,U>2 xr = PW,UPW,Um = PW7UCU .

Some additional properties of this projection matrix are:
L] CS(PWU) = U and
o NS(Pwy)=W.

Any n x n matrix satisfying P2 = P is called a projection matriz.
The reason for this is explained in the next problem.

Problem 129 Let P € M, be a projection matrix. Show that if
U = CS(P) and W = NS(P), then

(a) R*=U@@ W, that is R" =U + W and U NW = {0}.

(b) P is the matrix for projy .

(c) I — P is a projection matrix and is the matrix for projy, ;.
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The picture here is: P is a projection, W = NS(P), and
U = CS(P):

RtP=UpW
a = PWUCB
2
U ":;.oa: =a-+b
o
0
b= PU7Ww
w

Given that R" = U & W and bases By = {uy,...,u,}, for U, and
Bw = {w1,...,wu_n)}, for W. Let A be the n x n matrix whose
columns are the vectors of B = By U By,. A is invertible, since B is
a basis for R". Let € R™ and let

ey

al | %

bl = | b
| b—r) |

be the unique solution to Ay = x, so

a

41
b—Aw

Now A = [ Ay {Aw | and
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x=AA"'x = [AU AW} _ab = Aya + Awb. Noting that

a = {Ir Orx(n—r)} Ailw b= {O(n—r)x(r) I(n—r) Ailw
We get

€r = AUG+Awb

Al D O | i O O |y
Om—r)x(r) i On—r)x (n—r) Om—ryx(r)i L(n—r)
= PW7UJI + PUJ/VZB
So we get
I Ir Or n—r
Pwy = A X()1 Al

PU,W = A """’""""’"i ”””””””” A_l - I — PW,U

Problem 130 Find Py and Py for
HEN HEH

U = Span FJ , F‘ and W = Span F‘ , r‘

1 0 1 1

1

)

Find the projection of b = along W into U.

-2
1
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4.1.1 Orthogonal Projections

The two subspaces U and W, in R", are called orthogonal ift
uw=_0forallueUand we W. U and W are orthogonal
complements iff U and W are orthogonal and U + W = R".

Problem 131 (a) Are two planes in R?® ever orthogonal?
(b) Are two planes in R* ever orthogonal?

(c) What is the orthogonal complement of a plane in R3? In R*?

Suppose W is a subspace of R” and W @ W+ = R"”, define
projy, = projyLy  and projﬁ, = Projy L = Projy L
The matrices in this case are Py and Py = Pyr.
In such a case we have that for any x,y € R”
projy (y) L projiy () = @ — projyy (x)
so if Py is the matrix for projy,, then

(I — Pw)x«Pyy=9y"PL(I — Py)x =y " PLx —y" P Pyx=0
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So y" Plx = y" (P}, Py)x for all ,y and hence P}, = P}, Py.
So Py symmetric. The same argument shows Py, is Hermitian in
the complex case.

There is a nice converse to this: Call a n X n matrix an orthogonal
projection matrix iff

e PPx = Px
e P is symmetric (Hermitian.)

Problem 132 Prove that if P is an orthogonal projection matrix
and U = CS(P) and W = NS(P), then W = U*, so P is the

matrix of the orthogonal projection projy;.

Define the distance between a point v and a subspace U as
dist(v,U) = min{dist(v,u) |u € U}.

If ¥ = Pv where P is an orthogonal projection matrix, then for
any other uw € U we have

dist(v, u)* = v —ul* = [|(v - 9) + (o — w)||*
(v — )| +||(® —w)||* (Pythagorean Theorem)
|

> ||(v — 9)|]* = dist(v, 9)?

The Pythagorean Theorem applies since v — v L v — u.
So dist(v,v) < dist(v, u) and thus
dist(v, U) = dist(v, Pv).
Notice dist(v,U) is always > 0 for v ¢ U, this was not clear from
the initial definition.

As a result we have
proj;;(v) = the point in U closest to v.

Now we address finding Py and hence proj;(v). The following
problem is just Problem 114. The problem is repeated here in
slightly different language.

Problem 133 Given an m x n matrix A with rank(A) = r show
that the n x n matrix AT A has rank(ATA) = r. Hint: Show
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NS(A) = NS(ATA). Use ATAz =0 = T AT Az = 0 and interpret
as the dot product.

&

It follows from the preceding that if A has n linearly independent
columns, then AT A is invertible.

Given a basis {uq,...,u;} for U let A = [’Uq Uk} be the
m x k matrix whose i*" column is just the i*" member of the basis,
then AT A is invertible. We wish to find matrix P so that

o AT(u — Pu) =0 and
e Pu = Ay for some y

so we are looking for
ATu = AT Ay.
Since AT A is invertible we get
y = (ATA) ATy

and

Pu = Ay = A(ATA)" ' AT,
Since this holds for all u,
P=A(ATA)TAT|
Problem 134 Check that P = A(ATA)~' AT is an orthogonal

projection matrix, that is PPz =  and P = P.

Remark This gives a second proof that P = A(ATA)7tAT = Py.
This is because we know P = Pgg(p) so all we need is that

CS(P) = U. Clearly, CS(P) C CS(A) = U and for any v € CS(A),
say v = Au we have

Pv = A(ATA) AT (Au) = A[(ATA) N ATA)|lu = Alu = Au=v
So v € CS(P). O

Problem 135 Find the orthogonal projection of into

=W N =

1

Span

OM'
w o = O
I e R
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We can finally prove that W+ is the a complement of W, that is,
R"=W & W

Problem 136 For W a subspace of R” show that R" = W @ W+,
that is, show that

e WNW*={0} and
e RP =W +WHt

So W and W+ are orthogonal complements.

&

To summarize: Given W = Span({wy, ..., w;}) where the w;’s
are linearly independent, letting A = [wl | wy | -+ | wk]
we have

projy (u) = A(ATA) "t ATu
projiy(u) = u — A(ATA)"' ATy
dist(u, W) = ||u — A(ATA)"* ATy

The picture in this general case can be represented by

UJ_

Problem 137 Find projy, (u), projij (u), and dist(u, W) where
W = Span({(17 27 37 4)7 (_]'7 27 07 1)’ (17 17 _27 2)}) and
u=(-2,21,0).
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4.2 Least Squares solution to Ax = b for A of
full column rank

We look at finding best approximate solutions for m linear
equations in n < m unknowns, Ax = b for A € M,,,,. Typically
there is no solution in this case.

If the system Ax = b fails to have a solution, one can still look for
the best approrimate solution, namely that @ so that dist(Ax, b) is
minimized. This just amounts to finding a point in CS(A) so that
dist(b, CS(A)) is minimized.

In the case that A has full column rank we have b = Projcs(a)(b),

and we look for those & such that A% = b. Since the columns of A
are linearly independent, & is unique and we have

Ad — A(ATA)"ATh
multiplying by A7 on both sides gives
(ATA)z = ATb (%)
since AT A is invertible we get

& = (ATA)1ATb (%)

This @ is called the least squares solution to Ax = b, this is the
unique & that minimizes dist(A®, b) = ||Ax — b||. This is the least
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. e o 2
squares solution because you are minimizing \/ Sk ((Aa:)l — bi> ,
2

which is equivalent to minimizing Zle((A:&)i — bi) :
Recall this very same matrix was used back on page 119 to solve
Ax = b in the case that A had linearly independent columns and
b was in the column space of A

RTL
Pog(a)b = Az o L 5
R ) Find & that minimizes ||AZ — b||.
CS(A)
L
0
NS(AT)

Problem 138 Find the least squares solution to

12 1
3 —1 5
2 4 €T 4
(@) 19 1 M ~ |3
7 4 1
5 6 9]

Hint: Recall all you need to do is solve AT Ax = ATb, as
long as the columns of A are linearly independent you will
get a unique solution .

1 2 27 117
3 -1 1| 5
2 4 4 4
™l 1 0 Z |3
7 4 6 1
5 6 —1] 2]

4.3 Fitting polynomials to data

Fitting polynomials, e.g., lines, parabolas, etc. to data is a typical
application of least squares solutions. Suppose we want to find a
line that “best fits” some data (x;,y;) for i =1,..., N. We look for
a,b so that y; = ax; + b, of course there is no reason such a line
should exist so we look for the line that minimizes, the total error,
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i.e., the sum of all of the errors e; = |y; — (az; + b)|. It turns out
that minimizing the sum of the squares of these errors an easier
question. Rephraing the question as a matrix equation we arte
trying to solve

1 901-| [yl]

L

This need not have a solution, but we can find the least squares
solution by solving:

b
a

ATA

| =y )

This will minimize the error

HA m - yH = <§:((b+ az;) — yi)2> v _ <§; 612) /2

i=1
(least squares error)

Problem 139 Write out (x) to get the typical formulation of the
regresion line from statistics:

1 1 1|0 22 6] [1 1 1] |¥2
T1 Ty TN Sl lal o we TN
{ N Zi]il xz} b} _ { ZfL Yi }
L Y7l a Y Ty

now solve for a and b.

Problem 140 Consider the data

D ={(1.73,1.12), (2.64, 0.69), (3.59,0.95), (4.44, 1.40), (5.18,2.29),
(6.56,4.00), (7.99,5.37), (8.19, 6.38), (9.90, 8.14), (10.12,9.74)}

(a) Find the straight line that best fits the data. Sketch the line.
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T T S

A PRI BNV VAU S SIS SIS SIS S S
i 2 3 4 5 6 7T 8 9 10 11

(b) Generalize the above method to find the quadratic that best
fits the data. Sketch the quadratic approximation on the
same graph you used in (a).
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(¢) Which approximation fits the data best? (Which has least
sum of squares error?)

4.4 Gramm-Schmidt, orthonormal bases, QR
decomposition

A set of vectors B = {vy,...,v;} is orthogonal iff v; L v; for i # j
(and v; # 0 for all 7).

Problem 141 Let B = {vy,..., v} be an orthogonal set of
vectors. show

(a) If v = %, oyv; € Span B, then
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(b) B is linearly independent.

Problem 142 Show that it B = {u,,...,us} is an orthogonal
basis for U, a subspace of R", then

proj;(u) = Z proj,. (u)

I
(]
~

S

S

~—
&
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&

A useful and obvious fact is that if U and W are orthogonal
subspaces of R" with By and By, orthogonal bases for U and W
respectively, then By U By, is an orthogonal basis for U & W.

A set of vectors is orthonormal if it is orthogonal and each vector
is of unit length. A matrix A is orthogonal provided the columns
of A are an orthonormal set of vectors.!¢

Problem 143 Show that the following are equivalent for an m x n
orthogonal matrix. (Note A is of full column rank so m > n.)

(1) A is orthogonal.

(2) ATA=1,.

(3) (Az)-(Ay) =z -y.

(4) ||Az|| = ||=|| so A : R® — R™ preserves lengths.
(5)

5) dist(Ax,, Axe) = dist(xy, x2) so A : R” — R™ preserves
distances.

16There is no particular reason for not having two distinct notions, that of
an orthogonal matrix and that of an orthonormal matrix, this is just a matter
of history.
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&

If in the previous problem A is square, then A is called unitary
and we can add to the list of equivalences AT = A~1.

Problem 144 Let B = {u,,...,u;} be an orthonormal set of
vectors in R™. Show

(a) For any uw € Span B, u = Y% (u « u;)u;.

follows that & = Aa so we have

AATx = x for all x € CS(A)
AT Aa = a for all a € R”
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Suppose we are given a linear independent set of vectors
U ={uy, -+ ,ux} and want to convert this into an orthonormal Q
with Span/ = Span Q. A method to do this is Gramm-Schmidt

Step 1 (“The hard part.”) First find an orthogonal set V with the
same span as U. To do this proceed as follows:

V1 = U

o Uz = Uy . .
Vo = Uy — V1 = Uy — pl"O.]v1 (’U,Q)
V1=V

= Uz — prOjSpan{ul}(UQ) = projépan{ul}(’u@)

U3 =V U3 = V2 . .
V3 = Uz — v — vy = U3 — Proj,, (u3) — proj,, (us)
V1= Vg = V2

= Uus — prOjSpan{ul,ug}(u?)) = prOjé_pan{ul,ug}(U’?ﬁ)

i i
Ujt1 V5 .
Vit1 = WUiq1 — E (vv Vj = Uip1 — E pl"Oij(Uz'H)
j=1 J % j=1

o . _ -1l
= Uit+1 — prOJSpan{ul,...,ui}(u’iJrl) - prOJSpan{ul,...,ui}(ui+1>

Letting

we have

Vi1 = [] — A1<A,LTAZ)_1A?]’U,Z+1

That {vy,...,v;} is orthogonal and
Span{uy,...,u;} = Span{vy,...,v;} is evident.
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v.
Step 2: Let ¢, = ——.
[[vi]
For one reason or another, it seems Q = {qy, ..., qx} is often used

to denote an orthonormal set of vectors, the associated orthogonal
matrix is () = [Q1§"' §Qk].

Once we have Q notice that since u; € Span{qy, ..., q;} we have
(see also Problem 144)

-
q; u;
T
q5 u;

coli(A) = u; = QQTu; = Q qlT’U»z = Qcol;(QTA)
0

L O -
so A=Q(QTA) and R = QT A is the k x k upper triangular
matrix with } )
qlTuz-
q§ u;

COli(R) = qiT u;
0

0

R has non-zero entries on the diagonal so R is invertible.

‘A = QR is a QR decomposition ‘

Problem 145 Use Gramm-Schmidt to find an orthonormal basis
for CS(A) and then find the associated () R-decomposition for A.

_[1 0 1-|
0asly 2
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—_ 0 O =
O = = = O
_— o = O O

_—
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Given the QR decomposition of A € M,,, (m > n) the least
squares problem

ATAz = A"b
becomes
RTQTQR# = RTI,Rz = RTR& = RTQ"b

which gives the least squares solution to Ax = b to be @ such that:

Rz =Q"b

since R, and hence R”, is invertible. This last equation is
particularly easy to solve by substitution since R is upper
triangular.

Problem 146 For the matrix in part (b) of Problem 145 check
that Ax = b has no solution and then find the least squares
1

=
solution to Az = b by solving RZ = QTbforb= | 1 |. In

—1

1

addition, find the least squares error, || Az — b||.
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5 Linear mappings and inner product
spaces

For V and W vector spaces amap L : V — W is linear iff L
preserves linear compositions, that is,

L{ayvy + - + agvg) = an L(vy) + -+ - + g L(vg)
To check that L is linear it suffices to check that L preserves scalar
multiplication and vector addition, that is,
o L(aw) = aL(v)
e and L(v, + vy) = L(vy) + L(vs).

The generic example of a linear mapping is given by matrix
multiplication, when A is an m x n matrix, then L, : R® — R™
defined by La(x) = Az is a linear mapping since matrix
multiplication is linear, that is, A(ax + fy) = a(Az) + S(Ay).

Problem 147 Let L:V — W be linear prove the following:

(a) Ker(L) ={v|L(v) = 0} is a subspace of V. (This is the
analogue of NS(A).)

(b) Img(L) = {L(v)|v € V} is a subspace of W. (This is
analogous to CS(A).)

Problem 148 Define P : V — V to be a projection iff P? = P,
that is P(P(v)) = P(v). Let N = Ker(L) and let U = Img(L).
Show that U @ Ker(N) = V. (Hint: v = P(v) + (id —P)(v))
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&

In general given V =V, & V5 and v € V there are unique v; € V;
and vy € V. Define Py, v, (v) = vy and Py, v, (v) = v;. These two
maps are linear and satisfy

P‘%va = PV17V2 Img<PV1,V2) == ‘/2 Ker(PV1,V2) = ‘/1
P‘%%Vl = PV27V1 Img(PVQ,Vl) - ‘/1 Ker(PV27V1) = ‘/72

Pyv, =1d=Pyv;, Ppy =1d—Py v,

So abstractly P2 = P characterizes projections and for such a P,
P = PKer(P),Img(P)-

To generalize the notion of orthogonal projection we need to
generalize the notion of adjoint - hence self-adjoint - to linear
operators. This will be done when discussing inner product spaces
below.

The next problem generalizes the fact that
dim(RS(A)) = dim(CS(A)). The point is R" = RS(A) & NS(A) for
A€ M.

Problem 149 Show that if L : V — W and V = U & Ker(L),
then L|y : U — Img(L) is one-to-one and onto. Argue that if B is
a basis for U, then L[B] = {L(v)|v € B} is a basis for Img(L).
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&

The preceding brings up the issue of invariant subspaces. If

L € L(V) is a linear operator on V and U is a subspace of V', then
Ly € LWU)if L:U — U. When this happens call U an invariant
subspace of L. f V =V, & Vo & --- ® V), and each V; is an
invariant subspace of L, then L can be fully understood by what L
does on each of the V;’s.

For example a projection map P : V — V has two invariant
subspaces, namely Img(P) and Ker(P) and V' = Img(P) & Ker(P).
P|Img(p) = id while P|Ker(P) = O|Ker(P) so that

P = id |img(P) ® Olker(p) : Img(P) ® Ker(P) — Img(P) ® Ker(P).
In this way a decomposition of V' into L-invariant subspaces
induces a decomposition of L itself into “simpler” operators on
“simpler” spaces.

This idea is what underlies the study of eigenvalues, eigenvectors,
eigenspaces, and eigendecomposition below.

5.1 The matrix of a transformation

If V and W are vector spaces with By = {vy,...,v,} and

By = {w;,...,w,} bases for V and W respectively and

L :V — W is linear, then L is completely determined by how L
moves the basis elements from By, .

Problem 150 Verify the last claim.

&

Write L(v;) as its, unique, linear combination of elements of By,
(43

so L(v;) = 3", a;;w; where L(v))p, = { : | . For v € V| say

CLmj
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]

vp, = | |, we have:
Qp

- 2 <z:1 ajal]) wz
— i {L(M)Bw L(v2)gy, |- iL('Un)BW} : w,
- (A<UBV))BW
where
A=[Llpy 5, = | Lv)s, Lva)s, |- L(vn)s, |
So

Written another way this is
L(U)Bw = [L]Bwﬁvvﬁv

Here [L]g,, 5, is the matrix that takes a By component
representation for v € V' and outputs a By, component
representation for L(v) € W.

Remark If L : R" — R™ and the standard bases, £ and £™, are
used on both sides, then [L]|gn gm is just denoted [L].

In particular, if A is an m x n matrix and L4 : R™ — R™ is, as
usual, given by La(x) = Az, then [L4] = A. This is because

Lalenen = [La(eDen - | La(ellen ] = [(Aef)en |- |(Aeh)en ]
= [COll(A)Sm e ool (A)gm }
= [coly(A)}-++ icol,(4)] = A.

O

In this context a change of basis matrix on R", changing from B
coordinates to C coordinates is [id|g¢. some things to note are

e The change of basis from B = {vy,...,v,} coordinates to
standard coordinates is

e = [ore1++ fvne] = [w11+++ ] = B
As before the matrix B associated to a basis B is just the

matrix whose columns are the vectors of B written in terms
of the standard coordinates.
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e The change of basis from standard to B is
lid]s.e = | (e1)s! (ef)s! + (en)s | = (idles) ™ = B

e The change of basis from B to C can be obtained by going
from B to standard and then from standard to C so

lidle,s = [id]eelid]es = ([id]ee) ' idles = C™'B

The set of all linear maps from V to W is denoted £(V, W) and is
itself a vector space, essentially the same as M,,, if dim(V) =n
and dim(W) = m. An important special case is when V = W,
that is when L : V — V is linear. In this case call L a linear
operator on V. The vector space of all linear operators is denoted

L(V). For B a basis for V and L € L(V) write [L]g for [L]gz.
Problem 151 Let L : R? — R3 be the linear mapping projecting

i)

1
points in R? to the closest point in W = Span [{ { 0 } ,

o (3
1

find the following:
(a) [L]s.
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Two square matrices A and B are similar iff there is an invertible
matrix P so that A = PBP~L.

Problem 152 Show that n X n matrices A and B are similar iff
there is a choice of basis D for R” so that

[Lalp =B

So two matrices are similar if they both represent the same linear
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transformation with respect to an appropriate choice of basis.

&

Problem 153 Let ¢ = (¢, ...,¢,) with ¢; # ¢; for i # j. Let

pia)= [I &2

(a) Show that B¢ = {pf(z)|i=1,...,n} is a basis for P,_4|x].

)
(b) Given an arbitrary ¢(z) in P,_i[x] show that gz = [q(@)‘ :
q(cn)
That is q(x) = 37, q(ci)pf (2).

(c) For ¢ = (1,2,3,4) find the basis B¢ for P3[z].
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(d) Find gge where ¢(1) =1, ¢(2) =3, ¢(3) = —4, and ¢(4) =0
and then find ¢ = (gg-)"".

(e) Find the change of bases matrices from B¢ to the standard
basis for P3[z| and from the standard basis back to B°.
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_ . Rd
— ML 2
(f) For d = (0,1,2) find the basis B* for Py[z]
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(g) Find [£]ga ge where £ : Py[a] — Psz] is just differentiation.

T
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Problem 154 The operation - : Ms3 — Msq is linear, find the
matrix for this transformation wrt the standard basis for Ms3, so
1 (i,j) =(rs)

0 otherwise
Take this basis to be ordered lexicographically, i.e.,

&= {E11,E12, Eis, Eay, ..o E327E33} S0 (En)s = 6?, (Elz)e = 627
etc.

E;; is the 3 x 3 matrix satisfying E;;(rs) =

&

Problem 155 Show that if L : V' — W is linear and invertible,
i.e., one-to-one and onto, then the inverse L' : W — V is linear.
(Give a proof that works even when V', and hence W, are infinite
dimensional.)

&

Problem 156 What can you say about the form of [L]g if
V=VieVed- &V, where each V; is an L-invariant subspace
of V,and B= By UByU---U B, where B; is a basis for Vj.
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&

Problem 157 What property would a basis B = {uq, ..., u;} for
V' (of dimension k) have to have so that [L]p is upper triangular,
where L : V — V7?7

5.2 Inner product spaces
For an arbitrary vector space V over the field F, (:|-) : V xV — F
is an inner product iff
(i) (:|-) is linear in the left coordinate, i.e.,
(av + fu|w) = a(v|w) + f{u|w).
(ii) (:|-) is conjugate symmetric, that is,

(ulv) = (v]u)"
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(iii) (-]-) is positive,

(ulu) e R =1[0,00) (ulu)=0<u=0

It follows that (:|-) is right conjugate linear:
(ulov + fw) = a*(u|v) + (" (u|w)

This is a simple calculation:

From here on the notation (-|-) will be interpreted by context, by
default it means the standard inner product (u|v) = v*u unless
the context suggests otherwise. If two inner products are required
at the same time, then additional notation will be used like (-|-),
and (-]),.

The positive definiteness of an inner product (-|-) allows length or
magnitude to be defined with respect to this inner product,

namely,
[ull = (ulw).

One of the most important facts about an inner product is the
Cauchy-Schwartz inequality:

[(ulv)| < [lul|lv]

Problem 158 Prove the Cauchy-Schwartz inequality by first
verifying it for unit vectors, w and v and then generalizing.

Hint: Compute (u — Av|u — Av) for an arbitrary A and then
choose A wisely. (See Problem 22).
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Cauchy-Schwartz implies the triangle inequality

[+ vl < JJufl + ]

Problem 159 Prove the triangle inequality.
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The distance between two points in an inner product space

(V,(:|-)) is defined as dist(u,v) = ||u — v||.

Problem 160 Verify that dist : V' x V' — [0, 00) satisfies
(i) dist(u,v) > 0 and dist(u,v) =0 iff u = v.
(i) dist(w,v) = dist(v, u).

(iii) (Triangle inequality) dist(u,v) < dist(w, w) + dist(w, v).

&

Cauchy-Schwarz also allows the following definition of the angle

between two vectors:
u\v
O v L arccos (m)

[l flv]

The magnitude and angle between vectors determined by an
arbitrary inner product will differ from the standard inner product
and this leads to different “geometries”.
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As expected, if (V, (-|-)) is an arbitrary inner product space, u and
v are called orthogonal if (u|v) = 0.

Problem 161 Verify the Pythagorean Theorem in an arbitrary
inner product space (V, (-|-)). Show that
(ulv) = 0= flu+ol* = [[uf* + [lv]*.

&

For V finite dimensional the Gramm-Schmidt procedure provides
a method for converting any basis into an orthogonal or
orthonormal basis. So if W is a subspace of V' with basis

B ={w,...,ws}, then we may convert B into an orthonormal
basis B’ = {qi,...,qs} and given w € W we have

w = Z(’w|q@'>(h,
i=1
[<w|€h>-|
w

that is, wg = < |'q2> .
(wlgs)
This is because if w = "7 | a;q;, then
(i1 auqlgy) = Xois; ailqilgy) = aj so a; = (w)qy)
Similarly, given any v € V, define

S

projy (v) = > (v[q;)q;

i=1

projiy (v) = v — projy, (v)
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As before projj;; (v) L W, for let w = Y5, aiq; € W, then

ilaqu'> = <v iai%> — Z v|q;) <qz Zoz]qj>
=i (vla) - 3 (vla) > oj(ala)

=1

<v _ S wlgda

i=1
=1
s

= Za vlgi) — Y (v]gi)a; =0

=1

We may now use Pythagorean Theorem as before to see that
P = projy, (v) is the unique element of W that minimizes
dist(p,v). For let w € W be distinct from p, then

dist(w,'v)2 = [Jw — 'v||2
= [(w—p)+ (p—0)|
— Jlw—pl? + lp — o]}
> ||p — v|* = dist(p, v)”

This shows p is the unique point in W minimizing dist(p, v).

Problem 162 Show that V = W @ W+ for any finite dimensional
inner product space (V, (-|-)).

&
Problem 163 Let L € £(V, W) with V finite dimensional. Show
that dim(Ker(L)!) = dim(Img(L)). Again this is analogous to
dim(RS(A)) = dim(CS(A)).)

&

The next exercise gives what a large number of examples of
“non-standard” inner products on C". Later, see Problem 167, it is
shown that all non-standard inner products are generated this way.

Problem 164 Given any positive Hermitian matrix A, i.e.,
A*= A and " Az > 0 for all  # 0, y*Ax = (x|y) , is an inner
product on C".
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&

For example if w; € R and w; > 0 for i = 1,...,n, then

(ulv),, = > wivfu, is the weighted inner product with weight w.
This is an example of the preceding by taking

A = diag(wy, ..., w,), the n X n matrix with

A= I

0 otherwise

Problem 165 Consider the weighted inner product on R? given
by (u|v),, = wiviu; + wavaus. Describe geometrically the unit
circle under this inner product, that is, what shape is

{u|[lu] =1} where [|ul]® = (u|u),,

&

Problem 166 Let [ : F" — FF be linear, show that there is a
unique z; € F” so that I(z) = z/*x.
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Problem 167 Let (-|-) be any inner product on F”, the
interesting case being something other than the standard inner
product, then there is a positive Hermitian matrix A such that

(x|y) = y*Ax.

&

Problem 168 Show that for every inner product (-|-) on F" there
is a one-to-one and onto linear K : F" — F" so that

(u|lv) = (Kv)*(Ku). So K transforms the standard inner product
into the given inner product.
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&

The preceding problems demonstrate the possibilities of inner
products on F", the following now demonstrates the generality of
the concept.

The “next” vector spaces to consider after " are M,,,(F), viewing
each m X n matrix as a vector in """ we get the induced inner
product and corresponding norm, called the Frobenious norm, the
following characterizes this in a slightly different fashion.

Problem 169 Define (A|B) = tr(B*A) on M,,,(F).

(a) Show this is an inner product.

(b) Compute ||A|| for A = {

(c) Compute cos(f4 p) for A asin (b) and B = {_

N DO
o W
| S

1
0
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(d) Find A, B" so that Span(A, B) = Span(A, B’) and the set
{A’, B'} is orthonormal.

(e) Show that the norm induced by this inner product is the
Frobenius norm.

Problem 170 Let V = C([0,1],R) be the vector space of all
continuous functions f : [0, 1] — R. Define

(flo)= [ fodr

(a) Show that this is an inner product.
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(b) Determine ||2 + z — z?||.

(c) Determine (2 + z — |1 + x).

(d) Determine cos(f) where 6 is the angle between 2 + z — x?
and 1+ z.

(e) Determine dist(2 +x — 22,1 + z).
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(f) Find an orthonormal basis for W = Span(2 + z — 22,1 + z).

(g) Find the orthogonal projection of 1 — z in W.

Problem 171 Consider C([—m, 7], R). Show that

fn = ﬁ cos(nx), for n > 0 an integer, and g,, = ﬁ sin(mx) for m
an integer > 0 are all mutually orthonormal. That is (f,|g.,) =0

for all n and m # 0, (f,|fm) = 0 for all m # n, (f,|fm) = 0 for all
m #n with m # 0 # n, and (f,|fn) = (gulgn) = 1. 17

Let

an(f) = 71r j f(z) cos(nz) dx for n > 0 and
by(f) = 1 /_7; f(z)sin(nz) dz for n > 0,

m
then for f € C([—m,7],R) (this is non-trivial)

F£) = S U1l ful@) dz + S (Flgadgn() di

=0 n=1

ao(f) + i_o:l a,(f) cos(nz) + i by, () sin(nx)

n=1

3

DN | —

17A generalization of this would be to consider C([—, 7], C) and take f,,(z) =

e = cos(nz) + isin(nz) for all integers n.
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5.2.1 Dual space and adjoints

The adjoint of a linear function can be generalized given that for
any subspace W of an inner product space V', V can be
decomposed as V = W @ W+, see Problem 162 for finite
dimensional V. For any linear L : V' — W, where V and W are
inner product spaces with inner products (-|-),, and (|-)y;,, there is
a unique linear L* : W — V satistying

(L(v)[w)y, = (| L7 (w))y-

This leads a generalization of the orthogonal projection operator
and the consequent least squares solutions to L(v) = b, namely
the orthogonal projection map is P = L(L*L)~'L*. Other
consequences of the existence of an adjoint follow as well.

Finally the picture of the four fundamental subspaces associated
to a linear operator emerges exactly as we had for matrices.

We can generalize Problem 166. One generalization would be:

Let (-|-) be an arbitrary inner product on F" and let [ : F* — FF be
linear. Then there is unique z; € F" so that [(x) = (x|z).

More generally we have:

The dual space to a vector space V' is the space L(V,F) of linear
functions into . This space is denoted V* and typically objects in
V* are denoted v*.

Problem 172 Show that if (V; (-|-)) is an inner product space,
then for any v* € V*, there is a unique y,~ so that for all v € V,
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v*(v) = (V|yy+). Moreover show that, the map v* — y,~ is a
conjugate linear one-to-one and onto map.

Hint: If v* = Oy-, then take yy- = Oy. Else, take w € Ker(v*)+1!8,
notice that for all uw € V:

v (u)w — v (w)u € Ker(v")
So

(v (w)w — v (w)ulw) = v*(u)(ww) —v*(w)(ulw) =0

&

The following is the generalization of adjoint to arbitrary inner
product spaces:

Problem 173 Show that for (V, (-|-),,) and (W, (-|-);;,) be inner
product spaces and L € L(V,W). There is a unique L* € L(W,V)
so that (L(v)|w)y, = (v|L*(w)),-

18What follows depends on V = Ker(v*)t @ Ker(v*) and that
dim(Ker(v*)+) = dim(Img(v*)) = 1. These follow from Problem 162 under
the additional assumption that V' is finite dimensional. In the general case one
needs some additional assumptions to know that V = Ker(L)* @ Ker(L).
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&

Problem 174 Let V, W, L, and L* be as in Problem 173. Show
that Tmg(L*) = Ker(L)*. (This is like CS(A*) = NS(A)*, notice
that for A € M,,,(C) this is the correct equation since

row;(A)x = col;(A*)*x = (x|col;(A*)). For A with complex
entries, RS(A) # CS(A*), rather RS(A)* = CS(A*) under the
obvious definition.)

&

Problem 175 Let V, W, L, and L* be as in Problem 173. Show
that L** = L, (LS)* = S*L*, and (L*)"' = (L™')* when L is

invertible.
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&

Problem 176 Let V, W, L, and L* be as in Problem 173. Show
that if L is one-to-one, then L*L is invertible.

&

Problem 177 Let V', W, L, and L* be as in Problem 173. Show
that if L is one-to-one, then L(L*L)~'L* = P is the orthogonal
projection function onto Img(L).
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&

Finally, the picture of the four fundamental subspaces associated
to a linear function

L:V —>W
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6 Eigenvalues, eigenvectors, and
diagonalization

In this section we decompose the action of a matrix into scalar
multiplication along certain principal axes or eigenspaces. Given a
linear mapping L : V — V a scalar X is an eigenvalue for L iff
L(v) = v for some v # Oy. If X is an eigenvalue for L, and

L(v) = A, then v is an associated eigenvector.

If L is given by a matrix A and V = R", then say \ is an
eigenvalue for A iff Ax = Ax for some non-zero * € R" and call
such an @ an eigenvector associated to .

Problem 178 Let E) = {v|L(v) = A} for ) and eigenvalue of
L. Show that F is an invariant subspace of V.

&

Problem 179 For A an n x n matrix, show that Ey = NS(A) and
consequently, A is singular iff 0 is an eigenvalue of A.
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&

Problem 180 Suppose P is a projection matrix what are the
eigenvalues/eigenspaces of P? Suppose P is an orthogonal
projection matrix what else can you say about the eigenspaces of
P? (We will show below that the eigenspaces for a
symmetric/hermitian matrix are orthogonal.)

&
Problem 181 Let L : R? — R? be reflection about the line y = x.

L is given by the matrix A = ﬁ) (1)} what are the

eigenvalues/eigenspaces?
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&

Problem 182 Let L : R? — R? be rotation counterclockwise
through the angle 6. For what 6 are there real eigenvalues? When
there are real eigenvalues what are the eigenspaces?

&

Problem 183 Show that if \q,..., \; are distinct eigenvalues for
L and v; € E,,, then {vy,..., v} are linearly independent.
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&

The previous problem shows that if Ay,..., As, Asi1,..., Ax are
distinct eigenvalues, then

(Exy®- @ E\)N (B, ® & E,)={0}.

The next exercise follows easily.

Problem 184 Show that if A\{,..., A\, are distinct eigenvalues for
L and B; is a basis for £}, then B = UF_, B; is linearly
independent.
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&

Define the geometric multiplicity of the eigenvalue X to be
dim(FEy). If Ay, ..., A\ are distinct eigenvalues of L : V — V where
dim(V') = n, then

Exy @ E\® - D E)y,
has dimension dim £y, + dim F), + --- + dim E),. The linear
operation L, or matrix A, is said to be diagonalizable if the sum of

the geometric multiplicities of the eigenvalues is equal to dim(V).
This is equivalent to V' having a basis of eigenvectors.

If vy,---v, is a basis of eigenvectors for L : R® — R" with

corresponding eigenvalues Ay,..., A, let
{/\1 0 --- 0 ]
0 X --- 0
0 0 - M\,

S is called the eigenvector matrix and the diagonal matrix A is
called the eigenvalue matrix. We clearly have

[/\1 0 0]
0 Ao 0

- [Ul """ v”} [: : ) ST SA
0 0 - \,

Since the columns of S are independent S~! exists and
A= SAS™!

This decomposition is called a diagonalization of A.
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Problem 185 Show that is B = {uy,...,u,} is a basis of
eigenvalues with L(wu;) = \;u;, then

s 1

A2
[L]p = diag(A1, ..., \n) = [ ‘
An

so [L] = B[L|gB™! is viewed in terms of a change of basis.

&

Problem 186 Show that if A = SAS™! is a diagonalizaion of A,
then S is a matrix of eigenvectors for A and A is the associated
matrix of eigenvalues.
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2
Problem 187 Given that vy,...,v, is a basis of eigenvectors for
L with associated eigenvalues Ay, ..., \,, express LF(u) given that
U=y ;.

2

There are many useful properties of a diagonalization of A which
we will investigate, one of the most useful is the ease with which
we can take powers a diagonalized matrix.

If A= SAS™!, then A¥ = SA¥S~! where A* is easy to compute
since (Ak)zj = (Az])k

Problem 188 Show that if X is an eigenvalue of L and v an



6 Eigenvalues, eigenvectors, and diagonalization 201

associated eigenvector, then \* is an eigenvalue for L¥ and v is an
eigenvector for L¥ associated to \*.

&

Problem 189 This is important in studying dynamical systems
for example if initially 30% of people use brand X, 25% brand Y,

3
and 45% brand Z is expressed by ug = |.25| and at time t + 1 we
{.45J
have
2 3 .5
(T e 6 1 4 Uy
{.2 .6 .1J

then 20% of brand X stay with brand X, 60% of brand X users
switch to brand Y, and 20% of brand X users switch to brand Z,
etc. The question is: “What is the eventual distribution of users?”
That is what is lim;_,. u;?

If there is such a limit, then it should be an eigenvector for 1 and
its entries should sum to 1. show that such a vector exists and find
it. Later we will diagonalize the matrix and find its limit.
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)2
Problem 190 Let L : R3 — R3 be the linear transformation so
that
0
L L L1110

1

dl { Qe

{_62J ] . Find [L] and [L?].

)

compute L°
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Problem 191 Show that every L € L£(V), for V a finite
dimensional vector space over C has an eigenvalue.
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Figure 1: A 2-parallelepiped in R3.

6.1 Determinants and volume

Under Revision!!!

A parallelogram (or 2-parallelepiped) in R™ is determined by 2
non-co-linear vectors v; and vy with the 4 vertices being 0, vy, vo,
and vy + vs:

a parallelepiped (or 3-parallelepiped) in R™ is determined by 3
non-coplanar vectors vy, vy, and v3 and has vertices 0, vy, Vs, V3,
V1 + Vo, V1 + Vo, Uy + v3, and v + vy + V3.

An m-parallelepiped in n-space is determined by m linearly
independent vectors uq, ..., u,, in R". For each subset S of
{1,...,m} there is a vertex Ps at P + Y ;csu;. The
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Figure 2: A 3-parallelepiped in R3

m-parallelepiped determined by w4, ..., u,, will be denoted
P(uq,...,u,,). Formally

P(ula"'aum) < {Zalui

=1

0<a; <1,) a; < 1}.

i=1

Define addition of m-parallelepipeds as follows:

P(“l? Ui, Uy, ’u’i+17 ... 7um) + P(u17 ey Ui, u;ﬁ ui+17 .. ,'U,m)
= P(Ul, cey Ui, W u;aui—i-lv s 7um)

Define a function A : C" x C" — C so that the volume of the

n-parallelepiped P(uq,...,u,) is |A(uq,...,u,)|. This makes sen

n-parallelepiped G3(uy, . . ., u,) will be denoted A(uy,...,u,).
The volume should be the absolute value of the signed volume:

‘A(ul, . ,un)‘ = Vol(uy, ..., u,).
where Vol(uy, ..., u,) is the n-dimensional volume.

The following three properties of A : R” x --- x R" = R
completely determine its value.

(1) (multilearity)

A(uh cee U1, Uy + Bu{i?ui—‘rl? s 7un)
AA( U, . U1, Uy, Wigrs -, Uy)
+ 5A<u17 s 7ui—17’u’;7ui+17 s aun)a

for each 1.

(2) If the u;’s are not linearly independent, then
A(uq,...,u,) = 0 since the parallelepiped would not be
n-dimensional. This is captured simply by

Al ,u...,u,...)=0.
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(3) It is clear that the volume of the unit cube should be 1, that
is,

Vol(ey, es, ..., e,) = 1.

Hence, either A(ey,es,...,e,) =1 or
A(ey,es, ..., e,) = —1, by fiat choose the former. This single
choice “orients” the n-dimensional space in a certain fashion.

Aey,es,...,e,) =1 (2)

To see why A is multilinear let W be the (n — 1)-dimensional
hyperplane determined by wq,...,%;—1, %11, ...,u,. Let n be
normal to the plane and unit length and let comp,,(u) = u+n so
that projij; (u) = comp,, (u)n.

Ay, .o Wi, Wy, Wig, .-, Up)
= A(uy, ..., i1, projip (wi), Wigy, . . ., Uy)
= A(uy,...,uj_1,comp,, (u;) N, Uii1, ..., Uy)
= comp,, (w;)A(Uy, ..., Ui 1, M, Uiy1, ..., Uy)

This together with the fact that comp,, : R — R is linear, i.e.,
comp,, (au; + ful) = acomp,, (u;) + Scomp,, (u;) gives the desired
multilinearity of A.

[lustrated is the case of adding two parallelepipes to form a third

@(wla wy, ’U]g)

P
Py (w], wa, w3)
Py

g}
@(wl + w17 wo, w3)
pig]

w7, Wy, ’lU3> + @(’UJ&, Wy, w3)

The sign of P, and P; are the same and opposite that of P, due to
being on different sides of the plane W = Span{ws,, w3}.

From A(...,u,...,u,...) =0 we get
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that is, swapping, two vectors changes the sign. The proof is a
simple calculation:

Al.ou,. o0, )+ A0, ) = 0.
Just calculate:

Alccouy oo ) +A v, )
=A(..,u,...,v,.. )+ A(L..,u,...,u,... )+
Ao u )+ A0, 0, L)

Al.ou,. .., v+, ) +A(L..,u,..., v+ u,...)
Al...,ut+v,...,v+u,...)=0.

Each step just follows by multilinearity. Similarly,

Auy,...,u,) =0 < uy,...,u, are not linearly independent®.

Claim The properties (1) and (2) completely decide the value of
Aluy, ..., uy). &

First consider two vectors in R?:

In RQ let v = <U11, U12> =v11€1 + V12€9, similarly for Vo.

A(vy, 1) = A(vy1€1 + vigeq, V2)
= v11A(er, va) + v (es, v2)
= v11A(er, va1€1 + Vazes) + v12A (e, va1e1 + vnes)
= v (e, er) + vy 1A (e, €2) + vi2va1 Aes, €1) + viavA(es, es)
= v11021(0) + v11022(1) + V12021 (—1) + v12022(0)

= V11V22 — V12021

Problem 192 Show that

Aluy, ug, uz) = uin A((uge, ugs), (us2, uss)) —

U12A((U21, U23)7 (U31, U33)) + U13A((U21, U22)7 <U317 U32))- This gives
the usual expansion of a 3 x 3 determinant.



6 FEigenvalues, eigenvectors, and diagonalization
6.1 Determinants and volume 208

&

In general, in order to get the usual expansion of determinants one
argues as follows:

n
A(’Ul, e ,’Un) = ZvuA(ei, Vo, ... ,’Un)
i=1

Now using the above properties it follows that
Ale;,vg,...,v,) =
i+1
(—1) A(U2 — V24€4,...,U; — V;i€;,€;,Vj11 — Vi1i€4,...,Un — Uniei)

Viewing the vectors as the rows of a matrix

0 0 - 0 1 0 .. 0
V21 Vg2 =+ V24-1 Va5 V2i4+1 -+ V2n
Al v Viz = Uil Uiy Viigr - Uin | =
Vit+11 Vi+12 - Uigli—-1 Vit1i Uitli+1 " Vitln
L Un1 Un2 Upi-1 Uni Uni+1 Unn i
V21 UVag -+ U2im1 0 waip oo Uy
‘ vit Uiz o U1 00 v 0 Ui
(—1)”1A 0 0 0 1 0 0
Vig11 Vig12 0 Vigrtic1 0 Vig1i41 0 Vigin
L Un1 Un2 Uni—1 0 Uni+1 Unn i

For w in R*™" let uj, € R™ with u},; = ug; for j < i, uj; = 0, and
uy ; = Uy for j > 4. Now define

Aluy, ... upq) = A, ... ul_j,e,ul,...,u)
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It should be clear that A" : (R*1)"~! — R satisfies (1)-(3), thus
A(uy, ..., up—1) = A(uy,...,u,—1) and hence,

A(eiu Vo, ... 7’071) = (_1)Z+1A(U;, . 'Ui)

r e n
where ’U;- is just v; with the i component dropped. This is the
usual cofactor expansion for the determinant along the first row:

rvn

Avy,..., v, Zv“ DAL, .. vt

Given an n x n matrix A, the matrix M,;(A) is the

(n — 1) x (n — 1) matrix which is A with the i*" row and ;'
column deleted. M;;(A) is called the ij™ minor of A. The ij™
cofactor of A is cof;(A) = (—1)*9) det M;;(A). So the formula
above for det(A) becomes:

det A = Z Ali(—l)l—H det Mlz(A)
i=1
We can expand along the i*" row, instead of the first, to get
det A = Z Azk H_k det Mm(A)
k=1

Define the ij™ cofactor of A to be cof;(A) = (—1)" det M;;(A).
Thus the cofactor expansion of the determinant along the i*" row
is

det(A) = zn: Ajj cof i (A)

k=1

Define cof(A) be the n x n matrix of cofactors. A direct
computation shows

Acof(A)" = det(A)] |

and so if det(A) # 0, i.e., A is non-singular,

1

Al =
det(A)

cof (A)T
Problem 193 Prove Acof(A)T = det(A)I. This amounts to
verifying that

(Acof(A)T);; = row;(A)col,(cof (A)T) = row;(A) « row;(cof (A))

_Jdet(A) ifi=j
o if i # j
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&
Problem 194 Show that det(A) for A triangular is [} ; A;.

&

Problem 195 Show that det(AB) = det(A) det(B) for

A, B € M,,,. Split this into two cases, (1) either A is singular or
(2) otherwise. If A is singular, then so is AB and hence both sides
of the equality are 0. In the case that A is non-singular, A can be
written as the product of elementary matrices.

The main issue is to see that det(EFB) = det(E) det(B) for each
elementary matrix E.
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A similar argument shows that det(A4) = det(AT).

Problem 196 Show that det(A) = det(A”). As in the previous
problem use that A is singular iff AT is singular and in this case
det(A) = 0 = det(AT). Otherwise A = E; - - - E}, where the E; are
elementary matrices. Now argue det(E) = det(E") for elementary
matrices and use the previous problem.
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&

This shows that we can expand determinants along rows as well as
columns. Expanding on the 7% column gives

det(A) = zn: Ay cofy;(A).

k=1

Problem 197 Show that det(A) is the £(product of the pivots of
A). Consider A — U where the only elementary row operations
used are R; + aR; — R; and R; <> R; (swap rows.)

&
Problem 198 For A that is non-singular argue det(A™!) = m.
&
Problem 199 Suppose uq,...,u, 1 are linearly independent in
€1 €9 €,
el u
R™ and let X._, u; = det |~ e be a “formal”
””””” Up_1

determinant. Show that X?;ll

H)(;:ll u;|| is the (n — 1)-volume of the (n — 1)-parallelotrope

determined by wq, ..., u, 1.

u; is orthogonal to each u; and that
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&

Problem 200 (a) Suppose L : R* — R? is linear and R is a
bounded region in the plane with area area(R), show that
area(L[R]) = det[L]area(R).
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&

(b) Suppose L : R?* — R3 is linear and S is some solid in R? with
a volume Vol(S). Show that Vol(L[S]) = det[L] Vol(.5).
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[5/3 1/3 1/3 '|

Problem 201 Consider A = |1/3 1l/12 5/12 | and let S be the
s e

unit ball. Find the volume of A[S]. Find the volume of A[S].
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8
<

[yJ =A! \:UJ . The unit sphere is
2

x x
S=91Y Y]] =1
2 z
Notice that A is symmetric. We get an equation for A[S] since
M
A w
i

=1 is equivalent to

u
=[u v w/(A)TAT" v
w

u

:[u v w} A7 v

w

Vo =14 —1/4] [u
:[u v w} {1/4 19/8 13/8} {v}

—1/y —13fg 1953 | |w
1, 1 1 +19 5 13 +19 9
=—U—-uw—-uw+ —v - —vw+ —w =
2 2 2 8 4 8

A is diagonalizable as
[~1 2 0][L 0 0][-1 2 0]*1
A=11 1 1 02 0 1 1 1
{1 1 —1J {0 0 1/2H1 1 —1J
The eigenvalues are orthogonal (since A is symmetric) and A acts

by stretching in the direction of each eigenvector, the result is the
ellipsoid.
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Given an n x n matrix, A, we now have a “simple” check as to
whether A is singular, namely

A is singular iff det(A) = 0.

From this it follows that A is an eigenvalue of A iff A — AI is
singular iff det(A — AI) = 0. The n'" degree polynomial
pa(t) = det(A — 1) is the characteristic polynomial of A and

A is an eigenvalue of A iff A is a root of pa(t)

Problem 202 For each of the given matrices A, compute the
characteristic polynomial, the eigenvalues, and find bases for the
associated eigenspaces. If you need to move to C.

(1) A= [(1) (1)} (reflection about the line x = y.)
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(2) A= B il%} (Notice here that R? fails to have a basis

consisting of eigenvectors.)

(3) A= {(1) _01} (rotation through 90°).



6 FEigenvalues, eigenvectors, and diagonalization
6.1 Determinants and volume 219

Problem 203 Show that if A and B are similar, i.e.,
A= PBP7! then A and B have the same cigenvalues.

&

A polynomial p(t) with real coefficients factors into a product of
powers of the form x — r with r a root and irreducible quadratics
ax® 4 bx + c. For example

pt)=({t—1)t -2t + 33+ 1)(t* +t +1)°

The root 2 is said to have algebraic multiplicity 2 and the root —3
algebraic multiplicity 3.
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Moving to C, the polynomial factors completely, that is, an n'®

degree polynomial p(t) factors as p(t) = cT%, (t — r;)™ where 7;
are distinct complex roots of p(t) with r; having multiplicity m;.
For the example above:

p(t) = (-1t -2t +3)°E*+1)(#* +t+1)°
— (t= 1)t =22+ 3}t — i)t +10) (¢ — (5 —30))" (t — (5 + 24))°

If the polynomial p(t) has real coefficients, then the complex roots
appear in complex conjugate pairs, each being the solution to an
irreducible at? + bt + c.

The algebraic multiplicity of an eigenvalue, A, is the multiplicity of
the root A in pa(t).

For A € M,,,(C) and factoring in C we get pa(t) = [Ty (N — 1)
where A, ..., \, are the eigenvalues where each eigenvalue \ is
repeated according to its algebraic multiplicity. Notice that

pa(t) = ()" + (Z /\i> (=" 4+ T
=1 i=1
= (—t)" + trace(A)(—t)" "' + - - 4 det(A)
= (—t)" + trace(A)(—t)" ' 4+ - - + det(A)
To see this we need to notice that is A\y,..., A\, is a listing of

eigenvalues with repetition, then

trace(A) = trace(A) = > _ \;.

=1

We will verify this for diagonalizable matrices, Jordan canonical
form can be used to generalize this to any matrix A. Suppose
A = SAS™! where S is a matrix of eigenvectors. The key lies in

trace(AB) = trace(BA)

Problem 204 Prove this.
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&

So trace(SAS™!) = trace(S™1(SA)) = trace((SS™HA) =
trace(/A) = trace(A). In fact the problem shows that if A and B
are similar matrices, then trace(A) = trace(B).

Problem 205 Show that for A, B n X n matrices, AB — BA # I.

For A an eigenvalue of A

geometric multiplicity of A < algebraic multiplicity of A

A is diagonalizable precisely when equality holds for each
eigenvalue.

Problem 206 Show that the geometric multiplicity of an
eigenvalue A is < the algebraic multiplicity. Hint: Let vq,..., v
be a basis for F)\, where )\ is an eigenvalue of A. Expand this set
of vectors to a basis B = {vy,..., Vg, Ugy1,...,0,} for V. Consider
A = PBP~! where P = [171 b VR I Uggr i §’Un] is the matrix
which represents the change of basis from B coordinates to
standard basis coordinates. Notice that pa(t) = pgp(t).
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Problem 207 Show that if
BiC
A= 1
{O D}

is a block triangular matrix with each B and E square, then
det(A) = det(B) det(D) and pa(t) = pp(t)pp(t).

&
6.2 Diagonalization of Hermitian Matrices
The adjoint of A satisfies
(Azly) = (z[A"y),
since
(Azly) = y*(Az) = (y"A7 )z = (yA")'z = (x|A"y)
Conversely, if B € M,,,(C) is such that for all  and y
(Azly) = (z|By), (1)

then B = A*.

This gives a characterization of the adjoint of A, as the unique
matrix B satisfying (t).
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This characterization of adjoint is not only useful, but also
generalizes to an arbitrary linear operator on a finite dimensional
inner-product space, namely, if L : V' — V is a linear operator,
then the adjoint of L, L* : V — V| is the unique linear operator
satisfying:

(L(x)|y) = (=|L*(y))

A is self-adjoint (hermitian) iff for all x and y
(Az|y) = (z|Ay)

In terms of operators, L : V — V is self-adjoint iff for all x,y € V,

(L(z)ly) = (x|L(y)).

Problem 208 For V a finite dimensional inner product space and
L € L(V), show that A is an eigenvalue of L iff \* is an eigenvalue
of L*. Generally you can not say too much about the associated
eigenvectors unless L is normal. (See Problem 214.)

Problem 209 Show that if L is self-adjoint, then every
eigenvalue is real.
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&

As a consequence we have that if A € M,,,(F) is hermitian, then
the eigenvalues of A are real. Next we see that if A is a hermitian
n X n matrix, then F” has an orthogonal basis of eigenvectors.

Show by induction on n that if A is a hermitian n x n matrix,
then A has an orthonormal basis of eigenvectors.

Let A\ be an eigenvalue of A and let u be an eigenvector. Let
U = Span{u}. Notice that for v € U+,

(Avlu) = (v[Au) = (v| u) = Av|u) =0,
so Av € U*. In other words, U™ is A-invariant.

Consider the linear function B : U+ — U~ given by Bv = Av.
Notice that B remains self adjoint since

(Bujw) = (Av|w) = (v]Aw) = (v] Bw)

Since dim(U+) = n — 1 we know by induction that U+ has an
orthogonal basis of B-eigenvectors which are clearly also A
eigenvectors.

Recall that a matrix U is unitary if UU* = I so that U~! = U*
(see Problem 143).

Putting these together we get the Spectral Decomposition:

For A a symmetric n X n matrix, there is a unitary
matrix U and a diagonal matrix A such that

A=UANU"

If the unitary matrix is the orthogonal matrix of eigenvectors say
U= [’Uq e §Un] where u; is an eigenvector for \;, then the
above decomposition gives the following which is also refered to as
a spectral decomposition of A:

n
i=1

So

n

Az =" N(uu] )z = > \;iproj, (z) =Y Pz

=1 =1 =1
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where F" = E; & - - - @ E) is the decomposition of F" into
eigenspaces associated to distinct eigenvalues.

This last form of the Spectral decomposition can be written as

n

k

=1

Problem 210 Find the spectral decomposition for A and A? for
H
: 1 : .
each of the following. Let b = [1‘ , write down b as the sum of its
1
projections into the eigenspaces and write down the distance of b
from each eigenspace.

|'4/9 4/9 1/3 2/9'|

e s 0
(1) A= [1/3 0 11 1/3‘

29 —4fg 13 4o
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[17/9 —2/9  —2/9 O'I
(2) A= [2/9 /g —4/g 0‘

—2fg —4fy /g ()
0 0 0 2
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Problem 211 Assume A and B are diagonalizable, give an
example and explain what the problem is with:

If v is an eigenvalue of A and f3 is an eigenvalue
for B, then af is an eigenvalue for AB

If « is an eigenvalue of A and ( is an eigenvalue
for B, then a + [ is an eigenvalue for A + B
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&

Problem 212 Show that if A and B are diagonalizable, then the
following are equivalent:

e AB = BA (the matrices commute)

e A and B have a common basis of eigenvectors. (A and B do
not have the same eigenvalues.) The fact that A and B share
a common basis of eigenvectors can be stated as
A=SA,S"t and B = SAgS!, that is, they share a
common eigenvector matrix. In such a case A and B are
simultaneously diagonalizable.

In the case that A and B commute, and E{! N EL # {0}, then AN
is an eigenvalue for AB.

&

A linear operator T' € £(V), or equivalently matrix A in M,,,(F),
is normal ift TT* =T*T.

Problem 213 T': V — V is normal iff ||Tz| = ||T*x|| for all
rel.
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&

Problem 214 For T' € L(V) show that if T7T* = T*T, then

ET = EI7, that is Tv = M > T*v = \*v. So not only do T and
T these have the same eigenvectors they have the same
eigenspaces.

&

Next we see that the following are equivalent for T € L(V') for V a
vector space over C.

e 7' is unitarily diagonalizable.

e 7' is normal.

If T is diagonalizable, then [T'] = UAU* and [T*] = UA*U* for U
unitary, so U* = U~! and

[TT*] = UNU*UNU* = UNN'U* = UNAU* = UNUUNU" = [T*T]
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so T is normal.

In the other direction suppose T is normal. Let u be an
eigenvector for the eigenvalue A and let W = Span({u})*. We
know that w is an eigenvector for 7% for A*. We just need to show
W is both T" and T invariant and in fact if S = T'|y, then

S* = T*|y and S is normal. Then induction can be used on

dim (V).

W is both 7" and T* invariant: Let w € W, so (w|u) = 0 we
need to show (T'(w)|u) = 0. The point is (T (w)|u) = (w|T*(u))
and T*(u) € Span({u}), since u is an eigenvector for 7%, so

(w|T*(u)) = 0. This shows that W is T invariant. showing that
W is T™ invariant is completely analogous.

If S =T|w, then S* = T*|y: This is trivial since

(S(w)w') = (T'|w(w)|w’) = (T (w)|w)
= = (w|T"|w (w'))

So T*|w = S*.

6.3 Bilinear and quadratic forms

Let V' be a vector space. A bilinear form is a function
B:V xV — F, where F is either R or C satisfying

(i) B(aguy + asug, v) = ag B(uq,v) + asB(ug, v). (Linear in
the left coordinate.)

(ii) B(v,a1uy + avug) = afB(v,u1) + a3 B(v, us). (Conjugate
linear in the right coordinate.)

Notice that if F = R, then this reduces to linear in both
coordinates, hence bi-linear.

6.4 Singular Value Decomposition (SVD)

Here we aim to produce a useful decomposition that applies to an
arbitrary matrix A that is similar to diagonalization. One attempt
at “diagonalizing” an m X n matrix A of rank &£ would be to
produce a basis B = {vy, ..., v, Vkt1, ..., v, } for F" and
C=A{uy,...,u,Ups1,..., Uy} where {vy,..., v} is a basis for
Ker(A)* and Av; = o;u; with {uy, ..., ux} a basis for Img(A) and

{Upy1,..., Uy} a basis for Img(A)~L.

This can easily be accomplished and we get

A:CZB_lwhereE:[A]QB:{O o2 - 0|
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In general there is nothing particularly useful about this
decomposition. It would be nice to have B and C be othonormal
bases. We can pick B to be orthonormal, the problem is in getting
{Avy, ..., Avi} to be orthogonal.

The trick is to consider A*A, this is a hermitian positive matrix so
all eigenvalues are real and non-negative. List the eigenvalues of
A*A in descending order (with repetition) Ay > Ao > --- >\, >0,
and let v; be an eigenvector for \;. We know \; = 0 for ¢ > k since
rank(A) = k. For 1 <14, j < k we have

v; A" Av; = (Avj|Avy) = Aj(vjv;) = Aj(wilv;) =0
so {Avy, ..., Avi} is an orthogonal basis for Img(A).
We see that

vi A" Av; = (Av;|Av) = || Av||? = Nivi|v;) = N

(Av;|Av;) = VA = 0; so set u; = fA'vi and hence Av; = o;u,;.
We have 01 > 09 > -+ -0} > 0, these are the singular values of A.

Extend {uy,...,u;} by adding an orthonormal basis for Img(A)*.
Let
V= [vijvai vy ] U=[uiiuzi - upy]
(o1 0 00 - 0]
0 0y - 0.0 0
o : 030 e 0 | diag(oy,...,0%)i0
=100 g0 0 = | SR
00 00 -0
b 010 -0
L0 0 0:i0 --- 0]

Since V is unitary V! = V* and the following is the singular
value decomposition:

[vi]
v, k
A=USV* = [uriusz |- {ug | diag(or,...,00) || = D oyuv;
: =1
vj,

Note for A a m x n matrix, U is m X m, X is m X n, and V* is
n X n. In the above it is clear that we can ignore the “0” part.
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