MT?2: Tutorial question solutions

3. VECTORS

1. A=2i+j—6k, B=2i+3j.

(a)

A| = \/22+12+(—6)2:\/4+1+36:\/H:6-403
IB| = /22432 =4+ 9 =113 =3.606

(b)
A+B =4i+4j—6k
(©)
A—B=-2j—6k
(d)

A+B| =42 142162 =161 16136 = V68 = 8.2462
(so we see that |A 4+ B| # |A|+|B]|...)

(e) A |
A=— = (2i+tj—6k
A oy (At~ ok)
. B 1
B= — — — (2i+3j
B T3< J)
_—  A+B 1
A+B= — 4i+4j— 6k
ATB] e a0k

2. (@) r=+/x2+y2=+12+22=+/5. 6 = arctan(2) = 1.11 radians.

() r=+/x2+y2+22 =124+ 12 = /2. ¢ is the angle in the xy plane, and is thus
7/2, as there is no x component of this vector. 6 is the zenith angle, and so is
arccos(—z/r) = arccos(—1/v/2) = 3 /4.

(¢) r=+v22+422 =8 =2v2. 6 =arctan(2/2) = arctan(1) = /4. z =3 (the z

co-ordinate is the same in cylindrical polars and Cartesians).

(d) x:rcosez—\/z,y:rsinez\/Q,z:z:2: sor:—\/§i+\/§j+2k.
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3. p=i+3k q=2i+j—k, r=—i+4j+5k.

(a)
Pp-q=1x24+0x14+3x—-1=-1
pr=1x—-140x4+3x5=14
qr=2x—-1+1x4—-1x5=-3
(b)
p|=V12+32=V10
|q|:\/22+12+(—1)2:\/6
rl=\/(~12+42 452 = V&2
(©)
P-q 1 1 ) .
cosB,, = = — = 0 = arccos | ———— | = —1.4413 radians
P Iplla] T V10x V6 ( 60
p-r 14 ( 14 ) :
cos0,, = = = 0 = arccos | ——— | = 0.8188 radians
PP plle] V10 x V42 V420
q-r 3 3 ) .
cosf, =—— =——+—— = 0 =arccos | ———— | = —1.3807 radians
T ldlirl T Vex Va2 (wsz

4. p=2i+3k,q=i—-2j+k r=-2i+4j-3k

(a)
i j Kk

pxq=|2 0 3 |=i0x1-3x-2)—j2x1-3x1)+k(2x—-2-0x1)=6i+j—4k
1 -2 1
i j k

gxp=|1 =2 1 |=i(-2x3-1x0)—j(1x3—-1x2)4+k(1x0—(-2)x2)=—6i—j+4k
2 0 3

so we see, as expected, that

qxXp=—-pxq

(b)
i j k

pxr=| 2 0 3 |=i(0x—-3-3x4)—j2x-3-3x-2)+k(2x4—-0x-2)
-2 4 -3



S pxr=—12i+8k= |pxr|= /12218 = 14.422
i K
rxq=| -2 4 -3 |=i[dx1—(-3)x—2)—j(—2x1—(=3)x1)+k(-2x —2—4x1)
1 -2 1
=rxq=-2i—j=|rxq|=v22+12=2236
()

2 2
p-(gxr)=[0]-|1]=2x240x—-143x0=4
3 0
(we know from above what r X q is and so can write down q X r)
-2 —6
r-(gqxp)=| 4 |- |-1]|=12-4-12=—4
-3 4
1 12
q-(rxp)=|-2|-{ 0 | =12-8=4
1 -8
(all using earlier results for the cross products).

(d)

To do these we could either use the result for the vector triple product given in the
lectures, or do them from first principles given that we already know the cross products
in brackets. Here we do the latter.

2 i j k 0x0—-3x1 -3
gxr=|1]=px(gxr)=[2 0 3 |=[-2x0+3x2|=| 6
0 210 2x1—-0x2 2
i j k I x-3+4x4 13
pxq=|1|=(pxq)xr=| 6 1 —4|=|-6x-3+-4x-2|=|26
—4 -2 4 -3 6x4—1x-2 26
12 i k —2x—-8—1x0 16
rxp=|0]=qx(rxp=|1 -2 1 |=[-1Ix-8+1x12]|=1{20
8 12 0 -8 1 x042x12 24

5. (a) Following the hint, let’s take B = iB,, C = iC, + jC,, and A =iA, + jAy +KA;. Then

i
BxC=| B,
Cy

— B.C;k

D o
S O
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(as expected, only a vector in the z-direction can be perpendicular to both B and C,
which lie in the xy plane) and so

A-(BxC)=A4.B,C,

i j k
AxB=|A, A, A, |=ABj—ABKk
B, 0 0

so that
C-(AxB)=A;B,C,

(the term in k disappears since there is no component of C in the z-direction). Finally,

i j ok
AxC=|A, A A, |=(-AC)i+...

(we don’t need to work out the terms in j and k because we know already we’re going
to take the dot product with B) and so

B- (A xC)=—B,AC,

which means that
A-BxC)=C-(AxB)=-B-(AxC)

QED. Since we have lost no generality in choosing our axes this way, this proves the
general case too.

(b) We already found
B xC=B,C)k
and so
i k
AxBxC)=|Ac Ay A, |=A,B.Cji—AB.Cj
0 0 B¢,

(necessarily this is in the xy plane since B x C is in the z direction). Now
(A-C)B = (AxCx+A,Cy)Bi\i

and
(A-B)C = (ABy)(Cyi+ Cyj) = A,B,Ci+AB,Cj

So
(A-C)B—(A-B)C =A,C\B,i +AyCyByi — A B Cii — A B Cyj = A,CyB,i — A, B,C,j
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which is what we obtained above, QED.

(c) Use the result from part (b):
Ax(BxC)=(A-C)B—(A-B)C

which means
Bx(CxA)=(B-A)C—(B-C)A

Cx(AxB)=(C-B)A—(C-A)B

So the sum of the three triple products is
(A-C)B—(A-B)C+(B-A)C—(B-C)A+(C-B)A—(C-A)B
Collecting terms in A, B and C, this is
(C-BA—(B-C)A+(A-C)B—(C-A)B+(B-A)C—(A-B)C=0
— all the terms cancel (remembering that the scalar product is commutative). QED.

. (@) Letv) = E Vo = E = ]ﬁ Then we have

vi=i—j
vy, =2i—Kk
vs—i+j—k

(observe that vy = v| 4 v3 as we expect: these three vectors are not independent).

The vector equation of a line is
r=a+Ab

where a is a point on the line and b is in the direction of motion along the line. For the
three lines, we have respectively that a is the position vector of points A, A and B, and

bis vy, vo and v3. Inall cases 0 < A < 1.

(b) Any three points, which define two independent vectors, lie in a plane; the plane
ABC is the plane that contains the three points A, B and C. To find a normal to the
plane, we need to pick two vectors in the plane — let’s choose v| and v, — and take the

cross product:

i k
vixvpa=|1 —1 0 |=i+j+2k
2 0 -1
Let this vector be n: then n is a normal vector, but not a unit normal. We know that
R n
n=—
n|



and so to get a unit normal divide this by the magnitude of n, i.e. v/6:

1
fi=——(i+j+2k
\/6( j )

(c) The vector equation of a plane is
(r—a)-n=0
where n is any normal to the plane and a is a point in the plane. Thus we can take a to be

the position vector of point A (j+ 2Kk) and n to be our result from the previous section.

To test this for points A, B and C we substitute in the position vectors of those three
points. For point A the equation is satisfied trivially since r —a = 0. For point B,
r =i+ 2Kk, so we have (in column vectors)

1 1 1 1
0]—1(1 1] =1-1 1| =1x141x—-140x2=0
2 2 2 0 2
For point Cr =2i+j+k:
2 0 1 2 1
—11 1]=120 1] =2x140x1+—-1x2=0
2 2 —1 2

So, as expected, all three points satisfy the equation of the plane.



