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October 23, 2013

We begin with some sequence R(n) defined recursively by:

R(0) =0
R(1) =3
R(2) =11

Vn >3,R(n) =TR(n—1) —16R(n —2) + 12R(n — 3)
We need to prove that R(n) = (2n + 1) - 2" — 3™ using strong induction on n.

Proof: by induction on n.

Base:

R(0) is defined to be 0. (2(0) +1)-2° -39 =29 —-3°=0. So R(n) = (2n+ 1) - 2" — 3" when n = 0.
R(1) is defined to be 3. (2(1)+1)-2! —3'=3.2-3=3. So R(n) = (2n+1)-2" — 3" when n = 1.
R(2) is defined to be 11. (2(2)+1)-22-32=5.4—9=11. So R(n) = (2n+1)-2" — 3" when n = 2.

Induction: Suppose that R(n) = 2n+1)-2" —3" forn =0,1,...,k — 1.
R(k) = TR(k — 1) — 16R(k — 2) + 12R(k — 3)

By the inductive hypothesis:
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2k —1) +1)- 2871 —3k"1 = (2K —1) .2k — gkt
Rk—2)=(2(k—2)+1)-2F2 32 = (2 —3).2F2 _ 3+
R(k—3)=(2(k—3)41) 283 _3k3 = (2 —5).2~k3 _3+=3

Substituting into R(k) = TR(k — 1) — 16R(k — 2) + 12R(k — 3) gives us:

R(k)=7((2k —1)- 281 — 38 1) — 16((2k — 3) - 2872 — 3F=2) L 12((2k — 5) - 283 — 3k=3)
T((k—271) 28 —371.30) —16((k-271 —3-272) .2 —372.3") 1 12((k- 272 —5.273) . 2k — 373 . 3%)
= (Th—7-271 —16k-271 448272 +12k-272-60-273) . 2F 4 (=7-371 416372 —12.373) . 3

= (2k—1)-2F -3k
Since R(k) = (2k — 1) - 28 — 3% the claim is proven.



