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Review
CONCEPT CHECK

. (a) See Definition 11.1.1.

(b) See Definition 11.2.2.
(c) The terms of the sequence {a., } approach 3 as n becomes large.

(d) By adding sufficiently many terms of the series, we can make the partial sums as close to 3 as we like.

. (a) See Definition 11.1.11.

(b) A sequence is monotonic if it is either increasing or decreasing.

(c¢) By Theorem 11.1.12, every bounded, monotonic sequence is convergent.

. (a) See (4) in Section 11.2.

-~ .
(b) The p-series >, v is convergent if p > 1.
n=1

. f> a, =3,then lim a, =0and lim s, = 3.

n—00

. (a) Test for Divergence: If lim an does not exist or if lim a, # 0, then the series Y -, an is divergent.

n— 00 n— 00
(b) Integral Test: Suppose f is a continuous, positive, decreasing function on [1, co) and let a, = f(n). Then the series
>0 | an is convergent if and only if the improper integral 1°° f(z) dz is convergent. In other words:
() If {7 f(z) dx is convergent, then > | a., is convergent.
(i) If [ f(x) dz is divergent, then Y, | an, is divergent.
(c) Comparison Test: Suppose that Y a,, and 3 b, are series with positive terms.
(1) If >~ by, is convergent and a,, < b, for all n, then > a,, is also convergent.

(ii) If 3 by, is divergent and a,, > b, for all n, then 3 a,, is also divergent.
d) Limit Comparison Test: Suppose that ) an and ) b, are series with positive terms. If lim (an/b,) = ¢, where cis a
P]

finite number and ¢ > 0, then either both series converge or both diverge.
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(e) Alternating Series Test: If the alternating series 00 (—1)""'b, = by — by + b3 — bs +bs —bg + -+ [by > 0]
satisfies () by,+1 < by, forall n and (ii) lim b, = 0, then the series is convergent.
(f) Ratio Test:

(i) If lim Intll [ < 1, then the series Y, a,, is absolutely convergent (and therefore convergent).

n— oo Qn n=1

.. . An+1 . An41 L& ..
(i) If lim |——| =L >1lor lim = 00, then the series ) a is divergent.
n— oo Qn, n—o0o Qn n=1
. An+1 . L. . . .
(>iii) If lim oAl o 1, the Ratio Test is inconclusive; that is, no conclusion can be drawn about the convergence or
n—oo (],n

divergence of 3 an,
(g) Root Test:
() If lim Y/]a,| = L < 1, then the series > -~ ; an is absolutely convergent (and therefore convergent).
(i) If lim %/|an| =L > 1or lim %/|an| = oo, then the series >~ | an is divergent.

(iii) If nllrr;o Y/|an| = 1, the Root Test is inconclusive..

6. (a) A series Y ay, is called absolutely convergent if the series of absolute values Y |an| is convergent.
(b) If a series Y an, is absolutely convergent, then it is convergent.

(c) A series Y an, is called conditionally convergent if it is convergent but not absolutely convergent.
7. (a) Use (3) in Section 11.3.
(b) See Example 5 in Section 11.4.

(c) By adding terms until you reach the desired accuracy given by the Alternating Series Estimation Theorem on page 712.

8. (a) io en(z—a)”

(b) Given the power series Y c,(x — a)", the radius of convergence is:

n=0
(i) 0 if the series converges only when z = a
(ii) oo if the series converges for all z, or
(iii) a positive number R such that the series converges if |z — a| < R and diverges if |z — a| > R.

(c) The interval of convergence of a power series is the interval that consists of all values of « for which the series converges.
Corresponding to the cases in part (b), the interval of convergence is: (i) the single point {a}, (ii) all real numbers, that is,
the real number line (—o00, 00), or (iii) an interval with endpoints @ — R and a + R which can contain neither, either, or
both of the endpoints. In this case, we must test the series for convergence at each endpoint to determine the interval of

convergence.

9. (a), (b) See Theorem 11.9.2.
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) (n)
(c) f—n'(Q ™ [a =0 in part (b)]

n=0
(d) See Theorem 11.10.8.

(e) See Taylor’s Inequality (11.10.9).

11. (a)—(e) See Table | on page 743.
12. See the binomial series (11.10.17) for the expansion. The radius of convergence for the binomial series is 1.
TRUE-FALSE QuIZ
1. False.  See Note 2 after Theorem 11.2.6.
2. False.  Theseries >, n™ 57! = 3 T is a p-series with p = sin 1 &~ 0.84 < 1, so the series diverges.
n=1 n=1
3. True. If lim a, = L, then given any £ > 0, we can find a positive integer N such that |a, — L| < ¢ whenevern > N.
Ifn > N, then 2n + 1 > N and |agn+1 — L| < &. Thus, lim agny1 = L.
4. True by Theorem 11.8.3.
Or: Use the Comparison Test to show that Y ¢, (—2)™ converges absolutely.
5. False.  For example, take ¢, = (—1)"/(n6").
6. True by Theorem 11.8.3.
3 3 3
7. False, since lim |“21| = lim |——— . 2| = lim ‘—”—3 : 1/”3 = lim —— =
!
8. True, since lim |Z2tL| — LN 1 R T E S ¥
n-—oo Qn n—oo (7’L -+ 1)' 1 n—oo 1 4 1
9. False.  See the note after Example 2 in Section 11.4.
1 >z o (=1D)"

10. True, since o= e land e® = n;o s soe ! = nzzjo ( nl)

11. True. See (9) in Section 11.1.
12. True, because if > |an| is convergent, then so is |, a, by Theorem 11.6.3.

: 3 fm(o) _ 1 " _
13. True. By Theorem 11.10.5 the coefficient of z” is 3 TF T F(0) = 2.
Or: Use Theorem 11.9.2 to differentiate f three times.

14. False.  Leta, = nand b, = —n. Then {a,} and {b, } are divergent, but a,, + b, = 0, so {an + by} is convergent.
15. False.  For example, let a,, = b, = (—1)". Then {a,} and {b, } are divergent, but a,b, = 1, so {anby } is convergent.
16. True by the Monotonic Sequence Theorem, since {a,} is decreasing and 0 < a, < aq forallm = {a,} is bounded.
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17. True by Theorem 11.6.3. [3 (—1)" a,, is absolutely convergent and hence convergent.]
18. True. lim aZ“ <1 = 3 a,converges (Ratio Test) = lim a,, = 0 [Theorem 11.2.6].
19. True.  0.99999...=0.9+0.9(0.1)" +0.9(0.1)* +0.9(0.1)* +--- = 32 (0.9)(0.1)""* = i 0'% 1= 1 by the formula
n=1 — U.
for the sum of a geometric series [S = a1 /(1 —r)] with ratio r satisfying |r| < 1.
N . o o .01 1
20. False.  Leta, = (0.1)" and b, = (0.2)". Then }_ a, = Y (0.1)" = T-01-9" A,
n=1 n=1 — U.
e X 0.2 1 e e 0.02 1
n = 2)" = = - = B,and nbn = 02" = ——=_ = — but
2= R 00 =gy = g = Band i et = 3 007 =y = g9 ™
AB=} ik
EXERCISES
1 2+ 5° converges since lim 2+0° = lim 2—/£i_—1 _ 1
' 14 2n3 & nlvoo1-|—2’n3_n—»oc1/n3+2_2.
9n+1 9 \n . . 9\
2 an =5 =9 (15)"s0 lim an =9 lim ({5)" =9-0=0by(11.1.9).
3
3. nlingc Gn = nler;o T = nan;c m = 00, so the sequence diverges.
4. a, = cos(nm/2), s0 a, = 0ifnisodd and a,, = £1 if n is even. As n increases, a,, keeps cycling through the values

0, 1, 0, —1, so the sequence {an} is divergent.

nsinn n 1 . .
lan| = | = 1 S e < 80 |an| — 0asn — oo. Thus, nli)n;o an = 0. The sequence {a, } is convergent.
Inn Inz . . Inzm ., 1/z . 2
. an = —=. Let f(z) = —= forz > 0. Then lim f(z) = lim —= = lim — = lim —= =0.
n v A I = e TR V) T s

Thus, by Theorem 3 in Section 11.1, {a, } converges and lim a, = 0.

3 4n 3 4z
. { (1 + E) } is convergent. Let y = (1 + ;) . Then
1 (.3
. . . Im(1+3/x)n . 1+3/x x? . 12
= = —_ = 1 —_— = _— = 1
IILIEO Iny flggo 4z In(1+ 3/z) wan;O 1/(4) Jim /(407 zlgrgo Y 2,50

3 4n
lim y = lim <1+E> =e'2,

n 7 . O | ¥ RO . ee e . n‘lo
. {—————(_711?) } converges, since 107 _10-10-10 10 10-10 10 < 10" (l(—)> — 0asn — oo, s0

nl 1-2-3-..--10 11-12-.-- 11

n

lim @ = 0 [Squeeze Theorem]. Or: Use ( 11.10.10).
n!

n—oc
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9. We use induction, hypothesizing that a,—1 < a, < 2. Note first that 1 < as = % (1+4)= % < 2, so the hypothesis holds

10.

1.

12,

13.

14.

15.

16.

17.

for n = 2. Now assume that ax—; < ax < 2. Then ar = $(ar-1+4) < 3(ar +4) < 2(2+4) = 2. So ar < ar+1 <2,

3

and the induction is complete. To find the limit of the sequence, we note that L = lim a,,

n— oo

L=3%(L+4) = L=2.

4 3

= lim ant1 =
n—oo

.ooxtuw . 4x w ., 1202 y . 24w .. 24
lim — = lim = lim = lim = lim — =0 1
r—o00 €% z—oo e% z—oo e r—o0 e¥r r—oo e* 4 N
Then we conclude from Theorem 11.1.3 that lim n*e™™ = 0.
n—oQ
From the graph, it seems that 12%e~*2 > 0.1, but n'e™ < 0.1
whenever n > 12. So the smallest value of N corresponding to :
¢ = 0.1 in the definition of the limit is N = 12. y=01
o * .. J %
LA LA ! o i " converges by the Comparison Test with the convergent p-series i L [p=2>1]
T e B AR e gy | ges by p gent p 2 p= .
2 3 2
n®+1 1 . an . o nt4+n 1+1/n
Leta, = mandbn = E,SOnILIT;O—n :nlewm :nLH;Cm =1>0.

(e o} o0
Since S by, is the divergent harmonic series, > an also diverges by the Limit Comparison Test.

n=1 n=1

3 n 3 oo 3
nliI»I;o ﬂZ:—l = nlew [(—%)— . 2—3} = nll—>IIc10 <1 + %) : é = % < 1,s0 n;l :—n converges by the Ratio Test.
1 . . .
Let b, = . Then b, is positive for n > 1, the sequence {b, } is decreasing, and lim b,, = 0, so the series
> (=1 converges by the Alternating Series Test.

1vn+1

n

1
zvVInz

Let f(z) =

. Then f is continuous, positive, and decreasing on [2, 00), so the Integral Test applies.

[e%} 1 Int nt
/ f(z)dr = lim 1 dz [u =Inz du= L dw] = lim w V% du = lim [2 \/ﬁ}
2 t—oo [y z+/Inzx x t—oo J1, 9 t—00 n?2
= lim (2 Vini -2 \/ln2) = o0,
- 1 .
so the series > diverges.
n=2mn+vInn
. n 1 . n 1 .o n .
lim Il so lim In rro In 3 # 0. Thus, the series » In o diverges by the Test for
n—oo IMN n—o0 n—1
Divergence.
lan| = ’ 7 io(s 13 Z)" <17 (11 R < B 12)n = <%> ,80 > |an| converges by comparison with the convergent geometric
. . . n=1

series > ()" [r =2 < 1]. Itfollows that ) an converges (by Theorem 3 in Section 11.6).
n=1

6

n=1
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_ ) n2n . 2 ' 1 n2n
18. nh_)m(x) v/ |an| = nlingo m = nlLII;O m = nan;o m 2 < ]. SO Z m converges by the
Root Test.
. lant . 1-3.5----. (2n—-1)2n+1) 5" n! . 2n+1 2 .
19. 1 =1 . = lim ——— == < 1,s0th
novso | an | oo 571 (n+ 1)! 135 (2n—1) noeeb(n1) 5 = °0Hesenes
converges by the Ratio Test.
o (—=5)* = 1 [25Y\" lania , 25n - p2lgn 250> 25
20. = — (=] .Now I =1 . = lim ——— =—>1,
2 e = X\ N e e | e 1) o B nte Ot 1E 9
so the series diverges by the Ratio Test.
Vn n .
21. b, = m—— > 0, {b,} is decreasing, and hm b, = 0, so the series Z (=1)" 7 converges by the Alternating
Series Test.
22. Use the Limit Comparison Test with a,, = — ntl-vn-l = 2 (rationalizing the numerator) and
n n(vrn+1++vn—1)
1 Qnp, 2\/— 3 o)
bp = —=. lim — = lim =1, so since by, converges = > 1], a, converges also.
n3/2 n—oo bn n—oo 4/m + -+ 4 /n — nzl g { 2 ] ngl 4
23. Consider the series of absolute values: Z n~ /3 is a p-series with p = % < 1 and is therefore divergent. But if we apply the
Alternating Series Test, we see that b, = % > 0, {b,} is decreasing, and lim b, = 0, so the series > (—1)"" ' n~1/3
n n—00 n=1
converges. Thus, Z (—1)"~' n=1/3 is conditionally convergent.
n=1
2. [(—1)”*1 n~ % = 3 n~%is a convergent p-series [p = 3 > 1]. Therefore, > (=1)""" n~3 is absolutely convergent.
n=1 n=1 n=1
Ant1 (=1)" ! (n + 2)3" ! g2n+l n+2 3 1+(2/n) 3 3 .
25. - . = e =t .- =] , 50 by the Rat
an } 92n+s CO"m 13" | ntl 4 14 (/) 4 4= 87700 sobytheRato
> (=" 1)3" .
Test, ngl g%i—)—g— is absolutely convergent.
2. lim — 2 i 1/(2 \/;) = lim 2 = oo. Therefore, hm ( " Vn # 0, so the given series is divergent by the
r—oo INX r—00 /;E —00 nn
Test for Divergence.
) @) @) @ () e 3\ 1
27. = = == A e = —
n§l 23n ngl (23)n ngl 8n 8 ng]_ gn—1 8 n;]. 8 8\ 1— (—3/8)



28.

29.

30.

31.

32,

33.

34.

35.

36.
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& 1 |1 1

_—_— S — rtial fracti .
nzz:l gy nZ::1 [3n 3(n+3)] [partial fractions]
8 —i 1 ! —1+l+1— ! — L — ! (telescoping sum), so
"T A3 T30+ 376 9 3mn+tD) 3n+t2) 3(ntl) PIRg SUML).
0 1 . 1 1 1 11
ngln(n—l—?))_nll»II;oSn_§+6+§_l_8'

Yo ltan ' (n+1) —tan™'n] = lim s,
= lim [(tan™'2 —tan"' 1) + (tan"'3 —tan™' 2) + - -- + (tan"'(n 4+ 1) — tan"! n))

= lim ftan"'(n+1) —tan '1] =% - = =

n—oo

= (<1)n”

ngom - 20(_1)nw "3n T i( 1)” (22) (—37£> = <£> since cos ¢ = i::( )™ (;U:;'

for all .

e? &2 et * ne” o (—e)" e . &z
lve+§f§+-4-!-~---:n§0(-1) m:ngo p.] = e~ ° since ¢ :ngomforalla:.
326 326 326/105 417 326 416,909
4.17326 = 4.17 — =417 — = — =
6 BT 10° * 108 + + 1—1/108 100 * 99,900 99,900

cosha = 2 (e + ") = §<§; .S <»@n)

1 > 2 2t 22 2 2t
-2‘{(14—1‘4-5-!-5?4—14-'“)+<1—$+§—§+Z{—"')}

4 0o 2n
1<2+2 Z 419, E—+--~>:1+lx2+z il 214—%2}2 for all z

H

2 2! 4l

(Inz)™ is a geometric series which converges whenever [Inz] <1 = —-1<khz<1l = e '<z<e.

8

n=1

o (—1mtt 1 1 1 1 1 11
,le ns ! 32 + 243 1024 + 3125 7776 + 16,807 32,768 +
. 1 1 ( 1)n+1 7 ( )n+1
= — 0.000031, — =~ 0.9721.
Since bg %~ 3768 < nzl 3 ngl
501 1 1 -
(@) ss = >, 5= 1+ % + - 5—6 =2 1.017305. The series Z 5 converges by the Integral Test, so we estimate the
n=1 n—1
. . > dx x5 575 .
remainder Rs with (11.3.2): R < == |5 =5 = 0.000064. So the error is at most 0.000064.
5 T 5
°° dz 1 1 -
(b) In general, R, < — = .Ifwetaken = 9, then sg =~ 1.01734 and Ry < —— ~ 3.4 x 10
. x®  Bnd 5.95

1 9 1
So to five decimal places, Z 5 Z ol 1.01734.

Another method: Use (11.3.3) instead of (11.3.2).
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37.

38.

39.

40.

41.

42.

43.
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i LI i 0.18976224. To estimate the error, note that ——— ! < ! so the remainder term is
AZ12+5 Nn:12+ = 2457 5
o 1 > 1 1/5° 7 S 1 1

= = = =64x1 =4 =1].

Rs ngg ST T ; 5115 6.4 x 107" [geometric series with a = 25 and r = ]
" D™ (2n)! D)™(n+1)!

(@ lim |2tt| gy (oA DT @ et DRt )t !

n—oo | an nooo | [2(n+ 1))I  nm nooo (2n 4 2)(2n+ 1)n™  noce \  n 2(2n + 1)

n\" 1
= 1 — — = . = ]_
noo (1 + n) 2(2n+ 1) e 0=0<

so the series converges by the Ratio Test.

n

(b) The series in part (a) is convergent, so lim a, = lim

= 0 by Theorem 11.2.6.

n+1
Use the Limit Comparison Test. lim ( L )an = lim nj;l = lim (1 + %) =1>0.

n—oo

Qan

Since Y |ay | is convergent, so is > ' (n : ! ) ar |, by the Limit Comparison Test.

n+1 2rn n
.Gt . z n°b . 1 2] |z . o "
li = lim . = lim ——— - = = so0 by the Ratio Test, 1
wnto | an | mee|(ny DZETL @n | meeo (Lt 1jm)P 5 500 2V
converges when % <1 < |z| <5,s0R=05. Whenz = —5, the series becomes the convergent p-series n_12 with
n=1

p =2 > 1. When z = 5, the series becomes Z ( ) , which converges by the Alternating Series Test. Thus, I = [—5, 5].

. Qg . |z + 2" n4" . n |z +2| |z + 2|

1 =1 . =1 = 1 2| <4 =4,
netoo | an ngﬂo[(nﬂ)@ﬂ FETE R = P <1 @ ler2<dsoR

R (2"
e +2/ <4 & d<z+2<4 & ~6<x<2.1fx:~6,thentheserlesZWn—becomes
n=1
< (4" & (=" . . . . . . _
> A = > ma the alternating harmonic series, which converges by the Alternating Series Test. When z = 2, the
n=1 n=1
series becomes the harmonic series % which diverges. Thus, I = [—6, 2).
n=1
) Gng1 ) 2n+1 (CL' _ 2)n+l (n + 2), ) o 9n (.’L‘ o 2)71
1 2= . —2| = 1, so th —
m @ m 1 3) (z —2)" e |z — 2| = 0 < 1, so the series ngl CES]
converges for all z. R = oo and [ = (—o00, 00).
n-+1 n+1
lim |24 = figy (22 23) VALRSE N S Y Tim_ '2|m~3|<1 & |z—3]< i,
n—oo | Qn n—00 /n +4 2n( _ )
—3)"
soR=1|zr-3 <} & -l<z-3<l & 2<z<I Forz=1I, theseries 2z 3 becomes
3 | | <3 2 2 2 2 2> nZl \/—

i i ! which diverges [p = 3 < 1], but forz = 3, we get i (1" which is a convergent
n=0 \/n—|—3 n:3n1/2’ 2= 2 —ovn+3’

alternating series, so [ = {—g—, %)
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i (0D @D | 220t

dntl = lim
n—oo | [(n+1)!)? (2n)tzn| nooo (n+1)(n+1)

Qan

44, lim

n—00

lz| = 4|z|.

To converge, we musthave 4 |z| <1 < |z| < 1,s0 R=1.

45,
n f(”)(ac) f(n)(%)
0 sinz %
1 cos & %
2 | —sinz —%
3 | —cosx —%—3
4 sinx %
1 T f(3) T f(4) l
ina=1(8) e (e~ + T2y 8 gy S gy
I R L L O R T
:%20(‘1)”(2111)' (I_%>2n+§§0( )n(_27%1)! (‘” %)2“1
46.
n | 1@ | F7(5)
0 cos %
1| —sinz —@
2| —cosx —%
3 sin x —‘é—g
4 cosx %
T (T @ (T
= s(§) 0o il g7 Dl 27 Dy
R (O S ST S Tk
= %20(*1)” (22)! (=-5)"+ ?,i( 1)n+1(2n:-1)' (=5
l—lkzg 1~1~m) *nio(—x)":go( " z™ forjz) <1 = —2—:720(71)”$H+2WithR:1.
1 e gt
48. tan™ 'z = 20(41)” 1 with interval of convergence [—1, 1], so

4n—+2

fan (@) = 5= (<) BT S gy 2
i m+1 = m+1

Therefore, R = 1.

, which converges when 22 € [~1,1] < =z € [-1,1].

997
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49,

50.

51,

52,

53.

54,

55.

56.
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1 Sas) dx e} oo $n+1
= ™ 1— = — = — nd = — .
- Satfrlal <1 = (l-a) /1-3; Sarde=c- 5 I
o xn-{-l oo _pn N
In(1-0)=C-0 = C=0 = In(l-2) n§0n+_1 ngl — wi R
:_ 2T 20 _ & (22)" 2w _ & 202" @ 2™,
e ;ngo e ﬂngo ~ = e —mngo - wngo . R = o0
) _ S (_1)n1,2n+1 ) o ) (_1)n ($4)2n+1 B oo (_1)nx8n+4 .
sy = nXZ:O ——(‘m = SIH(ZI) ) = nE::O w- = ngo m— for all x, SO the radius of
convergence is 0o.
T _ = L z __ ,(In10)z o= [(lnlo)l‘]n — = (1]"1 10)nxn —
¢ ngo ’I’L! - 10 ‘ nX::O n' n;O TL‘ ’ R *
1 1 1 1 1 \-1/4
@) = - - =301~ 42)
Vib—z  {/16(1—2/16) /16 (1 1 )1/4 2 16
1 9
(. (-2) L DD (_g)ﬁr (=1) (=) (—z)(_1)3+
2 4 16 2! 16 3! 16
1, X159 (4n-3) , 1 ®1:5-9.-... (4n—-3)
- 2 + nZ::I 247 . pnl. 16" a 2 * nX::] 26n+1nl
fork—l—mﬁ)<l & |z} < 16,s0 R = 16.
_ x® (=5 n —5)(—6 —5)(—6)(—7
1-32)°=Y ( " ) (—3z)" =1+ (=5)(—3z) + ( )25 6) (=3z)® + -(-——K—?j—u (—=32)% 4.
n=0 . :
) BT 4).3" ™
:1+n2=:15 ! 7(:+ )-3"z for|-3z) <1 & |z|<3i,soR=3.
o — iz_n_ Soiﬂ_l_iiﬁ ian gw—l_,_iw_n__l_l+§xnmland
T izon!T T 2 T xion! T 2 ! =on T x 2 nl
e* 00 x”
—dx = 1 .
/ —da=C+Infal+ 3

(L) = 3 <Z>(w4)” =1+ (3)s" + 252

n=0 3!
‘ 1.4 1,8 1,12
=1+3z 3¢ 1 167
1 4\1/2 _ 1,5 1,9 1,13 R 1 1 1
so fo (1+2%) dm~[m+ﬁx — 7% t 3T }0“1+10 7 T 308

This is an alternating series, so by the Alternating Series Test, the error in the approximation

Y1422 dr ~ 14+ & — L~ 1.086 is less than s+ sufficient for the desired accuracy.
0 0 72 208

Thus, correct to two decimal places, fol (14 z*)'/2 dz =~ 1.09.
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1/2 1/4 3
57. (a) \/E%Tg(:c):l—i——l/'—(x—l)—%—(m—l)z—l—%%(m—l)?’
n| fM() | f™) ' ' '
0 21/2 1 =1+3c-1)-L@-1) 2+ L@=-1)°
1 %x"l/z %
2 ~%x_3/2 —%
3,.-5/2
3| fa7 3
-7/2
o g | -k
M 4 (4) .
(b) (© |Rs (2)] < rle — 1%, where ‘f (x)| < M with
f(4)(:c) = —%m_”z. Now09<z<11 =
—01<z-1<01 = (z-1)*<(0.1)%
and letting = 0.9 gives M = _b )
gr =098 = 16(0.9)7/2°
|R3(z)| < b (0.1)* ~ 0.000 005 648
S =T60.9)72ar V) T
~ 0.000006 = 6 x 10~°
(d) 5X10°°
From the graph of |Rs(z)| = |\/z — T3(z)|, it appears
that the error is less than 5 x 1076 on [0.9, 1.1].
¥ =|Rs()|
0.9 11
0
58. (a) secx ~ To(x) =1+ %mz
n F() F(0)
0 secx 1
1 secztanx 0
2 secz tan®  + sec® 1
3 secz tan® z 4+ 5sec® ztan x 0
® 2 . ©) |2 ()] < % 2, where | /9 ()| < M with
f®(z) =secx tan® z + 5sec® x tan .
Now0<z<Z = 2°< (%)3, and letting = = Z gives
14 /m\3
2,50 |R2 (2)] < 5 (6) 0.111648
o\ y:
0.9 6
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(d) 002
From the graph of | Rz ()| = [sec z — Ta(z)], it appears that
the error is less than 0.02 on [0, Z].
0 g
' oo gt e . P R
59. s1n:1::n2::O(—l) (2n—+1)' :LE—?-’-? —ﬁ—l—---,sosmaz—x: ——3—'-’-'5—'—W+ and
sinx — z 1ozt gl sinx —x 1 z? zd 1
T U S BN lim ——— = ] oy 4 ===z
o g T o o Thus lim == Jimy ( 6120 5040 ) 6
mgR? mg < (=2\/h\" . . .
. F = = = —_— b 1
60. (a) R (Y IOE mg T;O ( n ) <R [binomial series]
(b) We expand F' = mg [1 — 2 (h/R) + 3 (h/R)* —---]. a3 .
This is an alternating series, so by the Alternating Series
Estimation Theorem, the error in the approximation F' = mg y=001
is less than 2mgh/ R, so for accuracy within 1% we want
2mgh/R 2h(R + h)?
———— | < 0.01 _— .01.
mgR?/(R + h)? < A R3 <0 0 50

This inequality would be difficult to solve for A, so we substitute R = 6,400 km and plot both sides of the inequality.

It appears that the approximation is accurate to within 1% for h < 31 km.

61. f(x) = Z—:o cnx” = f(-z)= 2_:0 Cn(—z)" = 20(~1)"cn z"
(a) If f is an odd function, then f(—z) = —f(x) = > (=1)"chz™ = > —cnz™. The coeflicients of any power series
n=0 n=0
are uniquely determined (by Theorem 11.10.5), so (—=1)" ¢, = —cj,.
If niseven, then (—1)" =1,80¢c, = —¢, = 2, =0 = ¢, = 0. Thus, all even coefficients are 0, that is,

co=cCp=cqg=-+--=0.

(b) If f is even, then f(—z) = f(z) =

agk

o0
(—D"cpz™ = > ez = (—1)"cn =cn.
n=~0

n=0

Ifnisodd, then (—1)" = —1,s0 —¢cp, = ¢n = 2¢, =0 = ¢, =0. Thus, all odd coefficients are 0,
thatis,c; =¢c3 =c¢5 = --- = 0.
x &z 22 = ($2)n o xZn > 1 2n :
6. "= 5 — = flz)=¢€¢" =) =5 — = % — z*". By Theorem 11.10.6 with a = 0, we also have
n=0 n! n=0 n! n=0 ! n=0 n!
(k) (2n) 29!
fl)y=> ! k:'( ):rk Comparing coefficients for k = 2n, we have 70 == = f@)= @n)t
k=0 ! :

nl





