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D PREFACE 

This Student Solutions Manual contains strategies for solving and solutions to selected exercises 
in the text Single Variable Calculus, Early Transcendentals, Seventh Edition, by James Stewart. 
It contains solutions to the odd-numbered exercises in each section, the review sections, the True­
False QUizzes, and the Problem Solving sections, as well as solutions to all the exercises in the 
Concept Checks. 

This manual is a text supplement and should be read along with the text. You should read all 
exercise solutions in this manual because many concept explanations are given and then used in 
subsequent solutions. All concepts necessary to solve a particular problem are not reviewed for 
every exercise. If you are having difficulty with a previously covered concept, refer back to the 
section where it was covered for more complete help. 

A significant number of today's students are involved in various outside activities, and fmd it 
difficult, if not impossible, to attend all class sessions; this manual should help meet the needs of 
these students. In addition, it is our hope that this manual's solutions will enhance the understand­
ing of all readers. of the material and provide insights to solving other exercises. 

We use some nonstandard notation in order to save space. If you see a symbol that you don't 
recognize, refer to the Table of Abbreviations and Symbols on page v . 

. We appreciate feedback concerning errors, solution correctness or style, and manual style. Any 
comments may be sent directly to jeff.cole@anokaramsey.edu, or in care of the publisher: 

-Brooks/Cole, Cengage Learning, 20 Davis Drive, Belmont CA 94002-3098. 

We would like to thank Stephanie Kuhns and Kathi Townes, of TECHarts, for their production 
services; and Elizabeth Neustaetter, of Brooks/Cole, Cengage Learning, for her patience and sup­

. port. All of these people have provided invaluable help in creating, this manual. 
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D ABBREVIATIONS AND SYMBOLS 

CD 

cu 

D 

FDT 

HA 

IP 

R 

VA 

CAS 

.!! 

j_ 

concave downward 

concave upward 

the domain off 

First Derivative Test 

horizontal asymptote( s) 

interval of convergence 

inflection point( s) 

radius of convergence 

vertical asymptote(s) 

indicates the use of a computer algebra system . 

indicates the use ofl'Hospital's Rule. 

indicates the use ofFormulaj in the Table oflntegrals in the back endpapers. 

indicates the use of the substitution { u = sin x, du = cos x dx}. 

indicates the use of the substitution { u = cos x, du = - sin x dx}. 
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D DIAGNOSTIC TESTS 

Test A Algebra 

1. (a) ( -3)4 = ( -3)( -3)( -3)( -3) = 81 

-4 
1 1 

(c) 3 = 
34 

= 
81 

(b) -34 = -(3)(3)(3)(3) = -81 

523 
(d) -= 523-21 = 52 = 25 521 

(f) 16-3/4- _
1
_ 

- 1 
,- 163/4 - ( �)3 

1 1 
23 8 

2. (a) Note that v'200 = v'100 · 2 = 10 v'2 and v'32 = y'l'6:2 = 4 v'2. Thus v'200- v'32 = 10 v'2- 4 v'2 = 6 )2. 

3. (a) 3(x + 6) + 4(2x- 5) = 3x + 18 + 8x- 20 = llx- 2 

(b) (x + 3)(4x- 5) = 4x2- 5x + 12x- 15 = 4x2 + 7x- 15 

(c) (va+Jb) (va-Jb) = (vaf -vaJb+vaJb- (JbY =a-b 

Or: Use the formula for the difference of two squares to see that ( Va + Jb) ( Va- Jb) = ( Ja) 2 - ( Jb Y = a- b. 

(d) (2x + 3)2 = (2x + 3)(2x + 3) = 4x2 + 6x + 6x + 9 = 4x2 + 12x + 9. 

Note: A quicker way to expand this binomial is to use the formula (a + b? = a2 + 2ab + b2 with a = 2x and b = 3: 

(2x + 3)2 = (2x? + 2(2x)(3) + 32 = 4x2 + 12x + 9 

(e) See Reference Page 1 for the binomi�l formula (a+ b)3 = a3 + 3a2b + 3ab2 + b3. Using it, we get 

(x + 2)3 = x3 + 3x2(2) + 3x(22) + 23 = x3 + 6x2 + 12x + 8. 

4. (a) Using the difference of two squares formula, a2 -b2 = (a+ b)(a- b), we have 

4x2- 25 = (2x?- 52 = (2x + 5)(2x- 5). 

(b) Factoring by trial and error, we get 2x2 + 5x- 12 = (2x- 3)(x + 4). 

(c) Using factoring by grouping and the difference of two squares formula, we have 

x3- 3x2- 4x + 12 = x2(x- 3)- 4(x- 3) = (x2- 4)(x- 3) = (x- 2)(x + 2)(x- 3). 

(d) x4 + 27x = x(x3 + 27). = x(x + 3)(x2 - 3x + 9) 

This last expression was obtained using the sum of two cubes formula, a3 + b3 = (a+ b)(a2- ab + b2) with a= x 

and b = 3. [See Reference Page 1 in the textbook.] 

(e) The smallest exponent on x is-� . so we will factor out x-112• 

3x312- 9x112 + 6x-112 = 3x-112(x2- 3x + 2) = 3x-112(x- 1)(x- 2) 

(f) x3y- 4xy = xy(x2 - 4) = xy(x- 2)(x + 2) 
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2 0 DIAGNOSTIC TESTS 

5 (a) x2 + 3x + 2 = (x + 1)(x + 2) = x + 2 
· x2- x- 2 (x + 1)(x- 2) x- 2 

(b) 
2x2 -X- 1 . X+ 3 

= 
(2x + 1)(x- 1) . X+ 3 = X- 1 

x2 - 9 2x + 1 (x- 3)(x + 3) 2x + 1 x- 3 

x2 x + 1 x2 x + 1 (c) -x2 ___ 4 - -x -+-2 = (x- 2)(x + 2) - -x -+-2 
x2 x + 1 x- 2 _ x2 - (x + l)(x-2) 

(x- 2)(x + 2) - x + 2 · x- 2 - (x- 2)(x + 2) 
_ x2 - (x2 - x - 2) _ x + 2 1 · - (x + 2)(x- 2) - (x + 2)(x-2) x-2 

y X y X 
--- -- - 2 2 (d) =---:J!... = =---:J!... . xy = 1L::.32.... = (y- x)(y + x) = y + x = -(x + y) 1 1 1 1 xy x- y -(y-x) -1 
y X y X 

6. (a) v'IO = v'IO . J5 + 2 = v'50 + 2 v'IO = 5 .J2 + 2 v'IO = 5 J2 + 2 v'IO v'5- 2 v'5- 2 v'5 + 2 ( J5)2- 22 5-4 

b J4+/i- 2  = J4+/i-2. V'4+7i+2 = 4+h- 4 = h = 1 () h h v'4+h+2 h(v'4+h+.2) h(v'4+h+2) v'4+h+2 

7. (a) x2. + x + 1 = (x2 + x + t) + 1- i = (x + �f + � 

(b) 2x2- 12x + 11 = 2(x2- 6x) + 11 = 2(x2 - 6x + 9- 9) + 11 = 2(�2- 6x + 9)- 18 + 11 = 2(x- 3)2- 7 

8. (a) X+ 5 = 14- �X 

(b)�= 2x-1 
x+ 1 x 

(c) x2 -x- 12 = 0 

¢} 

=? 

¢} 

X+ �X= 14-5 ¢} 

2x2 = (2x- 1)(x + 1) 

(x + 3)(x- 4) = 0 ¢} 

(d) By the quadratic formula, 2x2 + 4x + 1 = 0 <* 

!x =9 ¢} X= i ·9 ¢} x=6 

¢} 2x2 = 2x2 + x - 1 ¢} x=1 

x + 3 = 0 or x - 4 = 0 ¢} x = -3 or x = 4 

_ -4±y'42- 4(2)(1) _ -4±J8 _ -4± 2\1'2 _ 2(-2±\1'2) _ -2± J2 _ . 1 ;r; x- 2(2) - 4 - 4 - 4 - 2 --1 ± 2 Y 2· 

(e) x4- 3x2 + 2 = 0 <* (x2- 1)(x2-2) = 0 · <* x2-1 = 0 or x2- 2 = 0 <* x2 = 1 or x2 = 2 <* 

x = ±1 or x = ±J2 

(f) 3lx- 41 = 10 <* lx-41 = 1J! ·<* x- 4 = -.!J! or x-4 = 13° <* x = i or x = ¥ 

(g) Multiplying through 2x(4- x)-112 -3 v'4- x = 0 by.(4- x)112 gives 2x- 3(4- x) = 0 · <* 

2x - 12 + 3x = 0 <* 5x - 12 = 0 <* 5x = 12 <* x = ¥. 

9. (a) -4 < 5 - 3x :=; 17 {:} -9 < -3x ::;: 12 <* 3 > x ;?:: -4 or -4 :=; x < 3. 
In interval notation, the answer is [-4, 3). 

(b) x2 < 2x + 8 <* x2 - 2x- 8 < 0 <* (x + 2)(x- 4) < 0. Now, (x + 2)(x- 4) will change sign at the critical 

values X= -2 and X= 4. Thus the possible intervals of solution are ( -oo, -2), ( -2, 4), and (4, oo). By choosing a 

single test value from each interval, we see that (-2, 4) is the only interval that satisfies the inequality. 
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TEST 8 ANALYTIC GEOMETRY 0 3 

(c) The inequality x(x- l)(x + 2) > 0 has critical values of -2, 0, and 1. The corresponding possible intervals of solution 
are ( -oo, -2), ( -2, 0), (0, 1) and (1, oo ). By choosing� single test value from each interval, we see that both intervals 
( -2, 0) and (1, oo) satisfy the inequality. Thus, the solution is the union of these two intervals: ( -2, 0) U (1, oo) . 

(d) Jx- 4J < 3 ¢? -3 < x- 4 < 3 ¢? 1 < x < 7. In interval notation, the answer is (1, 7). 

(e) 2x- 3 <1 x+l - ¢? 2x-3_1<0 x+l -
¢} 2X - 3 _ X + 1 < O ¢} 2x - 3 - X - 1 < O ¢} X - 4 < O. x+1 x+1 - x+1 - x+1 -

_Now, the expression x - 4 may change signs at the critical values x = -1 and x = 4, so the possible intervals of solution x+l 
are ( -oo, -1), ( -1, 4], and [4, oo). By choosing a single test value from each interval, we see that ( -1, 4] is the only 
interval that satisfies the inequality. 

10. (a) False. In order for the statement to be true, it must hold for all real numbers, so, to show that the statement is fillse, pick 
p = 1 and q = 2 and observe that (1 + 2)2 i= 12 + 22. In general, (p + q)2 = p2 + 2pq + q2 • .  

(b) True as long as a and b are nonnegative real numbers. To see this, think in terms of the laws of exponents: 
v'ab = (ab)l/2 = alf2bl/� = va Jb. 

(c) False. To see this, let p = 1 and q = 2, then �112 + 22 i= 1 + 2. 

0 • • 1 + 1(2) (d) False. To see this, letT= 1 and C = 2, then 2 i= 1 + 1. 

(e) False. To see this, let x .. = 2 and y= 3, then 2 � 3 i= � - �-

. 1lx x 1 (f ) True smce 
I b. I 

·- = -. -b, as long as x i= 0 and a- b i= 0. p.x- x x a-

Test 8 Analytic Geometry 

1. (a) Using the point (2, -5) and m = -3 in the point�slope equation of a line, y- YI = m(x- x1), we get 
y- ( -5) = -3(x- 2) � y + 5 = -3x + 6 � y = -3x + 1. 

(b) A line parallel to the x-axis must be horizontal and thus have a slope ofO .. Since the line passes through the point (2, -5), 
they-coordinate of every point on the line is -5, so the equation is y = -5. 

(c) A line parallel to the y-axis is vertical with undefined slope. So the x-coordinate of every point on the line is 2 and so the 
equation is x = 2. 

(d) Note that 2x - 4y = 3 � -4y = -2x + 3 � y = � x - �. Thus the slope of the given line is m = �. Hence, the 

slope of the line we're looking for is also � (since the line we're looking for is required to be parallel to the given line). 

So the equation of the line is y- (-5)=�(x- 2) � y+5=�x- 1 � y=�x-6. 

2. First we'll find the distance between the two given points in order to obtain the radius, r, of the circle: 

r = J[3- (-1)]2 + (-2- 4)2 = J42 + (-6)2 =.;52. Next use the standard equation of a circle, 

(x- h? + (y- k? = r2, where (h, k) is the center, to get (x + 1? + (y- 4)2 =52. 
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4 0 DIAGNOSTIC TESTS 

3. We must rewrite the equation in standard form in order to identifY the center arid radius. Note that 

x2 + y2 - 6x + lOy+ 9 = 0 => x2 -6x + 9 + y2 + lOy = 0. For the left-hand side of the latter equation, we 

factor the first three terms and complete the square on the last two terms as follows: x2 -6x + 9 + y2 + lOy = 0 => 

(x -3 ?  + y2 +lOy+ 25 == 25 => (x- 3)2 + (y + 5? = 25. Thus, the center of the circle is ( 3, -5) and the radius is 5. 

-12-4 -16 4 
4; (a)A (-7,4)andB( 5,...:..12) => mAs= 

5-(-7) =12=-3 

(b)y -4=-�[x-(�7) ) => y-4=- �x-¥ => 3y-12=-4x- 28 => 4x+3y+l6=0.Putting y= O, 

we get 4x + 16 = 0, so the x-intercept is -4, and substituting 0 for x results in a y-intercept of -136• 

(c) The midpoint is obtained by averaging the corresponding coordinates ofboth points: ( -7/5, 4+(;-12)) = ( -1, -4). 

(d) d = y'[ 5-( - 7))2 + (-12-4)2 = y'l22 + (- 16)2 = v'l4 4 + 25 6 = v'400 = 20 
'· 

(e) The perpendicular bisector is the line that intersects the line segment AB at a right angle through its midpoint. Thus the 

perpendicular bisector passes through ( -1, -4) and has slope � [the slope is obtained by taking the negative reciprocal of 

the answer from part (a)). So the perpendicular bisector is given by y + 4 = £[x- ( - 1)) or 3x -4y = 13. 

(f) The center of the required circle is the midpoint of AB, and the radius is half the length of AB, which is 10. Thus, the 

equation is (x + 1? + (y + 4)2 = 10 0. 

5. (a) Graph the corresponding horizontal fines (given by the equations y = -1 and 

y = 3) as solid lines. The inequality y 2 -1 describes the points ( x, y) that lie 

on or above the line y = -1. The inequality y � 3 describes the points ( x ,  y) 

that lie on or below the line y = 3. So the pair of inequalities -1 � y � 3 

describes the points that lie on or between the lines y = - 1 and y = 3. 

(b) Note that the given inequalities can be written as -4 < x < 4 and -2 < y < 2, 

respectively. So the region lies between the vertical lines x = -4 and x = 4 and 

between the horizontal lines y = -2 and y= 2. As shown in the graph, the 

region common to both graphs is a rectangle (minus its edges) centered at the 

origin. 

(c) We first graph y = 1 -tx as a dotted line. Since y < 1 -tx , the points in the 

region lie below this line. 
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(d) We first graph the parabola y = x2 - 1 using a solid curve. Since y � x2 - 1, 

the points in the region lie on or above the parabola. 

(e) We graph the circle x2 + y2 = 4 using a dotted curve. Sinceyfx2 + y2 < 2, the 

region consists of points whose distance from the origin is less than 2, that is, 

the points that lie inside the circle. 

(f) The equation 9x2 + 16y2 = 144.is �ellipse centered at (0, 0). We put it in 
. 

2 2 standard form by dividing by 144 and get �6 + � = 1. The x-intercepts are 

located at a distance of v'I6 = 4 from. the center while the y-intercepts are a 

distance of v'9 = 3 from the center (see the graph). 

Test C Functions 

TEST C FUNCTIONS D 5 

1 . . (a) Locate -1 on the x-axis and then go down to the point on the graph with an x-coordinate of -1. The corresponding 

y-coordinate is the value of the function at x = -1, which is -2; So, f( -1) = -2. 

(b) Using the same technique as in part (a), we get /(2) � 2.8. 

(c) Locate 2 on they-axis and then go left and right to find all points on the graph with a y-coordinate of 2. The corresponding 

x-coordinates are the x-values we are searching for. So x = -3 and x = 1. 

(d) Using the. same technique as in part (c),we get x � -2.5 and x � 0.3. 

(e) The domain is all the x-values for which the graph exists, and the range is all they-values for which the graph exists. 
I 

Thus, the domain is [-3, 3), and the range is [-2, 3). 

2. Note that /(2 +h) = {2 + h)3 and /{2) = 23 
= 8. So the difference quotient becomes 

!(2 +h) - !(2) 
= 

(2 + h)3 - 8 
= 

8 + 12h + 6h2 + h3 - 8 
= 

12h + 6h2 + h3 
= h(12 + 6h + h2) 

= 12 6h h2 h h h h h + , + . 

3. (a) Set the denominator equal to 0 and solve to find restrictions.on the domain: x2 + x- 2 = 0 * 

(x- 1)(x + 2) = 0 * x = 1 or x = -2. Thus, the domain is all real numbers except 1 or -2 or, in interval 

notation, ( -oo, -2) U ( -2, 1) U (1, oo). 

(b) Note that the denominator is always greater than or equal to 1, and the numerator is defined for all real numbers. Thus, the 

domain is ( -oo, oo ). 

(c) Note that the function h is the sum of two root functions. So h is defined on the intersection of the domains of these two 

root functions. The domain of a square root function is found by setting its radicand greater than or equal to 0. Now, 
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6 D DIAGNOSTIC TESTS 

4 - x 2: 0 => � :::; 4 and x2 - 1 2: 0 => ( x - 1) ( x + 1) 2: 0 => x :::; -1 or x 2: 1. Thus, the domain of 

his (-oo,-1] U [1,4]. 

4. (a) Reflect the graph off about the x-axis. 

(b) Stretch the graph off vertically by a factor of 2, then shift 1 unit downward. 

(c) Shift the graph off right 3 units, then up 2 units. 

5. (a) Make a table and then connect the points with a smooth curve: 

I : I =� I =: I � I : I � I 

(b) Shift the graph from part (a) left 1 unit. 

(c) Shift the graph from part (a) right 2 units and up 3 units. 

(d) First plot y = x2• Next, to get the graph off ( x) = 4 - x2, 

reflect f about the x-axis and then shift it upward 4 units. 

'{e) Make a table and then connect the points with a smooth curve: 

I : I � I : I : I : I 

(f ) Stretch the graph from part (e) vertically by a factor of two. 

y 
4 

y 

,\ 

X 

X 

X 

X 

0 1 X 
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TEST D TRIGONOMETRY D 7 

(g) First plot y == 2x. Next, get the graph of y = -2x by reflecting the graph of 

y = 2x about the x-axis. 

y 

X 

(h) Note that y = 1 + x-1 = 1 + 1/x. So first plot y = 1/x and then shift it 

upward 1 unit. 
-----------� -� 

6. (a) f( -2) = 1- ( -2? = -3 and f(1) = 2(1) + 1 = 3 

(b) For x S: 0 plot f(x) = 1- x2 and, on the san1e plane, for x > 0 plot the graph 

of f(x) = 2x + 1. 

X 

X 

7. (a)(! o g)(x) = f(g(x)) = f(2x- 3) = (2x- 3)2 + 2(2x- 3)- 1 = 4x2- 12x + 9 + 4x- 6- 1 = 4x2- 8x + 2 

(b) (go f)(x) = g(f(x)) = g(x2 + 2x- 1) = 2(x2 + 2x- 1)- 3 = 2x2 + 4x- 2- 3;, 2x2 + 4x- 5 

(c) (gogo g)(x) = g(g(g(x))) = g(g(2x- 3)) = g(2(2x- 3)- 3) = g(4x- 9) = 2(4x- 9)- 3 
= 8x - 18 - 3 = 8x - 21 

Test D Trigonometry 

0 0 ( 1r ) 3007r 57r 
1. (a) 300 = 300 180o 

= 180 = 3 

2. (a) 
5; = 

5; (1�o ) = 150o 

(b) -1
·
8° = -18° (�) = -

181r 
= 

-� 
180° 180 10 

(b) 2 = 2(1�0 ) = 
3�0 

� 114.6° 

3. We will use the arc length formula, 8 = r8, where 8 is arc length, r is the radius of the circle, and(} is the measure of the 

central angle in radians. First, note that 30° = 30° ( 1:00 ) = i· So 8 = (12) (i) = 21r em. 

4. (a) tan( 1r /3) = v'3 [You can read the value from a right triangle with sides I, 2, and v'3.] 

(b) Note that 71r /6 can be thought of as an angle in the third quadrant with reference angle 1r /6. Thus, sin(77r /6) = -�, 

since the sine function is negative in the third quadrant. 

(c) Note that 57r /3 can be thought of as an angle in the fourth quadrant with reference angle 1r /3. Thus, 
' 

1 1 sec(57r /3) = cos(51r /3) = 
112 

= 2, since the cosine function is positive in the fourth quadrant. 
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8 0 DIAGNOSTIC TESTS 

5. sinO=a/24 ==> a=24sin0 and cosO=b/24 ==> b=24cos0 

6. sin x = � anp sin2 x + cos2 x = 1 ==> cos x = A = 
2 �. Also, cosy = � ==> sin y � J 1 - �� = �. 

So, using the sum identity for the sine, we have 

. 
. 1 4 2..;2 3 4+6v'2 1 

sin( x + y) = sin x cosy + cos x Silly = - · - + -- · - = = - ( 4 + 6 ..j2) 3 5 3 5 15 15 

. sinO . sin2 0 cos2 0 1 
7. (a) tanO sillO +cosO= --

0 
sillO +cosO= --0- + --8-

= --
0 

= secO 
cos cos cos cos 

(b) 2tanx _ 2sinx/(cosx) 
2 

sinx 
2 2 

. . 
2 1 + tan2 X 

-
sec2 X 

= � COS X = Sill X COS X = Sill X 

8. sin2x = sinx ¢> 2sinx cos x = sinx ¢> 2sinx cosx-sinx = 0 ¢> sinx ( 2cosx- 1) = O· ¢> 

sinx = 0 or cosx = � ==> x = 0, f, 11", 5;, 211". 

9. We first graph y = sin 2x (by compressing the graph of sin x 

by a factor of 2) and then shift it upward 1 unit. 
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1 D FUNCTIONS AND MODELS 

1.1 Four Ways to Represent a Function 

1. The functions f(x) = x + -./2-x and g(u) = u + -./2-u give exactly the same output values for every input value, so f 

and g are equal. 

3. (a) The point (1, 3) is on the graph off, so f(1) = 3. 

(b) When x = -1, y is about -0.2, so f( -1) � -:-0.2. 

(c) f(x) = 1 is equivalent toy= 1. When y = 1, we have x = 0 and x = 3. 

(d) A reasonable estimate for x when y = 0 is x = -0.8. 

I ' 

(e) The domain off consists of all x-values on the graph of f. For this function, the domain is -2:::; x:::; 4, or [-2, 4]. 

The range off consists of all y-values on the graph off. For this function, the range is -1 :::; y :::; 3, or [ -1, 3]. 

(f ) As x increases from -2 to 1, y increases from -1 to 3. Thus, f is increasing on the interval [-2, 1]. 

5. From Figrire 1 in the text, the lowest point occurs at about (t, a) = (12, -85). The highest point occurs at about (17, 115). 

Thus, the range of the vertical ground acceleration is -85:::; a:::; 115. Written in interval notation, we get [-85, 115]. 

7. No, the curve is not the graph of a function because a vertical line intersects the curve more than once. Hence, the curve fails 

the Vertical Line Test. 

9. Yes, the curve is the graph of a function because it passes tl).e Vertical Line Test. The domain is [-3, 2] and the range 

is ['-3, -2) u [-1, 3]. 

11. The person's weight increased to about 160 pounds at age 20 and stayed fairly steady for 10 years. The person's weight 

dropped to about 120 pounds for the next 5 years, then increased rapidly to about 170 pounds. The next 30 years saw a gradual 

increase to 190 pounds. Possible reasons for the drop in weight at 30 years of age: diet, exercise, health problems. 

13. The water will cool down almost to freezing as the ice melts. Then, when 

the ice has melted, the water will slowly warm up to room temperature. 

T 

0 

15. (a) The power consumption at 6 AM is 500 MW, which is obtained by reading the value of power P when t = 6 from the 

graph. At 6 PM we read the value of P when t = 18, obtaining approximately 730 MW. 

(b) The minimum power consumption is determined by finding the time for the lowest point on the graph, t = 4, or 4 AM. The 

maximum power consumption corresponds to the highest point on the graph, which occurs just before t = 12, or right 

before noon. These times are reasonable, considering the power consumption schedules of most individuals and 

businesses. 
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10 D CHAPTER 1 FUNCTIONS AND MODELS 

1:'1. Of course, this graph depends strongly on the 

geographical location! 

19. As the price increases, the amount sold 

decreases. amount 

21. 

Tk?: 

midnight noon 

I I I • 

Wed. Wed. Wed. Wed. Wed. t 

0 

23. {a) (b) From the graph, we estimate the number of US cell-phone 

subscribers to be about 126 million in 2001 and 207 million 

in2005. 

1996 1998 2000 2002 2004 2006 I · 

(midyear) 

25. f(x) = 3x2- x + 2. 

/(2) = 3(2)2 - 2 + 2 = 12 - 2 + 2 = 12. 

J(-2) = 3( -2? - ( --:-2) + 2 = 12 + 2 + 2 = 16. 

f(a) = 3a2 - a+ 2. 

f( -a) = 3( -a)2- (-a)+ 2 = 3a2 +a+ 2. 

f(a+ 1) = 3(a + 1?- (a+ 1) + 2 = 3(a2 + 2a + 1)- a- 1 + 2 = 3a2 + 6a + 3- a+ 1 = 3a2 + 5a + 4. 

2/(a) = 2 · f(a) = 2(3a2- a+ 2) = 6a2- 2a + 4. 

f(2a) = 3(2a)2- (2a) + 2 = 3(4a2)- 2a + 2 = 12a2- 2a + 2. 

f(a2) = 3(a2?- (a2) + 2 = 3(a4)- a2 + 2 = 3a4- a2 + 2. 

[/(a)]2 = (3a2- a+ 2)2 = (3a2- a+ 2) (3a2- a+ 2) 
= 9a4 -3a3 + 6a2 - 3a3 + a2 - 2a + 6a2 - 2a + 4 = 9a4 - 6a3 + 13a2 - 4a + 4. 

f(a +h)= 3(a + h)2 -(a+ h)+ 2 = 3(a2 + 2ah + h2)- a- h + 2 = 3a2 + 6ah + 3h2- a- h + 2. 
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SECTION 1.1 FOUR WAYS TO REPRESENT A FUNCiiON 0 11 

27. f(x) = 4 + 3x- x2, so f(3 +h)= 4 + 3(3 +h)- (3 + h? = 4 + 9 + 3h- (9 + 6h + h2) = 4- 3h- h2, 

!(3 +h)- !(3) (4- 3h- h2)- 4 h( -3- h) 
and h = h = h = -3 - h. 

1 1 a- x 
29. f(x)- f(a) _ -'L-Q. = ....EL. = (- x 

) x - a - x - a x - a xa x � a 
-1(x- a) 
,xa(x- a) 

1 
ax 

31. f(x) = (x + 4)/(x2- 9) is defined for all x except when 0 = x2- 9 ¢? 0 = (x + 3)(x- 3) {=} x = -3 or 3,_so the 

domain is { x E � I x =f -3, 3} =c ( -oo, -3) U ( -3, 3) U (3, oo ). 

33. f(t) = �2t- 1 is defined for all real numbers. In fact �.where p(t) is a polynomial, is defined for all real numbers. 

Thus, the domain is�. or ( -oo, oo ). 

35. h(x) = 1/ {/x2- 5x is defined when x2- 5x > 0 ¢'> x(x -·5) > 0. Note that x2- 5x =f 0 since that �ould result in 

division by zero. The expression x(x- 5) is positive if x < 0 or x > 5. (See Appendix A for methods for solving -

inequalities.) Thus, the domain is ( -oo, 0) U (5, oo) . 

37. F(p) = J2 - v'P is defined when p 2::: 0 and 2 - v'P 2::: 0. Since 2 - v'P 2::: 0 � 2 2::: v'P � v'P :::; 2 � 

0 $ p $ 4, the domain is [0, 4]. 

\ 
39. _ f ( x) = 2 - 0.4x is defined for all real numbers, so the domain is �. 

or ( -oo, oo) . The graph off is a line with slope -0.4 and y-intercept 2. 

41. f(t) = 2t + t2 is defined for all real numbers, so the domain is �.or 

( -oo, oo ). The graph off is a parabola opening upward since the 

coefficient oft2 is positive. To find the t-intercepts, let y = 0 and solve 

fort. · 0 = 2t + t2 = t(2 + t) � t = 0 or t = -2. The t-coordinate of 

the vertex is halfway between the t-intercepts, that is, at t = -1. Since 

f( -1) = 2(,.-1) + (-1? = -2 + 1 = -1, the vertex is ( -1, -1). 

43. g(x) = Jx- 5 is defined when x- 52::: 0 or x 2::: 5, so the domain is [5, oo) . 

Since y = v' x - 5 � y2 = x - 5 � x = 1/ + 5, we see that g is the 
top half of a parabola. 

y 

0 
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12 0 CHAPTER 1 FUNCTIONS AND MODELS 

3x + lxi . { x if X> 0 
45. G(x) = . . Smce lxl = _ x -x 

- , we have 
if X< 0 

• { 3x+x 

G(x) = 
3 

x 
x- x 

X 

if X> 0 = { � 
2x 

if X< 0 
x· 

if X> 0 
= 
{: 

if X< 0 

if X> 0 

if X< 0 

Note that G is not defined for x = 0. The domain is ( -oo, 0) U (0, oo ). 

{ x+2 
47. f(x) = · 1- X 

The domain is JR. 

{x+2 
49. f(x) = 

x2 

if X< 0 

if X� 0 

if X� -.1 

if X> -1 

Note that for x = -1, both x + 2 and x2 are equal to 1. 

The domain is JR.. 

y 

4?----
-----4-2 

0 X 

y 

(0,2) 

X 

51. Recall that the slope m of a line between the two points (x1, Yl) and (x2, Y2) ism= y2- Yl and an equation of the line 
. X2- X1 

connecting those two points is y-y1 = m(x- xi). The slope of the line segment joining the points (1, -3) and (5, 7) is 

7; ��3) 
= �·so an equation is y- ( -3) = �(x- 1). The function is f(x) = �x- 1

2
i, 1 � x � 5. 

53. We need to solve the given equation for y. x + (y-1)2 = 0 {::} (y- 1)2 = -x {::} y- 1 = ±Fx � 

y = 1 ± Fx. The expression with the positive radical represents the top half of the parabola, and the one with the negative 

radical represents the bottom half. Hence, we want f(x) = 1- Fx. Note that the domain is x � 0. 

55. For 0 �· x � 3, the giaph is the line with slope -1 andy-intercept 3, that is, y = -x + 3. For 3 < x � 5, the graph is the line 

with slope 2 passing through (3, 0); that is, y - 0 = 2(x - 3), or y = 2x - 6. So the function is 

f(x) = · -. -{-x + 3 if 0 < x < 3 

2x - 6 if 3 < x � 5 

57. Let the length and width of the rectangle beL and W. Then the perimeter is 2L + 2W = 20 and the area is A= LW. 

Solving the first equation for W in terms of L gives W == 
20 ; 2L 

= 10 - L. Thus, A( L) = L( 10 - L) = lOL - L 2• Since 

·lengths are positive, the domain of A is 0 < L.< 10. If we further restrict L to be larger than W, then 5 < L < 10 would be 

the domain. 
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SECTION 1.1 FOUR WAYS TO REPRESENT A FUNCTION D 13 

59. Let the length of a side of the equilateral triangle be x. Then by the Pythagorean Theorem, the height y of the triangle satisfies 

y2 + ( � x) 2 = x2, so that y2 = x2 - t x2 = � x2 and y = � x. Using the formula for the area A of a triangle, 

A= �(base)(height), we obtain A(x) = �(x) ( 1x) = �x2, with domain x > 0. 

61. Let each side of the base of the box have length x, and let the height of the box be h. Since the volume is 2, we know that 

2 = hx2, so that h = 2/x2, and the surface area is S = x2 +4xh. Thus, S(x) = x2 +4x(2/x2) = x2 + (8/x), with 

domain x > 0. 

63. The height of the box is x and the length and width are L = 20-2x, W = 12- 2x. Then V = LWx and so 

V(x) = (20- 2x)(12- 2x)(x) = 4(10-x)(6- x)(x) = 4x(60-16x + x2) = 4x3 - 64x2 + 240x. 

The sides L, W, and x must be positive. Thus, L > 0 {::} 20 - 2x > 0 {::} x < 10; 

W > 0 {::} 12 -2x > 0 {::} x < 6; and x > 0. Combining these restrictions gives us the domain 0 < i < 6. 

65. We can summ'arize the amount of the fine with a 
piecewise defined function. 

{ 15(40-x) ifO:S:x<40 

F(x) = 0 if 40::; x::; 65 

15(x-65) if x > 65 

F 

600 (100, 525) 

0 40 65 100 X 

67. (a) R(%) (b) On $14,000, tax is assessed on $4000, and 10%($4000) = $400. 

15 

10 

On $26,000, tax is assessed on $16,000, and 

10%($10,000) + 15%($6000) = $1000 + $900 = $1900. 

0 10.000 20,000 I (in dollars) 

(c) As in,part (b), there is $1000 tax assessed on $20,000 of income, so 

the graph ofT is a line segment from (10,000, 0) to (20,000, 1000). 

The tax on $30,000 is $2500, so the graph ofT for x > 20,000 is 

the ray with initial point (20,000, 1000) that passes through 

(30,000, 2500). 

T (in dollars) 

2500 

1000 

0 10,000 20,000 30,000 I (in dollars) 

69. f is an odd function because its graph is symmetric about the origin. g is an even function because its graph is symmetric with 

respect to the y-axis. 

71. (a) Because an even function is symmetric with respect to they-axis, and the point (5, 3) is on the graph of this even function, 

the point ( -5, 3) must also be on its graph. 

(b) Because an odd function is symmetric with respect to the origin, and the point (5, 3) is on the graph of this odd function, 

the point ( -5, -3) must also be on its graph. 
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14 0 CHAPTER 1 FUNCTIONS AND MODELS 

X 
73. f(x) = -2 1. 

. X. + 
X -X X 

75. f(x) = --1, so j(-x) = --1 = --1. x+ -x+ x-
-X -X X f( -x) = ( -x)2 + 1 = x2 + 1 =- x2 + 1 =-f(x). Since this is neither f(x) nor-f(x), the function f is 

neither even nor odd. 
So f is an odd function. 3 

-----------+--- -------------------3 3 
-2 v 

...... _/ 
2 

-1 

n. f(x) = 1 + 3x2- x4• 

f(-x) = 1+3(-x}2-(-x)4 = 1+3x2-x4 =f(x). 
So f is an even function. 

-3 

79. (i) Iff and g are both even functions, then f( -x) = f(x) and g( -x) = g(x). Now 

-3 

(f +g)( -x) = f( -x) + g( -x) = f(x) + g(x) = (f + g)(x), so f + g is an even function. 

(ii) Iff and g are both odd functions, then f( -x) = -f(x) and g( -x) = -g(x). Now 

(f +g)( -x) = f( -x) + g( -x) =-f(x) + [-g(x)] = -[f(x) + g(x)] = -(! + g)(x), so f + g is an odd function. 

(iii) Iff is an even function and g is an odd function, then(!+ g)( -x) = f( -x) + g( -x) = f(x) +[-g(x)] =_f(x)- g(x), 
which is not(!+ g)(x) nor-(!+ g)(x), so f + g is neither even nor odd. (Exception: iff is the zero function, then 

f + g will be odd. If g is the zero function, then f + g will be even.) 

1.2 Mathematical Models: A Catalog of Essential Functions 

1. (a) f(x) = log2 x is a logarithmic function. 

(b) g( x) = {IX is a root function with n = 4. 

'<c) h( x) = ·1
2x3 2 is a �a tiona! function because it is a ratio of polynomials. · -x 

(d) u(t) = 1- Llt + 2.54t2 is a polynomial ofdegree 2 (also called a quadratic function). 

(e) v(t) = 5i is an exponential function. 

(f) w(O) =sinO cos20.is a trigonometric function. 
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SECTION 1.2 MATHEMATICAL MODELS: A CATALOG OF ESSENTIAL FUNCTIONS D 15 

3. We notice from the figure that g and hare even functions (symmetric with respect to they-axis) and that f is an odd function 

(symmetric with respect to the origin). So (b) [y = x5] must be f. Since g is flatter than h near the origin, we must have 

(c) [y = x8] match� with g and(a) [y = x2] matched with h. 

5. (a) An equation for the family of linear functions with slope 2 

is y = f ( x) = 2x + b, where b is the y-intercept. 

(b) /(2) = 1 means that the point (2, 1) is on the graph of f. We can use the 

point-sloi>e form of a line to obtain an equation for the family of linear 

functions through the point (2, 1). y-1 = m(x-2), which is equivalent 

toy= mx +(1-2m) in slope-intercept form. 

b=3b=O 
b=-1 

X 

(c) To belong to both families, an equation must have slope m = 2, so the equation in part (b), y = mx +(1- 2m), 

becomes y = 2x - 3. It is the only function that belongs to both families. 

7. All members of the family of linear functions f(x) = c-x have graphs 

that are lines with slope -1. The y-intercept is c. 
c=-1 

c=-2 

X 

c=2 

c=l 

c=O 

9. Since f( -1) = f(O) = /(2) = 0, f has zeros of -1, 0, and 2, so an equation for f is f(x) = a[x-( -l)](x-O)(x-2), 

or f(x) = ax(x + 1)(x- 2). Because /(1) = 6, we'll substitute 1 for �and 6 for f(x). 

6= a(1)(2)(-1) =* -2a=6 =* a=-3,so an equation forfisf(x)=-3x(x+l)(x-2). 

11. (a) D = 200, soc= 0.0417D(a + 1) = 0.0417(200)(a + 1) = 8.34a + 8.34. The slope is 8.34, which represents the 

change in mg of the dosage for a child for each change of I year in age. 

(b) For a newborn, a= 0, soc= 8.34 mg. 
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16 0 CHAPTER 1 FUNCTIONS AND MODELS 

13. (a) 

c 

(b) The slope of � means that F increases � degrees for each increase 

of 1 o C. (Equivalently, F increases by 9 when C increases by 5 

and F decreases by 9 when C decreases by 5.) The F-intercept of 

32 is the Fahrenheit temperature corresponding to a Celsius 

temperature ofO. 

15 ( ) U 
. 

N . I f d T . I f fi d h I be T2 - Tl 80 - 70 . 
10 1 

S I
'. 

. a smg m p ace o x an m p ace o y, we n t e s ope to 
N2 _ N1 = 173 _ 113 = 60 

= 6. o a mear 

equation is T- 80 = i(N- 173) <=> T- 80 = iN- 1�3 <=> T = iN+ 3�7 (3�7 
= 

51.16]. 

(b) The slope of i means that the temperature in Fahrenheit degrees increases one-sixth as rapidly as the number of cricket 

chirps per minute. Said differently, each increase of 6 cricket chirps per minute.corresponds to an increase of 1 op. 

(c) When N = 150, the temperature is given approximatelybyT = i(150) + 3�7 = 76.16°F:::::: 76°F. 

. change in pressure 4.34 
43 . p fi d d fi d th . h h . 17. (a) We are given 

10 fi h . d th = -
10 

= 0. 4. Usmg or pressure an or ep wit t e pomt eet c ange m ep 

(d, P) = (0, 15), we have the slope-intercept form of the line, P = 0.434d + 15. 

(b) W hen P = 100, then 100 = 0.434d + 15 <=> 0.434d = 85 <=> d = o.�;4 :::::: 195.85 feet. Thus, the pressure is 

100 lb/in2 at� depth of approximately 196 feet. 

19. (a) The data appear to be periodic and a sine or cosine function would make the best model. A model of the form 

f(x) = acos(bx) + c seems appropriate. 

(b) The data appear to be decreasing in a linear fashion. A model of the form f ( x) = mx + b seems appropriate. 

Exercises 21-24: Some values are given to many decimal places. These are the results given by several computer algebra systems- rounding is left 

to the reader. 

21. (a) 15 (b) Using the points (4000, 14.1) and (60,000, 8.2), we obtain 
.. 4 8.2-14.1 

( ) . y 
-

1 .1 
= 60,000 _ 4000 x - 4000 or, equivalently, 

y :::::: -0.000105357x + 14.521429. 

o'--_.__.___.__'-'-_.____, 61,000 

A linear model does seem appropriate. 

o'--_._�....__.__....__.___, 61,000 

(c) Using a computing device, we obtain the least squares regression line y = -0.0000997855x + 13.950764. 

The following commands and screens illustrate how to find the least squares regression line on a TI-84 Plus. 

Enter the data into list one (L I) and list two (L2). Press !STAll [1] to enter the editor. 

© 20I2 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly .,;cessible website, in whole or in part. 



SECTION 1.2 MATHEMATICAL MODELS: A CATALOG OF ESSENTIAL FUNCTIONS D 17 

-.J L2: L) 1 
'1000 1'1.1 ------&000 13 
1000 13.'1 
12000 u.s: 
1&000 iii!: 
20000 iii!:. 'I 
:3:0000 10.5 

L1 ={4000, 6000, 8 ... 

Lf. L2 L:l: 2: 
12:000 12:.5 illi�O 12: 
2:00 I) 12:.'1 
)1)1)1)0 1U 
'15000 !1.'1 
&0000 

..... 
UUD> = 

Find the regession line and store it in Y 1· Press l2ndliOUITIISTATI [!] [!JIVARSI [!]ill illiENTERI. 

LinRe9<ax+b) Y1l LinRe9 

I 

Y=ax+b 
a=·9.978546E:-5 
b=13.95076408 

Note from the last figure that the regression line has been stored in Y 1 and that Plotl has been turned on (Plotl is 

highlighted). You can turn on Plotl from theY= menu by placing the cursor on Plot! and pressing IENTERI or by 

pressing l2ndi!STAT PLOTI[!]IENTERI. 

• 

• 

• 

f'lo�2: f'lo�J: 
Off 

YPe: • IC .lib. !Q!::II»>k:: 
Xlist:L1 
Ylist.:L<: 
Mark: Ill • · 

Now p�ess lZQQM] � to produce a graph of the data and the regression 

line. Note that choice 9 of the ZOOM menu automatically selects a window 

that displays all of the data. 

(d) When x = 25,000, y � 11.456; or about 11.5 per 100 population. 

(e) When x = 80,000, y � 5.968; or about a 6% chance. 

(f) When x = 200,000, y is negative, so the model does not apply. 

23. (a) A linear model seems appropriate over the time interval 

considered. 

heigbt(m) 6.0 H-t-
5.5 

4.5 

4.0 

3.5 · rr+ 

····i · · -+ 
I !-

:·.:.
' 
.. -y 

• 

:±=::b 

ly' U±±= -:vr--=t±:_._+ -H-· 
-H-

/1900 1920 1940 1960 1980 2000 year 1896 
(b) Using a computing device, we obtain the regression line y � 0.0265x- 46.8759. It is plotted in the graph in part (a). 

(c) For x = 2008, the linear model predicts a winning height of6.27 m, considerably higher than the actual wi�ing height 

of5.96m. 

© 2012 Cengage Learning. All Rights Reoerved. May not be scanned, copied, or duplicated, or posted to a publicly ac=.sible website, in wbole or in part. 



18 0 CHAPTER 1 FUNCTIONS AND MODELS 

(d) 'It is not reasonable to use the mod�! to predict the winning height at the 2100 Olympics since 2100 is too far from the 

1896--2004 range on which the model is based. 

25. If x is the original dis�ce from the source, then the illumination is f(x) = kx-2 = k/x2• Moving halfway to the lamp gives 

us an illumination of J(tx) = k( t:�;) -2 = k(2/x)2 = 4(k/x2), so the light is 4 times as bright. 

27. (a) Using a computing device, we obtain a power function N =cAb, where c:::::: 3.1046 and b:::::: 0.308. 

(b) If A = 291, then N = cAb :::::: 17.8, so you would expect to find 18 species of reptiles and amphibians on Dominica. 

1.3 New Functions from Old Functions 

1. (a) If the graph off is shifted 3 units upward, its equation becomes y = f(x) + 3. 

(b) lf the graph off is shifted 3 units downward, its equation becomes y = f(x)-3. 

(c) If the graph off is shifted 3 units to the right, its equation becomes y = f(x-3). 

(d) If the graph off is shifted 3 units to the left, its equation becomes y = f(x + 3). 

(e) If the graph off is reflected about the x-axis, its equation becomes y =-f(x). 

(f ) If the graph off is reflected about the y-axis, its equation becomes y = f ( -x). 

(g) If the graph off is stretched vertically by a factor of3, its equation becomes y = 3f(x). 

(h) If the graph off is shrunk vertically by a factor of3, its equation becomes y = !f(x). 

3. (a) (graph 3) The graph off is shifted 4 units to the right and has equation y = f(x- 4). 

(b) (graph I) The graph off is shifted 3 units upward and has equation y = f(x) + 3. 

(c) (graph 4) The graph off is shrunk vertically by a factor of 3 and has equation y = if ( x). 

(d) (graph 5) The graph off is shifted 4 units to the left and reflected about the x-axis. Its equation is y = -f(x + 4). 

(e) (graph 2) The graph off is shifted 6 units to the left and stretched vertically by a factor of 2. Its equation is 
y = 2f(x+6). 

5. (a) To graph y = f(2x) we shrink the graph of J 

horizontally by a factor of 2. 

The point ( 4, -1) on the graph off .corresponds to the 
point (t · 4, -1) = (2, 71). 

(b) To graph y = J(tx) we stretch the graph off 
horizontally by a factor of 2. 

i o 1 :! �� 
t ' l i ! : 

-f- X 

"··'-· 

The point ( 4, -1) on the graph off corresponds to the 
point (2 · 4, -1) = (8, -1). 
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SECTION 1.3 NEW FUNCTIONS FROM OLD FUNCTIONS 0 19 

(c) To graph y = f( -x) we reflect the graph off about 

they-axis. 

(d) To graph y =-f( -x) we reflect the graph off about 

the y-axis, then about the x-axis. 

The point ( 4, -1) on the graph off corresponds to the 

point (-1. 4, -1) = ( -4, -1). Tbe point ( 4, -1) on the graph off corresponds to the 

point (-1· 4, -1· -1) = (-4, 1). 

7. The graph of y = f (X) = V3X - x2 has been shifted 4 units tO the (eft, reflected about the X-axis, and shifted downward 

1 unit. Thus, a function describing the graph is 

'This function can be written as 

y = -1· f (x + 4) 
. .__., � 

reflect shift 
about x-axis 4 units left 

- 1 
'-v-" 

shift 
l unit left 

y =-f(x + 4)-1 = -J3(x + 4)- (x + 4)2 -1 = -J3x + 12- (x2 + Bx + 16) -1 = -J-x2- 5x- 4- 1 

9. y = _!._2: Start with the graph of the reciprocal funcMn y = 1/x and shift 2 units to the left. 
x+ . 

'\c 
x=-2: 

I 
y= ;:+:2 

�· 
X 

\ 
0 X 

11. y = -�: Start with the graph of y = �and reflect about the x-axis. 

13. y = J x - 2 -1: Start with the graph of y = ..JX, shift 2 units to the right, and then shift I unit downward. 

y y y 

y=.Jx- 2-1 

0 0 

(2,-1) 
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20 0 CHAPTER 1 FUNCTIONS AND MODELS 

15. y = sin( x /2): Start with the graph of y = sin x and stretch horizontally by a factor of 2. 

y y 

y=sinx y= sin(x/2) 

X 

17. y = �(1-cos x): Start with the graph ofy =cos x, reflect about the x-axis, shift 1 unit upward, and then shrink vertically by 

a factor of2. 

y=l-cosx x 

·�' 7 0 1T . � 
-1 . 

. Y 

y=t(l-cosx) x 

19. y = 1- 2x- x2 = -(x2+2x) + 1 = -(x2 +2x + 1) + 2 = -(x+ 1? +2: Start with thegraph ofy = x2, reflect about 

the x-axis, shift 1 unit to the left, and then shift 2 units upward. 

y y 

y=-(x+ 1)2 

X 

21. y = lx - 21: Start with the graph of y = I xi and shift 2 units to the right. 

y 
y=ixl 

X 0 2 

y 
y=-(x+W+2 

y=jx-21 

X 

X 

23. y = I..JX - 11: Start with the graph of y = ..JX, shift it 1 unit downward, and then reflect the portion of the graph below the 

x-axis about the x-ax:is. 

y y y 

-1 
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SECTION 1.3 NEW FUNCTIONS FROM OLD FUNCTIONS D 21 

25. This is just like the solution to Example 4 except the amplitude of the curve (the 30°N curve in Figure 9 on June 21) is 

14- 12 = 2. So the function is L(t) == 12 + 2sin [;:S (t- 80)] . March 31 is the 90th day of the year, so the model gives 

L(90) � 12c34 h. The daylight time (5:51AM to 6:18PM) is 12 hours and 27 minutes, or 12.45 h. The model value differs 

from the actual value by 12·�52�415
2·34 � 0.009, less than 1%. 

27. (a) To obtain y = f(lxl), the portion of the graph of y = f(x) to the right of they-axis is reflected about they-axis. 

(b) y =sin lxl 

� · 
y = sin lxl 

\ . 4 '-'7 0 '(/X 

(c) y = JiXf 
y 

0 

29. f(x) = x3 + 2x\ g(x) = 3x2- 1. D = JR for both f and g. 

y = .fi 

(a) (! + g)(x) = (x3 + 2x2) + (3x2- 1) = x3 + 5x2- 1, D =JR. 

(b) (!- g)(x) = (x3 + 2x2)- (3x2- 1) = x3- x2 + 1, D =JR. 

(f) x3 + 2x2 { 1 } 
(d) g (x) = 3x2 

_ 
1 

, D = xI xi=± .J3 since 3x2 - 1 i= 0. 

31. f(x) = x2 - 1, D = JR; g(x) = 2x + 1, D =JR. 

y 

(a)(! o g)(x) = f(g(x)) = f(2x.+ 1) = (2x + 1)2-; 1 = (4x2 + 4x + 1)- 1 = 4x2 + 4x, D = R. 

(b) (go f)(x) = g(f(x)) = g(x2- 1) = 2(x2 - 1) + 1 = (2x2 - 2) + 1 = 2x2- 1, D =JR. 

(c)(! o f)(x) = f(f(x)) = f(x2- 1) = (x2- 1)2 - 1 = (x4- 2x2 + 1)- 1 = x4- 2x2, D =JR. 

(d) (go g)(x) = g(g(x)) = g(2x + 1) = 2(2x + 1) + 1 = (4x + 2) + 1 = 4x + 3, D = JR. 

33. f(x) = 1- 3x; g(x) = cosx. D = JR for both f and g, and hence for their composites. 

(a)(! o g)(x) = f(g(x)) = f(cosx) = 1- 3cosx. 

(b) (go f)(x) = g(f(x)) = g(1- 3x) = cos(1 _: 3x). 

(c) (! o f)(x) = f(f(x)) = f(1- 3x) = 1- 3(1- 3x) = 1- 3 + 9x 'i= 9x- 2. 

(d) (g
.
o g)(x) = g(g(x)) = g(cos x) = cos(cos x) [Note that this is not cos x ·cos x.] 
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22 0 CHAPTER 1 FUNCTIONS AND MODELS 

1 x+1 
35. f(x) = x + ;• D ={xI x # 0}; g(x) = x + 2, D ={xI x ¥--2} 

(�+1 ) x+1 1 x+1 x+2 
(a) Cfog)(x)=f(g(x))=f x+2 = x+2 + x+1 = x+2 + x+'l 

x+2 

_ (x+1)(x+1)+(x+2)(x+2) _ (x2+2x+1)+(x2+4x+4) _ 2x2+6x+5 -
(x + 2)(x + 1) 

-
(x + 2)(x + 1) - (x + 2}(x + 1) 

Since g(x) is not defined for x = -2 and f(g(x)) is not defined for x = -2 and x = -1, 
the domain of(f o g)(x) is D ={xI x =l-2, -1}. 

· x+- + 1 ( 1 ) 
( 1 ) . X X x2 + X + 1 X2 + X + 1 

(b) (gof)(x)=g(f(x))=g x+; = ( 1 ) = x2+1+2x = x2+2x+1 = (x+1)2 x+- +2 X X 

Since f(x) is not defined for x = 0 and g(f(x)) is not defined for x. = -1, 
the domain of(g o f)(x) is D ={xI x ¥- -1, 0}. 

( 1 ) ( 1 ) 1 1 1 1 X (c) (! o f)(x) = f(f(x)) = f x +- = x +- + --1 = 'l! +-+ -2-= x +-+ -2
--

1 . X ' X X+ X X X :1 X X + 

. x(x)(x2+1)+1(x2+1)+x(x) x4+x2+x2+l+x2 = x(x2 + 1) = 
x(x2 + 1) 

x4 + 
3x2 + 1 = 

x(x2 + 1) , D .= {xI x # 0} 

X+ 1 1 X+ 1 + 1(x + 2) 
d 0 x = x = (x+1) = x+2 + 

=. x+2 = x+l+x+2 = 2x+3 
() (g g)( ) g(g( )) 9 x+2 x+1 x+1+2(x+2) x+J.+2x+4 · 3x+5 --+2 x+2 x+2 

Since g(x) is not defined for x = -2 and g(g(x)) is not defined for x = -i, 

the domain of(gog)(x) isD ={xI x ¥- -2,-H. 

37. (! o go h)(x) = f(g(h(x))) = f(g(x2)) = f(sin(x2)) = 3sin(x2) - 2 

39. (! o go h)(x) = f(g(h(x))) = f(g(x3 + 2)) = f[(x3 + 2?J 
= f(x6 + 4x3 + 4) = J(x6 + 4x3 + 4)- 3 = .../x6 + 4x3 + 1 

41. Letg(x) = 2x + x2 and f(x) = x4. Then(! o g)(x) = f(g(x)) = f(2x + x2) = (2x + x2)4 = F(x). 

. X zyx 43. Let g(x) = zyx and f(x) = -1 -. Then(! o g)(x) = f(g(x)) = f( zyx) = ar.:;; = F(x). +x l+vx 

45. Letg(t) = t2 and f(t) = secttant. Then(! o g)(t) = f(g(t)) = f(t2) = sec(t2) tan(t2) = v(t) . 
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SECTION 1.3 NEW FUNCTIONS FROM OLD FUNCTIONS 0 23 

47. Let h(x) = y'x, g(x) = x- 1, and f(x) = y'x. Then 

(fogo h)(x) = f(g(h(x))) = f(g(y'x)) = !( y'x- 1) = J Vx- 1 = R(x). 

49. Let h(x) = y'x, g(x) = secx, and f(x) = x4• Then 

(fogo h)(x) = f(g(h(x))) = f(g(y'x)) = f(sec y'x) =(sec y'x)4 = sec4 (y'x) = H(x). 

51. (a) g(2) = 5, because the point (2, 5) is on the graph of g. Thus, f(g(2)) = f(5) = 4: because the point (5, 4) is on the 

graph of f. 

(b) g(f(O)) = g(9) = 3 

(c) (f o g)(O) = j(g(O)) = !(3) = 0 

(d) (go !)(6) = g(f(6)) =;= g(6). This value is not defined, because there is no point on the graph of g that has 

x-coordinate 6. 

(e) (go g)( -2) = g(g( -2))' = g(l) = 4 

(f) (f 0 f)(4) = !(!(4)) = !(2) = -2 

53. (a) Using the relationship distance = rate· time with the radius r as the distance, we have r(t) = 60t. 

(b) A= 1Tr� =? (A o r)(t) = A(r(t)) = 7r(60t}2 = 36007Tt2. This formula gives us the extent of the rippled area 

(in cm2) at any time t. 

55. (a) From the figure, we have a right triangle with legs 6 and d, and hypotenuses. ship d 
--------------------------------------

By the Pythagorean Theorem, d2 + 62 = s2 => s = f (d) = J d 2 + 36. i ,,., ... "' 

6! ,"'
'
s
' 

' --
(b) Using d = rt, we get d = (30 Jm:¥h)(t hours)= 30t (in km). Thus, 

d = g(t) = 30t. 

; ,. ... ' 
: ,..' ' -­·--

lighthouse shoreline 

(c) (f o g)(t) = j(g(t)) = f(30t) = J(30t)2 + 36 = J900t2 + 36. This function represents the distance between the 

57. (a) 

(c) 

lighthouse and the ship as a function of the time elapsed since noon. 

H(t) = {� 

v 

240 

0 5 

if t < 0 
if t � 0 

(b) v 

120+----

0 

V(t) = {
0 if t < 0 
120 if t � 0 

so V(t) = 120H(t). 

Starting with the formula in part (b), we replace 120 with 240 to reflect the · 

different voltage. Also, because we are starting 5 units to the right oft = 0, 
we replace t with t- 5. Thus, the formula is V(t) = 240H(t- 5). 
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59. If f(x) = m1x + b1 and g(x) = m2x + b2, then 

(! o g)(x) = f(g(x)) = j(m2x + b2) = m1(m2x + b2) + b1 = m1m2x + m1b2 + b1. 

So fog is a linear function with slope m1m2. 

61, (a) By exan1ining the variable terms in g and h, we deduce that we must square g to g�t the terms 4x2 and 4x in h. If we let 

f(x) = x2 + c, then(! o g)(x) = f(g(x)) = f(2x + 1) = (2x + 1? + c = 4x2 + 4x + (1 +c) . Since 

h(x) = 4x2 + 4x + 7, we must have 1 + c = 7. Soc= 6 and f(x) = x2 + 6 .  

(b) We need a function g so that f(g(x)) = 3(g(x)) + 5 = h(x) . But 

h(x) =3x2 +3x+2 = 3(x2 +x) + 2 = 3(x2 +x - 1) +5, so we see thatg(x) = x2 + x - 1. 

63. We need to eXaniine h( -x ) . 

h( -x) = (! o g)( -x) = f(g( -x)) = f(g(x)) [because g is even] = h(x) 

Because h( -x) = h(x), h is an even function. 

-1.4 Graphing Calculators and Computers 

1. f(x) = v'x3 -5x2 
(a) [-5,5] by [-5,5] (b). [0, 10] by [0, 2) 

(There is no graph shown.) 
5 

-s��----�------�5 

-5 

2 

o·�------�------�ro 

The most appropriate graph is produced in viewing rectangle (c). 

3. Since the graph of f(x) = x2-36x + 32 is a parabola opening upward, 

an appropriate viewing rectangle should include. the minimum point. 

Completing the square, we get f(x) = (x - 18?-2in, and so the 

minimum point is (18, -292). · 

5. 50- 0.2x ?: 0 =* 50 ?: 0.2x =} x $ 250, so the domain of the 

root function f(x) = v'50- 0.2x is ( -oo, 250]. 

(c) [0, 10) by [0; 10) 

10 

o�------�------Jto 
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7. The graph of f(x) = x3- 225x is symmetric with respect to the origin. 

Since f(x) = x3- 225x = x(x2- 225) = x(x + 15)(x- 15), there 

are x-intercepts at 0, -15, and 15. f(20} = 3500. 

9. The period of g(x) = sin( 1000x) is 1��0 i':;j 0.0063 and its range is 

[-1, 1]. Since f(x) = sin2(1000x) is the square of g, its range is 

[0, 1] and a viewing rectangle of [-0.01, 0.01] by [0, 1.1] seems 

. appropriate. 

11. The domain ofy = y'X is x 2: 0, so the domain of f(x) =sin y'X is [0, oo) 

and the range is [ -1, 1]. With a little trial-and-error experimentation, we find 

that an Xmax of I 00 illustrates th� general shape off, so an appropriate 

viewing rectangle is [0, 100] by [-1.5, 1.5]. 

(\ (\ 

-o.OI v v 

-3.500 

II 

(\ (\ f\ A 

v \J \J 
0 

13. The first term, 10sinx, has period 21r and range [- 10, 10]. It will be the dominant term in any "large" graph of 

0.01 

y = 10sinx +sin 100x, as shown in the first figure. The second term, sin 100x, has period {� = i5 and range [-1, 1]. 

It causes the bumps in the first figure and will be the dominant term in any "small" graph, as shown in the view near the 

origin in the second figure. 

15. (a) The first figure shows the "big 

picture" for f(x) = (x - 10?2-"'. 

The second figure shows a maximum 

near x = 10. 

2 
or---�--�-------420 

-20 

(b) You need more than one window because no single window can show what the function looks like globally and the detail 
of the function near x = 10. 
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17. We must solve the given equation for y to obtain equations for the upper and 
lower halves of the ellipse. 

4x2 + 2y2 = 1 {::} 2y2 = 1 -4x2 . 2 1 - 4x2 
{::} y = 

--2- {::} 
·
±J

1-4x2 
y= -

--
2 

19. From the graph of y = 3x2 - 6x + 1 andy= 0.23x- 2.25 in the viewing rectangle [-1, 3] by [-2.5, 1.5], it is difficult to 

see if the graphs intersect. If we zoom in on the fourth quadrant, we see the graphs do not intersect. 

-1.8 
0.8 r---r----r---r---.. 1.2 

-2.2 

21. We see that the graphs of f(x) = x4- x and g(x) = 1 intersect twice. 

The x-coordinates of these points (which are the solutions of the equations) 

are approximately -0.72 and 1.22. Alternatively, we could find these 

values by finding the zeros of h( x) = x4 - x - 1. 

23. We see that the graphs of f(x) = tanx and g(x) = J1- x2 intersect 

once. Using an intersect feature or zooming in, we find this value to be . 

approximately 0.65. Alternatively, we could find this value by finding the 

positive zero of h(x) =tanx- Jf=X2. 

2 

-I 

-2 

Note: After producing the graph on a TI-84 Plus, we can find the approximate value 0.65 by using the following Keystrokes: 

l2ndi��IENTERIIENTERI.6IENTERI. The ".6" isjust a guess for 0.65. 

25. g(x) = x3 /10 is larger than f(x) = 10x2 whenever x > 100. 

300,000 f 
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27. We see from the graphs ofy = ltanx- xi andy= 0.01 that there are two 

solutions to the equation y = I tan x - x i = 0.01 for -7r /2 < x < 1r /2: 

x:::;: -0.31 and x �0.31. The condition ltanx- xi< 0.01 holds for any 

x lying between these two values, that is, -0.31 < x < 0.31. 

29: (a) The root functions y = .jX, 

y = rxandy ={IX 

3 

-I 

(b) The root functions y = x, 

y= �andy=� 

0 

(c) The root functions y = .jX, y = �. 

y= {/Xandy= � 

2 

-I 

(d) • For any n, the nth root ofO is 0 and the nth root of 1 is 1; that is, all nth root functions paSs through the points {0, 0) 
and {1, 1). 

• For odd n, the domain of the nth root function is JR, while for even n, it is {x E lR I x :::>: 0}. 

• Graphs of.even root functions look similar to that of .jX, while those of odd root functions resemble that of �-

• As n increases, the graph of y'x becomes steeper near 0 and flatter for x > 1. 

. . 

31. f(x) = x4 + cx2 + x. If c < - i.5, there are three humps: two minimum points 

·and a maximum point. These humps get flatter as c increases, until at c = -1.5 

two of the humps disappear and there is only one minimum point. This single 

hump then moves to the right and approaches the origin as c increases. 

33. y = xn2-x. As n increases, the maximum of the 

function moves further from the origin, and gets 

larger. Note, however, that regardless of n, the 

function approaches 0 as x -+ oo. 

4.5 

35. y2 = cx3 + x2• If c < 0, the loop is to the right of the origin, and if c is positive, 

it is to the left. In both cases, the closer c is to 0, the larger the loop is. (In the 

limiting case, c = 0, the loop is "infinite," that is, it doesn't close.) Also, the 

larger I cl is, the steeper the slope is on the loop less side of the origin. 
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. 37. The graphing window is 95 pixels wide and we want to start with x = 0 and end with! x = 27l'. Since there are 94 "gaps" 

between pixels, the distance between pixels is 2�;0. Thus, the x-values that the calculator actually plots are x = 0 + �1 · n, 

where n = 0, �. 2, ... , 93, 94. For y ,; sin 2x, the actual points plotted by the calculator are ( ;� · n, sin ( 2 · �� · n)) for 

n = 0, 1, .. . , 94. For y = sin 96x, the points plotted are ( ;� · n, sin ( 96 · �: · n)) for n = 0, 1, ... , 94, But 

sin(96 · �� · n) = sin(94 · �� · n + 2 · �� · n) = sin(27rn + 2 · �� · n) 

= sin(2 · �1 · n) [by periodicity of sine], n = 0, 1, .. . , 94 

So the y-values, and hence the points, plotted for y = sin 96x are identical to those plotted for y = sin 2x. 

Note: Try graphing y = sin 94x. Can you see why all the y-values are zero? 

1.5 Exponential Functions · 

5. (a)f(x)=ax, a>O 

(c) (0, oo) 

1 1 4/3 (b) - = - =x-
� x4/3 

(b) lR 

(d) See Figures 4(c), 4(b), and 4(a), respectively. 

7. All of these graphs approach 0 as x--> -oo, all of them pass through the point 

(0, 1), and all of them are increasing and approach oo as x ...... oo. The larger the 

base, the faster the function increases for x > 0, and the faster it approaches 0 as 

X--> -00. 

Note: The notation "x --> oo" can be thought of as "x becomes large" at this point. 

More details on this notation are given in Chapter 2. 

9, The functiOnS With baseS greater than 1 (3"' and lOX) are iitcreasing, While thOSe 

with bfiSes less than 1 [ (it and (tot] are decreasing. The graph of (t t is the 

reflection of that of 3x about the y-axis, and the graph of (to) x is the reflection of 

that of lOx about the y-axis. The graph of lOx increases more quickly than that of 

3x for x > 0, and approaches 0 faster as x--> -oo. 
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11. We start with the graph ofy = 10"' 

(Figure 3) and shift it 2 units to the left to 

obtain the graph of y = 10"'+2. 

13. We start with the graph of y = 2"' (Figure 2), 

reflect it about the y-axis, and then about the 

x-axis (or just rotate 180° to handle both 

reflections) to obtain the graph of y = -2-"'. 

In each graph, y = 0 is the horizontal 

asymptote. 

-I X -1 

y 

·o X 

y 

15. We start with the graph of y = e"' (Figure 13) and reflect about the y-axis to get the graph of y = e-x. Then we compress 

the graph vertically by a factor of 2 to obtain the graph of y = �e-x and then reflect about the x-axis to get the graph of 

y = -!e-"'. Finally, we shift the graph upward one unit to get the graph ofy = 1- !e-"'. 

y y y 

X 

X 

17. (a) To find the equation of the graph that results from shifting the graph of y = e"' 2 units downward, we subtract 2 from the 

original function to get y = e"' - 2., 

X 

(b) To find the equation of the graph that results from shifting the graph ofy = e"' 2 units to the right, we replace x with x- 2 

in the original function to get y = e<x-2). 

· (c) To find the equation of the graph that results from reflecting the graph of y = e"' abput the x-axis, we multiply the original 

function by -1 to get y = -e"'. 

(d) To find the equation of the graph that results from reflecting the graph ofy = e"' about they-axis, we replace x with -x in 

the original function to get y = e-"'. 

(e) To find the equation of the graph that results from reflecting the graph of y = e"' about the x-axis and then about the 

y-l!Xis, we first multiply the original function by -1 (to get y = -e"') and then replace x with -x in this equation to 

gety = -e-"'. 
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19. (a) The denominator is zero when 1 - e1-"'2 = 0 ¢'> e1-"'2 = 1 ¢'> 1 - x2 = 0 ¢'> x = ±1. ··Thus, 
"'2 

the function f(x) = 1- e · 2 has domain {xI x =I= ±1} = ( -oo, - 1) U (--1, 1) U (1, oo) . 
1- el-x 

(b) The denominator is never equal to zero, so the function f(x) = ���: has domain JR, or ( -oo, oo) . 

21. Usey=Ca"'with the points(1,6)and(3,24). 6=Ca1 [C=�] and 24=Ca3 � 24= (�)a3 => 

4=a2 =:> a=2 [since a>O) andC=�=3.Thefunction isf(x)=3·2"'. 

23. lfj(x)= 5"',then f(x+�-f(x) = 5x+hh_5x 
= 5"'5hh_5x = 5�(5:-1) 

= 5
"' Ch;1) . 

25. 2ft= 24 in, f(24) = 242 in= 576 in= 48ft. g(24) = 224 in= 224/(12 · 5280) mi:::::! 265 mi 

27. The graph of g finally surpasses that off at x:::::! 35.8. 
6 

0 

29. (a) Fifteen hours represents 5 doubling periods (one doubling period is three hours). 100 · 25 = 3200 

(b) In t hours, there will be t/ 3 doubling periods. The initial population .is 100, 

so the population y at time t is y = 100 · 2t/3 . 

(c) t = 20 =:> y = 100 · 220/3 :::::! 10,159 

(d) We graph Yl = 100 · 2"'/3 and Y2 = 50,000. The two curves intersect at 
. x :::::! 26.9, so the population reaches 50,000 in about 26.9 hours. 

31. Lett= 0 correspond to 1950 to get the model P = abt, where a:::::! 2614.086 and b:::::! 1.01693. To estimate the population in 
1993, lett= 43 to obtain P:::::! 5381 million. To predict the population in 2020, lett= 70 to obtain P :::::! 8466 million. 

33. 

-2 

From the graph, it appears that f is an odd function. (f is undefined for x = 0) .. 

To prove this, we must show that f( -x) =-f(x). 
1 

1 - el/( -x) 1 - e< -1/x) 1 - --r;; elfx el/x - 1 f( -x) = 1 + el/(-x) = 1 + e(-1/x) = e 
1 . el/x = ei/x + 1 1 + el/x 

= 1- elfx 
1 +elfx =-f(x) 

so f is an odd function. 
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1.6 Inverse Functions and Logarithms 

1. (a) See Definition 1. (b) It must pass the Horizontal Line Test. 

3. f is not one-to-one because 2 =1- 6, but /(2) = 2.0 = /(6). 

5. We could draw a horizontal line that intersects the graph in more than one point. Thus, by the Horizontal Line Test, the 

function is not one-to-one. 

7. No horizontal line intersects the graph more than once. Thus, by the Horizontal Line Test, the function is one-to-one. 

9. The graph off ( x) = x2 -2x is a parabola with axis of symmetry x = -
2
� = -

2
( �) = 1. Pick any x-values equidistant 

from I to find two equal function values. For example,f(O) = 0 and /(2) =.0, so f is not one-to-one. 

11. g(x) = 1/x. X1 =1- X2 =* 1/xl =1- 1jx2 =* g (x1) =I- g (x2), so g is one-to-one. 

Geometric solution: The graph of g is the hyperbola shown in Figure 14 in Section 1.2. It passes the Horizontal Line Test, 

so g is one-to-one. 

13. A football will attain every height h up to its maximum height twice: once on the way up, and again on the way down. 

Thus, even ift1 does not equal h, f(h) may equal J(t2), so f is not 1-1. 

15. (a) Since fis 1-1, /(6) = 17 # r1(17) = 6. (b) Since f is 1-1, r1(3) = 2 # J(2 ) = 3. 

17. First, we must deteimine x such that g(x) = 4. By inspection, we see that ifx = 0, then g(x) = 4. Since g is 1-1 (g is an 

increasing function), it has an inverse, and g -l ( 4) = 0. 

19. We solve C = �(F- 32) for F: �C = F - 32 * F = �C + 32. This gives us a formula for the inverse function, that 

is, the Fahrenheit temperature F as a function of the Celsius temperature C. F 2: -459.67 * �C + 32 2: -459.67 * 

�C 2: -491.67 * C 2: -273.15, the domain of the inverse function. 

21. y = f(x) = 1 + v'2 + 3x (y 2: 1) * y- 1 = v'2 + 3x * (y- 1? = 2 + 3x * (y- 1)2-2 = 3x · =* 

X= � (y- 1? -l Interchange X andy: y = � (x- 1)2- j. So r1 (x) = � (x � 1)2- j. Note that the domain of rl 

is x 2: 1. 

23.y=f(x)=e2"'-1 =* lny=2x-1 =* l+lny=2x =* x = �(1 + ln y). 

Interchange x andy: y = �(1 + Inx). So r1(x) = �(1 + lnx). 

25. y = f(x) = ln (x + 3) * x + 3 == eY * x = eY- 3. Interchange.x andy: y = e"'- 3. So f-1(x) = e"' - 3. 

27. y = f(x) = x4 + 1 * y- 1 = x4 * x = � [not ± since 

X 2: 0]. Interchange X andy: y = {/x -1. So r1(x) = {/x -1. The 

graph of y = {/ x - 1 is just the graph of y = V'x shifted right one unit. 

From the graph, we see that f and f-1 are reflections about the line y = x. 

6 
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29. Reflect the graph off about the line y = x. The points (-1, -2), (1, -1), 

(2, 2), and (3, 3) on fare reflected to ( -2, -1), ( -1, 1), (2, 2), and (3, 3) 

31. (a) y = f (x) =.J1- x2 (0::; x::; 1 and note thaty � 0) => 

y2 = 1 - x2 => x2 = 1 -y2 => x = y'l -y2• So 

f-1(x) = J1- x2, 0 S x S 1. We see that j-1and fare the same 

function. 

(b) The graph off is the portion of the circle x2 + y2 = 1 with 0 i; x S 1 and 

0 s y s 1 (quarter-circle in the first quadrant). The graph off is symmetric 

with respect to the line y = x, so its reflection about y = x is itself, that is , 

y 

33. (a), It is defined as the inverse of the exponential function with base a, that is , loga x = y {:} aY = x. 

(b) (O,oo) (c) lR (d) See Figure 11. 

35. (a) log5 125 = 3 since 53 = 125. 
1 . 3 1 1 

(b) log3 27 
= -3 smce 3- = 

33 = 

27. 

37. (a) log2 6 - log2 15 + log2 20 = log2 ( fs) + log2 20 

== log2( 165 • 20) 

= log2 8, and log2 8 = 3 since 23 = 8. 

(b) log3 100 - log3 18 - log3 50 = log3 ( \�) - log3 50 = log3 ( 1���0) 

[by Law 2] 

(by Law 1] 

= log3(�), and log3(�) = �2since 3-2 = �· 

39. ln5 + 51n3 = ln5 + ln35 

= ln(5 · 35) 

=In 1215 

[by Law 3] 

[by Law 1] 

X 

41. ! ln(x + 2)3 + � [ln x  - ln(x2 + 3x + 2?] = ln[(x + 2)3jll3 +�In 
( 2 

x 
)2 x +3x+2 

[by Laws3, 2] 
. 

Fx 
= ln(x + 2) +In 2 3 2 x + x+ 

=ln (x+2)Fx 
(x + 1) (x + 2) 

Vx = ln--
x+1 

[by Law 3] 

[by Law l] 

X 

Note that since lnx is defined for x > 0, we have x + 1, x + 2, and x2 + 3x + 2 all positive, and hence their logarithms 

are defined. 
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. �X �X 
43. To graph these functions, we use log1.5 x = 

ln 1.5 
and logso x = 

ln 50· 

These graphs all approach -OO as X � 0+, and they all pass through the 

point (1, 0). Also, they are all increasing, and all approach oo as x � oo. 

The functions with larger bases increase extremely slowly, and the ones with 

smaller bases do so somewhat more quickly. The functions with large bases 

approach the y-axis more closely as X --> 0+. 

45. 3ft= 36 in, so we need x such that log2 x = 36 {::} x = 236 = 68 ,719,476,736. In miles, this is 

68 ,719,476,736 in .
1� �n · 5�8�

i
ft � 1, 084 ,587 .7 mi. 

47. (a) Shift the graph of y = log10 x five units to the left to 

obtain the graph ofy = log10(x + 5). Note the vertical 

asymptote of x = -5. 

(b) Reflect the graph of y = ln x about the x-axis to obtain 

the graph of y = -In x. 

y y 

y = log10x y = log10(x + 5) 

49. (a) The domain of f(x) = lnx + 2 is x > 0 and the range is JR. 

(b) y = 0 =* lnx + 2 = 0 '* lnx = -2 '* x = e-2 

(c) We shift the graph of y = ln x two units upward. 

y 

0 

y = lnx 

51. (a) e7-4"' = 6 {::} 7 -4x = ln6 {::} 7 -ln6 = 4x {::} x = t(7 -ln6) 

X 

(b) �(3x- 10) = 2 {::} 3x-10 = e2 {::} 3x = e2 + 10 {::} x = i(e2 + 10) · 

53. (a) 2"'-5 = 3 {::} log2 3 = x -5 {::} x = 5 + log2 3 .  

y 

y = -lnx 

( ) ln ln . �3 ln3 
{::} x-5 2= 3 {::} x-5=- {::} x=5+-

ln2 ln2 

X 

(b) lnx + ln(x- 1) = ln(x(x-1)) = 1 {::} x(x-1) = e1 
{::} x2-x-e = 0. The quadratic formula (with a= 1, 

b = -1, and c = -e) gives x = � ( 1 ± v'1 + 4e), but we reject the negative root since the natural logarithm is not 

defined· for x < 0. Sox= H1 + v'1 + 4e ). 

55. (a) lnx < 0 '* X< e0 
'* X< 1. Since the domain of f(x) = Inx is X> 0, �e solution of the original inequality 

is 0 < x < 1. 

(b) e"' > 5 '* lne"' > ln5 =* x > lri5 
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34 0 CHAPTER 1 FUNCTIONS AND MODELS 

57. (a) We must have e"' - 3 > 0 � e"' > 3 � x > ln3. Thus, the domain of f(x) = ln(e"' --, 3) is (ln3, oo). 

(b) y = ln(e"'- 3) � e11 = e"'...:.. 3 � e"' = e11 + 3. :::} x = ln(e" + 3), so f-1(x) = ln(e"' + 3). 

Now e"' + 3 > 0 � e"' > -3, which is true for any real x, so the domain of f-1 is R 

59. 'We see that the graph of y = f ( x) = J x3 + x2 + x + 1 is increasing, so f is 1-1. 

Enter x = Jy3 + y2 + y + 1 and use your CAS to solve the equation for y. 

Using Derive, we get two (irrelevant) solutions involving imaginary expressions, 

as well as one which can be simplified to the following: 

y = r1(x) = -� ( ?/D- 27x2 + 20- ?/D + 27x2- 20 + ?/2) 
where D = 3 J3 )27x4 - 40x2 +16. 

s 

Maple and Mathematics each·give two complex expressions and one real expression, and the real expression is equivalent 

h . b De . F I M I , . . . l'fi . 1 M2/3 - 8 ...,. 2M1/3 
h

. 
to t at gtven y nve. or examp e, ap e s expressiOn s1mp 1 es to 6 2M113 , w ere 

M = 108x2 + 12 )48 -120x2 + 81x4- 80. 

61. (a) n = f(t) = 100 · 2t/3 � 
1
� = 2t/3 � log2(1

�) = � � t = 3log2C�) · Using formula(lO), we can 

write this as t = f-1(n) = 3 · 
ln(��OO) 

.This function tells us how long it will take to obtain n bacteria (given the 

numbern). 

(b) n = 50,000 � t = r1(50,000) = 3 . �� = 3 �:� � 26.9 hours 
In(� ) ( ) 

' 

63 ( ) . -1 (.il) - ,. . . . ,. - .il' d " . . [ ,. "] . a Sill · 
2 

- 3 smce sm 3 ""-: 2 an 3 IS m -2, 2 . 

(b) cos-1( -1) = 1r since cos1r = -1 and 1r is in (0, 1r]. 

65. (a) arctan 1 = 'i since tan 'i = 1 and 'i is in ( -�, �). 

(b) . -1 1 ,. . . ,. 1 d ,. . . [ ,. "] sill 72 = 4 smce sm 4 = 72 an 4 IS m -2, 2 . 

67. (a) In general, tan(arctan x) = x for any real number x. Thus, tan( arctan 10) = 10. 

[Recall that 7; = t + 211' and the sine function is periodic with period 21r.] 

69. Let y = sin-1 x. Then-� � y � � . � cosy 2: 0, so cos(sin-1 x) =cosy= .)1- sin2 y = )1- x2. 

71. Let y = tan - l x. Then tan y = x, so from the triangle we see that 

sin(tan-1 x) = siny = �-
1 + x2 
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73. 

y = sinx 

CHAPTER 1 REVIEW D 35 

The graph of sin -1 x is the reflection ofthe graph of 
sin x about the line y = x. 

75. g(x) = sin-1(3x + 1). 

Domain (g) = { x I -1 $ 3x + 1 $ 1} = { x I -2 � 3x $ 0} = { x I - i $ x $ 0} = [- i, 0]. 

Range (g)= {y I-�$ y $ l} = [-�, �]. 

n. (a) If the point (x,y) is on thegraph ofy = f(x), then the point (x- c,y) isthat point shifted c unitsto the left. Since f 

is 1-1, the point (y, x) is on the graph ofy = f-1(x) and the point corresponding to (x _;_ c, y) on the graph off is 

(y, x- c) on the graph of f-1• Thus, the curve's reflection is shifted down the same number of units as the curve itself is 

shifted to the left. So an expression for the inverse function is g-1(x) = f-1 (x) -c. 

(b) If we compress (or stretch) a curve horizontally, the curve's reflection in the line y =xis compressed (or stretched) 

vertically by the same factor. Using this geometric prinCiple, we see that the inverse of h( x) = f (ex) can be expressed as 

h-1(x) = (1/c) r1(x). 

1 REVIEW 

CONCEPT CHECK 

1. (a) A fuoctioo f is a rule that assigns to each element x in a set A exactly one element, called f(x), in a set B. The set A is 
called the domain of the function. The range off is the set of all possible values off ( x) as x varies throughout the 
domain . 

. (b) Iff is a funetion with domain A, then its graph is the set of ordered pairs {(x, f(x)) I x E A}. 

(c) Use the Vertical Line Test on page 15. 

2. The four ways to represent a function are: Verbally, numerically, visually, and algebraically. An example of each is given 

below. 

VerbaUy: An assignment of students to chairs in a classroom (a description in words) 

NumericaUy: A tax table that assigns an amount of tax to an income (a table of values) 

Vtsually: A graphical history of the Dow Jones average (a graph) 

Algebraically: A relationship between distance, rate, and time: d = rt (an explicit form1,1la) 
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3. (a) If a function f satisfies f( -x) = f(x) for every number x in its domain, then f is called an even fundion. Ifthe graph of 

a function is symmetric with respect to they-axis, then f is even. Examples of an even function: f(x) = x2, 

f(x) � x4 + x2, j(x) = lxl, f(x) = cosx. 

(b) If a function f satisfies f( -x) =-f(x) for every number x in its domain, then f is called an odd function. If the graph 

of a function. is symmetric with respect to the origin, then f is odd, Examples of an odd function: f ( x) . = x3, 
f(x) = x3 + x5, j(x) = {IX, j(x) = sinx. 

4. A function f is called increasing on an interval I if j(x1) < j(x2) whenever X1 < x2 in J. 

5. A mathematical model is a mathematical description (often by means of a function or an eq�tion) of a real-world 

phenomenon .. 

6. (a) Linear function: f(x) = 2x + 1, f(x) =ax+ b 

(b) Power function: f(x) = x2, f(x) = xa 
(c) Exponential function: f(x) = 2x, j(x) =ax 

(d) Quadratic function: f(x) = x2 + x + 1, f(x) = ax2 + bx + c 

(e) Polynomial of degree 5:·f(x) = x5 + 2 

· . x P(x) · 

(f) Rational function: f(x) = x + 2, j(x) = Q(x) where P(x) and 

Q( x) are polynomials 

8. (a) (b) 
y 

y = sinx 

7. 

X 

(c) (d) (e) y 

L 
y 

y = lnx y = 1/x 

X X 

\ 
(f) (g) y (h) y I 

y = .JX '1T y=tan-1x 2 
---·------------ ----------·----· 

X X X y= lxl 
-----------·--·- ---------------· 

'1T 
2 
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9. (a) The domain off+ g is the intersection of the domain off and the domain of g; that is, An B. 

(b) The domain of fg is also An B. 

(c) The domain off jg must exclude values of x that make g equal to 0; that is, {x E An B I g(x) ¥- 0}. 

10. Given two functions f and g, the composite function fog is defined by(f o g) (x) = f(g (x)). The domain off o g is the 

set of all x in the domain of g such that g(x) is in the domain of f. 

11. (a) If the graph off is shifted 2 units upward, its equation becomes y = f(x) + 2. 

(b) If the graph off is shifted 2 units downward, its equation becomes y = f(x) � 2. 

(c) If the graph off is shifted 2 units to the right, its equation becomes y = f ( x -2 ). 

(d) If the graph off is shifted 2 units to the left, its equation becomes y = f(x + 2 ). 

(e) If the graph off is reflected about the x-axis, its equation becomes y = -f ( x). 

(f ) If the graph off is reflected. about th� y-axis, its equation becomes y = f( -x). 

(g) If the graph off is stretched vertically by a factor of2, its equation becomes y = 2f(x). 

(h) If the graph off is shnink vertically by a factor of2, its equation becomes y = � f(x). 

(i) If the graph off is stretched horizontally by a factor of 2, its equation becomes y = f ( � x) . 

U) If the graph off is shrunk horizontally by a factor of2, its equation becomes y = f(2x). 

12. (a) A function f is called a one-to-onefonction if it never takes on the same value twice; that is, if j(x1 ) ¥- j(x2) whenever 

x1 ¥- x2• (Or, f is 1-1 if each output corresponds to only one input .) 

Use the Horizontal Line Test: A function is one-to-one if and only if no horizontal line intersects its graph more 

than once. 

(b) Iff is a one-to-one function with domain A and range B, then its inversefonction f-1 has domain Band range A and is 

defined by 

r 1(y ) =X {:} f(x) = Y 

for any yin B. The graph of f-1 is obtained by reflecting the graph off about the line y = x. 

13. (a) The inverse sine function j(x) = sin-1 xis defined as follows: 

sin-1 x = y {:} sin y = x 

Its domain is -1 < x < 1 and its range is-� < y < �. - - 2- - 2 

(b) The inverse cosine function j(x) = cos-1 xis defined as follows: 

cos-1 x = y {:} cos y = x 

Its domain is -1 � x � 1 and its range is 0 :5 y � 1r. 

(c) The inverse tangent function f(x) = tan-1 xis defined as follows: 

tan-1 x = y {:} tany = x 

Its domain is lR and its range is -"i < y < "i· 

and 

and 

and 

7T 7T 
-- < y <-

2 - - 2 

7T 7T 
-- < y <-2 2 
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1. False. 

3. False. 

5. True. 

7. False. 

9. True. 

11. False. 

TRUE-FALSE QUIZ 

Letf(x) = x2, s = -1, andt = 1. Then f(s +t) = (-1 + 1)2 = 02 = 0, but 
' 

f(s) + f(t) = (-1)2 + 12 = 2 =I= 0 = j(s + t). 

Let f(x) = x2. Then f(3x) = (3x? = 9x2 and 3f(x) = 3x2• So f(3x) =I= 3f(x) .. 

See the Vertical Line Test. 

Let f(x) = x3. Then f is one-to-one and r1(x) = �- But l/ f(x) = 1/x3; which is not equal to r1(x). 

The function In xis an increasing function on (0, oo ). 

In x In e2 2ln e x e2 · 

Let x = e2 and a = e. Then -In = 
-In = -In = 2 and In -= In -= In e = 1, so in general the statement 

a e e a e 

is false. What is true, however, is that In � = In x - In a. 
a 

13. False. For example, tan-1 20 is defi�ed; sin-1 20 and cos-1 20 are not. 

EXERCISES 

1. (a) When x = 2, y RJ 2.7. Thus, f(2) RJ 2.7. 

(c) The domain off is -6::; x::; 6, or [-6, 6]. 

(b) f(x) = 3 => x RJ 2.3, 5.6 

(d) The range off is -4::; y ::; 4, or [-4, 4]. 

(e) f is increasing on [-4, 4], that is, on -4 ::; x ::; 4. 

(f ) f is not one-to-one since it fails the Horizontal Line Test. 

(g) f is odd since its graph is symmetric about the origin. 

3. f(x) = x2- 2x + 3, so f(a +h)= (a+ h)2- 2(a +h)+ 3 = a2 + 2ah + h2- 2a - 2h + 3, and 

j(a +h)- j(a) 
= 

(a2 + 2ah + h2- 2a- 2h + 3)- (a2 - 2a + 3) 
= 

h(2a + h- 2) 
= 2 h _ 

2 
h h h 

a+ . 

5. f(x) = 2/(3x- 1). 

7. h(x) = ln(x + 6). 

Domain: 3x -1 =I= 0 => 3x =/= 1 => x =I=%- D = {-oo, %) U (� ,oo) 
Range: all reals except 0 (y = 0 is the horizontal asymptote for f.) R = ( -oo, 0) U (0, oo) 

Domain: x + 6 > 0 => x > -6. D = ( -6, oo) 

Range: x + 6 > 0, so ln(x + 6} takes on all real numbers and, hence, the range is R. 

R = (-oo,oo) 

9. (a) To obtain the graph of y = f ( x) + 8, we shift the graph of y = f ( x) up 8 units. 

(b) To obtain the graph ofy = f(x + 8), we shift the graph ofy = f(x) left 8 units. 

(c) To obtain the graph of y = 1 + 2f(x), we stretch the graph of y = f(x) vertically by a factor of2, and then shift the 

resulting graph 1 unit upward. 

(d) To ob�in the graph of y = f(x- 2) - 2, we shift the graph ofy = f(x) right 2 units (for the "-2" inside the 

parentheses), and then shift the resulting graph 2 units downward. 
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(e) To obtain the graph of y = -f ( x), we reflect the graph of y = f ( x) about the x-axis. 

(f) To obtain the graph of y = r 1 (X) ' we reflect the graph of y = f (X) about the line y :;= X (assuming f is one-to-one). 

11. y = -sin 2x: Start with the graph of y = sin X, compress horizontally by a factor of 2 ,  and reflect about the x-axis. 

� ·y=-sin2x 
/"\A C\.1"\ 

V\)6F · J\.)�x 
13. y = �( 1 +ex) : 

Start with the graph of y = ex, 

shift 1 unit upward, and compress 

vertically by a factor of 2. 

1 15. f(x) = --2: x+ 

Start with the graph of f(x) = 1/x 

and shift 2 units to the left. 

X 0 

� 0 X 

17. (a) The terms off are a mixture of odd and even powers of x, so f is neither even nor odd. 

(b) The terms of f are all odd powers of x, so f is odd. 

. ( )2 2 
(c) f( -'-X) = e- -x =e-x = f(x), so f is even. 

X 

X 

(d) f(-x) = 1 +sin(-x) = 1 - sinx. Now f(-x) "# f(x) and f(-x) "# -f(x), so f is neither even nor odd. 

19./(x)=lnx, D= (O,oo); g(x)=x2-9, D=lR. 

(a) (! o g)(x) = f(g(x)) = f(x2-9) = ln(x2 -9). 

Domain: x2 -9 > 0 => x2 > 9 => lxl > 3 => x E ( -oo, -3 ) U (3, oo) 

(b) (go f)(x) = g(f(x)) = g(lnx) = (Inx)2-9. Domain: x > 0, or (0, oo) 

(c)(! o f)(x) = f(f(x)) = f(lnx) = ln(lnx). Domain: lnx > 0 => x > e0 = 1, or (1 , oo) 
(d) (go g)(x) = g(g(x)) = g(x2-9) = (x2-9)2 � 9. Domain: x E JR, or ( -oo, oo) 

X 

21. 80 Many models appear to be plausible. Your choice depends on whether you 

think medical advances will keep increasing life expectancy, or if there is 

bound to be a natural leveling-off of life expectaricy. A linear model, 

1890 -......._._.._.__._..._.__._...:.............., 2010 
45 

y = 0.2493x- 423 .4818, gives us an estimate of77 .6 years for the 

year 2010. 
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23. We need to know the value ofx such that j(x) = 2x + lnx = 2. Since x = 1 gives us y = 2, j-1(2) = 1. 

(b) log10 25 + log10 4 = log10(25 · 4) = log10 100 = log10 102 = 2 

(c) tan(arcsin�) =tan�= "7a 

(d) Let e = cos-1 !. so cos O = � · Then sin(cos-1 !) = sinB = v'l- cos2 B = J.l- (� ) 2 = fj; = l 

27. (a) The population would reach 900 in about 4.4 years. 

(b) p = 
100,000 => lOOP+ 900Pe-t = 100,000 => 900Pe-t = 100,000- lOOP => 

100 + 900e-t 

-t _ 100,000 -lOOP _ -I ( 1000- P) e 
- 900P 

=> t - n 
9P 

required for the population to reach a given number P. 

. 
1n
( 1000-P) I ( 9P ) th'. th . => t =-

gp 
. , or n 

1000
·
_ p 

; IS ts e ttme 

(c) P = 900 => t = 1n( 10�� ��O
O
) = ln81 � 4.4 years, as in part (a). 
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D PRINCIPLES OF PROBLEM SOLVING 

1. By using the area formula for a triangle, � ( base) ( height) , in two ways, we see that 
. 4 ' 

�(4 ) (y) =�(h) (a), so a= : . Since 42 + y2 = h2, y = Jh2-16, and 

4 

3. j2x - 1 1 = · 
{2x -1 
1-2x 

if X�� 
if X<�. 

4v'ii2=16 a= h 

and jx+5l = . -{x+ 5 if x > -5 
. -X - 5 If X < -5 

Therefore, we consider the three cases x < �5, -5 � x < �, and x � �. 

If x < -5, we must have 1 - 2x -( - x  - 5) = 3. {::} x =. 3, which is false, since we are considering x < -5. 

If -5 � x <�.we must have 1-2x-(x + 5) = 3 {::} x = -i· 
Ifx��.we must have2x-1-(x+5)=3 {::} x=9-. 

So the two solutions of the equation are x =-�and x = 9. 

5. f(x) = lx2- 4 jxj + 31. Ifx � 0, then f(x) = lx2- 4x + 31 = j(x- l)(x-3)j. 

Case (i): lfO < x � 1, then f(x) = x2- 4x + 3. 
Case (ii): If 1 < x � 3, then f(x) = -(x2 - 4x + 3) = -x2 + 4x- 3. 

Case (iii): If x > 3, then f(x) = x2- 4x + 3. 

This enables us to sketch the graph for x � 0. Then we use the fact that f is an even 
function to reflect this part .of the graph about the y-axis to obtain the entire graph. Or, we 
could consider also the cases x < - 3, -3 � x < -1, and -1 � x < 0. 

7. Remember that Ia I = a if a � 0 and that jaj = -a if a < 0. Thus, 

x+ lxl = -{2x if x > 0 
0 if x<O 

and 
{2y 

y
+j

yj = 
0 

We will consider the equation x + jxj = y + jyj in four cases. 

(I) X� 0, y � 0 
2x = 2y 

x=y 

(2) X� 0, y < 0 
2x.= 0 

x=O 

(3) X< 0, y > 0 '(4) X< 0, y < 0 
0=2y 0=0 
O=y 

Case 1 gives us the line y = x with nonnegative x andy. 
Case 2 gives us the portion of the y-axis with y negative. 
Case 3 gives us the portion of the x-axis with x negative. 
Case 4 gives us the entire third quadrant. 

if y � 0 
if y < 0 

y 

X 

X 
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42 0 CHAPTER 1 PRINCIPLES OF PROBLEM SOLVING 

9. (a) To sketch the graph of 

f(x) =max {x, 1/x}, we first graph 

g(x) = x and h(x) = 1/x on the same 

coordinate axes. Then create the graph of 

f by plotting the largest y�value ofg and h 
for every value of x. 

'V 

(b) 
h(x)=cosx 

X 

(c) . 

X 

-1 

f(x)=max{x,1/x) 

/(x) = max{sin x, cos x) 

f(x)=max{x2, 2 +x, 2- x) 

-2 0 2 

X 

X 

X 

On the TI-84 Plus, max is found under LIST, then under MATH. To graph f(x) =max { x2, 2 + x ,  2- x }, use 

Y = niax(x2, max(2 + x, 2-x)). 

( ln3) ( ln4) ( ln5) ( ln32) ln32 ln25 5 ln 2 
11. (log2 3)(log34)(log45)···(log3I32)= ln2 ln3 ln4 

.
.

. 
ln31 = ln2 = ln2 = 1�2 =5 

13.In(x2-2x-2):SO =? x2-2x-2:Se0=1 =? x2-2x-3:SO =? (x-3)(x+1):SO =? xE[-1,3]. 

Since the argument must be positive, x2 - 2x-2 > 0 =? [ x-(1- v'3) ][x- (1 + v'3)] > 0 =? 

x E ( -oo, 1- v'3) U (1 + v'3, oo) . The intersection of these intervals is [-1, 1-v'3) U (1 + v'3, 3}. 

15. Let d be the distance traveled on each half of the trip. Let t1 and t2 be the times taken for the first and second halves of the trip. 

For the first half of the trip we have t1 = d/30 and for the second half we have t2 = d/60. T hus, the average speed for the 

. . . total distance 2d 2d 60 120d · 120d 40 Th d ., th 
. . 

entire tnp 1s = -- = d d · 60 = 2d + d = -3d = . e average spee 10r e entire trip 
total time tt + h 

_ + _ 

is 40 mi/h. 

30 60 
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17. Let Sn be the statement that 7n - 1 is divisible by 6 . 
• sl is true because 71 - 1 = 6 is divisible by 6. 

CHAPTER 1 PRINCIPLES OF PROBLEM SOLVING 0 43 

• Assume Sk is true, that is, 7k - 1 is divisible by 6. In other words, 7k - 1 = 6m for some PoSitive integer m. Then 

7"'+1 - 1 = 7k. 7- 1 = {6m + 1) . 7- 1 = 42m + 6 = 6{7m + 1), which is divisible by 6, so sk+� is true. 

• Therefore, by mathematical induction, r - 1 is divisible by 6 for every positive integer n. 

19. fo(x) = x2 and fn+l(x) = fo(fn(x)) forn = 0, 1, 2, .... 

/I(x) = fo(fo(x)) = fo(x2) = (x2)2 = �4, h(x) = !o(fi(x)) = fo(x4) = (x4)2 = x8, 

h(x) = fo(h(x)) = fo(x8) = (x8)2 == x16, • . .• Thus, a general formula is fn(x) = x2"+1. 
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2 D LIMITS AND DERIVATIVES 

2.1 The Tangent and Velocity Problems 

1. (a) Using P(15, 250), we construct the following table: 

t Q 

5 (5, 694) 

10 (10,444) 

20 (20, 111) 

25 (25,28) 

30 (30,0) 

slope= ffiPQ 

6954�1255 0 
= -�404 = -44.4 

4f�=i�o = - 1:4 = -38.8 
111-2 5 0 - - 139 = -27 8 2 0-1 5 - 5 • 

2285-::_21550 = -21202 = -22.2 

�0��� = -
21550 = -16.6 

(c) From the graph, we can estimate the slope of the 

tangent line a� P to be -�oo = 
,-33.3. 

1 
3. (a) y = -- , P(2, ..,.1) 1-x 

X . Q(x, 1/(1- x)) 
(i) 1.5 (1.5, -2) 

(ii) 1.9 (1.9, -1.111 111) 
(iii) 1.99 (1.99, -1.010 101) 
(iv) 1.999 (1.999, -1.001 001) 
(v) 2.5 (2.5, -0.666 667) 

(vi) 2.1 (2.1, -0.909 091) 
(vii) 2.01 (2.01, -0.990 099) 

(viii) 2.001 (2.001, -0.999 001) 

ffiPQ 

2 
1.111 111 
1.010 101 
1.001 001 
0.666 667 
0.909 091 
0.990 099 
0.999 001 

i 
.!!9 
::,. 

(b) Using the values oft that correspond to the points 

closest to P (t = 10 and t = 20), we have 

700 
650 
600 
550 
500 
450 
400 
350 
300 
250 
200 
150 
100 

50 

0 

-38.8 + ( -27.8) 
= -33.3 

2 

_...,_approximate 
graph of function , 

10 15 20 25 30 

1 (minutes) 

(b) The slope appears to be 1. 

(c) Using m = 1, an equation of the tangent line to the 

curve at P(2, -1) is y - (-1) = 1(x - 2), or 

y =X -3. 

5. (a) y = y(t) = 40t-:- 16e. At t = 2, y = 40(2) - 16(2)2 = 16. The average velocity between times 2 and 2 +his 

y(2 +h)- y(2) [40(2 +h)- 16(2+ h?] - 16 -24h- 16h2 . 
Vave = 

(2 +h) _ 2 
= 

h 
= 

h = -24- 16h, If h /= 0. 

(i) [2, 2.5]: h = 0.5, Vave = -32 ft/s (ii) (2, 2.1]: h = 0.1, Vave = -25.6 ft/s 

(iii) [2, 2.05]: h = 0.05, Vave = -24.8 ft/s (iv) [2, 2.01]: h = 0.01, Vave = -24.16 ft/s 
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(b) The instantaneous velocity when t = 2 (h approaches 0) is -24 fils. 

: . [ J · s(3)-s(1) 10.7- 1.4 9.3 4 65 I 7. (a� (t) On the mterval 1, 3 , Vave = 3 _ 1 
= 

2 
= 2 = · m s. 

(b) 

.. . s(3)-s(2) 10.7- 5.1 
(n) On the mterval [2, 3], Vave· = 3 _ 2 

= 
1 

= 5.6 mls
: 

... . s(5)-s(3) 25.8- 10.7 15.1 
(m)On the mterval [3, 5], Vave = 5 _ 3 

= 
2 = -2- = 7.55 mls. 

. . [ ] s(4)-s(3) 17.7-10.7 
I (tv) On the mterval 3, 4 , Vave 

= 
4 _ 3 

= 
1 = 7 m S. 

s 

25 

20 

IS 

10 

5 

0 2 3 4 s 

Using the points (2, 4) and (5, 23) from the approximate tangent 

I. th . I . 3 . bo 
23 - 4 

I me, e mstantaneous ve octty at t = ts a ut 5 _ 2 R:: 6.3 m s. 

9. (a) For the curve y = sin(107rlx) and the point P(1, 0): 

(b) 

X Q mpQ 
.' 

Q X mPQ 

2 (2,0) 0 0.5 (0.5, 0) 0 
1.5 (1.5, 0.8660) 1.7321 0.6 (0.6, 0.8660) -2.1651 
1.4 (1.4, -0.4339) -1.0847 0.7 (0. 7, 0. 7818) -2.6061 
1.3 (L3, -0.8230) -2.7433 0.8 (0.8, 1) -5 
1.2 (1.2, 0.8660) 4.3301 0.9 (0.9, -0.3420) 3.4202 
1.1 (1.1, -0.2817) -2.8173 

As x approaches 1, the slopes do not appear to be approaching any particular value. 

We see that problems with estimation are caused by the frequent 

oscillations of the graph. The tangent is so steep at P that we need to 

take x-values much closer to 1 in order to get accurate estimates of 

its slope. 

(c) If we choose x = 1.001, then the point Q is (1.001; -0.0314) and mpQ R:: -31.3794. If x = 0.999, then Q is 

(0.999, 0.0314) and mpQ = _:31.4422. The average of these slopes is -31.4108. So we estimate that the slope of the 

tangent line at P is about -31.4. 
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2.2 The Limit of a Function 

1. As x approaches 2, f(x) approaches 5. [Or, the values of f(x) can be made as close to 5 as we like by taking x sufficiently 

close to 2 (but x # 2).] Yes, the graph could have a hole at (2, 5) and be defined such that /(2) = 3. 

3. (a) lim f(x) = oo means that the values of f(x) can be made arbitrarily large (as large as we please) by taking x. 
x--+-3 

sufficiently close to -3 (but not equal to -3). 

(b) lim j(x) = -oo means that the values of f(x) can be made arbitrarily large negative by taking x sufficiently close to 4 
x--+4+ 

through values larger than 4. 

5. (a) As x approaches 1, the values of f(x) approach 2, so lim f(x) = 2 .  
. , X--+1 

(b) As x approaches 3 from the left, the values of f(x) approach 1, so lim f(x) = 1. 
X--+3-

(c) As X approaches 3 from the right, the values of f(x) approach 4, so lim f(x) = 4. 
• x-3+ 

(d) lim f(x) does not exist since the left-hand limit does not equal the right-hand limit. 
x--+3 

(e) When x = 3, y = 3, so /{3) = 3. 

7. (a) lim g(t) = -1 
t-o-

(b) lim g(t) = -2 
t-o+ 

(c) lim g(t) does not exist because the limits in part (a) and part (b) are not equal. 
t--+0 

(d) lim g(t) = 2 
t--+2-

(e) lim g(t) = 0 
t--+2+ 

(f) lim g(t) does not exist because the limits in part (d) and part (e) are not equal. 
t--+2 

(g) g(2) = 1 (h) lim g(t) = 3 
t--+4 

9. (a) lim f(x) = -oo 
X--+-7 

(b) lim f(x) = oo 
X--+-3 

(c) lim f(x) = oo 
X--+0 

(d) lim f(x) = -oo 
x--+6-

(e) lim f(x) = oo 
x-6+ 

(f) The equations of the vertical asymptotes are. x = -7, x = -3, x = 0, and x = 6. 

11. From the graph of 

{1+x 
f(x) = x2 

2.-x 

if X< - 1 

if -1 �X< 1, 
if X::::: 1 

we see that lim f ( x) exists for all a except a = -1. Notice that the 
x--+a � 

right and left limits are different at a = -1. 

y 
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13. (a) lim f(x) = 1 
:r::--+0-

(b) lim f(x) = 0 
·x-o+ 

(c) lim f ( x) does not exist because the limits x---->0 
· in part (a) and part (b) are not equal. 

15. lim f(x) = -1, lim f(x) = 2, f(O) = 1 
:z:-o- x-...o+ 

x2- 2x 
19. For f(x) = 2 2: x -x-

X f(x) 

2.5 0.714286 

2.1 0.677419 

2.05 0.672131 

2.01 0.667774 

2.005 0.667221 
2.001 0.666778 

y 

2 

X 

-1 

X f(x) 

1.9 0.655172 

1.95 0.661017 

1.99 0.665552 

1.995 0.666110 

1.999 0.666556 

. x2- 2x - 2 It appears that hm 2 = 0.6 = 3. x--.2 X -X- 2 

23. For f(x) = JX+4 - 2
: 

X 

X f(x) 

1 0.236068 

0.5 0.242641 

0.1 0.248457 

0.05 0.249224 

0.01 0.249844 

X f(x) 

-1 0.267949 

-0.5 0.258343 

-0.1 0.251582 

-0.05 0.250786 

-O.Dl 0.250156 

. v'x +4- 2 1 
It appears that hm = 0.25 = 4· 

X--+0 X 

1.5 

-0.5 

17. lim f(x) = 4, lim f(x) = 2, lim f(x) = 2, 
x-3+ x_,.a- x--+-2 

!(3) = 3, f(-2) = 1 

y 

0 } X 

e5t- 1 
21. For f(t) = -

t-: 

t f(t) 

0.5 22.364988 

0.1 6.487213 

0.01 5.127110 

0.001 5.012521 

t 

-0.5 

-0.1 

-O.Ql 

-0.001 

0.0001 5.001250 . -0.0001 

e5t -1 
It appears that lim -- = 5. 

t---->0 t 

x6 -1 
25. For f(x) = -1-0-: X -1 

X f(x) 

0.5 0.985337 

0.9 0.719397 

0.95 0.660186 

0.99 0.612018 

X 

1.5 

1.1 

1.05 

l.Ol 
' 

0.999 0.601200 1.001 

x6 -1 · · 

It appears that lim -1-0 -· - = 0.6 = �. x--.1 X -1 

f(t) 

1.835830 

3.934693 

4.877058 

4.987521 

4.998750 

f(x) 

0.183369 

0.484119 

0.540783 

0.588022 

0.598800 
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. . cos2x- cosx 
27. (a) From the graphs, It seems that hm 

2 
= -1.5. 

x�o X 

-2 

SECTION 2.2 THE LIMIT OF A FUNCTION D 49 

(b) 
X f(x) 

±0.1 �1.493759 

±0.01 -1.499938 

±0.001 -1.499999 

±0.0001 -1.500000 

29. lim 
x + 2 

= -oo since the numerator is negative and the denominator approaches 0 from the positive side as x -. -3+. 
x--3+ X+ 3 

31. lim 
( 

2 -)2 = oo since the numerator is positive and the denominator approaches 0 through positive values as x-. 1. 
x-1 X -1 

. 33. Lett = x2 - 9. Then as X-> 3+' t-> o+' and lim ln(x2 - 9) = lim In t = -oo by (5). 
,__,3+ t-o+ 

35. li� x esc x = lim __;.__ = -oo since the numerator is positive and the denominator approaches 0 through negative 
x--+21r- x-21r- SID X 

values as x-> 21r-. 

lim. �x- 4��x + �� = oo since the numerator is negative and the denominator approaches 0 through 
X-->2+ X - 3 X -

negative values as x -> 2+. 

1 
39. (a) f(x) = -

3
-

1
. 

X -

From these calculations, it seems that 

lim f(x) = -oo and lim f(x) = oo. 
x_.......l- x---+1+ 

X 

0.5 

0.9 

0.99 

0.999 

0.9999 

0.99999 

f(x) X f(x) 
-1.14 1.5 0.42 

-3.69 1.1 3.02 

-33.7 1.0'1 33.0 

-333.7 1.001 333.0 

.-3333.7 1.0001 3333.0 

-33,333.7 1.00001 33,333.3 

(b) If xis slightly smaller than.1, then x3 - 1 will be a negative number close to 0, and the reciprocal of x3 - 1, that is, f(x), 

will be a negative number with large absolute value. So lim f(x) = -oo. 
::t---+1-

Ifx is slightly larger than 1, then x3- 1 will be a small positive number, and its reciprocal, f(x), will be a large positive 

number. So lim f(x) = oo. 
x---+1+ 

(c) It appears from the graph off that 

lim f(x) = -oo and lim f(x) = oo. 

x-1- x--+1+ 
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50 0 CHAPTER 2 LIMITS AND DERIVATIVES 

(b) 6 41. (a) Let h(x) = (1 + x)1fx. 

X h(x) 

-0.001 2.71964 \r---__. 

-0.0001 2.71842 -41-------+---�4 

-0.00001 2.7i830 

-0.000001 2.71828 

0.000001 2.71828 

0.00001 2.71827 

0.0001 2.71815 

0.001 2.71692 

It appears that lim (1 + x)11"' � 2.71828, which is approximately e. 
x-o . 

In Section 3.6 we will see that the value. of the limit is exactly e. 

-2 

43. For f(x) = x2 - (2"/1000): 

(a) 
X f(x) · 

1 0.998000 
0.8 0.638259 
0.6 0.358484 
0.4 0.158680 
0.2 0.038851 

OJ 0.008928 

0.05 0.001465 

It appears that lim f(x) = 0. 
x--+0 . 

(b) 
X f(x) 

0.04 0.000572 
I 

. 0.02 -0.000614 
O.Dl -0.000907 
0.005 -0.000978 
0.003 -,0.000993 

0.001 -0.001000 

It appears that lim f(x) = -0.001. 
.. x-o 

· 45. No matter how niany times we zoom in toward the origin, the graphs off ( x) = sin( 1r / x) appear to consist of almost-vertical 

lines. This indicates more and more frequent oscillations as x --+ 0. 

-0.1 

-O.ot O.ot -0.0001 0.0001 

-1.2 -1.2 
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There appear to be vertical asymptotes of the curve y = tan(2 sinx) at x �1±0.90 

and x � ±2.24. To find the exact equations of these asymptotes, we note that the 

graph of the tangent function has vertical asymptotes at x = � + 1rn. Thus, we 

must have 2 sin x = � + 1rn, or equivalently, sin x = � + �n. Since 

-1 :::; sin x S: 1, we must have sin x = ± � and so x = ± sin -1 i . ( <:orresponding 

to x � ±0.90). Just as 150° is the reference angle for 30°, ·7r- sin-1 � is the 

reference angle for sin -1 �. So x = ± ( 1r - sin -1 �) are also equations of 

vertical asymptotes (corresponding to x � ±2.24). 

2.3 Calculating Limits Using the Limit Laws 

1. (a) lim [f(x) + 5g(x)] = lim j(x) + lim [5g(x)] [Limit Law I] x-+2 X-+2 X-+2 
= lim f(x) + 5 lim g(x) [Limit Law 3] x-+2 x-2 
= 4 + 5(-2).= -6 

(c) lim .Jf[X) = . /Jim f(x) [Limit Law II] x.-..,.2 V x-+2 

=¥4=2 

(b) lim [g(x)J3 = [lim g(x) ] 
3 

[Limit Law 6] oz:--+2 X-+2 

= ( -2) 3 = -8 

3f(x) lim [3f(x)] 
(d) lim -- = ::;."'-�2-�-.,__,2 g(x) lim g(x) x--+2 

3lim.f(x) x--+2 
lim g(x) x--+2 

= 3(4) = -6 -2 

[Limit Law 5] 

[Limit Law 3] 

(e) Because the limit of the denominator is 0, we can't use Limit Law 5. The given limit, lim gh
(
(
x)

), does not exist because the x-->2 X 

denominator approaches 0 while the numerator approaches a nonzero number. 

(f) lim g(x) h(x) == ,!i� [g(x) h(x)] 
x-->2 f(x) . lim f(x) o:--+2 

lim g(x) · lim h(x) x--+2 x.-..2 
lim f(x) X-->2 

-2·0 ----0 
-

4 -

[Limit Law 5] 

[Limit Law 4] 

3. lim(5x3- 3x2 + x- 6) = Iim(5x3) -lim(3x2) +lim x-lim 6 x-3 x-3 x--+3 x--+3 x-3 

= 5 lim x3 - 3 lim x2 + lim x -lim 6 x--+3 x---+3 x-+3 x--+3 

= 5(33) - 3(32) + 3- 6 

= 105 

[Limit Laws 2 and 1.] 

[3] 

[9, 8, and 7] 
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52 0 CHAPTER 2 LIMITS AND DERIVATIVES 

9. lim J 2x2 + 1 = 

x-2 3x- 2 

= 

= 

lim (t4- 2) t-+-2 . 

lim (2t2 - 3t + 2) t-+-2 

lim t4- lim 2 t--2 t-+-2 

[Limit Law 5] 

2 lim t2 - 3 lim t + lim 2 
[1, 2, and 3) 

t-+-2 t-+-2 t---2 
16-2 

2(4)-3(-2)+2 

14 7 = 
16 

= 8 

[9, 7, and 8] 

= (lim 1 +lim �) · (lim 2- 6 lim x2 +lim x3) x-+8 x-+8 x--+8 x-+8 x-+8 

= (1 + .W). (2- 6. 82 + 83) 
= (3)(130) = 390 

lim(2x2 + 1) :z:-+2 
lim(3x- 2) 
x-+2 

2 lim x2+liml ;&-t2 X--f-2. 
3 lim x- lim 2 

:r-+2 x-+2 

2(2)2 + 1 
= � = � 

3(2)- 2 y 4 2 

[Limit Law 11] 

[5] 

[I, 2, and 3] 

[9, 8, and 7] 

11. lim 
x2- 6x + 5 = lim 

(x - 5)(x- 1) = Iim(x - 1) =5-1 = 4 x-+5 X - 5 x-+5 X - 5 :r-+5 

13. lim 
x2 - 5x + 6 

does not exist since x - 5 --> 0, but x2 - 5x + 6 --+ 6 as x --+ 5. 
x-+5 X- 5 . ' 

15 r 
e- 9 

r 
(t + 3)(t- 3) = lim t- 3 = -3- 3 = _-6 = � 

· t.!.l!!:a 2t2 + 7t + 3 
= 

t.!.�3 (2t + 1)(t + 3) t-+-3 2t + 1 2( -3) + 1 -5 5 

[Limit Law 4) 

[1, 2, and 3] 

[7, 10, 9] 

171. (-5+h?-25_·1. (25-10h+h2)-25_1. -10h+h2_1. h(-10+h)_li (-10 h)-_10 . 1m - 1m - 1m - 1m - m + -
h-+0 h h-+0 h h-+0 h h-+0 h h-'>0 

19. By the formula for the sum of cubes, we have 

lim 
_x _+_2_ = lim. x+2 = lim 

1 = 1 
= ..!.... x-+-2 x3 + 8 x--2 (x + 2)(x2- 2x + 4) x-+-2 x2- 2x + 4 4 + 4 + 4 12 
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21 r v'9+h - 3 = lim v'9+h - 3. v'9+h + 3 = lim 
( v'9+7i)2-32 = lim (9 +h)- 9 

· "� h �>�o h v'9 + h + 3 ,.....,o h ( v'9 + h + 3) h�o h ( v'9 + h + 3) 

r. h r 1 1 1 

= h� h ( v'9 + h + 3) = h� v'9 + h + 3 
= 

3 + 3 = 6 

1 1 x+4 -+- x+4 . 1 1 1 23. lim � = lim ---1;L_ = lim == hm - = -- = --x�-4 4 +X x�-4 4 +X x�-4 4x(4 + x) x�-4 4x 4( -4) 16 

=lim (1+t)- (1-t) =lim 2t =lim 2 

HO t ( .JI+t + v'1=t) t�o t ( .JI+t + v'1=t) t�o .JI+t + v'1=t 

2 2 
-=--::::: = - = 1 
v'f+v'f 2 

27. lim 4-v'X =lim (4-
v'X)(4+

v'X) =lim 16-x 

x�l6 16x- x2 x-16 (16x- x2)(4 + JX) x�l6 x(16- x)(4 + JX) 

= lim 1 = 1 = _1_ = _1_ 
x�l6 x(4 + JX) 16  (4 + v'f6) 16(8) 128 

. ( 1 l) . 1- .JI+t . (1- .Jl+t)(1 + .Jl+t) . -t 29. hm - - = hm = hm = hm -==-:,------;==7 HO t .J1+t t t�o t .J1+t HO t y"tTT (1 + .Jl+t) · HOt .J1+t (1 + .Jl+t) 

33. (a) 

-1 -1 1 =lim = = --
t�o .JI+t ( 1 + .JI+t) vT+Q ( 1 + vT+Q) 2 

l.5 

-0.5 
· .  X 2 hm �-
x�o v'1 + 3x - 1 3 

(b) 
X f(x) 

-0.001 0.6661663 

-0.0001 0.6666167 

-0.00001 0.6666617 

-0.000001 0.6666662 

0.000001 0.6666672 

0.00001 0.6666717 

0.0001 0.6667167 

0.001 0.6671663 

The limit appears to be �. 
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54 0 CHAPTER 2 LIMITS AND DERIVATIVES 

. ( x J1+3x+1 ) . x(J1+3x+1) . x(v'1+3x+l) 
(c) hm · = lrm = hm --'------'-

x�o Jl+3x-l Jt+3x+l x�o ( 1+3x)-1 x�o 3x 

= -3
1 lim ( Jl + 3x + 1)- [Limit Law 3) X---+0 I 

= -3
1 [Jlim( 1 + 3x) +lim 1] X-+0 x--+0 .. · 

= -3
1 (Jlim 1 + 3 lim x + 1) 

x-+0 x-o 

= .! ( J1 + 3 . 0 + 1) 
- 3 

1 2 
= 3( 1  + 1) = 3 

35. Let f(x) = -x2, g(x) = x2 cos207!'xand h(x) = x2• Then 

-1�cos207l'x� 1 =? -x2�x2 cos207!'x�x2 =? f(x)�g(x)�h(x). 

So since lim f(x) = lim h(x) = 0, by the Squeeze Theorem we have 
. :z:---+0 x-o 

lim g(x) = 0. 
x-o 

[1 and 11] 

[1, 3, and 7] 

[7 and 8] 

-I 

h 

f 

37. We have lim (4x - 9) = 4(4)- 9 = 7and lim (x2- 4x +7) = 42 -4(4) + 7 = 7. Since4x- 9 � f(x) � x2- 4x+7 
x-4 x�4 

for x � 0, lim f(x) = 7 by the Squeeze Theorem. 
x�4 

39. -1 � cos(2/x) � 1 =? -x4 � x4cos(2/x) � x4• Since lim0(-x4) = Oand lim0x4 =O,wehave 
x- x-+ 

lim [x4 cos(2/x)) = 0 by the Squeeze Theorem. 
x-o 

41. lx-31 = 
{x-3 

-(x-3) 
if X - 3 � 0 

= 
{X -3 

if X- 3 < 0 3-X 

if X� 3 
if X< 3 

Thus, lim (2x + lx - 31) = lim (2x + x - 3) = lim ( 3x - 3) = 3 ( 3) - 3 = 6 and 
x-3+ x--+3+ x-+3+ 

lim· (2x + lx- 31) = lim (2x + 3-x) = lim (x + 3) = 3 + 3 = 6. Since the left and right limit s are equal, 
x--+3- x-+3- x--+3-

lim (2x + lx - 31) = 6. 
x-3 

{2x- 1 
l2x -11 = 
. -(2x- 1) 

if 2x - 1 > 0 { 2x - 1 
if 2x- 1 < 0 

= 
-(2x- 1) 

if X� 0.5 
if X< 0.5 

2x-1 2x- 1 -1 -1 -1 
Thus, lim 

12 3 2l 
= lim = lim - = -- =- = -4. 

x-o.s- X -X x-o.s- x2(-(2x- 1)j x-o.s- x2 (0.5)2 0.25 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated. or posted to a publicly accessible website, in whole or in part. 



SECTION 2.3 ·CALCULATING LIMITS USING THE LIMIT LAWS 0 55 

45. Since lxl = -x for x < 0, we have lim (!- -111 ) = lim (!- 2_) = ·lim �.which does not exist since the 
x-+O- X X x--+0- X -X x--+O- X . 

denominator approaches 0 and the numerator does not. 

47. (a) y 

0 X 

(b) (i) Since sgnx = 1 for x > 0, lim sgnx = lim 1 = 1. 
:r-+0+ x--+O+ 

(ii) Since sgnx = -1 for x < 0, lim sgn x = lim -1 = -1. 
x-+O-

· 
x-o-

(iii) Since lim sgn x =f: lim sgn x, lim sgn x does not exist. 
X--+Q- X--+0+ X--+0 

. 

(iv) Since lsgnxl = 1 for x =f: 0, lim jsgnxj = lim 1 = 1. 
x-f1 x--+0 

49. (a) (' ) r ( ) l" X
2 + X - 6 

I x��+
g X 

= x��+ lx- 21 lim (x +3)(x-2) 
x---+2+ lx - 21 

= lim (x + 3)(x- 2) [since x-' 2 > 0 ifx :-> 2+1 
x---+2+ X- 2 

= lim (x + 3) = 5 
x--+2+ 

(ii) The solution is similar to the solution in part (i), but now lx - 21 = 2 - x since x - 2 < 0 if x :-> 2-. 
Thus, lim g(x) = lim -(x + 3) = -5. 

x-2- x---+2-

(b) Since the right-hand and left"hand limits of g at x = 2 
are not equal, lim g( x) does not exist. 

x---+2 

(c) 

51. (a) (i) [x] = -2 for -2 :S x < :-1, so lim [x] = lim ( -2) = -2 • 1 X--+-2+ X--+-2+ 

(ii) [x) = -3 for -3 :S x < -2, so lim [x) = lim ( -3) = -3. 
x---+-2- x-+-2-

The right and left limits are different, so lim [x] does not exist. 
x--+-2 

(iii) [x] = -3 for -3 :S x < -2, so lim [x) = lim ( -3) = -3. 
_ x--+-2.4 x--+-2.4 

(b) (i)[x]=n-lforn-1:Sx<n,so lim [xJ= lim (n-n=n- 1.. 
x--+n- x--+n-

(ii) [xJ = n for n :S x < n + 1, so lim. [x] = lim n = n. 
x-n+ x--+n+ 

(c) lim [x) e,cists ¢'> a is not an integer. 
x--+a 

y 

/ 
X 

53. The graph of f(x) = [x) + [-x) is the same as the graph of g(x) = -1 with holes at each integer, _since f(a) = 0 for any 

integer a. Thus, lim f(x) = -1 and lim f (x) = -1, so lim f(x) = -1. However, 
. x-+2- x-+2+ x--+2 

/(2) =·[2) + [-2) = 2 + ( -2). = 0, so lim f(x) =f: /(2). 
x---+2 
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55. Since p(x) is a polynomial, p(x) = ao + a1x + a2x2 + · · · + anxn. Thus, by the Limit Laws, 

lim p(x) = lim (ao + a1x + a2x2 + · · · + anxn) = ao + a1 lim x + a2 lim x2 +···+an lim xn 
x-+a x-a x-+a x�a x�a 

Thus, for any polynomial p, lim p( x) = p( a). 
x-+a 

57. lim [f(x)- 8] =lim [f(x)- 8 
· (a; -1)] = lim f(x) � 8 · lim(x -1) = 10 · 0 = 0. 

x-tl x--+1 X- 1 x�l X- x-+1 

Thus, lim f(x) = lim {[f(x)- 8] + 8} = lim[f(x)- 8] +lim 8 = 0 + 8 = 8. 
X-+1 x-+1 X-+1 X--+1 

Note: The value of lim f(x)- 8 
does not affect the answer since it's multiplied by 0. What's important is that 

x�1 X-1 

lim f(x)- 8 
exists. 

x-+1 X- 1 

59. Observe that 0 :::::; f ( x) :::::; x2 for all x, and lim 0 = 0 = lim x2• So, by the Squeeze Theorem, lim f ( x) = 0. 
x-+0 x-+0 x--+0 

61. Let f(i) = H(x) and g(x) = 1- H(x), where His the Heaviside function defined in Exercise 1.3.57. 

Thus, either f or g is 0 for any value ofx. Then lim f(x) and lim g(x) do not exist, but lim [f(x)g(x)] = lim 0 = 0. 
x-+0 , x-+0 x-o x-o 

63. Since the denominator approaches 0 as x ---> -2, the limit will exist only if the numerator also approaches 

0 as x ---> -2. In order for this to happen, we need lim (3x2 +ax+ a+ 3) = 0 ¢:> 
X-+-2 

3( -2)2 +a( -2) +a+ 3 = 0 ¢:> 12- 2a +a+ 3 = 0 ¢:> a= 15. With a= 15, the limit becomes 

lim 3x2+15x+18= lim 3(x+2)(x+3)= lim 3(x+3)= 3(-2+3)=_2_=-l. 
x-+-2 x2 +X- 2 x�-2 (x- 1)(x + 2) x-+-2 X- 1 -2- 1 -3 

2.4 The Precise Definition of a limit 

1. lfjj(x)- 11 < 0.2, then -0.2 < f(x)- 1 < 0.2 :=;. 0.8 < f(x) < 1.2. From the graph, we see that the last inequality is 

true if 0. 7 < x < 1.1, so we can choose 6 = min { 1 -0. 7, 1.1 - 1} = min { 0.3, 0.1} = Q, 1 (or any smaller positive 

number). 

3. The leftmost question mark is the solution of ylx = 1.6 and the rightmost, ylx = 2.4. So the values are i.62 = 2.56 and 

5. 

2.42 = 5. 76. On the left side, we need jx - 4j < j2.56 - 4j = 1.44. On the right side, we need jx - 4j < j5. 76 - 4j = 1. 76. 

To satisfy both conditions, we need the more restrictive condition to hold-namely, jx- 4j < 1.44 .. Thus, we can choose 

6 = 1.44, or any smaller positive number. 

From the graph, we find that y =tan x = 0.8 when x :::::: 0.675, so 

�- 61::::::0.675 :=;. 61:::::: �- 0.675::::::0.1106. Also, y = tanx = 1.2 

· when x :::::: 0.876, so � + 62 :::::: 0,876 :=;. 62 = 0.876 - l :::::: 0.0906. 

Thus, we choose 6 = 0.0906 (or any smaller positive number) since this is 

the smaller of •h and 62. 
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From the graph with c = 0.2, we find that y = x3 -3x + 4 = 5.8 when 

x :=:::: 1.9774, so 2 - 81 :=:::: 1.9774 => 81 :=:::: 0.0226. Also, 

y = x3 -3x + 4 = 6.2 when x :=:::: 2.022, so 2 + 82 :=:::: 2.0219 => 

82 :=:::: 0.0219. Thus, we choose 8 = 0.0219 (or any smaller positive 

number) since this is the smaller of 81 and 82. 

For c = 0.1, we get 81 :=:::: 0.0112 and 62 :=:::: 0.0110,' so �e choose 

8 = 0.011 (or any smaller positive number). 

9. (a) 1100 
���-----H-------� 

From the graph, we find that y = tan2 x = 1000 when x :=:::: 1.539 and 

x :=:::: 1.602 for x near �. Thus, we get 8 :=:::: 1.602 -� :=:::: 0.031 for 

1t .J \. 3" 
40�----�--�----JT 

M = 1000. 

(b) n.� 
r------�----, 10.��------+-------� 

From the graph, we find that y = tan2 X= 10,000 when X:=:::: 1.561 and 

x :=:::: 1.581 for x near �· Thus, we get 8 :=:::: 1.581 - � :=:::: t>.OIO for 

M = 10,000. 

11. (a) A = 7IT2 and A = 1000 cm2 

(b) !A - 1000! 5 5 => -5 5 1rr2 -1000 5 5 '=> 1000 -5 5 1rr2 5 1000 + 5 => 

(r > 0) :=:::: 17.8412 em. 

/'iiJ 5 r 5 /19ffi => 17.7966 5 r-5 17.8858. /¥-- /'iiJ :=:::: 0.04466 and /i9ffi - /!9fi :=:::: 0.04455. So 

if the machinist gets the radius within 0.0445 em of 17.8412, the area will be within 5 cm2 of 1000. 

(c) xis the radius, f(x) is the area, a is the target radius given in part (a), Lis the target area (1000), cis the tolerance in the 

area (5), and 8 is the tolerance in the radius given in part (b). 

13. (a) l4x-:- 81 = 4lx- 21 < 0.1 <=> !x-21 < 0�
1' so 8 = 

0
�
1 

= 
o.d25. 

(b 14 81 I 21 1 I 21 0.01 � 0.01 0 25 ) X- = 4 X- < 0.0 ¢> X- < 4' SOu = 4 = .00 . 

15. Given c > 0, we need 6 > 0 such that ifO < ix-31 < 8, then 

l(l+ix)-2l<c.Butl(1+ix)-2l<c <=> lix-1l<c <=> 

I i lix-31 < € <=> ix-31 < 3c: So if we choose 8 = 3c, then 

0 < ix-31 < 6 => 1(1 + ix)-21 <c. Thus, !�(1 + ix) = 2 by 

the definition of a limit. 

y 
y=l +}x 

3-/J 3 3+/J X 
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17. Given e: > 0, we need 6 > 0 such that ifO < lx-( -3)1 < 6, then 

1(1- 4x)- 131 <E. But 1(1- 4x)-131 < e ¢} 

l-4x -1 21 < e ¢} l-4l lx+31 < e ¢} lx- (-3)1 < e/4. So if 

we choose 6 = c/ 4, then 0 < lx-( -3)1 < 6 ::::? 1(1- 4x)-i3l < e:. 

Thus, lim (1- 4x) = 13 by the definition of a limit. 
:1;-+-3 . 

19. Give� c > 0, we need 6 > 0 such that ifO < lx- 11 < 6, then 1 2 � 4x - 2 1 <e. But 1 2 � 4x- 2 1 < e ¢} 

1 4x-4 l<e ¢} l�l lx-1l<e ¢} jx-1l<�e.So ifwe choose c5=�e,thenO<Ix-1l<c5 ::::? 3 . . 

1 2 � 4x - 2 1 <e. Thus, !i� 2 � 4x = 2 by the definition of a limit. 

21. Given e > 0, �e need c5 > 0 such that ifO < lx- 21 < 6, then I x2: �; 6 -5 1 < e ¢} 

I (x + 3)(x- 2) -5 1 < e ¢} lx + 3- 51 < e [x i= 2] ¢} lx- 21 < e. So choose c5 =e. x- 2 
. I (x + 3)(x- 2) I Then 0 < lx- 21 < 6 => lx - 21 < e => lx + 3-51 < e ::::? x _ 2 -5 < e [xi= 2] ::::? 

I x2 + x - 6 5 1 B th d fi . . f I" . I' 
x2 + x -6 5 2 - < e. y e e mt10n o a 1m1t, 1m 2 = . 

X- X-+2 X-

23. Given e > 0, we need c5 > 0 such that ifO < lx-al < c5, then lx-al < e. So c5 = e will work. 

25. Given e > 0, we need 8 > 0 such that ifO < lx- 01 < 6, then lx2 - 01 < e ¢} x2 < e ¢} lxl < .,fi. Take c5 = .,fi. 

Then 0 < lx- 01 < c5 => lx2- 01 <c. Thus, lim x2 = 0 by the definition of a limit. 
. x-.0 

Tl. Given e > 0, we need 6 > 0 such that ifO < lx-Ol < c5, then llxl- 01 <e. But llxll = lxl. So this is true ifwe pick§= e. 
Thus, lini lxl = 0 by the definition of a limit. 

:r-+0 

29. Given e >-0, we need c5 > 0 such that ifO < lx- 21 < c5, then I (x2-4x + 5) - II < e ¢} lx2-4x + 41 < e: ¢} 

l(x- 2)21 <e. So take c5 = .,fi. Then 0 < lx- 21 < 8 ¢} lx- 21 < ../i ¢} l<x- 2fl <e. Thus, 

lim (x2- 4x + 5) = 1 by the definition of a limit. X-+2 
31. Given e > 0, we need c5 > 0 such that ifO < lx- ( -2)1 < 6, then I (x2-1) - 31 < e or upcin simplifYing we need 

lx2 - 4j < e whenever 0 < lx + 21 < 8. Notice that if lx + 21 < 1, then -1 < x + 2 < 1 ::::? -5 < x- 2 < -3 ::::? 
lx- 21 < 5. So take c5 = min{e/5, 1}. Then 0 < lx + 21 < 6 => lx- 21 < 5 and lx + 21 < e:/5, so 

I (x2 -1) - 31 =·l(x + 2)(x- 2)1 = lx + 2l lx- 21 < (e/5)(5) =e. Thus, by the definition of a limit, lim (x2 - 1) = .3. ::r;-t-2 
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33. Givene: > 0, we let d =min {2, n. IfO < Jx- 3J < d, then Jx- 3J < 2 => �2 < x- 3 < 2 => 

4 < x + 3 < 8 => Jx + 31 < 8. Also Jx- 3J < t. so jx2- 9j = !x + 3l lx-3J < 8 · t =c. Thus, lim x2 = 9. 
. z-+3 

35. (a) The points of intersection in the graph are (x1, 2.6) and (x2, 3.4) 

with X1 R� 0.891 and x2 R� 1.093. Thus, we can take d to be the 

smaller of 1 -X1 and x2 - 1. So d = x2 -1 R� 0.093. 

(b) Solving x3 + x + 1 = 3 + c gives us two nonreal complex roots and 

. . · (216 + 108c + 12v336 + 324c + 81c2 )213- 12 . one real root, which IS x(c) = . 113 . Thus, d = x( c) - 1. 
6(216 + 108c: + 12\/'336 + 324c + 81c2) 

(c) Ifc: = 0.4, then x(c:) R� 1.093 272 342 and d = x(c:) -1 R� 0.093, which agrees with our answer in part(a). 

37. 1. Guessing a value ford Given c: > 0, we must find d > 0 such that IVx- val < c: whenever 0 < Jx-a! <d. But 

Jy!X- yaJ = $ � Ja < c: (from the hint). Now if we can find a positive constant C such that y'X + va > C then 

$ � Ja < lx; a! < c:, and we take Jx -a! < Cc. We can find this number by restricting x to lie in some interval 

centered ata.lfJx....:.al<ta,then-ta<x-a<ta => ta<x<!a =} vx+Vii>�+vfii,and so 

c = �+Vii is a suitable choice for the constant. so !x-a! < ( � + va)c:. This suggests that we let 

d =min {!a, ( ffa + Vii)c }· 

2. Showing that d works Given c > 0, we let d =min { ta, ( ffa + vfii)c }· IfO < Jx-a! < d, then 

Jx-a! < !a => Vx + Va > ffa +Vii (as in part 1). Also Jx-:-aJ <: ( � + va)c, so 

( Ja72 + va)c: 
( ) = c:. Therefore, lim yiX =Vii by the definition of a limit. 
Ja/2 + Va x-+a 

. . 

39. Suppose that lim f(x) = L. Given c = t. there exists d > 0 such that 0 < !xl < d => lf(x)-Ll < t· Take any rational 
x-+0 

number r with 0 < JrJ <d. Then /(r) = 0, so JO-Ll < t ,  soL� JLJ < t· Now take any irrational numbers with 

0 < Jsl <d. Then f(s) = 1, so 11-Ll < !·Hence, 1-L < t. soL> t· This contradicts L < t. so lim f(x) does not 
x-+0 

exist. 

41. (x: 3)4 > 10,000 <==? (x + 3)4 < 10.
� <* Jx + 31 < � <==? Jx -(-3)1 < _!_ 10 

43. Given M < 0 we need d > 0 so that In X < M whenever 0 < X < d; that is, X = e1n X < eM whenever 0 < X < d. This 
suggests that we take d = eM. IfO < x < eM, then In x < In eM = M. By the definition of a limit, lim In x = - oo . 

x-o+ 
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2.5 Continuity 

1. From Definition 1, lim f(x) = /(4). x-4 
3. (a) f is discontinuous at -4 since f( -4) is not defined and at -2, 2, and 4 since the limit does not exist (the left and right 

limits are not the same). 

(b) f is continuous from the left at -2 since lim f ( x) = f ( -2). f is continuous from the right at 2 and 4 since x--2-
lim f(x) = /(2) and lim f(x) =/(4). It is continuous from neither side at -4 since/( -4) is undefined. :z:_,.2+ X--+4+ 

5. The graph of y = f ( x) must have a discontinuity at 

x = 2 and must show that lim f(x) = /(2). :z:-+2+ 

7. The graph of y = f ( x) must have a removable 

discontinuity (a hole) at X,; 3 and a jump discontinuity 

atx = 5. 
y 

y 

X 

9. (a) The toll is $7 between 7:00AM and 10:00 AM and between 4:00PM and 7:00PM. 

(b) The function T has jump discontinuities at t = 7, 10, 16, and 19. Their 

significance to someone who uses the road is that, because of the sudden jumps in 

the toll, they may want to avoid the higher rates between t = 7 and t. = 10 and 

between t = 16 and t = 19 if feasible. 

11. If f and g are continuous and g(2) = 6, then lim [3/(x) + f(x) g(x)] = 36 => x-2 

T 

7 
5 

0 

• 

7 10 16 19 24 

3 lim f(x) + lim f(x) · lim g(x) = 36 => 3/(2) + /(2) · 6 = 36 => 9/(2) = 36 => /(2) = 4. x-2 x-2 x-+2 

By the definition of continuity, f is continuous at a = -1. 

15. For a > 2, we have 
3 lim(2x + 3) 

l. /( ) 1. 
2x + =-x-,;.;a�--:,.,-

lffi X= liD--= -:: x-a x-a X- 2 lim(x - 2) 

= 

x-a 
2limx+lim3 x-+a :1:-a 
limx-lim2 ::z:__,.a x-+a 

[Limit Law 5] 

[1, 2, and 3] 

2a+ 3  
= 

a _ 2 
[7 and 8] 

= f(a) 

Thus, f is continuous atx =a for every a in (2, oo); that is, f is continuous on (2, oo). 
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17. f(x) = -1- is discontinuous at a= -2 because f( -2) is undefined. x+2 . 

{ex 19. f(x) = 2 . X 
if X< 0 

if X� 0 

The left-hand limit off at a= 0 is lim J(x) = lim ex = 1. The 
x--...o- x-+O-

right-hand limit off at a =  0 is lim f(x) = lim x2 = 0. Since these 
x-+O+ z_,.o+ 

limits are not equal, lim f(x) does not exist and f is discontinuous at 0. 
x ..... o 

21.
1 
f(x) = 0 if x = 0 

{ COSX if X< 0 

1- x2 if x>O 

lim f(x) = 1, but f(O) = 0 =I= 1, so f is discontinuous at 0. 
x ..... o 

y 

1 
y=x+2 

X 

X 

23. f(x) = x2-x; 2 = (x-2)(� + 1 )  
= x + 1 for x =f 2. Since lim f(x) = 2 + 1 = 3, define /(2) = 3. Then f is X- X- X-+2 

continuous at 2. 

25. F(x) = 2x2
; 

x
; 

1 is a rational function, so it is continuous on its domain, ( -oo, oo), by Theorem S(b). X+ • 

27. x3 - 2= 0 =? x3=2 =? x=�,soQ(x)= �:-
2
2 has domain(-oo,�)u(�,oo).Nowx3-2is X -

continuous everywhere by Theorem S(a) and �x-2 is continuous everywhere by Theorems S(a), 7; and 9. Thus, Q is 

continuous on its domain by part 5 of Theorem 4. 

29. By Theorem S(a), the polynomial1 + 2t is continuous on JR. By Theorem 7, the inverse trigonometric function arcsin x is 

continuous on its domain, [-1, 1]. By Theorem 9, A(t) = arcsin(1 + 2t) is continuous on its domain, which is 

{t I -1:::; 1 + 2t $ 1} = {t I -2 $ 2t:::; 0} = {t I -1:::; t $ 0} = [-1, OJ. 

A f¥
+1 .  x+l · 31. M(x) = = -·- 1s defined when -- � 0 =? x+ 1 � Oandx > Oorx+ 1$ Oandx < 0 =? x > 0 X , X . . 

or X $ -1, so M has domain ( -oo, -1 J u (0, 00 ). M is the composite of a root function and a rational function , so it is 

continuous at every number in its domain by Theorems 7 and 9. 
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33. The function y = 1 
11 

is discontinuous at x = 0 because the 
1 +e "' 

left- and right-hand limits at x = 0 are different. 

-4 

3 

/' 
..,..., 4 

-I 

35. Because we are dealing with root functions, 5 + ,jX is continuous on [0, oo), yfx + 5 is continuous on [-5, oo), so the 

quotient f(x) � 5 � is continuous on [0, oo) . Since f is continuous at x = 4, lim f(x) = !(4) = i· 
v5+x x-4 

37. Because x2 - X is continuous on JR, the composite function f(x) = ex2-"' is continuous on JR, so 

lim f(x) = !(1) = e1 - 1 = e0 
= 1. 

X--+1 

39. f(x) = 

{ x2 

,jX 

if X< 1 

if X� 1 

By Theorem 5, since f(x) equals the polynomial x2 on ( -oo, 1), f is continuous on ( -oo, 1). By Theorem 7, since f(x) 

equals the root function ,jX on (1, oo) , f is continuous on (1, oo) . At x = 1, lim f(x) = lim x2 = 1 and 
x-+1- x-1-

lim f(x) = lim ,jX = 1. Thus, lim f(x) exists and equals 1. Also, /(1) = v'1 = 1. Thus, f is continuous at x = 1. 
x-1+ x-1+ x-1 · 

We conclude that f is continuous on ( �oo, oo ). 

{ 1 + x2 if x::; 0 

41. f(x) = 2- X if 0 <X:<.:; 2 

(x- 2? if x > 2 

f is continuous on ( -oo, 0), (0, 2), and (2, oo) since it is a polynomial on 

each.ofthese intervals. Now lim f(x) = lim (1 + x2) = 1 and lim f(x) = lim (2- x) = 2, so f is . 
X-tO- x�o- x-o+ x--o+ 

discontinuous at 0. Since f(O) = 1, f is continuous from the left at 0. Also, lim f(x) = lim (2- x) = 0, 
. x--.2- x---..2-

· x  

lim f(x) = lim (x- 2)2 = 0, and /(2) = 0, so f is continuous at 2. The only number at which f is discontinuous is 0. x-+2+ x-2+ 

{ X+ 2 if X< 0 

43. j (X) = e"' if 0 :<.:; X :<.:; 1 

. 2- X if X> 1 

y 

f is continuous on ( -oo, 0) and (1, oo) since on each of these intervals 

it is a polynomial; it is continuous on (0, 1) since it is an exponential. 

Now lim f(x) = lim (x + 2) � 2 and lim f(x) = lim ex = 1, so f is discontinuous at 0. Since f(O) = 1, f is 
x-o- x-o-. x-+O+ x-+O+ . 

continuous from the right at 0. Also lim f(x) = lim ex 
= e and lim f(x) = lim (2- x) = l, so I is discontinuous 

x-tl- x--1- x-+1+ x-1+ 

at 1. Since /(1) = e, f is continuous from the left at 1. 
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{cx2 + 2x 
45. f(x) = 3 . · x -ex 

if X< 2 
if X 2: 2 

. . 

SECTION 2.5 CONTINUITY D 63 

f is continuous on(-oo,2) and(2,oo). Now lim f(x) =lim ( cx2 +2x) = 4c + 4 and 
X--+2- ::c-2-

lim f(x) = lim (x3- ex) = 8-2c. So f is continuous {:} 4c + 4 = 8-2c ¢? 6c = 4 ¢? c = f· Thus, for f x-+2+ :r-+2+ 

to be continuous on ( -oo, oo ) ,  c = �. 

47. (a) f(x) = 
x4- 1 = (x2 + l)(x2-1) = (x2 + 1)(x + 1)(x- 1) = (x2 + 1)(x + 1) [or xa + x2 + x + 1) x-1 x- 1 x-1 

for x =f. 1. The discontinuity is removable and g( x) = x3 + x2 + x + 1 agrees with f for x =f. 1 and is continuous on JR. 

(b. 
) f( ) x3-x2- 2x x(x2--=-x- 2) x(x-2)(x + 1) 

( 1) [ 2 ] ., -t. 2 Th d' · · X = = = = X X + or X + X tOr X r- . e ISCOntJnUJty x- 2 · x- 2 x- 2 

is removable and g( x) = x2 + x agrees with f for x =f. 2 and is continuous on JR. 

(c) lim f(x)= lim {sinx)= lim O=O and lim f(x)= lim [sinx)= lim (-1)=-1 ,so limf(x) does not 
:Z:--+71'"- :Z:-+71'"- X--+1r- :Z:--+71'"+ X-+1'['+ , :Z:--+71'"+ X-+1f 

exist. The discontinuity at x = 1r is a jump discontinuity. 

49. f(x) = x2 + lOsinx is continuous on the interval (31, 32 ], f( 31) � 957, and f(32) � 1030. Since 957 < 1000 < 1030, 

there is a number c in (31, 32) such that f(c) = 1000 by the Intermediate Value Theorem. Note: There is also a number c in 

( -32, -31) such that f(c) = 1000. 

51. f(x) = x4 +x- 3 is continuous on the interval [1,2], /(1) = -1 , and /(2) = 15. Since -1 < 0 <.15, there is a numberc 

in (1, 2) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation x4 + x- 3 = 0 in the 

interVal (1, 2). 

53. The equation e"' = 3 - 2x is equivalent to the equation e"' + 2x - 3 = 0. f ( x) = ex + 2x - 3 is continuous on the interval 

[0, 1], f(O) = -2 , and f(1) = e- 1 � 1.72 . Since -2 < 0 < e- 1, there is a number c in (0, 1) such that f(c) = 0 by the 

Intermediate Value Theorem. Thus, there is a root of the equation ex+ 2x- 3 = 0, ore"'= 3-2x , in the interval (0, 1). 

55. (a) f(x) = co s x- x3 is continuous on the interval [0, 1]. f(O) = 1 > 0, and f(1) =cos 1 -1 � -0.46 < 0. Since 

1 > 0 > -0.46, there is a number c in (0, 1) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root 

of the equation cos x-x3· = 0, or cos x = x3 , in the interval (0, 1). 

(b) !(0.86) � 0. 01 6 > 0 and !(0.87) � -0.014 < 0, so there is a root between 0.86 and 0.87, that is, in the interval 

(0.86, 0.87). 

57. (a) Let f(x) = 100e-xf100-O.Olx2• Then f(O) = 100 > 0 and 

f(100) = 100e-1 - 100 � -63.2 < 0. So by the Intermediate 

Value Theorem, there is a number c in (0, 100) such that f(c) = 0. 

This implies that 100e-c/100 =0.01c2. 
(b) Using the intersect feature of the graphing device, we find that the 

root of the equation is x = 70.347, correct to three decimal places. 

200 
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59. ( ==>) If f is continuous at a, then by Theorem 8 with g( h) = a + h, we have 

lim f(a +h) =!(lim (a+ h)) = f(a). 
h�o · h�o 

(�) Letc: > 0. Since lim f(a +h)= f(a), there exists 8 > 0 such that 0 < jhj < 8 ==> h�o 

lf(a+ h)- f(a)j <c. So ifO < jx-aj < 8, then if(x)- f(a)j = lf(a + (x-a))- f(a)i <c. 

Thus, lim f ( x} = f (a) and so f is continuous at a. 
x__,.a · 

61. As in the previous exercise, we must show that lim cos( a+ h)= cos a to prove that the cosine function is continuous. 
I h--+0 

lim cos(a +h)= lim (cosacosh-sinasinh) =lim (cosacosh) - lim (sinasinh) h�o h�o h�o h�o 

= (lim cos a) (urn cos h) - (urn sin a) (lim sinh) = (cosa)(1)- (sina)(O) =cos a h�o h�o . h-o h�o . 

63. f(x) = . , . . is continuous nowhere. For, given any number a and any 8 > 0, the interval (a- 8, a+ o) 
{ 0 if x is rational · 

. 1 tf x ts trratwnal 

contains both infinitely many rational and infinitely many irrational numbers. Since f(a) = 0 or 1, there are infinitely many 

numbers x with 0 < jx-ai < 8 and !f(x)- f(a)! = 1. Thus, lim f(x) # f(a). [In fact, lim f(x) does not even exist.] 
· x-a x�a 

65. If there is such a number, it satisfies the equation x3 + 1 = x <=? x3-x + 1 = 0. Let the left-hand side of this equation be 

called f(x). Now f(- 2) = -5 < 0, and j( - 1 ) = 1 > 0. Note also thatj(x) is a polynomial, and thus continuous. So by the 

Intermediate Value Theorem, there is a number c between - 2  and -1 such that f(c) = 0, so that c = c3 + 1. 

67. f(x) = x4sin(1/x) is continuous on ( -oo,O) U (O, oo) since it Is the product of a polynomial and a composite of a 

. trigonometric function �d a rational function. Now since -1 ::; sin(1/x) ::; 1, we have. -x4 ::; x4 sin(1/x) ::; x4• Because 

lim( -x4) = 0 and lim x4 = 0, the Squeeze Theorem gives us lim (x4 sin(1/x)) = 0, which equals f(O). Thus, f is X--+0 X-+0 :1:-+0 

continuous at 0 and, hence, on ( -oo, oo) . 

69. Define u(t) to be the monk's distance from the mon�tery, as a fun�tion of timet (in hours), on the first day, and define d(t) 

to be his distance from the monastery, as a function of time, on the second day. Let D be the distance from the monastery to 

the top of the mountain. From the given information we know that u(O) = 0, u(12) ·= D, d(O) = D and d(12) = 0. Now 

consider the function u- d, which is clearly continuous. We calculate that (u- d)(O) = -D and (u- d)(12) =D. 

So by the Intermediate Value Theorem,.there must be some time to between 0 and 12 such that ( u - d) (to) = 0 {'} 

u(to) = d(t0) .  So at time to after 7:00AM, the monk will be at the same place on both days. 

2.6 Limits at Infinity; Horizontal Asymptotes 

1: (a) As x becomes large, the values of f(x) approach 5. 

(b) As x becomes large negative, the values of f(x) approach 3. 

3. (a) lim f(x) = -2 (b) lim f(x) = 2 
x�oo x--+-oo (c) lim f(x) = oo 

x-1 

(d) lim f(x) = -oo x-3 
(e) Vertical: x = 1, x = 3; horizontal: y = -2, y = 2 
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5. lim f(x) = -oo, 
z->0 

lin1 f(x) = 5, 
x-+-oo. 

lim f(x) = -5 
Z->00 

y=S y 

y=�s 

SECTION 2.6 . LIMITS AT INFINITY; HORIZONTAL ASYMPTOTES 0 65 

7.lim f(x) = -oo, lim f(x) = oo, 
:z:-+2 2:-+00 

lim f(x) = 0, lim f(x) = oo, 
X-t>-00 X-+O+ 

lim f(x) = -oo 
x-+O-

9. f(O) = 3, lim f(x) = 4, 
x-o-

lim f(x) = 2, 
x-o+ 

lim f(x) = -oo, lim f(x) = 
X-+-00 X-+4-

-oo, 
lim f(x) = oo, lim f(x) = 3 

:c-+4+ X--+00 

11. If f(x) = x2/2"', then a calculator gives f(O) = 0, /(1) = 0.5, f(2) = 1, /(3) = 1.125, /(4) = 1, f(5) = 0.78125, 

f(6) = 0.5625, /(7) = 0.3828125, /(8) = 0.25, /(9) = 0.158203125, /(10) = 0.09765625, !(20) � 0.00038147, 

/(5o)::::::: 2.22o4 x w-12, /(100)::::::: 7.8886 x w-27. 
I 

It appears that lim (x2/2"') = 0. 
Z->00 

lim (3- 1/x + 4/x2) 
Z->00 

lim (2 + 5/x-8/x2) 
Z->00 

lim 3- lim (1/x) + lim (4/x2) 
X--+00 X-+00 X-+00 

lim 2 + lim (5/x)- lim (8/x2) · 
x-+oo x-oo x-+oo 

3- lim (1/x) + 4 lim (1/x2) 
::r::-+00 X-+00 

- 2 + 5 lim (1/x)-8 lim (1/x2) 
X-+00 X-+00 

- 3-0+4(0) 
- 2 + 5(0) - 8(0) 

3 = -
2 

[divide both the numerator and denominator by x2 
(the highest power of x that appears in the denominator)] 

[Limit Law 5] 

' [Limit Laws 1 and 2] 

[Limit Laws 7 and 3] 

[Theorem 5 of Section 2.5] 

15. lim 
3x -·2 = lim 

(3x-2)/x = lim 
3- 2/x = J� 3- 2 }� 1/x 

= 3-2(0) = � 
z->oo. 2x + 1 z->oo (2x + 1)/x' x->oo 2 + 1/x lim 2 + lim 1/x ' 2 + 0 2 

x-+oo x-+oo 

( )I 2 / / 2 lim 1/x-2 lim 1/x2 
17 1• X- 2 

l' 
X- 2 X lim 1 X- 2 X x->-oo z->-oo Q- 2(0) 

liD --- liD - - - -0 • X->-00 x2 + 1 -
X->-00 (x2 + 1)/x2 - X->-00 1 + 1/x2 - lim 1 + lim 1/x2 

-
1 + 0 -

x-+-oo x-+-oo 
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21 lim (2x2 + 1)2 = lim (2 x2 + 1)2 jx4 
= lim [(2 x2 + 1)/x2]2 

• x-+oo (x-1)2(x2 + x) x-+oo [(x- 1)2(x2 + x)Jix4 x-->oo [(x2- 2x + 1)/x2)[(x2 + x)jx2] 

= lim (2 + l/x2)2 . . (2 + 0)2 = 4 
x-+oo (1- 2/x + 1jx2)(1 + 1/x) (1- 0 + 0)(1 + 0) 

v'9x6- x 23. lim 3 1 x-+oo X + [since x3 = .jX6 for X> 0) 

lim ..)9- 1/xs J lim ·9- lim (1jx5) 
;, x-+oo = 

x-+oo x-+oo = y'9 - 0 = 3 
.lim 1 + lim (1jx3) 1 + 0 

x�oo x-+oo 

= lim (9x2 + x)- 9x2 
= lim x . 1/x 

Z-+00 v'9x2 +X+ 3x x-+oo v'9x2 +X+ 3x 1/x 

= lim xfx 
. = lim 1 1 .1 1 

x-+oo ..}9x2 jx2 + xjx2+ 3x/x x--:oo ..}9 + 1/i + 3 
= � = 3 + 3 = 6 

27. lim (v'x2+ax-v'x2+bx) =lim (v'x2+ax-.JX2'+bX)(v'x2+ax+v'x2+bx) 
:r-+oo z-+oo . v'x2 +ax+ v'x2 + bx 

a-b a-b a-b =lim = = -·-
:r-+oo ..jl + afx + ..}1 + b/x v'1 + 0 + v'1 + 0 2 

. · x4-3x2 + x . (x4- 3x2 + x)/x3 · 29. hm = Inn ��--�'-::-. x-+oo x3- x + 2 x-+oo (x3 -x + 2)jx3 
[divide by the highest power ] 

of x in the denominator 
= lim x- 3/x + l/x2 = 00 

x-+oo 1- 1/x2 + 2jx3 

since the numerator increases without bQund and the denominator approaches 1 as :i--t oo. 

31. lim (x4+x5) = lim x5(l+l) [factor out thelargestpowerofx] =-oo becausex5--t-ooandl/x+1--t1 
x--oo · x-+-oo x 

as x --t-oo. 

Or: lim (x4 +.x5) = lim x4 (1 + x) =·-oo. X-+-00 X-+-00 

33. J,.et t = e"'. As x --t oo, t --t oo. lim arctan( e"') ;, lim arctan t = � by (3). 
x-oo t-+oo 

35. lim 1-e"' = lim (1-e"')/e"' = iim 
ije"'-1 = 0- 1 = _.!, 

X-+00 1 + 2eX X-+00 (1 + 2eX)jeX :J:-->00 1/e"' + 2 0 + 2 2, 

37. Since -1 S cosx S 1 ande-2"' > 0, we have -e-2"' S e-2"' cos x S e-2"'. We know that lim (-e-2"') = Oand 

lim (e-2"') = 0, so by.the Squeeze Theorem, lim (e-2"' cosx) = 0. X-+00 X--+00 

X-->00 
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39. (a) -100,---------..o (b) X f(x) 
-10,000 -0.4999625 ) 

-100,000 -0.4999962 
-1,000,000 -0.4999996 

- I 
From the graph of f(x) = Jx2 + x + 1 + x, we 

estimate the value of l im f(x) to be -0.5. 

From the table, we estimate the limit to be -0.5. 

x--oo 

' . [Jx2 + x + 1- x] (x2 + x + 1) -x2 

(c) lim ( J x2 + x + 1 + x) = lim ( J x2 + x + 1 + x) = lim 
x--+-oo • x--+-oo Jx2 +X+ 1- X x--+-oo, Jx2 +X+ 1- X 

= lim (x + 1)(1/x) 
= lim 1 + (1/x) 

x�-oo ( Jx2 + x + 1- x)(1/x) x--+-oo -J1 + (1/x) + (1jx2)- 1 
1+0 1 

= == --
- >./1 +0+0-1 2 

Note that for X < 0, we. have n = !xl = -x, so when we divide the radical by X, with X < 0, we get 

.!:.Jx2 + x + 1 = - �Jx2 + x + 1 = -J1 + (1/x) + (1/x2). x vx2 
2x + 1 2 _1 lim ( 2 + ..!:.)· 1 + lim 2+ lim -

41. lim 2x + 1 
= lim ---'L-2 = lim __L

2 = 
X--+00 

( 
X
) = x�oo :Z:--+00 x

2 x-->oo X - 2 x--+oo X - a:--+oo 1 . 2 li 1 I' -- -- Iun 1-- m - Im-x X X--+00 X . X'--I><X> X--+00 X 

= � � � = 2, so y = 2 is a horizontal asympto�e. 

The denominator x - 2 is zero when x = 2 and the numerator is not zero, so we 

investigate y = f(x) = 
2

: � 2
1 

as x approaches 2 . .,�- f(x) = -oo because as 

x � T the numerator is positive and the denominator approaches 0 through 

negative values. Similarly, lim f ( x) T oo. Thus, x = 2 is a vertical asymptote. 2::-2+ 
The graph confirms our work. 

2x2 + x - 1  1 1 
2 2+---

43 .. lim 2x + x -1 
= lim x2 

= lim x x2 
z--+oo x2 + x - 2 x--+oo x2 + x - 2 :z:--+oo 1 + ..!:. _ 2 

x2 x x2 

I. 2 I' 1 I' 1 

lim ( 2 + .!:. - _!_) 
x--+oo x x2 

- lim (1 + ..!:. -2) 
x--+oo x x2 

8 

-4 

1m + un-- 1m - 2 x--+oo x--+oo x .,__,oo x2 + 0 - 0 
1 1 = 1 + 0 _ 2(0) = 2, so y = 2 is a horizontal asymptote. 

lim 1+ lim --2lim-
X-tOO X--+00 ·x X--+00 x2 

y = f(x) = 
2x2 + x- 1 

= 
( 2x- 1)(x + 1)' so lim f(x) = oo, x2 + x- 2 (:.�; + 2)(x- 1) x-->-2-

lim f(x) = -oo, lim f(x) = -oo, and lim f(x) = oo. Thus, x = -2 
x--+-2+ x-1- x-1+ 

and X = 1 are vertical asymptotes. The graph confirms our WOrk. 
-3 
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45 = f(x) = x3-x = x(x2- 1) = x(x + 1)(x- 1) = x(x + 1) = 9(x) for x ::/= 1. 
· Y x2 - 6x + 5 (x- 1)(x-5) (x- 1)(x-5) x-5 

The graph of 9 is the same as the graph off with the exception of a hole in the 

graph off at x = 1. By long.division, 9(x) = x2 +
5
x = x + 6 + 30 

5 
.. 

x- x-
As x--+ ±oo, 9(x)--+ ±oo, so there is no horizontal asymptote. The denominator 

. of 9 is zero when x = 5 .  lim 9(x) = -oo and lim. 9(x):::!: oo, sox= 5 is a 
x-+5- x-5+ 

vertical asymptote. The graph confirms our work. 

47: From the graph, it appears y = 1 is a horizontal asymptote. 

3x3 + 500x2 

40 

lim 3x 3 + 500x2 = lim x3 = lim 3 + (500/x) 
x�oo x3 + 500x2 + lOOx + 2000 x�oo x3 + 500x2 + 100x + 2000 :z:-+oo 1 + (500/x) + (100/x2) + (2000/x3) 

x3 
3+0 3 3' h . I = 

1 + 0 + 0 + 0 = , so y = . IS a onzonta asymptote. 
2 

The discrepancy can be explained by the choice of the viewing window. Try 

[-100,000, 100,000] by [-1, 4] to get a graph that lends credibility to our 

calculation that y = 3 is a horizontal asymptote. 

49. Let's look for a rational function. 

(I) lim f(x) = 0 =:} degree of numera!or <degree of denominator 
:z:---.±oo 

(2) lim f(x) = -oo =:} there is a factor ofx2 in the denominator (not just x, since that would produce a sign 
x�o 
change at x = 0 ), and the function is negative near x = 0. 

(3) lim f(x) = oo and lim f(x) = -oo =:} vertical asymptote at x = 3; there is a factor of (x-3) in the 
x-3- x-+3+ 

denominator. 

(4) f( 2) = 0 => 2 is an x-intercept; there is at least one factor of (x- 2) in the numerator. 

Combining all of this information and putting in a negative sign to give us the desired left- and right-hand limits gives us 

!( ) 
2 - X 'b'l' x = 

2( ) as one poss1 1 1ty. x x-3 

51. (a) We must first find the function f. Since f has a vertical asymptote x = 4 and x-intercept x = 1, x- 4 is a factor of the 
denominator and x -1 is a factor of the numerator. There is a removable

, discontinuity at x = -1, so x -( -1) = x + 1 is 

a factor of both the numerator and denominator. Thus, f now looks like this: f(x) = �� � 4?(�: N, where a is still to 

. . . a(x-1)(x+1) . a(x-1) a(-1-1) 2 2 be determmed. Then hm f(x) = hm ( 4)( 1) 
= hm 4 = 

( 1 
4) = -5a, so -5a = 2, and 

x�-1 x--+-1 X- X+ x-->-1 X- - -
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· a = 5. Thus f (x) = �� � 4v(�: N is a ratio of quadratic functions satisfying all the given conditions and 

f(O) = 5( -1)(1} = � 
(-4}(1) 4' 

. . x2-1 . (x2/x2}-(1/x2} 1- 0 
(b) hm f(x) = 5 lim 2 3 4 = 5 lim ( 2/ 2) (3 / 2) (4/ 2) =51 0 0 = 5(1) = 5 x-+<x> x---+cx:> X - X - x-oo X X - X X - X - -

53. y = f(x) = x4 - x6 = x4(1- x2) = x4(1 + x)(1- x). They-intercept is 

f(O) = 0. The x-intercepts are 0, -1, and 1 [found by s.olving f(x)' = 0 for x]. 

Since x4 > 0 for x of. 0, f doesn't change sign at x = 0. The function does change 

sign at x = -1 and x = 1. As x--> ±oo, f(x) = x4(1- x2) approaches -oo 

because x4 --> oo and (1 - x2) --> -oo. 

55. y = f(x) = (3- x}(1 + x?(1- x)4." They-intercept is j(O) = 3 (1?(1)4 = 3 .  
The x-intercepts are 3, -1, and 1. There is a sign change at 3, but not at -1 and 1. 
When x is large positive, 3 - x is negative and the other factors are positive, so 
lim f(x) = :_oo. When xis large negative, 3 - xis positive, so X-+00 
lim J(x) = oo. x-+-oo 

y 

y 

X 

X 

57. (a) Since _:1 � sinx � 1 for all x, _.!_ � 
sinx 

� .!. for x > 0. As x--> oo, -1/x--> 0 and 1/x--> 0, so by the Squeeze X X X 
Theorem, (sinx)/x--> 0. Thus, lim sinx = O, 

x-..oo X 

(b) From part (a), the horizontal asymptote is y = 0. The function 

y = (sin x) / x crosses the horizontal asymptote whenever sin x = 0; 

that is, at x = 
1rn for every integer n. Thus, the graph crosses the 

asymptote an infinite number of times. 

59. (a) Divide the numerator and the denominator by the highest power of x in Q ( x). 

-0.5 

(a) Ifdeg P < deg Q, then the numerator--> 0 but the denominator doesn't . So lim [P(x)/Q (x)] = 0. x-+oo 

(b) Ifdeg P > degQ, then the numerator--> ±oo but the denominator doesn't, so lim [P(x)/Q (x)] = ±oo X-+00 
(depending on the ratio of the leading coefficients of P and Q) . 

61. lim 5Vx 
· 

1/y'X = lim 5 = -5- = 5 and x-+oo JX=l 1/y'X x-+oo y'1 � (1/x) y'I-=o 

lim lOe"'- 21 1/e"' _ 1. 10- (21/e"') 10- 0 
5 

s· lOe"'- 21 /( ) 5 y'X 
2ex · -1/ - 1m 2 = -2- = . mce 2 < x < ;::---> • X-+00 ex x�oo eZ yX-} 

we have lim f(x) = 5 by the Squeeze Theorem . X-+00 
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63. (a) lim v(t) = lim v• (1- e�gtfv* ) = v*(1- 0) = v• 
t--+oo · t-+oo 

(b) We graph v(t) = 1- e-9·8t and v(t) = 0.99v*, or in this case, 

v(t) = 0.99. Using an intersect feature or zooming in on the point of 

intersection, we find that t � 0.47 s. 

3x2 + 1 65. Let g(x) = 2x2 + x + 1 and f(x) = jg(x)- l.5j. Note that 

lim g(x) = �and lim f(x) = 0. We are interested in finding ihe 
X--+00 X--+00 

x-value at which f(x) < 0.05. From the graph, we find that x � 14 .804 , 

so we choose N = 15 (or any larger number). 

I v'4x2 + 1 I 67. For c = 0.5, we need to find N such that x + 1 - ( -2) < 0.5 .¢? 

. v' 4x2 + 1 h N ur h th hr . f h' -2.5 < x + 1 < -1,5 w enever x::; . vve grap e t ee parts o t ts 

inequality on the same screen, and see that the inequality holds for x ::; -6. So we 

·choose N = -6 (or any smaller number). 

v'4x2 + 1 For c = 0.1, we need -2.1 < < -1.9 whenever x < N. From the x+l . -

graph, it seems that this inequality holds for x ::; -22. So we choose N = -22 

(or any smaller number). 

1.2 

0.10 

y=O.OS 

o�--------------�w 

-20 

y= -1.5 

y= -2.5 
� 

y= -1.9 

y= -2.1 

0 

-4 
1.5 

-so \ 0 -2.5 

69. (a) 1/x2 < 0.0001 ¢? x2 > 1/0.0001 = 10 000 ¢? x > 100 (x > 0) 

(b) If c > 0 is given, then 1/x2 < c ¢? x2 > 1/c ¢? x > 1/y'€. Let N = 1/y'€. 

. 1 1 1 I 1 . 1 Then x > N => x > r.: => 2 - 0 = 2 < c, so lim 2 = 0. ' y c X X x--..oo X · 

71. For x < 0, 11/x - Oj = -1/x. If c > 0 is given, then -1/x < c ¢? x < -1/c. 

TakeN= -1/c. Thenx < N => x < -1 / c => j(1/x)- OJ= -1/x < c, so lim (1/x) = 0. 
x--+-oo 

73. GivenM > 0, we need N > 0 such that x > N => e"' > M. Now e"' > M ¢? x > lnM, so take 

N = max(1,lnM). (This ensures that N > 0.) Thenx > N= max(1,lnM) => e"' > max(e , M) 2: M, 

75. Suppose that lim j(x) = L. Then for every c > 0 there is a corresponding positive number N such that if(x)- Ll < c 
x--..oo 

whenever x > N. 1ft= 1/x, then x > N ¢? 0 < ijx < 1/N ¢? 0 < t < 1/N. Thus, for every c > 0 there is a 
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corresponding o > 0 (namely 1/N) such that 1!(1/t)- L! < c: whenever 0 < t < o. This proves that 

lim !(1/t) = L = lim f(x) . 
. t�o+ x-+oo 

Now suppose that lim j(x) = L. Then for every c > 0 there is a corresponding negative number N such that 
x--oo 

!f(x)- L! < c: whenever x < N. lft = 1/x, then x < N � 1/N < 1/x < 0 ¢? 1/N < t < 0. Thus, for every 

c: > 0 there is a corresponding o > 0 (namely -1/N) such that IJ(i/t)- L! < c: whenever -a< t < 0. This proves that 

lim !(1/t) = L = lim j(x). 
t-o- x-+-oo 

2. 7 Derivatives and Rates of Change 

1. (a) This is just the slope of the line through two points: ffiPQ = �y 
= 

f(x)- !(3)
. · ux x-3 

(b) This is the limit of the slope of the secant line PQ as Q approaches P: m = lim f(x)- !(3)
. · :t--+3 X- 3 

3. (a) (i) Using Definition l with f(x) = 4x- x2 and P(1, 3), 

. f(t)-f(a) . (4x- x2)- 3 . -(x2 - 4x + 3) . -(x- 1)(x- 3) m = hm = hm = hm = hm __,_ _ __,_,___....<.. 
·X--+a X- a x--+1 X- 1 X--+1 . X- 1 X--+1 X- 1 

= lim(3- x) = 3- 1 = 2 
x--+1 

(ii) Using Equation 2 with f(x) == 4x- x2.and P(1, 3), 

m = lim f(a +h)-f(a) 
= lim !(1 +h)-f(1) = lim (4(1 +h)- (1 + h?] - 3 

h--+0 h h--+0 h h--+0 . h 

= lim 
4 + 4h- 1- 2h- h2- 3 

= lim 
-h2 + 2h = lim 

h( -h + 2) = lim ( -h + 2) = 2 
h--+0 h h--+0 h h--+0 h h--+0 

(b)� equation of the tangent line is y-f(a) = f'(a)(x- a) => y- f(l) 
= f'(1)(x -1) => y- 3 = 2(x- 1), 

ory = 2x + 1. 

(c) 

0 

The graph of y = 2x + 1 is tangent to the graph of y = 4x - x2 at the 

point (1, 3). Now zoom in toward the point (1, 3) until the parabola and 

the tangent line are indistiguishable. 

5. Using (1) with f(x) = 4x- 3x2 and P(2, -4) [we could also use (2)], 

. f(x)-f(a) l" (4x- 3x2)- (-4) . -3x2+4x+4 
m= lim = 1m = hm -----

x--+a X - a x--+2 X - 2 X--+2 X - 2 

= lim ( -3x- 2)(x-2) 
=lim( -3x- 2) = -3(2)- 2 = -8 

x--+2 X - ·2 x--+2 

Tangent line: y � ( -4) = -8(x- 2) ¢? y + 4 = .,-8x + 16 ¢? y = -8x + 12. 
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7 Using (1) m = lim ,fi- J1 = lim (y'x- 1)(y'x + 1) =lim x- 1 = lim -1- = �-• ' x-1 x- 1 x-1 (x- 1)( y'x + 1} x-l(x- 1)( y'x + 1) x--+1 y'x + 1 2 

Tangent line: y- 1 = �(x- 1) <=} y = �x + � 

9. (a) Using (2) withy= f(x) = 3 + 4x2- 2�3, 
m = lim f(a +h)� /(a) = lim 3 + 4(a + h?- 2(a + h)3 - (3 + 4a2- 2a3) 

h--+0 h h--+0 h 

=lim 3 + 4(a2 + 2ah + h2)- 2(a3 +.3a2h + 3ah2 + h3)- 3- 4a2 +2a3 
h--+0 h 

. 3 + 4a2+ 8ah + 4h2- 2a3- 6a2h- 6ah2- 2h3- 3- 4a2 + 2a3 = �� . h 

= lim Bah+ 4h2 - 6a2 h- 6�h2 - 2h3 = lim h(Ba + 4h- 6a2 - 6ah- 2h2} 
h-0 h h--+0 h 

= lim(8a +4h- 6a2- 6ah- 2h2} = 8a- 6a2 
h--+0 

(b) At (1, 5): m = 8(1}- 6(1)2 = 2, so an equation of the tangent line 

is y- 5 = 2(x- 1) <=} y = 2x + 3. 

At (2, 3): m = 8(2)- 6(2)2 = -8, so an equation of the tangent 

line is y- 3 = -8(x- 2) <=} y = -8x + 19. 

(c) 

-3 
11. (a) The particle is moving to the right when sis increasing; that is, on the intervals (0, 1) and (4, 6). The particle is moving to 

the left when sis decreasing; that is, on the interval (2, 3). The particle is standing still when sis constant; that is, on the 

intervals (1, 2} and (3, 4). 

(b) The velocity ofthe particle is equal to the slope of the tangent line of the 

graph. Note that there is no slope at the corner points on the graph. On the 

interval (0, 1}, the slope is � = � = 3. On the interval (2, 3}, the slope is 

1-3 3-1 
3 

_ 2 = -2. On the interval ( 4, 6), the slope is 6 _ 4 = 1. 

13. Let s(t) = 40t- 16t2. 

v (m/s) 

0 t 
(seconds) 

v(2) =lim s(t)- s(2) =lim (40t- 16t2)- 16 =lim -16t2 + 40t - 16 =lim -8(2t2- 5t + 2) 
t--+2 t - 2 t-2 t- 2 t-2 t- 2 t-2 t - 2 . 

= lim -B(t- 2)(2t- 1) = -8lim(2t- 1) = -8(3) = -24 t--+2 t - 2 t--+2 

Thus, the instantaneous velocity when t = 2 is -24 ft./s. 
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1 1 a2 - (a+ h)2 

15 ( )-li s(a+h)-s(a) -
li 

(a+h)2 - a2 . a2(a+h)2 
· v a -

h� h -
h� h = !� h 

= liin 
-(2ah + h2) = lim -h(2a +h) = lim -(2a +h) = -2a = -2 

m 5 
h-+O ha2(a + h)2 h-+O ha2(a + h)2 h-+O a2.(a + h)2 a2 · a2 a3 / 

-2 -2 1 -2 2 
So v (1) = 1'3 = -2 m/s, v(2) = "'23 = -4m;s, and v(3) = 33 =- 27 m/s. 

17. g' (0) is the only negative value. The slope at x = 4 is smaller than the slope at x = 2'and both are smaller than the slope 

atx = -2. Thus,g'(O) < 0 < g'(4) < g'(2) < g'(-2). 

19. For the tangent line y = 4x - 5: when x = 2, y = 4(2) - 5 = 3 and its slope is 4 (the coefficient of x ). At the point of 

tangency, these values are shared with the curve y = f(x); that is, /(2) = 3 and!' (2) = 4. 

21. We begin by drawing a curve through the origin with a 

slope of3 to satisfy /(0) = 0 and /'(0) = 3. Since 

f' ( 1) = 0, we will round off our figure so that there is 

a horizontal tangent directly over x = 1. Last, we 

make sure that the' curve has a slope of -1 as we pass 

over x = 2. Two of the many possibilities are shown. 

23. Using (4) with f(x) = 3x2- x3 and a·= 1, 

y 

. ' 2 3 . 
/'(1) = lim /(1 +h)- /(1) = lim [3(1 +h) - (1 +h) ]- 2 

h--+0 h h-+0 h 

y 

= lim (3 + 6h + 3h2) - (1 + 3h + 3h2 + h3) - 2 = lim 3h- h3 
= l im h(3- h2) 

. h->0 h h--+0 h h->0 h 
= lim (3 - h2) = 3 - 0 = 3 

h->0 

Tangent line: y - 2 = 3(x-1) ¢} y - 2 = 3x- 3 ¢} y = 3x- 1 

25. (a) Using (4) with F(x) = 5x/(1 + x2) and the point (2, 2), we have 

5(2+h) -2 
F'(2) = lim F(2 +.h) - F(2) = li.m 1 + (2 + h)2 

h-+0 h h->0 'h 

5h + 10 - 2 5h + 10- 2(h2 + 4h + 5) 
= lim h2 + 4h + 5 = l im h2 + 4h + 5 

h->0 h h-+0 h 

=lim -2h2- 3h =lim h(-2h- 3) =lim '-2h-3 
= 

-3 
h--+0 h(h2 + 4h + 5) h-+0 h(h2 + 4h + 5) h-+0 h2 + 4h + 5 5 

(b) 

So an equation of the tangent line at (2, 2) is y - 2 = -�(x- 2) or y = -�x + 156• 
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27. Use (4) with f(x) = 3x2-4x + 1. 

j'(a) = lim f(a +h)- f(a) = lim [3(a + h?- 4(a +h)+ 1)-(3a2- 4a + 1)) 
h-o h h->O h 

l. 3a2 + 6ah + 3h2 - 4a - 4h + 1 - 3a2 + 4a -1 1. 6ah + 3h2 - 4h = liD = liD h--->0 h h-->0 h 

=lim h(6a+3h-4) = lim(6a+3h-4) =6a- 4 h-->0 h h-0 

29. Use (4) with f(t) = (2t + 1)/(t + 3). 
2(a +h)+ 1 2a + 1 

j'(a) = lim f(a +h)- f(a) = lim (a+ h)+ 3 - -;+"3 = lim (2a + 2h + 1)(a + 3)-(2a + 1)(a + h + 3) 
h-o h h->O h h-o h(a + h + 3)(a + 3) 

= lim (2a2 + 6a + 2ah + 6h +a + 3} -(2a2 + 2ah + 6a +a+ h + 3) 
h->O h(a + h + 3)(a + 3) 

5 1. 5h li 5 = 1m = m ..,.....-----,---,--,.--. h-o h(a + h + 3)(a + 3) h-o (a+ h + 3)(a + 3) (a+3)2 

3t use (4) with J(x) = vl- 2x. 

!'(a)= lim f(a +h)- f(a) = lim J1- 2(a +h)- .;r=2a 
l•-0 h h->0 h 

. y'1- 2(a+h)- v'l-2a y'1-2(a+h}+v'1- 2a . (v'1-2(a+h)Y -(v'1-2a)2 
= lim . = lim -'-:-r;=:::;:;:=::;;:---;:::::::;:� h->O h . . y'1- 2(a +h)+ v'1- 2a . h->O h( y'1-2(a +h)+ y'1-2a) 

= lim (1 -2a- 2h) - (1 -2a) = lim -2h 
h->O h( y'l- 2(a +h)+ y'1- 2a ) h-o h( Jl- 2(a +h)+ v'l- 2a ) 
. -2 -2 -2 -1 - hm 

-
-

- -=== - h-o y'l-2(a +h)+ v'l- 2a - v'1- 2a + y'1-2a - 2 y'I-' 2a - y'1- 2a 

Note that the answers to Exercises 33-38 are not unique. 

• (1 + h)10 -1 
. 

33. By (4), lim h = !' (1), where f(x) = x10 and a = 1. h->0 
. 

(1 + h)10 -1 Or: By (4), lim h = j'(O), where f(x) = (1 + x)10 and a= 0. h->0 . 

35. By Equation 5, lim 2
"'-3

52 = /'(5), where f(x) = 2"' and a= 5. 
X-+5 X- . 

37. By (4), lim c
os(1r: h)+ 1 = j'(1r), where f(x) = cosx and a= 1r. h-->0 . 

. cos( 1r +h)+ 1 
Or: By(4), bm h = j'(O), where f(x) = cos(1r + x) and a= 0. h->0 
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39. v(5) = j'(5) = lim !(5 +h)-f(5) = lim [100+ 50(5 +h) -4.9(5 + h)2]- [100 + 50(5)- 4.9(5?1
. 

h�o h h�o h 
= lim (100 + 250 + 50h- 4.9h2 -49h- 122.5) -(100 + 250- 122.5) = lim -4.9h2 + h 

h�o · . h h�o h 

= lim h( -4·9h + l) =lim( -4.9h + 1) = 1 mjs 
h-0 h h--+0 

The speed when t = 5 is Ill= 1 m/s. 

41. The sketch shows the graph for a room temperature of 72° and a refrigerator 

temperature of 38°. The initial rate of change is greater in magnitude than the 

rate of change after an hour. 

TC1llJlC1111Ule 
72 (in"F) 

38 -----------------------·-

0 2 Thne 
(in hours) 

N(2006) - N(2002) 233 - 141 92 . . . 43. (a) (i) [2002, 2006]: 2006 _ 2002 
= 

4 = 4 = 23 mllhons of cell phone subscnbers per year 

N(2004) - N(2002) 182- 141 41 . . . · 
(ii) [2002, 2004]: 2004 _ 2002 = 2 = 2 = 20.5 mllltons of cell phone subscnbers per year 

(iii) [2000, 2002]: N(2002) - N(2000) 
2002...:. 2000 

141 - 109 32 .11• f I h . . 

2 = 2 = 16 m1 IOns o eel p one subscnbers per year 

(b) Using the values from (ii) and (iii),we have 20·5 
2

+ 16 = 18.25 millions of cell phone subscribers per year. 

(c) Estimating A as (2000, 107) and Bas (2004, 175), the slope at 2002 

. 175 - 107 . 68 7 'It· f II h bs 'be IS 2004 _ 2000 = 4 = 1 m1 Ions o ce p one su en rs per 

year. 

4S. (a) (') tiC = C(105) - C(100) = 6601.25 - 6500 
= $20 25/ . 

1 tix · 105 - 100 5 · umt. 

( .. ) tiC = C(lOl)-C(lOO) = 6520.05-6500 = $20 05·/ . 11 tix 101 - 100 1 · umt. 

N 
250 
200 
150 
]()() 
50 

o 1996 1998 2000 2002 2004 2006 r 
(midyear) 

C(lOO +h)- C(lOO) (5000 + 10{100 +h) + 0.05{100 + h)2] - 6500 20h + 0.05h2 (� h = h = h 
= 20 + 0.05h, h =I= 0 

So the instantaneous rate of change is lim C(lOO + �- C(100) = lim (20 + 0.05h) = $20/unit. 
h--+0 . h--+0 
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47. (a) !' (X) is the rate of change of the production cost with respect to the number of ounces of gold produced. Its units are 

dollars per ounce. 

(b) After 800 ounces of gold have been produced, the rate at which the production cost is increasing is $17/ ounce. So the cost 
of producing the B O Oth (or B 01st) ounce is about $17. 

(c) In the short term, the values off' (x) wiJI decrease because more efficient use is made of start-up costs as x increases. But 

eventually f' ( x) might increase due to large-scale operations. 

49. T' (B) is the rate at which the temperature is changing at 8:00AM. To estimate the value ofT' (8), we will average the 

difference quotients obtained using the times t = 6 and t = 10. 

Let A = 
T(6) -T(8) = 75 - 84 = 4_5 and B = T(lO) -T(B) .. = 90- 84 = 3_ Then 6- 8 -2 . 10- 8 2 

T' (B) = lim T(t) - T(B) ::::; A+ B 
= 

4.5 + 3 
= 3_75oF /h. 

t-->8 t -B 2 2 

!11. (aY s I (T) is the rate at which the oxygen solubility changes with respect to the water temperature. Its unitS are (mg/L);oc. 

(b) ForT= 16°C, it appears that the tangent line to the curve goes through the points (0, 14) and (32, 6). So 

S' (16) ::::; �
2-_1� = - 3B2 = -0.25 (mg/L);oc. This means that as the temperature increases past 16°C, the oxygen 

·solubility is decreasing at a rate of0.25 (mg/L)rc. 

53. Since f(x) = xsin(1/x) when x # 0 and f(O) = 0, we have 

j'(O) = lim f(O + h�-f(O) = lim hsin(1�h)-0 = lim sin(1/h). This limit does not exist since sin(1/h}takes the 
h-o h-o h-o 

values -1 and 1 on any interval containing 0. (Compare with Example 4 in Section 2.2.) 

2.8 The Derivative as a Function 

1. It appears that f is an odd function, so f' will be art even function-that 

is, f' (-a) = J'(a). 

(a) f' ( -3) ::::; -0.2 
(b) f'(-2)::::; 0 

(e) f'(1)::::; 1 

(c)f'(-1)::::;1 
(f) /'(2)::::; 0 

(d) J'(O)::::; 2 

(g) j'(3)::::; -0.2 

y 
2 

X 

3. (a)' =;-II, since from left to right, the slopes of the tangents to graph (a) start out negative, become 0, then positive, then 0, then 

negative again. The actual function values in graph II follow the same pattern. 

(b)' = IV, since from left to right, the slopes of the tangents to graph (b) start out at a fixed positive quantity, then suddenly 
become negative, then positive again. The discontinuities in graph IV indicate sudden changes in the slopes of the tangents. 

(c)' = I, since the slopes of the tangents to graph (c) are negative for x < 0 and positive for x > 0, as are the function values of 

graph I. 
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SECTION 2.8 THE DERIVATIVE AS A FUNCTION 0 n 

(d)'= III, since from left to right, the slopes of the tangents to graph (d) are positive, then 0, then negative, then 0, then 

positive, then o, then negative again, and the function values in graph III follow the same pattern. 

Hints for Exercises 4 -11: First plot x-intercepts on the graph of f' for any horizontal tangents on the graph of f. Look for any comers on the graph 

of !-there will be a discontinuity on the graph off'. On any interval where f has(! tangent with positive (or negative) slope, the graph off' will be 

positive (or negative). If the graph of the function is linear, the graph off' will be a horizontal line. 

5. y 7. y 

X 

X 

9. y 11. 

X 

y 

_)(_ 
13. (a) C' (t) is the instantaneous rate of change of perC$!ntage 

of full capacity with respect to elapsed time in hours. 

(b) The graph o
.
f C' ( t) tells us that the rate of change of 

percentage of full capacity is decreasing arid 

approaching 0. 

15. It appears that there are horizontal tangents on the graph of M fort = 1963 

and t = 1971. Thus, there are zeros for those values oft on the graph of 

M'. The derivative is negative for the years 1963 to 1971. 

0 

y 

40 

20 

y 

X. 

2 4 6 8 10 12 X 

0.1 y=M'(t) 

0.05 

-0.03 

1950 1960 1970 1980 1990 2000 
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78 D CHAPT�R 2 LIMITS AND DERIVATIVES 

17. 

The slope at 0 appears to be 1 and the slope at 1 
appears to be 2. 7. As x decreases, the slope gets 
closer to 0. Since the graphs are so similar, we might 

guess that!' (x) =ex. 

19. (a) By zooming in, we estimate that j' (0) = 0, j' ( �) = 1, j' (1) = 2, 

and j'(2} = 4. 

2.5 

(b) By symmetry, f'(-x) = -f'(x). So!'(-!)= -1, J'(-1) = -2, 

. andf'(-2)=-4. 

(c) It appears that f' ( x) is twice the value of x, so we guess that f' ( x) = 2x. 

(d) J'(x) = lim J(x +h)- j(x) = lim (x + h?- x2 
h-0 h h-0 h 

= lim (x2 + 2hx + h2)- x2 
= lim 2hx + h2 = lim h(2x +h) = lim(2x +h)= 2x 

h-o h h-o· h h-o h . h�o 

J(x +h)_ J(x) [l(x +h)'- l] - (lx- l) lx + lh _ l _ lx + l 
21. J'(x) = lim = lim 2 3 2_ 3 = lim 2 2 3 2 3 

h�o h h-o h h�o h 

. �h . 1 1 =lim-=lrm-=-
h-o h h-o 2 2 

Domain off = domain of!' = R. 

'( . j(t +h)- j(t) . [5(t +h)- 9(t + h?] - (5t- 9t2) 
23. j t) = hm h = hm h h-0 h--+0 

= lim 5t + 5h- 9(t2 + 2th + h2) - 5t + 9t2 = lim 5t + 5h- 9t2 - 18th- 9h2 - 5t + 9t2 
h--+O h · h�o . h 

= lim 5h-'- 18th- 9h2 = lim h(5- 18t- 9h) = lim (5- 18t- 9h) = 5- 18t 
h-o h h-o h h�o 

Domain 'or f = domain of!' = R. 
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SECTION 2.8 THE DERIVATIVE AS A FUNCTION 0 79 

25. f'(x) =lim l(x +h)- l(x) = lim [(x + h)2- 2(x + h)3]- (x2- 2x3) 
h-0 h h-0 . h 
. x2 + 2xh + h2- 2x3- 6x2h- 6xh2- 2h3- x2+ 2x_3 = hm --'--------;---------

h-0 h 

= lim 2xh + h2 - 6x2 h- 6xh2 - 2h3 = lim h(2x + h- 6x2 - 6xh- 2h2) 
h-o h h-o h 

= lim (2x + h- 6x2 - 6xh- 2h2) = 2x- 6x2 
h-o 

Domain of I = domain off' = R. 

27 '( ) _ 1. g(x +h)- g(x) _ 1. y'9- (x +h)- v"'9=X [y'9- (x +h)+ vf9- x] .. g x -tm - rm  
· h-o h h-o h y'9-(x+h)+v9- x 

. [9- (x +h)]- (9- x) . -h = 
� h [ y'9- (x +h)+ v9-:- x] 

= 
�� h [ y'9- (x +h)+ vf9- x] 

-1 -1 = lim = ---:== 
h-o y'9- (x +h)+ vf9- x 2v9- x 

Domain of g = ( -oo, 9], domain of g' = ( -oo, 9). 

1- 2(t+h) 1-2t 
29. G'(t) = lim G(t +h)- G(t) = lim 3 + (t �h) 

h-o h h-o h 
3+t 

[1- 2(t + h)J(3 + t)- [3 + (t + h)](l- 2t) 
= lim ___ ___,_(3_ +__,_ ( t_+...,.h_...).!..'-)(_3 _+�t)'------

h-o h 
. 3 + t- 6t-2t2- 6h- 2ht- (3- 6t + t- 2t2 + h- 2ht) . -6h- h = hm = Inn -:-:-:�-�.,..,----,-

h-o h(3 + (t + h)](3 + t) · h-o h(3 + t +h)(3 + t) 

= lim . -7h = lim -7 = -7 
h-o h(3 + t + h)(3 + t) h .... o (3 +t + h)(3 + t) (3 + t)2 

Domain of G = domain of G' = ( -oo, -3) U ( -3, oo) . 

Domain of I = domain of!' = JR. 

33. (a) f'(x) = lim l(x +h)- l(x) = lim [(x + h)4 + 2(x +h)]- (x4 + 2x) 
h-o , h h-o h 
. x4 + 4x3h + 6x2h2 + 4xh3 + h4 + 2x + 2h- x4- 2x =lim----------:---------

h-0 h 
. 4x3h + 6x2h2 + 4xh3 + h4 + 2h . h(4x3 + 6x2h + 4xh2 + h3 + 2) = hm · = hm --'---'--........:,�--'--'----.!.. 

h..C.O h . h-->0 h , 
= lim(4x3 + 6x2h + 4xh2 + h3 + 2) = 4x3 + 2 

h-0 . . 
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80 0 CHAPTER 2 LIMITS AND DERIVATIVES 

(b) Notice .that f' ( x) = 0 when f has a horizontal tangent, !' ( x) is 

positive when the tangents have positive slope, and !' (x) is 

negative when the tangents have negative slope. 

-2 

35. (a) U'(t) is the rate at which the unemployment rate is changing with respect to time. Its units are percent per year. 

(b) To find U'(t), we use lim U(t + �- U(t) ·
� 

U(t + h�- U(t) 
for small values of h. 

h-0 

For 1999: U' (1999) � 
U(2:� = �9�:99) = 4·0 � 4·2 = -0.2 

For 2000: We estimate U' (2000) by using h = -1 and h = 1, and then average the two results to obtain a final estimate. 

h = _1 U'(2000) � 
U(1999) - U(2000) = 4.2- 4.0 = _0_2. =} .1999 - 2000 -1 ' 

h = 1 =* U'(2000) � 
U(2:�i = ���00) = 4.7 � 4.0 = 0.7. 

So we estimate that U'(2000) � �[(-0.2) + 0.7] = 0.25. 

t 1999 2000 2001 2002 2003 2004 

U'(t) -0.2 0.25 0.9 0.65 -0.15 -0.45 
2005 2006 2007 2008 
-0.45 -0.25 0.6 1.2 

37. f is not differentiable at x = -4, because the graph has a comer there, and at x = 0, because there is a discontinuity there. 

'39. f is not differentiable at x = -1, because the graph has a vertical tangent there, and at x = 4, because the graph has a comer 

there. 

41. As we zoom in toward ( -1, 0), the curve appears more and more like a straight 

line, so f ( x) = x + JiXi is differentiable at x = -1. But no matter how much 

we zoom in toward the origin, the curve doesn't straighten out-we can't 

eliminate the sharp point (a cusp). So f is not differentiable at x = 0. 

43. a = f, b = !', .c = !". We can see this because where a has a horizontal tangent, b =:= 0, and where b has a horizontal tangent, 

c = 0. We can immediately see that c can be neither f nor f', since at the points where c has a horizontal tangent, neither a 

nor b is equal to 0. 

45. We can immediately see that a is the graph of the acceleration function, since at the points where a has a horizontal tangent, 

neither c nor b is equal to 0. Next, we note that a = 0 at the point where b has a horizontal tangent, so b must be the graph of 

the velocity function, and hence, b' =a. We conclude that cis the graph of the position function. 

47. j'(x) = lim .f(x +h)- f(x) 
= lim [3(x + h)2 + 2(x +h)+ 1]- (3x2 + 2x + 1) 

h-o h h-o h . 

= lim (3x2 + 6xh + 3h2 + 2x + 2h + 1)- (3x2 + 2x + 1) = lim 6xh + 3h2 + 2h 
h-o h h-o . h 
. h(6x + 3h + 2) . · 

= hm = hm(6x+3h+2) =6x+2 
h-0 h h-0 
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SECTION 2.8 THE DERIVATIVE AS A FUNCTION 0 81 

f"(x
) = lim f'(x +h)- f'(x) 

=lim [6(x +h)+ 2]- (6x + 2) = lim (6x + 6 h + 2)- (6x + 2) 
h->0 h h->0 h h->0 h 

We see from the graph that our answers are reasonable because the graph of 
!' is that of a linear function and the graph off" is that of a constant 
function. 

, . l(x +h)- l(x) . [2(x + h)2- (x + h)3] - ( 2x2- x3) 49. I (x) = hm 
h 

= hm 
h h->0 h->0 

1. h(4x+2h-3x2-3xh,-h2) 1. 
(4 +2h 3 2 3 h h2)· 4 3 2 =nn =Im x -x - x - =x- x  

h->0 h h->0 • 
. 

, . J'(x +h)- J'(x) . (4(x +h)-3(x + h)2] - (4x-3x2) 1. h(4- 6x-3 h) 
I (x) = hm 

h 
= hm 

h 
= 1m 

h h->0 h->0 h->0 

= lim(4- 6'x-3 h) =-4- 6x 
h->0 

lm(x) =lim j"(x +h)- f"(x) 
=lim {4- 6(x +h)]- (4- 6x) =lim -6 h 

=lim (-6 ) = -6 
. . h->0 h . h->0 h h->0 h h->0 

1
<4>(x) =lim f"'(x +h)- 1111(x) 

=lim -6 - (-6 ) 
=lim Q =lim (0) = 0 

h->0 h h->0 h h->0 h h->0 

The graphs are consistent with the geometric Interpretations of the 
derivatives because !' has zeros where I has a local minimum and a local 
maximum, I" has a zero where !' has a local maximum, and I"' is a 
constant function equal to the slope of I". 

51. (a) Note that we have factored x- a as the difference of two cubes in the third step. 

/'( a) = lim 
l(x)- I( a) 

= lim 
xl/3- al/3 

= lim xl/3- al/3 

x-.a x _a .,_,a x _a .,_,a (xl/3 _ al/3)(x2/3 + xl/3al/3 + a2/3) 

1. 1 - _1_ l -2/3 = Im 
- 3 a2/3 

or 3
a 

x-a x2/3 + xi/3ai/3 + a2/3 

(b) 1'(0) = lim I(O +h�- I(O) = lim· Mi
h

-
0 

= lim 
h

;
/3. This function increases without bound, so the limit does not 

h->O h->O h-o 

exist, and therefore f'(O) does not exist. 

(c) lim If' ( x) I = lim 
3 

;
13 

= oo and I .is continuous at x = 0 (root function), so I has a vertical tangent at x = 0. 
X-+0 X-+0 X 
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53. f(x) = lx- 61 = . -{X- 6 if X- 6 )> 6 __ {X- 6 if X �-6 
-(X- 6) If X- 6 < 0 6- X if X < 6 

So the right-hand limit is lim f(x)- !(6) = lim lx- 61 - 0 = lim x- 6 = lim 1 = 1, and the left-hand limit 
:r->6+ X - 6 .,_,6+ X - 6 :t->6+ X - 6 x->6+ 

. 1' f(x) - f(6) l' jx- 6j - 0 l' 6- x li ( 1).. 1 s· th 1' . . . I 1s 1m ·= rm = 1m --6 = m - = - . mce ese tmtts are not equa , 
x-+6- X - 6 x->6- X - 6 . .,_,6- X - :z:->6-

!'(6) =lim f(x)-�(6) does not exist and f is not differentiable at 6. 
x-+6 X-

y y=f'(x) 
o--

However, a formula for !' is !' ( x) = . . 
{1 if X> 6 

-1 tf X< 6 0 6 

Another way of writing the formula is !' ( x) = ,: = :, . 
-1 

{x2 if x � 0 
55. (a) f(x) = x lxl = -x2 if X< 0 

(b) Since f(x) = x2 for x � 0, we have J'(x) = 2x for x > 0. 

[See Exercise 19(d).] Similarly, since f(x) = -x2 for x < 0, 

we have f'(x) = -2x for x < 0. At x = 0, we have 

X 
f'(O) =lim f(x)- f(O) = lim x lxl = lim lxl = 0. 

:z:-+0 X - 0 :t->0 X :t-+0 

So f is differentiable at 0. Thus, f is differentiable for all x. 

(c) From part (b), we have J'(x) = . - = 2 jxj. { 2x if x > 0 } 
. -2X If X< 0 

57. (a) Iff is even, then 

J'(-x)= lim f(-x+h)-J(-x) =lim f[-(x- h)]-f(-x) 
h->O h h-o h 

Therefore, f' is odd. 

, (b) If f is odd, then 

= lim f(x- h)- f(x) = _ lim f(x- h)- f(x) 
h->0 h h->0 -h 

= _ lim f(x + il.x)- f(x) = _ J'(x) 
Ll.x->0 il.x 

[let �x = -h] 

!'( -x) = lim j(-x +h)-!( -x) = lim j[-(x- h)]-!( -x) 
h-+0 h h-+0 h 

Therefore, f' is even. 

= lim -J(x- h)+ f(x) = lim J(x- h)- f(x) [let �x =-h) 
h->O h h-o -h 

= lim f(x + �x)- f(x) = J'(x) 
Ll.x->0 fl.x 
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59. In the right triangle in the diagram, let !::J.y be the side opposite angle rp and !::J.x 

the side adjacent to angle r/J. Then the slope of the tangent line e 

is m = !::J.y / !::J.x = tan rp. Note that 0 < rp < �. We know (see Exercise 19) 

that the derivative of f ( x) = x2 is f' ( x) = 2x . So the slope of the tangent to 

the curve at the point (1, 1) is 2. Thus, rp.is the angle between 0 and � whose 

tangent is 2; that is, rp = tan -1 2 � 63°. 

2 Review 

CONCEPT CHECK 

1. (a) lim f(x) = L: SeeDefinition2.2.l and Figures l and2inSection2.2. 
x->a 

(b) lim f(x) = L: See the paragraph after Definition 2.2.2 and Figure 9(b) in Section 2.2. 
x--+a+ 

(c) lim_ f(x) = L: See Definition 2.2.2 and Figure 9(a) in Section 2.2. 
x->a 

(d) lim f(x) = oo: See Definition 2.2.4 and Figure 12 in Section 2.2. 
z_,a 

(e) lim f(x) = L: See Definition 2.6.1 and Figure 2 in Section 2.6. 
x_,oo 

2. In general, the limit of a function fails to exist when the function does not approach a fixed number . For each of the following 

functions, the limit fails to exist at x = 2. 

y 
y 

2 

1\ 

1 \__ 

The left- and right-hand 

limits are not equal . 

2 4 

ix=2 
There is an 

infinite discontinuity . 

3. (a)-(g) See the statements of Limit Laws 1-6 and 11 in Section 2.3. 

4. See Theorem 3 in Section 2.3. 

5. (a) See Definition 2.2.6 and Figures 12-14 in Section 2.2. 

(b) See Definition 2.6.3 and Figures 3 and 4 in Section 2.6. 

6. (a) y = x4: No asymptote 

(b) y = sinx: No asymptote 

(c) y = tan x: Vertical asymptotes x = � + 1rn, n an integer 

(d) y = tan-1 x: Horizontal asymptotes y = ±� 

(e) y = e"': HorizOntal asymptote y = 0 ( lim ex = o) 
X--+-00 

X 

y 

There are an infinite 

number of oscillations . 
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(f ) y = In x: Vertical asymptote x = 0 ( lim In x = -oo) 
x-+O+ 

(g) y = 1/x: Vertical asymptote x = 0, horizontal asymptote y = 0 

(h) y = Fx: No asymptote 

7. (a) A function f is continuous at a number a if f(x) approaches f(a) as x approaches a; that is, lim f(x) = f(a,). 
X""""'a 

(b) A function f is continuous on the interval ( -oo, oo) if/ is continuous at every real number a. The graph of such a 

function has no breaks and every vertical line crosses it. 

8. See Theorem 2.5.10. 

9. See Definitioh 2. 7 .I. 

10. See the paragraph containing Formula 3 in Section2.7. 

11. (a) The average rate of change ofy with respect tox over the interval [x1,x2] is f(x2)- f(xt)
. . X2- Xt 

. (b) The instantaneous rate of change of y with respect to x at x � x1 is lim f ( x2) - f ( Xt ) 
. 

X2""""'"'1 X2- Xt 

12. See Definition 2. 7 .4. The pages following the defi�ition discuss interpretations of!' (a) as the slope of a tangent line to the 

· graph off at x = a and as an instantaneous rate of change off ( x) with respect to x when x = a. 

13. See the paragraphs before and after Example 7 in Section 2.8. 

14. (a) A function f is differentiable at a number a if its derivative!' exists 

at x = a; that is, if!' (a) exists. 

(c) See Theorem 2.8.4. This theorem also tells us that iff is not 

continuous at .a, then f is not differentiable at a. 

15. See the discussion and Figure 7 on page 159. 

TRUE-FALSE QUIZ 

1. False. Limit Law 2 applies only if the individual limits exist (these don't). 

·3. True. Limit Law 5 applies. 

(b) y 

5. False. Consider lim 
x(x

-
5
5) or lim 

sin(x � 5). The first limit exists and is equal to 5. By Example 3 in Section 2.2, 
x-5 X - x-+5 X -

7. True. 

9. True. 

we know that the latter limit exists (and it is equal to 1). 

Suppose that lim [f(x) + g(x)] exists. Now lim f(x) exists and lim g(x) does not exist, but 
x�a x-+a x-a 

lim g(x) = lim {[f(x) + g(x)]- f(x)} = lim [f(x) + g(x)]- lim f(x) [by Limit Law 2], which exists, and 
x-a x-+a x-a x-+a 

we have a contradiction. Thus, lim [! ( x) + g ( x) J does not exist. 
x--a 

A polynomial is continuous everywhere, so lim p(x) exists and is equal to p(b). 
, ..... b 
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11. True. See Figure 8 in Section 2.6. 

{1/(x-1) ifx¥1 
13. False. Consider f(x) = 

2 if X= 1 

CHAPTER 2 REVIEW 0 85 

15. True. Use Theorem 2.5.8 with a =  2, b = 5, and g(x) = 4x2-11. Note that /(4) = 3 is not needed. 

17. True, by the definition of a limit with c = 1. 

19. False. See the note after Theorem 4 in Section 2.8. 

2 
. 

21. False. ::� is the second derivative while (:) is the first derivative squared. For example, ify = x, 

d 2y (dy)2 
then dx2 

= 0, but dx = 1. 

23. 'True. See Exercise 68(b) in Section 2.5. 

1. (a) (i) lim f(x) = 3 
x--+2+ 

EXERCISES 

(ii) lim f(x) = 0 
:Z:->-3+ 

(iii) lim f(x) does not exist since the left and right limits are not equal. (The left limit is -2.) X--+-3 

(iv) lim f(x) = 2 
x->4 

(v) lim f(x) = oo 
:z:-->0 

(vi) lim f(x) = -oo 
::J:-+2-

(vii) lim f(x) = 4 Z-->00 (viii) lim f(x) = -1 
x--+-oo 

(b) The equations of the horizontal asymptotes are y = -1 and y = 4. 

(c) The equations of the vertical asymptotes are x = 0 and x = 2. 

(d) f is discontinuous at x = -3, 0, 2, and 4. The discontinuities are jump, infinite, infinite, and removable, respectively. 

3. Since the exponential function is continuous, lim e"'3-:z: = e
1-1 

= e
0 

= 1. 
. . x-+1 

5. lim x2 - 9 
= lim (x + 3)(x-3) = lim x- 3 

= 
-3- 3 = -6 = � 

:z:-->-3 x2 + 2x-3 .,_,_3 (x + 3)(x-1) .,_,_3 x-1 -3- 1 -4 2 

7 
I
. (h-1? + 1 _ li (h3- 3h2 + 3h- 1) + 1 _ 1. h3-3h2 + 3h _ 1. (h2 -'3h 3) _ 3 . 1m - m  - Im - Im + -

,._,o h ,._,o h ,._,o h h->O-

Another solution: Factor the numerator as a stim of two cubes and then simplify . 

. (h-1)3+1 . (h-1?+13 . [(h-1)+1][(h-1)2-1(h-1)+12] hm 
h 

=hm h =hm 
h h_,o h-o h_,o 

= lim [(h-1)2- h + 2] = 1- 0 + 2 = 3 ,._,o 
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9. lim ( Jr )4 = oo since (r- 9)4 ----+ o+ as r ----+ 9 and ( �)4 > 0 for r =1- 9. 
r�9 r- 9 r-

11 lim · u4 -1 = lim (u2 + 1)(u2 -1) = lim. (u2 + 1)(u + 1)(u- 1) =lim (u2 + 1)(u + 1) = 2(2) = � 
· u-1 u3 + 5u2-6u u-1 u(u2 + 5u-6) u-1 . u(u + 6)(u-1) u-1 u(u + 6) 1(7) 7 

13. Since x is positive, v'X2 = lxl = x. Thus, 

l. v' x2 - 9 1" ...:..v'
.,....
x2 __ --'9 /c....v'X2

.,....
x_2 lm = lm . j1- 9/x2 · v'f-=1i 1 lim = -- =-

x-oo 2x-6 x-+oo (2x - 6)/x x->oo 2-,6/x 2-0 2 

15. Lett= sinx. Then as X----+ 11"-, sinx----+ o+, sot----+ o+. Thus, lim In(sinx) = lim lnt = -00. 
x-1r- t-o+ 

17. lim ( -./x2 + 4x + 1- x) = lim [.Jx2 + 4x + 1- x . .Jx2 + 4x + 1 + x] = lim (x2 + 4x + 1)- x2 
x-oo x-+oo 1 ...jx2 + 4x + 1 + x x-+oo ...jx2 + 4x + 1 + x 

= lim �;::::;;::
('=4=:

x=+=1=)�/x_7"':'"""" x-oo ( .Jx2 + 4x + 1 + x)/x 

= lim 4 + 1/x 
' x-oo y'1 + 4/x + 1/x2 + 1 

[divide by x = v'X2 for � > 0 J 

4+0 =�=2 -./1 + 0 + 0 + 1 2 

19. Lett= 1/x. Then as X----+ o+, t----+ 00' and lim tan-1(1/x) = lim tan-1 t = .:::2 . 
x-o+ t-oo 

21. From the graph of y = ( cos2 x) / x2, it appears that y = 0 is the horizontal 
asymptote and x = 0 is the vertical asymptote. Now 0 $ (cos x? $ 1 => 

cos2 x 1 . => 0 $ --2- $ 2. But hm 0 = 0 and 
X X x->±oo 

l. 
1 0 b h S Th . 1· cos2 x 0 1m "'2 = , so y t e qu�eze eorem,. 1m --2- = . 

x-t-±oo X · x-+±oo X 

5 

-I 

2 Thus, y = 0 is the horizontal asymptote. lim cos 

2 
x 

= oo because cos2 x -+ 1 and x2 ----+ o+ as x ----+ 0, so x = 0 is the 
x-+0 X I 

vertical asymptote. 

23. Since 2x -1 $ f(x) $ x2 for 0 < x < 3 and lim (2x- 1) = 1 = lim x2, we have lim f(x) = 1 by the Squeeze Theorem. 
x--+1 x-1 x-+1 

25. Given e > 0, we need 8 > 0 such that ifO < lx- 21 < 8, then 1(14- 5x)- 41 <e. But 1(14- 5x)- 41 < e <* 

l-5x + 101 < e <* l-5l lx- 21 < e <* l x- 21 < e/5. So if we choose 8 = e/5, then 0 < lx- 21 < 8 => 

1(14-5x)- 41 <e. Thus, lim (14- 5x) = 4 by the definition of a limit. X-->2 

27. Given e > 0, we need 8 > 0 so that ifO < lx- 21 < 8, then lx2 - 3x- ( -2)1 < e. First, note that if lx- 21 < 1, then 

-1<x- 2<1,so 0<x-1<2 => !x- 11<2.Now let 8=min{e/2,1}.ThenO<Ix-21<8 => 

lx2- 3x- (-2)1 = !(x- 2)(x -1)1 = lx- 2l lx -11 < (e/2)(2) =e. 

Thus, lim ( x2 - 3x) = -2 by the definition of a limit. 
x-+2 
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29. (a) /(x) = Fx ifx < 0, f(x) = 3-x ifO:::; x < 3, f(x) = (x- 3? ifx > 3. 
(i) lim f(x) = lim (3-x) = 3 

:z:o-+0+ x-+O+ 

(iii) Because of (i) and (ii), lim f ( x) does not exist. 
x-+0 

(ii) lim f(x) = lim � = 0 
x--+O- x-+o-

(iv) lim f(x) = lim (3-x) = o 
x-3- x--+3-

(v) lim f(x) = lim (x- 3)2 = 0 
:z:-3+ , x--+3+ 

(vi) Because of(iv) and (v), lim f(x) = 0. 
x-+3 

(b) f is discontinuous at 0 since lim f(x) does not exist . 
x-+0 

(c) 

f is discontinuous at 3 since /(3) does not exist. 

31. sinx and e"' are continuous on lRl by Theorem 7 in Section 2.5. Since e"' is continuous on JR:., e
•inx is continuous on lRl by 

Theorem 9 in Section 2.5. Lastly, xis continuous on lRl since it's a polynomial and the product xe•inx is continuous on its 

domain R by Theorem 4 in Section 2.5. 

33. f(x) = x5- x3 + 3x- 5 is continuous on the interval [1, 2], /(1) = -2, and /(2) = 25. Since -2 < 0 < 25, there is a 

number c in ( 1, 2) such that f (c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation 

x5 - x
3 + 3x- 5 = 0 in the interval (1, 2). 

35. (a) The slope of the tangent line at (2, 1) is 

lim 
f(x)- /(2) = 

lim 
9- 2x2 - 1 r 8- 2x2 r -2(x2 - 4) � ljm 

-2(x- 2)(x + 2) 
x-2 x - 2 x-+2 x - 2 

= 
x� -x---2-

= 
x� x - 2 x-+2 x - 2 

= lim [-2(x + 2)] = -2 · 4 = -8 X-+2 
(b) An equation of this tangent line is y- 1 = -8(x- 2) or y = -8x + 17. 

37. (a) s = s(t) = l + 2t + t2 /4. The average velocity over the time interval [1, 1 + h] is 

s(1+h)-s(1) 1+2(1+h)+ (1+h?/4- 13/4 10h+h2 lO+h 
Vave = (1 +h) -1 = . h = 4h = -4-

So for the following intervals the average velocities are: 

(i) [1, 3]: h = 2, Vave = (10 + 2)/4 = 3 m/s (ii) [1, 2]: h = 1, Vave = (10 + 1)/4 = 2.75 m/s 

(iii) [1, 1.5]: h = 0.5, Vave = (10 + 0.5)/4 = 2.625 m/s (iv) [1, 1.1]: h = 0.1, Vave = (10 + 0.1)/4 = 2.525 m/s 

(b) Wh 1 h . I . . li s(l +h) -s(1) I' 10 + h 10 / en t = , t e mstantaneous ve octty ts m h = 1m -- = -4 = 2.5 m s. 
. h-+0 ·h-+0 4 

. 
3 

39. (a) !'(2) ±lim f(x)- f(2) = lim x
 - 2X- 4 

x-+2 X - 2 x-+2 X - 2 

= lim 
(x- 2)(x2 + ;2x + 2) = lim(x2 + 2x +2) = 10 

x-+2 X- 2 x-+2 

(b) y-'- 4 = 10(x- 2) or y = lOx.:._ 16 

(c) 12 

-12 
41. (a) f' ( r) is the rate at which the total cost changes with respect to the interest rate. Its units are dollars/ (percent per year). 
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· (b) The total cost of paying off the loan is increasing by $1200/(percent per year) as the interest rate reaches 10%. So ifthe 
interest rate goes up from' 10% to 11%, the cost goes up approximately $1200. 

(c) As r increases, C increases. So !' ( r) will always be positive .. 

43. 

X 

X 

4S. (a) f'(x) = lim f(x +h)- f(x) = lim y'3- 5(x +h)- y'3=5X y'3- 5(x +h)+ y'3=5X 
h�o h h�o h J3-5(x+h)+v'3- 5x 

= lim [3- 5(x +h)] - (3- 5x) = lim -5 = -5 

. h�o h ( y'3- 5(x +h)+ )3- 5x) h�o y'3- 5(x +h) + v'3- 5x 2)3- 5x 

(b) Domain off: (the radicand must be nonnegative) 3- 5x 2: 0 ::;,. 

5x S 3 ::;,. x E ( -oo, �] 

Domain off': exclude t because it makes the denominator zero; 

;,r E (-oo, �) 
(c) Our answer to part (a) is re'!5onable because J' (x) is alway_s negative and 

f is always decreasing. 

6 

-6 

47. j is not differentiable: at X = -4 because j is not Continuous, at X = -1 because f has a corner, at X = 2 because f is not 
continuous, and at x = 5 because f has a vertical tangent. 

49. C' (1990) is the rate at which the total value of US currency in circulation is changing in billions of dollars per year. To 

estimate the value of C' (1990), we will average the difference quotients obtained using the times t = 1985 and t = 1995. 

Let A
= C(1985) - C(1990) = 187.3- 271.9 

= 
-84.6 = 16.92 and 1985 - 1990 -5 -5 . 

B 
= C(1995) - C(1990) � 409.3 - 271.9 = 137.4 = 27.48 Th 1995 - 1990 5 5 · en 

C'(l990) _ r C(t) - C(1990) � A+ B -'-- 16.92 + 27.48 _ 44.4 _ 22 2 b·Ir d II / 
- t-Hflgo t - 1990 � -2-- 2 - 2- . I Ion o ars year. 

51. lf(x)l :S g(x) ¢'> -g(x) s f(x).s; g(x) and lim g(x) = 0 = lim -g(x). 
- x-a x�a 

Thus, by the Squeeze Theorem, lim f(x) = 0. 
x�a 
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D PROBLEMS PLUS 

1. Let t = �. so x = t6• Then t -> 1 as x -> 1, so 

1. 
�- 1 1' t2 - 1 1' (t- 1)(t + 1) 1' t + 1 

tm---= tm--= 1m = rm 
X-+1 y'x- 1 t-+1 t3- 1 t-+1 (t- 1) (t2 + t + 1) . t-+1 t2 + t + 1 

1+1 2 
I2 + 1 + 1 = 3' 

Another method: Multiply both the numerator and the denominator by ( y'x + 1) ( � + � + 1). 

3. For - � < x < �.we have 2x- 1 < 0 and 2x +I > 0, so l2x- II = -(2x- I) and l2x +II = 2x + 1. 

Th ti li 
l2x- 1l-l2x + 11 1. -(2x- 1)- (2x +I) 1. -4x 1. ( 

4) 4 
ere ore, m =1m = rm-= 1m- =-. 

x--+0 X x-+0 X x-o X x-+0 
' 

5. (a) ForO< x .< 1, [x] = 0, so (x) 
= 0, and lim 

[x) = 0. For -1 < x < 0, [xj =-I, so (x] = -I, 
and 

X x-.o+ X X X 

lim (x) 
= lim ( -1) = oo. Since the one-sided limits are not equal, lim 

[x) does not exist. 
x-o- X x-+0- X x-+0 X 

(b) For x > 0, I/x- I � (1/x) � 1/x � x(I/x- I) � x[I/x] � x(I/x) � 1- x � x[I/x) � 1. 
As X -+ o+' I - X -+ 1, so by the Squeeze Theorem, lim x[1/ x) = 1. 

x-o+ 

For x < 0, I/x- I � (1/x] � 1/x � x(1/x- I)� x[I/x] � x(1/x) � 1- x � x[I/xJ � 1. 
As X-> o-' 1 -X-+ 1, so by the Squeeze Theorem, lim x[1/xJ = 1. 

· x-+o-

Since the one-sided limits are equal, lim x[I/x) = 1. 
X-+0 

7. f is continuous on ( -oo, a) and (a, oo ). To make f continuous on JR, we must have continuity at a. Thus, 

lim f(x) = lim f(x) � lim x2 = lim (x + 1) � a2 =a+ I � a2- a� 1 = 0 � 
x-+a+ x--+a- x-a+ . x-a-

[by the quadratic formula] a= (1 ± v'S)/2 � 1.618 or -0.618. 

9. lim f(x) = lim G [/(x) + g(x)] + � [f(x)- g(x)l) = � lim [f(x) + g(x)] + � lim [/(x)- g(x)] 
X-+a x-a x--+a · x-+a 

and lim g(x) = lim ( (f(x) + g(x)]- f(x)) = lim (f(x) + g(x)]- lim f(x) = 2- ! = �· 
x-a x-a x--+a x-a 

So lim [f(x)g(x)] = [tim f(x)] [lim g(x)] = ! · � = �· 
x-+a x-+a x-a 

Another solution: Since lim [f(x) + g(x)] and lim [f(x)- g(x)] exist, we must have 
X-+a X-+Q 

;� [f(x) + g(x)]2 = (;� [f(x) + g(x)]r and ;� (f(x)- �(x)]2 = (� [/(x) -.fJ(x)JY, so 

lim (f(x) g(x)] = lim i ([f(x) + g(x)]2- [/ (x)- g(x)]2) 
x--+a x--+a 

[because all of the /2 and g2 cancel] 
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11. (a) Consider G(x) = T(x + 180°} - T(i). Fix any number a. If G(a) = 0, we are done: Temperature at a= Temperature 

at a + 180°. IfG(a) > 0, then G(a+ 180°) = T(a + 3�0)- T(a + 180°.) = T(a)- T(a + 180°) = -G(a) < 0. 

Also, G is continuous since temperature varies continuously. So, by the Intennediate Value Theorem, G has a zero on the 

interval [a, a+ 180°]. IfG(a) < 0, then a similar argument applies. 

(b) Yes. The same argument applies. 

(c) The same argument applies for quantities that vary continuously, such as barometric pressure. But one could argue that 

. altitude above sea level is sometimes discontinuous, so the result might not always hold for that quantity. 

13. (a) Put x = 0 andy= 0 in the equation: /(0 + 0) = f(O) + f(O) + 02 • 0 + 0 · 02 => f(O) = 2/(0). 

Subtracting /(0) from each side of this equation gives f(O) = 0. 

(b) !'{o) = lim /(0 +h)- f(O) = lim [/(0) + f(h) + 02h + Oh2] - /(0) = lim f(h) 
= lim f(x) 

= 1 
h-+0 h h-+0 h h-+0 h x-+0 X 

(c) f'(x) =lim f(x +h)- f(x) = lim [f(x) + f(h) + x2h + xh2] - f(x) = lim f(h) + x2h + xh2 
h-+0 h h-+0 h . h->0 h 

= lim [!(h) + x2 + xh] = 1 + x2 
h-+0 h ' 
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3 D DIFFERENTIATION RULES 

3.1 Derivatives of Polynomials and Exponential Functions 

1. (a) e is the number such that lim eh 
h
- 1 = 1. 

h�o 
(b) 

2.7"' -1 X X X 
-0.001 0.9928 -0.001 

-0.{)001 0.9932 -0.0001 
0.001 0.9937 0.001 
0._0001 0.9933 0.0001 

2.8x -1 
X 

1.0291 
1.0296 
1.0301 
1.0297 

From the tables (to two decimal places), 

r 2· 7
h - 1 - o 99 d r 2·8h - 1 - 1 03 

h� h - · an h� h - · · 
Since 0.99 < 1 < 1.03, 2. 7 < e < 2.8. 

3. f(x) = 240 is a constant function, so its derivative is 0, that is,!' (x) = 0. 

5. f(t) = 2- %t :=} f'(t) = 0- � = -� 

7. f(x) = x3- 4x + 6 :=} f'(x) = 3x2- 4(1) + 0 = 3x2 - 4 

9. g(x) = x2(1- 2x) = x2- 2x3 :=} g'(x) = 2x- 2(3x2) = 2x- 6x2 

13. A(s) = -1� = -12s-5 * A'(s) = -12(-5s-6) = 60s-6 or 60/s6 s 

15. R(a) = (3a + 1? = 9a2 + 6a + 1 :=} R'(a) = 9(2a) + 6(1) + 0 = 18a + 6 

17. S(p). = lp - p = p112 - p * S' (p) = lp-112 - 1 or -1- - 1 V�' 2 2yfp 

19. y = 3ex + :X= 3ex + 4x-113 :=} y' = 3(e"') + 4{ -i)x-413 = 3e"' -1x�413 

21. h(u) = Au3 + Bu2 + Cu * h'(u) = A(3u2) + B(2u) + C(1) = 3Au2 + 2Bu + C 

23 _ X2 + 4x + 3 _ 3/2 + 4 112 + 3 -1/2 ·Y-
Vx 

-X X X :=} 

Y'- lx112 + 4( l)x-112 + 3(-l)x-312 = l v'x + __!_ - -3- [note that x312 = x212 • x112 = x v'x] -2 2 2 2 v'x 2xv'x 
. . . 3x2 4x 3 3x2 + 4x - 3 

The last expression can be wntten as r + r - r = r 2x v x 2x v x 2x v x 2x v x 

25. j(x) = x2·4 + e2·4 :=}. j'(x) = 2.4x1.4 + 0 = 2.4x1.4 

27. We first expand using the Binomial Theorem (see Reference Pagel). 

H(x) = (x + x-1)3 = x3 + 3x2x-1 + 3x{x-1)2 + (x:-1)3 = x3 + 3x + 3x-1 + x-3 :=} 
H'(x) = 3x2 + 3 + 3(-1x-2) + (-3x-4) = 3x2 + 3- 3x-2- 3x-4 

' 
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A -31. z = 1o + BeY = Ay 10 + BeY 
y 

lOA =:> z' = -10Ay - 1 1  +BeY=---+ BeY 
yll 

33. y = � = x114 =:> .Y' = tx-314 = 
4
� . At (1, 1), y' = t and an equation of the tangent line is 

y- 1 = i(x- 1) or y = ix + l 

35. y = x4 + 2e"' =:> y' = 4x3 + 2e"' : At (0, 2), y' = 2 and an equation of the tangent line is y- 2 = 2(x- 0) 

or y = 2x + 2. The slope of the normal line is-� (the negative reciprocal of2) and an equation of the normal line is 

y- 2 = -!(x- 0) or y = -�x + 2. 

37. y = 3x2 - x3 =:> y' = 6x - 3x2. 

At (1, �). y' = 6- 3 = 3, so an equation of the tangent line is 

y- 2 = 3(x- 1) or y = 3x- 1. 

39. f(x) = x4- 2x3 +x2 =? f'(x) = 4x3- 6:i:2 + 2x 

Note that f' ( x) = 0 when f has a horizontal tangent, !' is positive 

when f is increasing, and f' is negative when f is decreasing. 

-I 

41. (a) (b) From the graph in part (a), it appears that f' is zero at x1 :::::: -1.25, x2 :::::: 0.5, 

and X3 � 3. The slopes are negative (so f' is negative) on ( -oo, x1) and 

(x2, x3). The slopes are positive (so f' is positive) on (x1, x2) and (x3, oo). 

-10 

X 

(c) f(x) = x4- 3x3- 6x2 + 7x + 30. =:> 

J'(x) = 4x3- 9x2- 12x + 7 

-40 
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43. f(x) = 10x10 + 5x5- x => f'(x) = 100x9 + 25x4- 1 => f"(x) = 900x8 + 100x3 

45. f(x) = 2x- 5x314 => f'(x) = 2- �5x-114 => f"(x) = Psx-514 

Note that f' is negative when f is decreasing and positive when f is 

increasing. j" is always positive since f' is always increasing . 

-10 
47. (a) s = t3- 3 t => v(t) = s' (t) = 3 t2- 3 => a(t) = v'(t) = 6t 

(b) a(2) = 6(2) = 12 m/s2 

(c) v(t ) = 3 t2- 3 = 0 when t2 = 1, that is, t = 1 [t 2: 0] and a(1) = 6 m/s2• 

k . ' 
k PV ( ) Th P 5·3 d V 5·3 49. (a) P = V and P =50 when V = 0.106, so = =50 0.106 = 5.3 . us, =Van 

= p· 

_1 dV ( _2) 5.3 dV 53 
(b) V = 5.3 P => dP = 5.3 -1P =- p2

. When P =50, dP = � 5�2 = -0.0021�. The derivative is the 

instantaneous rate of change of the volume with respect to the pressure at 2 5 o C. Its units are m3/kPa. 

51. The curve y = 2x3 + 3 x2 - 12x + 1 has a horizontal tangent when y' = 6x2 + 6x- 12 = 0 # 6(x2 + x - 2) = 0 # 

6(x + 2)(x- 1) = 0 # x = -2 or i = 1. The points on the curve are ( -2, 21) and (1, -6). 

53. y = 2ex + 3 x  + 5x3 => y' = 2ex + 3 + 15x2. Since 2ex > 0 and 15x2 2: 0, we must have y' > 0 + 3 + 0 = 3, so no 

tangent line can have slope 2. 

55. The slope of the line 12x-y = 1 (or y = 12x- 1) is 12, so the slope of both lines tangent to the curve is 12. 

y = 1 + x3 => y' = 3 x2 . Thus, 3 x2 = 12 => x2 = 4 => x = ±2, which are the x-coordinates �t which the tangent 

lines have slope 12. The points on the curve are (2, 9) and ( -2, -7), so the tangent line equations are y- 9 = 12(x- 2) 

'ory = 12x� 15andy+ 7 = 12(x + 2) ory = 12x + 17. 

57. The slope of y = x2 - 5x + 4 is given by m = y' = 2x - 5. The slope of x - 3y = 5 # y = t x - i is t, 

59. 

so the desired normal line must have slope t• and hence, the tangent line to the parabola must have slope -3. This occurs if 

2x- 5 = -3 => 2x = 2 => x = 1. When x = 1, y = 12 - 5(1) + 4 = 0, and an equation of the normal line is 

y- 0 = t(x -1) ory =tx-t· 

X 

Let (a, a2) be a point on the parabola at which the tangent line passes 

through the point (0, -4). The tangent line has slope 2a and equation 

y- (-4) = 2a(x- 0) # y = 2ax- 4. Since (a,a2) also lies on the 

line, a2 = 2a(a)- 4, or a2 = 4. So a= ±2 and the points are (2, 4) 

.and (:-2, 4). 
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1 1 
61 f'(x) = lim f(x +h)- f(x) = lim ;+h - � = lim x- (x +h) = lim -h = lim -1 . 1 

· 
h-o h h�o h h-o hx(x +h) . h-o hx(x. +h) h--.o x(x +h) - x2 

63. LetP(x) = ax2 + bx +c. T hen P'(x) = 2ax +band P"(x) = 2a. P"(2) = 2 =:> 2 a = 2 =:> a= 1. 

P'(2)=3 =:> 2(1 )(2) +b=3 => 4+b=3 =:> b=-1 . 

P(2) = 5 => 1(2? + (:--1)(2) + c = 5 => 2 + c = 5 => c = 3. So P(x) = x2- x + 3. 

65. y=f(x)=ax3+bx2+cx+d => f'(x)=3ax2+2bx+c. The point(-2,6) is onf,sof(-2)=6 => 

-8a + 4b-2c + d = 6 (1). The point (2, 0) is on f, so /(2) = 0 =:> 8a + 4b + 2c + d = 0 '(2). Since there are 

horizontal tangents at ( -2, 6) and (2, 0), f' (±2) = 0. f' ( -2) = 0 ::;. 12a- 4b.+ c = 0 (3) and f' (2) = 0 ::;. 

1 2a + 4b + c = 0 (4). Subtracting equation (3) from (4) gives 8b = 0 ::;. b = 0. Adding (1) and (2) gives 8b + 2d = 6, 

sod= 3 since b = 0. From (3) we have c = -12a, so (2) becomes 8a + 4(0) + 2( -12a) + 3 = 0 => 3 = 16a ::;. 

a = fa. Now c = -12 a = -12 Us) = - � and the desired cubic function is y = fa x3 - � x + 3. 

67. f(x) = 
{ x2 + 1 

x+1 

Calculate the left- and right-hand derivatives as defined in Exercise 2.8.56: 

!�(1) = lim f(1 +h)- /(1) = lim [(1 + h? + 1]-(1 + 1) = lim h2 + 2 h = lim (h + 2) = 2 and 
h--.o- h h-o- h h--.o- h h--.o-

f.i-(1) = lim f(l +h)- !(1) = lim [(1 +h)+ 1]-(1 + 1) = lim !!:. = lim 1 = 1. 
h-o+ h . h-o+ . h h--.o+ h h--.o+ 

Since the left and right limits are different, 

lim f(1 +h)- f(1) does not· exist that is !'(1) 
h--.0 h ' ' 

does not exist. Therefore, f is not differentiable at 1. 

69. (a) Note that x2 - 9 < 0 for x2 < 9 � I xi < 3 � 

y 

y=f(x) 

0 X 

-3 < x < 3. So 

f(x) = { :2
x� � 9 :; :: <

-

: < 3 ::;. J'(x) = { �x
2x :; :: <

-

: < 3 

x2 - 9 if x 2: 3 2x if x > · 3 

y 
2 

if !xi> 3 
if !xl < 3 

X 

To show that /'{3) does not exist we investigate lim !(3 + h�- !(3) by computing the left- and right-hand derivatives 
h--+0 

defined in Exercise 2.8.56. 

f�(3) = lim !(3 +h)- !(3) = lim [-(3 + h? + 9]- 0 = lim (-6- h)= -6 and 
h-o- h h--.o- h h--.o-

!.+(3) = lim !(3 +h)- !(3) = lim [(3 + h?- 9] -0 = lim ·6h + h2 = lim (6 +h)= 6 .  
h--.o+ h h--.o+ h h--.o+ h h--.o+ 
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Since the left and right limits are different, 

lim !(3 + h�-!(3) does not exist, that is, J' (3) 
h-0 

does not exist. Similarly, f' ( -3) does not exist. 

Therefore, f is not differentiable at 3 or at -3. 

(b) y 

/,. 

X 

I 

71. Substituting x = 1 andy= 1 into y = ax2 + bx gives us a+ b = 1 (1). The slope of the tangent line y = 3�- 2 is 3 and the 

slope of the tangent to the parabola at (x, y) is y' = 2ax +b. At x = 1, y' = 3 "* 3 = 2a + b (l). Subtracting (1) from 

(2) gives us 2 = a and it follows that b = -1. The parabola has equation y = 2x2 - x. 

73. y = f ( x) = ax2 "* f' ( x) = 2ax. So the slope of the tangent to the parabola at x = 2 is m = 2a( 2) = 4a. The slope 

of the given line, 2x + y = b <* y = -2x + b, is seen to be -2, so we must have 4a = -2 <* a=-�. So when 

x = 2, the point in question has y-coordinate -� · 22 = -2. Now we simply require that the given line, whose equation is 

2x + y·= b, pass through the point (2, -2): 2(2) + ( -2) =b. <* b =2. So we must have a=-� and b = 2. 

75. f is clearly differentiable for x < 2 an� for x > 2. For x < 2, J'(x) = 2x, so f'__(2) = 4. For x > 2, f'(x) = m, so 

!�(2) = m. For j to be differentiable at x = 2, we nee� 4 = f'__(2) = !�(2) = m. So f(x) = 4x +b. We must also have 

continuity at x = 2, so 4 = f(2) = lim f(x) = lim (4x+ b) = 8 +b. Hence, b = -4. 
x-2+ x-2+ 

f(x) j(1) . X1000- 1 
77. Solution 1: Let f(x) = x1000• Then, by the definition of a derivative, j'(1) = lim 

-
= hm . 

x--+1 X- 1 x--+1 X- I. 

But this is just the limit we want to find, and we know (from the Power Rule) that f'(x) = 1000x999, so 

1000 1 
j'(1) = 1000(1)999 = 1000. So lim 

x -
= 1000. 

X--+1 X- 1 

Solution 2: Note that (x1000- 1) = (x- 1)(x999 + x998 + x997 +. · . + x2 +x + 1). So 

1000 1 ( 1)( 999 998 + 997 2 1) 
I. 

X - · l' 
X - X + X X + ... + X + X + 

li ( 999 998 997 2 ) 1m = 1m = mx +x +x + .. ·+x +x+1 
X--+1 X- 1 X--+1 X- 1 X--+1 

= 1 + 1 + 1 + · · · + 1 + 1 + 1 = 1000, as above. 

1000 ones 

79. y = x2 * y' = 2x, so the slope of a tangent line at the point (a, a2) is y' = 2a and the slope of a normal line is.-1/(2a), 

for a -I 0. The slope of the normal line through the points (a, a2) and (0, c) is 
a2- c, 

so 
a2- c = _2_ 

* 
a-0 a 2a 

a2- c = -�· · * a2 = c- �·The last equation has two solutions if c > �.one solution if c = � . and no solution if 

c <: �· Since they-axis is normal toy = x2 regardless of the value of c (this is the case for a= 0), we have three no�al lines 

if c > � and one normal line if c :S � � 
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3.2 The Product and Quotient Rules 

1. Product Rule: f(x) = (1 + 2x2)(x-x2) ==? 

Multipiying first: f ( x) = (1 + 2x2) ( x -x2) = x -x2 + 2x3 -2x4 ==? f' ( x) == 1 -2x + 6x2 -8x3 (equivalent). 

3. By the Product Rule, f ( x) = ( x3 + 2x )e"' ==? 

J'(x) = (x3 + 2x)(e"')' + e"'(x3 + 2x)' = (x3 + 2x)e"' + e"'(3x2 +2) 

= e"'[(x3 + 2x) + (3x2 + 2)] = e"'(x3 + 3x2 + 2x + 2) 

The notations : and � indicate the use of the Product and Quotient Rules, respectively. 

1. (x)=1+2x � '(x)=(3-4x)(2)-(1+2x)(-4)�6-8x+4+8x= 10 
9 3-4x g , (3-4x)2 · (3-4x)2 (3-4x)2 

PR 9. H(u) = (u- JU)(u + y'u) ==? 

H' (u) = ( u - JU) ( 1 + 2�) + ( u + JU) ( 1 - 2�) = u + ! JU - JU- ! + u- ! JU + JU- ! = 2u -1. 

An easier method is to simplifY first and then differentiate as f�llows: 

H(u) = (u- JU)(u + y'u) = u2- h/u)2 = u2- u ==? H'(u) = 2u- 1 

11. F(y) = ( :2 -:4) (y + 5ya) = (y-2 -3y-4)(y + 5y3) � 

F'(y) = (y-2- 3y-4)(1 + 15y2) + (y + 5y3)( -2y-3 + 12y-11) 

= (y-2 + 15-3y-4-45y:_2)·+ ( -2y-2 + 12y-4-10 + 60y-2) 

= 5 + 14y-2 + 9y-4 or 5 + 14/y2 + 9jy4 

15. = t2 + 2 QR y t4 -3t2 + 1 ==? 

, (t4-3t2 + 1)(2t)-ce + 2)(4e-6t) 2t[(t4- 3t2 + 1)-ce +2)(2t2 -3)J y = (t4- 3t2 + 1)2 
= (t4-3t2 + 1)2 

. 

- 2t(t4- 3t2 + 1-2t4-4t2 + 3t2+ 6) _· 2t( -t4-4t2 + 7) -
(t4-3t2 + 1)2 - (t4-3t2 + 1)2 
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1 2v .,fo- 1 2v312- 1 We can change the fonn of the answer as follows: 2v- v-112 = 2v- r.: = 
.,fo 

= 
.,fo 

2t 21. f(t) = � 
2+ vt 

A 23. f(x) = 
B C + e"' 

• yV V V 

� 
J

'(x) = (B + Ce"') · 0- A(Ce"') = ACe'" 
(B + Ce"')2 (B + Ce"')2 

4+Vt 
(2 + Vt)2 

25 !( ) 
x _.._ fl(x) = (x + c/x)(1)- x(1- cfx2) = x + cfx- x + cfx = 2c/x . x2 = 2cx • . X = X+ cjx � . 

(X+ ; r ( X2
: 

C y (x2
; 

c)2 x2 (x2+ c)2 

27. f(x) = x4ex => f'(x) = x4ex +ex· 4x3 = (x4 + 4x3)e"' (or x3ex(x + 4)] => 

f"(x) = (x4 + 4x3)ex + e"'(4x3 + 12x2) = (x4 + 4x3 + 4x3 + 12x2)e"' 

= (x4 + 8x3 + 12x2)ex (or x2ex(x + 2)(x + 6)] 

29_ f(x) = � => fl(x) = (1 + 2x)(2x)- x2(2) = 2x + 4x2- 2x2 � 2x2 + 2x => 
1 + 2x (1 + 2x)2 (1 + 2x)2 (1 + 2x)2 

}"(x) = (1 + 2x)2(4x + 2)- (2x2 + 2x)(1 + 4x + 4x2)' = 2(1 + 2x)2(2x + 1)- 2x(x + 1)(4 + 8x) 
[(1 + 2x)2)2 (1 + 2x)4 · , 

_ 2(1 + 2x)[(1 + 2x)2- 4x(x + 1)] _ 2(1 + 4x + 4x2- 4x2-4x) _ 2 
- (1+2x)4 - (1+2x)3 - (1+2x)3 

31. = x2- 1 => 
Y x2 +x + 1 

1 (x2 + x + 1)(2x)- (x2 -1)(2x + 1) 2x3 + 2x2 + 2x- 2x3- x2 + 2x + 1 x2.+ 4x +,1 y = 
(x2 + x + 1)2 

= 
(x2 + x + 1)2 

= (x2 + x + 1)2 · 

At (1, 0), y1 = � = �·and an equation of the tangent line is y- 0 = i(x- 1), or y = jx- i· 

33. y = 2xe'" => Y1 = 2(x. ex+ e'" ·1) = 2e"'(x + 1). 

At (0, 0), y1 = 2e0(0 + 1) = 2 · 1 · 1 = 2, and an equation of the tangent line is y- 0 = 2(x.- 0), or y = 2x. The slope of 

the nonnal line is- �. so an equation of the nonnal line is y--, 0 = -�(x- 0), or y = -�x. 

1 35. (a) y = f(x) = 1 + x2 => 

1 (1 + x2)(0)- 1(2x) -2x 
f (x) = (1 + x2)2 = (1 + x2)2 . So the slope of the 

tangent line at the point ( � 1, �) is f' ( -1) = � = � and its 

equation is y- � = �(x + 1) ory = �x + 1. 

(b) . 1.5 

-0.5 
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37. (a) f(x) = (x3-x)e"' =? J'(x) = (x3- x)e"' + e"'(3x2 -1) = ex(x3 + 3x2- x- 1) 

(b) 
2 f' = 0 when f has a horizontal tangent line, I' is negative when f is 

decreasing, and !' is positive when f is increasing. 

x2 -1 39. (a) f(x) = -2--1 =? X + 

(b) 

f�(x) = (x2 + 1)(2x)-(x2- 1){2x) = (2x)[(x2 + 1)-(x2- 1)] = (2x)(2) 
(x2 + 1)2 (x2 + 1)2 (x2 + 1)2 

!"( ) = (x2 + 1)2(4)- 4x(x4 + 2x2 + 1)' = 4{x2 + 1)2- 4x(4x3 + 4x) x 
[(x2 + 1)2)2 (x2 + 1)4 

_ 4(x2 + 1)2- 16x2(x2 + 1) _ 4(x2 + 1)[(x2 + 1)- 4x2] _ 4(1-3x2) 
- (x2 + 1)4 

-
(x2 + 1)4 - (x2 + 1)3 

4 !' = 0 when f has a horizontal tangent and !" = 0 wh�n
. 
!' has a 

horizol)tal tangent. !' is negative when f is decreasing and positive when f 

--- is increasing. !" is negative when !' is decreasing and positive when f' is 

increasing. !" is negative when f is concave· down and positive when f is 

concave up. 

41. f(x) = 
1

x2 =? J'(x) = 
(1 + x)(2x)- x2(1) = 2x + 2x2- x2 = x2 + 2x =? 

+x (1+x)2 (1+x)2 x2+2x+1 

J"(x) = (x2 + 2x + 1)(2x + 2)- (x2 + 2x)(2x + 2} = (2x + 2)(x2 + 2x + 1- x2-2x) 
(x2 + 2x + 1)2 , [(x + 1)2)2 

so /"(1) = (1: 1)3 

2(x + 1)(1) 2 = 
(x+1)4 

=
(x+I)3' 

2 1 
8 4' 

43. We are given that f(5) = 1, !' (5) = 6, g(5) = -3, and g' (5) = 2. 

(a) (fg)'(5) = f(5)g'(5) + g(5)f'(5) = {1)(2) + ( -3)(6) = 2-18 = -16 

(b) (L) ' 
(5) = g(s)/'(5)- J(5)g'(5) = C-3)(6) � (1)(2) = _ 2o 

g [g(5))2 . ( -3)2 9 

() 
(!i.) ' 

(5) = 
f(5)g'(5)-g(5)/'(5) 

= 
(1)(2)- (-3)(6) = 20 c 

f . l/(5))2 (1)2 

45. f(x) = exg(x). =? J'(x) = e"'g'(x) + g(x)e"' = e"'[g'(x) + g(x)]. f'(O) = e0[g'(O) + g(O)] = 1(5 + 2) = 7 
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47. g(x) = xf(x) =? g'(x) = xf'(x) + f(x) · 1. Now g(3) = 3/(3) = 3 · 4 = 12 and 

g' (3) = 3/'(3) + /(3) = 3( -2) + 4 = -2. Thus, an equation Of the tangent line to the graph Of gat the point where X = 3 

is y- 12 = -2(x- 3), or y � -2x + 18. 

49. (a) From the graphs off and g, we obtain the following values: /(1) = 2 since the point (1, 2) is on the graph off; 

g(1) = 1 since the point (1, 1) is on the graph of g; f'(1) = 2 since the slope ofthe line segment between (0, 0) and 

(2, 4) is � = � = 2; g'(1) = -1 since the slope of the line segment between ( -2, 4) and (2, 0) is 2 � ( !2) = .:_1. 

Now u(x) = f(x)g(x), so u'(1) = f(1)g'(1) +g(1) /'(1) = 2 · (-1) + 1· 2 = 0. 

(b) v(x) = f(x)jg(x) so v'(5) = g(S)/'(S) - /(S)g'(S) = 2( -i)- 3 . j = -� = _! 
' (g(5)]2 . 22 4 3 

51. (a) y = xg(x) =? y' = xg'(x) + g(x) · 1 = xg'(x) + g(x) 

(b) y = 2_. , g(x) ·1- xg'(x) g(x)- xg'(x) 
g(x) =? 

y = [g(x)]2 = [g(x)]2 

(c) y = g(x) =? y' xg'(x)- g(x) · 1 xg'(x)- g(x) 
x = (x)2 = x2 · 

53. lfy = f(x) = x: 1 , then f'(x) = (x +(��)1p 
x(1) 

= (x: 1)2• When x =a, the equation ofthe tangent line is 

Y- _!!_1 = ( 1 1)2 (x- a). This line passes through (1, 2) when 2- _a_ = ( 
· 

1 
)2 (1 -a) ¢'> a+ a+ a+1 a+1 

2(a + 1)2.....: a( a+ 1) = 1- a ¢'> 2a2 + 4a + 2- a2- a- 1 +a= 0 {=> a2 + 4a + 1 = 0. 

Th d . � I . th fth' 
. -4 ± vf42- 4(1)(1) -4 ± JI2 r.; 

e qua rat1c 1ormu a gtves e roots o ts equatton as a = 
( ) = = -2 ± v 3, . 2 1 2 

so there are two such tangent lines. Since 

f(-2±J3)= -2±J3 -2±J3 -1 =F J3 
..,-2±v'3+1 -1±J3. -1=Fv'3 
2±2J3=Fv'3-3 -1±¥'3 1=FJ3 

1- 3 -2 =-2-

the lines touch the curve at A(-2 + J3, 1 -/'3) R::. (-0.27, -0.37) 

and B( -2- J3, ¥) R:: (-3.73,1.37). 

=? R' = gf' � fg' . For f(x) = x- 3x3 + 5x5, f'(x) = 1- 9x2 + 25x4, g . 

Th R'(O) = g(0)/'(0) - f(O)g'(O) = 1 ·1- 0 · 0 =! = 1 us, (g(O)j2 I2 1 . 
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57. If P(t) denotes the population at timet and A(t) the average annual income, then T(t) = P(t)A(t) is the total personal 

income. The rate at which T(t) is rising is given by T'(t) = P(t)A'(t) + A(t)P'(t) => 

T'(l999) = P(l999)A'(1999) + A(1999)P'(1999) = (961,400)($1400/yr) + ($30,593)(9200/yr) 

= $1,345,960,000/yr + $281,455,600/yr = $1,627,415,600/yr 

So the total personal income was rising by about $1.627 billion per year in 1999. 

The term P(t)A' (t) � $1.346 billion represents the portion of the rate of change of total income due to the existing 

population's increasing income. The term A(t)P' (t) � $281 million represents the portion of the rate of change of total 

income due to increasing population. 

59. (a) (jgh)' = [(!g)h]' = (fg)'h+ (jg)h' = (f'g + fg')h + (jg)h' = f'gh + fg'h + fgh' 

(b) Putting f = g = h in part(a), we have d� [f(xW = (fjf)' = !' ff + ff' f + fff' = 3ffj' = 3[f(xW f'(x). 

61. For f(x) = x2e"', f'(x) = x2e"' + e"'(2x) = e"'(x2 + 2x). Similarly, we have 

f"(x) = e"'(x2 + 4x + 2) 

f"'(x) = e"'(x2 + 6x + 6) 

j<4l(x) = e"'(x2 + Bx + 12) 

j<5l(x) = e"'(x2 +lOx+ 20) 

It appears that the coefficient of x in the quadratic term increases by 2 with each differentiation. The pattern for the 

constant terms seems to be 0 = 1 · 0, 2 = 2 · 1, 6 = 3 · 2, 12 = 4 · 3, 20 = 5 · 4. So a reasonable guess is that 

j<nl(x) = e"'[x2 + 2nx + n(n- 1)] . 

Proof: Let Sn be the statement that j<nl(x) = e"'[x2 + 2nx + n(n- 1)], 

1. sl is true because f'(x) = e"'(x2 + 2x). 

2. Assume thatSk is true; that is, j<kl(x) = e"'[x2 + 2kx + k(k- 1)]. Then 

j<k+1l(x) = ! [t<kl(x)] = e"'(2x + 2k) + [x2 + 2kx + k(k -l)]e"' 

= e"'[x2 + (2k + 2)x +(k2 + k)] = e"'[x2 + 2(k + l)x + (k + l)k] 

This shows that sk+l is true. 

3. Therefore, by mathematical induction, Sn is true for all n; that is, J<nl(x) = e"'[x2 + 2nx + n(n- 1)] for every 
positive integer n. 

3.3 Derivatives of Trigonometric Functions 

1. f(x) = 3x2- 2cosx => j'(x) = 6x - 2(- sinx) = 6x + 2 sinx 

3. f(x) = sinx + � cotx => f'(x) = cosx- � csc2 x 
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5. y =sec B tanB => y1 = sec (J ( sec2 0) +tan (J ( sec B tan 8) = sec (J ( sec28 + tan28). Using the identity 

1 + tan28 = sec28, we can write alternative forms of the answer as sec I} (1 + 2 tan28) or sec I} (2 sec28- 1). 

7. y = ccos t + t2 sint => y1 = c(- sin t) +t2(cos t) +sin t (2t) = -c sint + t(t cost+ 2 sin t) 

x 1 (2-tanx)(1)-x(- sec2x) 9. y = => y = �--,.-'--'--'----,':::---� 
2 - tanx (2 -tanx)2 

2 - tan x + x sec2 x 
(2 - tanx)2 

11. !( 8) = sec I} 
1 +sec I} 

f'(O) = 
(1 + secfJ)( secO tan B)- ( secO)( secfJ tan B) = ( sec I} tan B) ((1 + secfJ)- sec B) = sec I} tan I} 

(1+sec8)2 (1+sec0)2 (1+sec8)2 

13. = 
t sint * y l+t 

1 (1 + t)(t cost+ sin t) -t sin t(1) t cost+ sin t + t2 cost+ t sin t-t sin t (t2 + t) cost+ sin t y = (1 + t)2 
= (1 + t)2 

. = (1 + t)2 

15. Using Exercise 3.2.59(a), f(x) = xe"' cscx => 

J'(x) = (x)1e"' esc x + x( e"')1 cscx + x·e"'(cscx)1 = 1e"' cscx + xe"' cscx + xe"'(-cot x cscx) 

= e"' cscx (1 + x- xcotx) 

17 . ..!!:._ (cscx) = ..!!:._ (-1-) = ( sinx)(O)- 1(cos x) = � = _ _ 1_. � =-cscx cotx 
dx dx sinx sin2x sin2x sinx sinx 

19 . ..!!:._ (cotx) = ..!!:._ (�) = ( sin x)(- sinx)- (cos x)(cos x) = _ sin2 x + cos 2 x = _ _ 1
_ = -

·
csc2 x 

dx . dx sin x sin2 x sin2 x sin2 x 

21. y = sec x => y1 = sec x tan x, so Y1 (f) = sec f tan f = 2 v'3. An equation of the tangent line to the curve y = sec x 

at the point ( f, 2) is y - 2 = 2 v'3 ( x - f) or y = 2 v'3 x + 2 - t v'3 1r. 

23. y = cos x - sin x * Y1 = - sin x - cos x, so y1 ( 1r) = - sin 1r -cos 1r = 0 - ( -1) = 1. An equation of the tangent 

line to the curve y = cos x- sinx at the point (1r, - 1) is y- ( -1) = 1(x- 1r) or y = x-1r- 1. 

25. (a) y = 2x sinx => y1 = 2 (x cos x + sinx · 1). At (� , 1r), 

y1 = 2(� cos � +  sin�) = 2 (0 + 1) = ·2, and an equation of the 

tangent line is y- 1r = 2(x-�).or y = 2x. 

27. (a) f(x) = secx- x => f'(x) = secx tanx-1 

(b) 
1T 

(b) 

Note that !' = 0 where f has a minimum. Also note that f' is negative 

when f is decreasing and f' is positive when f is increasing. 
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29. H(B) = BsinB => H'(B) = (} (cos9) +(sin B)· 1 = Bcos(} +sin(} => 

H" (B) = B (-sin B) +(cos B) · 1 +cos B = -B sinB + 2 cos B 

31. (a) f(x) = tanx- 1 => 
. secx 

J'(x) = secx(sec2 x)- (tanx- 1) (secx tanx) = secx(sec2 x- tan2 x + tanx) = 1 + tanx 
(secx)2 · sec 2 x secx 

sinx -cosx sinx _ 1 
(b) f(x) = tanx- 1 = cosx 

secx 1 
--'C"-"O':'S-"'X'--- = sin X '-.COS X 1 => J'(x) = cosx- (-sinx) = cosx + sinx ' 

cosx! cosx 

(c) From part (a), f' ( x) = 1 + tan x = -1- + tan x = cos x + sin x, which is the expression for j' (x) in part (b). secx secx secx 
' 

33. f(x) = x + 2 sinx has a horizontal tangent when j'(x) = 0 # 1 + 2 cosx = 0 # cosx = -t # 

x = 2; +27m or 4; + 21rn, where n is an integer. Note that 4; and 2; are ±f units from 1r. This allows us to write the 

solutions in the more compact equivalent form (2n + 1 )1r ± f, n an integer. 

35. (a) x(t) = 8sint => v(t) = x'(t) = 8cost => a(t) = x"(t) = -8sint 

37. 

(b) The mass at timet= 2; ·has position x(2;) = 8sin 2; = s( 4) = 4v'3, velocity v(2;) = 8cos 2; = 8( -�) = -4, 

and acceleration a(2;) = -Ssin 2; = -8( 4) = -4 v'3. Since v (2;) < 0, the particle is moving to the left. 

X 

From the diagram we can see that sin(}= x/10 # X = lOsinO. We want to find the rate 

of change of X with respect to e. that is, dx/dB. Taking the derivative of X = lOsin B, we get 

dx/dO = lO(cosO ). So when 0 = i"· *=lOcos i = lO(t) = 5 ft/rad. 

39. · lim sin 3x = lim 3 sin3x 
x-o 3x [multiply numerator and denominator by 3] 

x--+0 X 

= 3 lim sin3x 
3x->O 3x 

= 3lim sin(} 
IJ--->0 B 

= 3(1) 
= 3  

[as x _. 0, 3x _. 0) 

[let e = 3xJ 

[Equation 2] 

41. lim tan6t =lim (sin6t. _1_ . _t_) =lim 6 sin6t ·lim _1_ ·lim _2_t_ 
t-o sin 2t t-o t cos 6t sin 2t t-o 6t t-o cos 6t t-o 2 sin 2t 

= 6lim sin6t ·lim -1- ·.!.lim�= 6(1) ·.!, · .!,(1) = 3 
t-o 6t t-o cos 6t 2 t-o sin 2t 1 2 

4l. lim sin3x =lim (sin3x. __ 3_) =lim sin3x. lim __ 3 _ = l· (�) = �� 
X--->0 5x3 - 4X X--->0 3x 5x 2 - 4 . X--->0 3x X--->0 5x 2 - 4 -4 4 
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45. Divide numerator and denominator by 0. (sin 0 also works.) 

sinO 
li sine l' -e-m =1m 

o-o e + tan e o-o 1 sine 1 + -0- ·cosO 

l. sinO 
liD-­

o-o e 
1 1. sine l' 1 +Im--lm-­

. o-o 0 o-o cosO 

1 1 = 
1+1·1 2 

(1 - _si_ n_x ) · cos x cos x _ lim -;-:_c_os_x _- _s_i-:-n_x _ _ = lim _-_ 1_ = _-_1_ = -V2 
(sinx-cosx) · cosx � x-7r/4 (sinx-cosx) cosx . x--rr/4 cosx 1/V2 

49. d� (sinx) = cosx =} d2 
( . ) . 

dx2 Sill X = - Sill X =} d3 
dx3 (sinx) = - cosx =} � (. ) . 

dx4 smx = smx. 

The derivatives of sin x occur in \1 cycle of four. Since 99 = 4(24 ) + 3, we have :::9 (sinx) = ::3 (si�x) =- cosx. 

51. y = Asinx + Bcosx =* y' = Acosx- Bsinx =* y" = -Asinx- Bcosx. Substituting these 

expressions for y, y', and y" into the given differential equation y" + y' - 2y = sin x gives us 
' 

( -Asinx- Bcosx) + (Acosx-Bsinx)- 2(Asinx + Bcosx) = sinx {=> 

- 3Asinx-Bsinx+ Acosx- 3Bcosx = sinx ¢:> ( -3A- B) sinx +(A- 3B)cosx == 1 sinx, so we must have 

-3A- B = 1 and A- 3B = 0 (since 0 is the coefficient of cos x on the right side). Solving for A and B;we add the first 

equation to three times the second to get B = -fo and A = -rlJ. 

d d sinx 53. (a) dx tanx = dx � 2 cosx cosx-sinx(-sinx) =* sec x = cos2 x 
cos

2 
x + sin2 x 
cos2 x 

2 1 
So sec x = --2-. 

d d 1 
(b) -secx = ---dx dx cosx =* t . (cosx)(O)- 1(- sinx) secx anx = cos2 x . sinx So secx tanx = --2-. COS X 

d . d 1 + cotx 
(c) -d (sillx + cosx) = -d =* X X CSCX 

. esc x (- csc2 x) - ( 1 + cot x) (- esc x cot x) _ esc x ( :- esc2 x + ( 1 + cot x) cot x] cosx- sinx = csc2 x - csc2 x 
-csc2 x + cot2 x + cot x = cscx 

. cotx-1 
So cosx- Sill X= . cscx 

-1 +cotx 
escx 

COS X 

55. By the definition of radian measure, s = rO, where r is the radius ofthe circle. By drawing the bisector of the angle 0, we can 

h 
. e d/2 

see t at sill 2 = -:;:- =* d=2r sin�2 . So lim�= lim rO =lim 2'(8/2) =lim 012 =1 . 
o-o+ d o-o+ 2r sin(0/2) o-o+ 2sin(0/2) o-o sin(B/2) 

[This is just the reciprocal of the limit lim � = 1 combined with the fact that as 8 ....... 0, !!.2 
.

....... 0 also.) x-+0 x , 
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3.4 The Chain Rule 

· 

3r.; dy dy du 1 _213 ( ) 4 1.Letu=g(x)=1+4xandy=f(u)={.-u.Thendx=-d· dx=(au )4 = {/( 
2 u 3 1+4x) 

dy dydu 2 2 3. Let u = g(x) = 71'X andy= f(u) =tan u. Then dx = du dx =(sec u)(11') = 7!'sec 71'X. 

dy dy du' 
(
. 

) 
1 · ev'X 

5. Let u = g(x) = Vx andy= j(u) = eu. Then-=- -= (eu) lx-112 = ev'X. -·- = --. 

dx du dx 2 2 Vx 2 Vx 

7. F(x) = (x4 + 3x2-2)5 => F'(x) = 5(x4 + 3x2-2)4 � d: (x4 + 3x2-2) = 5(x4 + 3x2-2)4(4x3 + 6x) 

(or 10x(x4 + 3x2-2)4(2x2 + 3)] 

9. F(x) = J1-2x = (1-2x)112 

11. f(z) = +--1 = (z2 + 1)-1 z + => J'(z)
. 
= -1(z2 + l)-2(2z) = ( 2 

2z 
)2 z + 1 

17. f(x) = (2x-3)4(x2 + x + 1)5 => 

f'(x) = (2x-3)4 · 5(x2 + x + 1)4(2x +I)+ (x2 + x + 1)5 • 4(2x- 3)3 • 2 

= (2x- 3)3(x2 + x + 1)4[(2x- 3) · 5(2x + 1) + (x2 + x + 1) · 8] 

= (2x-3)3(x2 + x + 1)4(20x2-20x- 15 + 8x2 + 8x + 8) = (2x-3)3(x2 + x + 1)4(28x2-12x- 7) 

19. h(t) = (t + 1?13(2t2- 1)3 => 

h'(t) = (t + 1)213 . 3(2t2-1)2. 4t + (2t2 -1)3 . i<t + 1)-113 = j(t + 1)-1f3(2t2-1)2[18t(t + 1) + (2t2-1)] 

= i(t + l)-113(2t2-1)2(20t2 + 18t-1) 

(x2 + 1)3 21. y = -
2
-- => 

X -1 

= 3(x2 + 1)2
. 2x[x2 -1-(x2 + 1)] = 3(x2 + 1)2. 2x(-2) = -12x(x2 + 1? 

x2-1 (x2-1)2 x2-1 (x2-1)2 (x2-1)4 

25. Using Formula 5 and the Chain Rule, y = 5-1/"' => y' = 5-l/x (In 5) ( -1 
. ( __:x-2)] = 5-1/"'(ln 5)/x2 
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27. y= � =? 

vr2 + 1 
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v'T2+1 Jr2+I -r2 

JT2+I 

Another solution: Write y as a product and make use of the Product Rule. y = r (r2 + 1)"'"112 =? 

y' = r. -� (r2 + 1)-3/2(2r) + (r2 + 1)-112 .1 = (r2 + 1)-3f2[-r2 + (r2 + 1)1] = (r2 + 1)-3/2(1) = (r2 + 1)-3/2. 

The step that students usually have trouble with is factoring out ( r2 + 1) '3 /2• But this is no different than factoring out x2 

from x2 + x5; that is, we are just factoring out a factor with the smallest exponent that appears on it. In this case, - !·is 

smaller than -�. 

29. By 
(9), F ( t) = et•in2t =? F'( t) = etsin2t( tsin2t)' = etsin2t(t · 2cos2t + sin2t\ 1) = etsin2t (2tcos2t + sin2t) 

31. y =sin ( tan 2x) =? y' = cos(tai12x) · 
d
� (t�n2x) =cos( tan 2x) · sec2(2x) · :X (2x) = 2cos(tan 2x) s�2(2x) 

33. Using Formula 5 and the Chain Rule, y = 2 sin n =? 

. d . . . . 
y1 = 2810 ""'(Jn 2) · - (sin 7rX) = 2 810 1rx (Jn 2) · COS7rX • 7r '= 2"m 7fX (7r Jn 2) COS7rX 

, dx 

(1 e2x) 35. y = cos --
2
-l+e"' 

37. y = cot2(sin8) = [cot(sin0)]2 =? 

y' = 2[co�(sin0)]· � [cot(sinO)J = 2cot(sin0) · [- csc2(sin0) ·cosO]= -2cos0 cot(sinO) csc2(sin0) 

= 2sin(e • in2t) cos(e • in2t) · e•in2t ·! sin2t = 2sin(e•in2t) cos(e•in2t) e•in2t • 2sin t cost 

= 4sin(e•in2 t) cos(e•in2t) e•in2tsin t cost 
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43. g(x) = (2rar"' + n)P => 

g'(x) = p(2rarx,+ n)P-l ·! (2rar"' + ri) = p(2rar"' + n)P-l · 2rar"'(lna) · � = 2r 2p(lna)(2rarx + n)P-1ar"' 

45. y =cos Jsin(tan7rx) = cos(sin(tan1rx))112 => 

y' = -sin(sin(tan1rx))1f2 · d� (sin(tan1rx))1f2 = -sin(sin(tann))112 · �(sin(tan1rx))-112 · d� (sin(tan1rx)) 

-sinysin(tan1rx) d -sinysin(tan1rx) 2 = · cos( tan 1rx) · dx tan 1rx = · cos( tan 1rx) · sec ( 1rx) · 1r 
2 Jsin(tan 1rx) 2 Jsin(tan 1rx) 

-1r cos( tan 1rx) sec2 ( 1rx) sin J sin( tan 'irx) 
2 Jsin(tan 1rx) 

47. y = cos(x2) => y' = - sin(x2) • 2x = -2x sin(x2) => 

y" = -2x cos(x2) • 2x + sin(x2) • ( -2) = �4x2 cos(x2) - 2 sin(x2) 

49. y = eo."' sin ,Bx => y' = eo.x · .B cos ,Bx + sin ,Bx · ae"x = eo.x (.8 cos ,Bx + a sin ,Bx) => 

y" = eax (-,82 sin ,Bx + a,B cos ,Bx) + (.8 cos ,Bx + a sin ,Bx) · aeax 

= eo.x (-,82 sin .Bx + a,B cos ,Bx + a,B c� .Bx + a2 sin ,Bx) = eax ( a2 sin ,Bx - ,82 sin .Bx + 2a,B cos ,Bx) 

= eax ((a2-,B2) sin ,Bx + 2a,Bcos,Bx] 

51. y = (1 + 2x)10 => y' = 10(1 + 2x)9 • 2 = 20(1 + 2x)9. 

At (0, 1), y' = 20(1 + 0)9 = 20, and an equation of the tangent line is y- 1 = 20(x- 0), or y == 20x + 1. 

53. y = sin(sin x) => y' = cos(sin x) · cos x. At (1r, 0), y' =cos( sin 11-} · cos1r = cos(O) · ( -1) = 1( -1) = -1, and an 

equation of the tangent line is y- 0 = -1(x-1r), or y = -x + 1r. 

2 
55. (a) y = -1-­+e-x (b) 

, 2e0 2(1) 2 1 
At (0, 1), y = (1 + e0)2 

= (1 + 1)2 = 22 = 2. So an equation of the 

tangent line isy- 1 = �(x-0) ory = �x + 1. 
-1.5 

57. (a) f(x) = x .../2- x2 = x(2-x2)112 => 

(b) 

f'(x) = x. �(2 _ x2)-112(-2x) + (2 _ x2}112 •1 = (2 _ x2)-112 [-x2 + (2 _ x2)] = 2-2x2 · 

. .../2 - x2 

f' = 0 when f has a horizontal tangent line, f' is negative when f is 

decreasing, and !' is positive when f is increasing. 
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59. For the tangent line to be horizontal, f'(x) = 0. f(x) = 2sin x + sin2 x ==>- /'(x) = 2cosx + 2 sin x cosx = 0 {:} 

2cosx(1 + sinx) = 0 . {:} cosx = 0 or sinx = -1, sox= f + 2mr or 3; + 2n1T, where n is any integer. Now 

f (f) = 3 and f ( 3;) = -1, so the points on the curve with a horizontal tangent are ( f + 2n?T, 3) and ( 3; + 2n1T, -1), 

where n is any integer. 

61. F(x) = f(g(x)) =} F '(x) = f'(g(x)) · g'(x), so F'(5) = f'(g(5)) · g'(5) = /'( -2) · 6 = 4 · 6. = 24 

63. (a) h(x) = f(g(x)) =} h'(x) = f'(g(x)) · g'(x), so h'(1) = f'(g{1)) · g'{l) = /'(2) · 6 = 5 · 6 = 30. 

(b) H(x) = g(f(x)) =} H'(x) = g'(f(x)) · /'(x), so H'(1) = g'(/(1)) · /'(1) = g'(3) · 4 = 9 · 4 = 36. 

65. (a) u(x) = f(g(x)) =} u'(x) = f'(g(x))g'(x). So u'(1) = f'(g(l))g'(l) = /'(3)g'(1). To find /'(3), note that f is 

linear from (2, 4) to (6, 3), so its slope is !=� =-� . To find g'(l), note that g is linear from (0, 6) to (2, 0), so its slope 

0-6 . 
is 2 _ 0 = -3. Thus, /'(3)g'(1) = ( - � ) ( -3) = l 

(b) v(x) = g(f(x)) =:>- v'(x) = g'(f(x))f'(x). So v'(l) = g'(/(1))/'(1) = g'(2)/'(1), which does not exist since 

g' (2) does not exist. 

(c) w(x) = g(g(x)) ==>- w'(x) = g'(g(x))g'(x). So w'(1) = g'(g(l))g'(I) = g'{3)g'{l). To find g'(3), note that g is 

linear from (2, 0) to (5, 2), so its slope is. �=� = � · Thus, g'(3)g'(I) = G ) (  -3) = -2. 

67. The point (3, 2) is on the graph off, so /{3) = 2. The tangent line at (3, 2) has slope �y = -4 
= -�. ux 6 3 

g(x) = .;J(X5 ==>- g'(x) = ![f(x)J-112 · f'(x) =:>-

g'(3) = ![f(3)t112 • /'(3) = �(2)-112(-j) = -�� or -*J2. 

69. (a) F(x) = f(e"') 

(b) G(x) = ef(x) 

=} F'(x) = f'(e"').!!:_ (e"') = f'(e"')e"' . dx 

=} G'(x) = ef(z) d� f(x) = ef(x) /'(x) 

71. r(x) = f(g(h(x))) =:>- r'(x) = f'(g(h(x))) · g'(h(x)) · h'(x), so 

r'(l) = f'(g{h(l))) · g'(h(l)) · h'(l) = f'(g(2)) · g'(2) · 4 = /'(3) · 5 · 4 = 6 · 5 · 4 = 120 

73. F(x) = /(3/(4/(x))) =} 

�'(x) = /'(3/(4/(x))) · � (3/(4/(x))) = /'(3/(4/(x))) · 3/'(4/(x)) · � (4f(x)) 

= /'(3/(4/(x))) · 3/'(4/(x)) · 4/'(x), so 

F'(O) = /'(3/(4/(0))) · 3/'(4/(0)) ·4/'(0) = /'(3/(4· 0)) · 3/'(4 · 0) · 4 · 2 = /'(3 · 0) · 3· 2 · 4 · 2 = 2. 3 · 2. 4 . 2 = 96. 
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75. y = e2"'(Acos3x + Bsin3x) => 

y' = e2"'(-,-3Asin3x + 3Bcos3x) +(Acos3x + Bsin3x) · 2e2"' 

= e2"'(-3Asin3x + 3Bcos3x + 2Ac�3x + 2Bsin3x) 

= e2"'[(2A + 3B) cos3x + (2B- 3A) sin3x) => 

y" = e2"'[-3(2A + 3B)sin3x + 3(2B- 3A)cos3x] + [(2A +3B)cos3x + (2B- 3A)sin3x]· 2e2"' 

= e2"'{[-3(2A + 3B) + 2(2B- 3A)]sin3x + [3(2B- 3A) + 2(2A + 3B)]cos3x} 

= e2"'[( -12A - 5B)sin3x + ( -5A + 12B) cos3x] 

Substitute the expressions for y, y', and y" in y" - 4y' + 13y to get 

y"- 4y' + 13y = e2"'[(-12A- 5B)sin3x + ( -5A + 12B) cos3x] 
- 4e2"'[(2A + 3B)cos3x + (2B - 3A) sin3x] + 13e2"'(Acos3x +Bsin3x) 

= e2"'[( -12A- 5B- BB + 12A + 13B)sin3x + (-5A + 12B- BA- 12B + 13A)cos3x] 

= e2x[(O) sin3x + (0) cos3x] = 0 
'
Thus, the function y satisfies the differential equation y" - 4y' + 13y = 0. 

n. The use of D, D2, . • •  , Dn is just a derivative notation (see text page 157). In general, Dj(2x) = 2f'(2x), 

D2 j(2x) = 4j"(2x), . . .  , Dn f(2x) = 2n j<n>(2x). Since j(x) = cosx and 50= 4(12) + 2, we have 

jU>o)(x) = j<2>(x) = -cosx,soD50cos2x = -250cos2x. 

79. s(t) = 10 + t sin(l01rt) => the velocity after t seconds is v(t) = s' (t) = t cos(101rt)(l011') = 5:{ cos(l01rt) cm/s. 
. 

. 21rt dB ( 21rt) ( 21r ) 0. 711' 21rt 711' 21rt 
81. (a) B(t) = 4.0 + 0.35sm 5.4 => dt = 0.35cos S.4 S.4 = 5.4 cos 5.4 = 54 cos 5.4 

dB 711' 21r 
(b) At t = 1, dt = 54 cos S.4 ;::::: 0.16. 

83. s(t) = 2e-1.5t sin 21rt => 

v(t) = s'(t) = 2[e-1.5t(cos211't)(211') + (sin2rl)e-1.5t(-1.5)] = 2e-l.5t(21rcos211't- L5sin211't) 

Graph of 
position 

2:--------'"" 

-I 

Graph of 
velocity 

-7 

. dv dvds dv dv 85. By the Cham Rule, a(t) = dt = ds dt = ds v(t) = v(t) ds. The derivative dv/dt is the rate of change ofthe velocity 

with respect to time (in other words, the acceleration) whereas the derivative dv / ds is the rate of change of the velocity with 

respect to the displacement. 
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87. (a) Using a calculator or CAS, we obtain the model Q = abt with a ::;:: 100.0124369 and b � 0.000045145933. 

(b) Use Q'(t) = abt lnb (from Formula 5) with the values of a and b from part (a) to get Q'(0.04) � -670.63 JLA. 

The result of Example 2 in Section 2.1 was -670 J..LA. 

89. (a) Derive gives g' (t) = �S(t- ��: without simplifying. With either Maple or Mathematica, we first get 
. 2t+ 1 . 

g' (t) = 9 t- 2\89 - 18 ( 
(t- 2�:0, and the simplification command results in the expression given by Derive. . 2t +l 2t +l 

(b) Derive gives y' = 2(x3 - x + 1) 3 ( 2x + 1)4(17x3 + 6x2- 9x + 3) without simplifying. With either Maple or ' 
Mathematica, we first get y' = 10(2x + 1)4(x3- x + 1)4 + 4(2x + 1)5(x3 - x + 1) 3(3x2- 1). If we use 

Mathematica's Factor or Simplify, or Maple's factor, we get the above expression, but Maple's simplify gives 

the polynomial expansion instead. For locating horizontal tangents, the factored form is the most helpful. 

91. (a) Iff is even, then j(x) = f( -x). Using the Chain Rule to differentiate this equation, we get 

. j'(x) = j'( -x) ! ( -x) =-f'(-x). Thus, j'( -x) =-j'(x), so f' is odd. . 

(b) Iff is odd, thenj(x) = -j(-x). Differentiating this equation, we getf'(x) = -j'(-x) (-1) = j'(-x), so f' is 
even. 

93. (a) 
d
� (sinn x cosnx) = nsinn-1 x cosx cosnx + sinn x ( -nsin nx) 

= nsinn-1 x (cosnx cosx-sin nx sinx) 

= nsinn-1 xcos(nx + x) 

= nsinn-1 xcos[(n + l)x) 

(b) 
d
� (cosn x cosnx) = n cosn-1 x (-sinx) cos nx + cosn x ( -nsin nx) 

= -n cosn-1 x (cos nx sin x +sin nx cos x) 

= -n co sn-1 xsin(nx + x) 

= -n cosn-1 xsin((n + l)x) 

[Product Rule] 

[factor outnsinn-1 x] 

[Addition Formula for cosine] 

[factor out x] 

[Product Rule] 

[factor out -n cosn-l x] 

[Addition Formula for sine] 

(factor out x] 

95. Since 0° = C;o)B rad, we have � (sin0°) = :o (sin 1;oo) = 1;0 cos 1;0o = 1;0 cos0°. 

. dy dydu 97. The Cham Rule says that 
-d 

= 

-d -d 
, so 

X U X ·  

d2y d ( dy) d ( dy du) [ d ( dy)] du dy d ( du) 
dx2 

= 

dx dx 
= 

dx du dx 
= 

dx du dx + du dx dx 

= 
[� ( dy) du] du + dy d2u 

= 
d2y ( du)2 

+ 
dy d2u 

du du dx dx du dx2 du2 dx du dx2 

[Product Rule] 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned. copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 



110 0 CHAPTER 3 DIFFERENTIATION RULES 

3.5 Implicit Differentiation 

d 2 2 d , , , 9x 1. (a) dx(9x -y ) = dx(1) =? 18x-2y y � 0  =:?- 2y y =18x =? y =-y 

y = ±v'9x2- 1, soy'= ±�{9x2- 1)-112(18x) = ± �-

. 9x2 - 1  
, 9x 9x h. h. . h (b) (c) From part (a), y = -= �· w tc. agrees wtt part . 

Y ±v9x2 � 1 

3. (a) _!i_ (.!. + .!.) = _!i_ (1) =? dx x y dx _2._- ...!._y' = 0 xz y2 
1 1 1 =:}- --y ·=-y2 x2 

1 1 1 1 x-1 x 1 (x-1){1)-(x)(1) -1 
(b) ; + y = 1 =? y = 1-; = -x- =:?- y = �·soy = (x-1)2 = (x- 1)2. 

2 . 
(c) Yl = _Y

2 =
 X 

[xj(x- 1)]2 x2 1 
x2 = -x2(x- 1)2 = (x- 1)2 

d d 7. dx (x2 + xy- y2) = dx (4) =:?- · 2x + x · y1 + y · 1- 2y y1 = 0 =;. 
· -2x - y  2x+ y xy' -2y y1 = -2x - y =? ( x -2y) y1 = -2x - y =? y1 = = --. X - 2y 2y- X 

x4 + x4 y1 + 4x4 + 4x3y = 3y2 - y2 y1 + 6xy y1 � 2y2 y1 =;. x4 y1 + 3y2 y1 - 6xy y1 = 3y2 - 5x4 - 4x3y =;. 
· 

1 3y2 -5x4 - 4x3y (x4 + 3y2- 6xy) y1 = 3y2 - 5x4- 4x3y =:?- y 
= 

-"-
;----

-:::---;
�

-::-

....::. 

x4 + 3y2- 6xy 

11..
d
d (ycosx)= d

d (x2+y2) =:?- y(-sinx)+cosx·y1=2x+2y y1 =;. cosx·y1-2y y1=;=2x+ ys_inx =;. X X · 
. 

· 
1 2x + ysinx y1 (COS X - 2y} = 2x + y sin X =;. y = 

COS X _ 2y 

13. !(4cosx siny)= !(1) =;. 4[cosx·cosy·�1+siny·(-sinx)]=O =;. 

y1(4cosx cosy)= 4 sinx siny 

I Y·1- x·y1 ex y. -
= 1- Y1 

y� 

* 

* 

1 4sinx siny y = . = tan x tan y 
· 4cosx cosy 

x 1 .xexfy 1 1 e fy · - - --· y = 1 - y y y2 

y _ exfy 

* 

I( xexfy) y - exfy y 1 - -- = -"----
y2 y 

=;. 
Y

1 = Y _ y(y _ exfy) 
y2 - xexfy - y2 - xexfy 

y2 
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1 
1 + (x2y)2 (x

2y' + y · 2x) = 1 + x · 2y y' + y2 · 1 => 

x2 , , 2 2xy , ( x2 
) _ 1 2 2xy 

1 + x4y2 y - 2xy y = 1 + y - 1 + x4y2 => y 1 + x4y2 - 2xy - + Y 
- 1 + x4y2 => 

19. 
d
d (eYcosx)=

d
d [1+sin(xy)] => eY (-sinx)+cosx·eY·y'=cos(xy)·(xyi+y·1) => 

X X . 

-eY sinx + eY cosx · y' = xcos(xy) · y' + ycos(xy) => eY cosx · y'- xcos(xy) · y' = eY sinx + ycos(xy) ==> 

., eY sinx + ycos(xy) (eY cosx - xcos(xy)] y' = eY sinx + ycos(xy) => y = eY cosx- xcos(xy) 

21. d� {J(x) + x2[f(xW} = ! (10) => !'(x) + x2 · 3[f(xW · J'(x) + [f(xW · 2x = 0. ifx = 1, we have 

!'(1) + 12• 3[! (1W. !'(i) + U(lW. 2 (1) = o => f'(1) + 1 . 3. 22. !'(1) + 23.2 = o => 

!'(1)+12!'(1)=-16 =} 13!'(1)=-16 =} f'(l)= -i�-

25. ysin2x = xcos2y => y · cos2x · 2 + sin2x · y' = x (-sin2y · 2y') + c.os(2y) · 1 => 

sin 2x · y' + 2x sin 2y · y' = -2y cos 2x + cos 2y => 

y'(sin2x+2xsin2y) = -2ycos2x+cos2y , -2ycos2x.+cos2y " " Y = . 2 2 . 2 . When x = 2 and y = 4, we have .sm x+ xsm y 

y' = ( -?r �2) ( -1i + 0 = ?r /2 = -2
1 , so an equation of the tangent line is y- � = � (x- i ), or y = �x. +?r· ?r 

27.x2+xy+y2=3 => 2x+x y'.+y·1+2yy'=O => x y'+2y y'=-2x- y => y'(x+2y)=-2x- y => 

, -2x - y , -2- 1 -3 
y = x + 2y . When x = 1 andy= 1, we have y = 1 + 2 _1 = 3 = -1, so an equation of the tangent line is 

y- 1 = -1 (x- 1) or y = -x + 2. 

29. x2 + y2 = (2x2 + 2y2- x)2 => 2x + 2y y' = 2 (2x2 + 2y2- x) (4x + 4y y'- 1). When x = 0 andy=�. we have 

0 + y' = ,2 (�) (2y'- 1) => y' = 2y'- 1 => y' = 1, so an equation of the tangent line is y- � = 1 (x- 0) 

or y=x+t 
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31. 2 (x2 + y2)2 = 25(x2- y2) => 4(x2 + y2)(2 x  + 2yy1) = 25(2 x- 2yy1) => 

4(x + yy1)(x2 + y2) = 25(x-yy1) => 4yy1(x2 + y2) + 25yy1 = 25x- 4x(x2 + y2) => 

1 25x-4x(x2+y2) d .h 1 75-120 45 9 y = 4 ( 2 2)
. When x=3 an y=1,we ave y = 25+40 =-65=-13, 25y + y X +y 

so an equation of the tangent line is y- 1 = -!J(x- 3) or y =-{
3

x + �-

10 x3- x yl= ---
y 

th . ( ) h 1 1 0 (1?- 1 9 d . So at e pomt 1, 2 we ave y = 2 
= 2, an an equatiOn 

of the tangent line is y- 2 = �(x- 1) or y = �x- �-

(b) 

35. 9x2 + y2 = 9 => 18x + 2yy1 = 0 => 2yy1 = -18x => Y1 = -9xfy => 

11 = -9(y · l - x · Y1) = -9 (y- x( -9xfy)) = -9. Y2 + 9x2 = -9. _2. [since x andy must satisfy the y y2 . y2 y3 y3 

original equation, 9x2 + y2 = 9]. Thus, y11 = -81/y3• 

yll = 

since x and y must satisfy the original equation, x3 + y3 = 1. 

39. If x = 0 in xy + eY = e ,  then we get 0 + eY = e, so y = 1 and the point where x = 0 is (0, 1). Differentiating implicitly 

with respect to .x gives us xy1 + y · 1 + eY y1 = 0. Substituting 0 for x and 1 for y gives us 

0 + 1 + ey1 = 0 => ey" = -1 => y1 ;::: -1/ e. Differentiating xy1 + y + eY y1 = 0 implicitly with respect to x gives 

us xy11 + y1 • 1 + y1 + eYy" + y' · eYy1 = 0. Now substitute 0 for x, 1 for y, and -1/e for y1• 

2 II 1 
-- + ey +- = 0 => 

e e 

41. (a) There are eight points with horizontal tangents: four at x � 1.57735 and 

four at x � 0.42 265. 

(b) 1 _ 

3 x2 -6x + 2 y - 2 (2y3 - 3y2 ,- y + 1) 
=> : y1 = -1 at (0, 1) and y1 = � at (0, 2). 

Equations of the tangent lines are y = -x + 1 andy= �x + 2. 

(c) y1 = 0 => 3 x2-6x + 2 = 0 => x = 1 ± �J3 

1 ey" =­
e 
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(d) By multiplying the right side of the equation by x -3, we obtain the first 
graph. By modifying the equation in other ways, we can generate the other 
graphs. 

-3 

�3.5 
y(y2 - 4)(y- 2) 

= x(x- l)(x- 2) 
3 

l\ -

v 
<:::> 

""" 
-3 

x(y + l)(y2 - l)(y- 2) 
= y(x- l)(x-2) 

3 

y(y + l)(y2 -l)(y- 2) 
= x(x- i)(x-2) 

-3 
y(y2 + l)(y- 2) 

= x(x2 - l)(x- 2) 

4 

-3 
y(y2 - l)(y- 2) 

= x(x-l)(x- 2)(x- 3) 

(y + l)(y2 -l)(y- 2) 
= (x- l)(x-2) 

y(y + l)(y2 - 2) 
= x(x- l)(x2 - 2) 

43. From Exercise 31, a tangent to the lemniscate will be horizontal ify' = 0 =} 25x- 4x(x2 + y2) = 0 '* 

x[25- 4 (x2 + y2)] = 0 '* x2 + y2 = ¥ (1). (Note that when xis 0, y is also 0, and there is no horizontal tangent 

at the origin.) Substituting 2i for x2 + y2 in the equation of the lemniscate , 2 (x2 + y2? = 25(x2 - y2), we get 

x2 -y2 = 285 (2). Solving(l)and(2),we havex2 = i� andy2 = ��.so the four points are (±¥,±�). 

x2 y2 ' 2x 
_ 

2yy' 
__ 0 45. a2 

- lJ2 
= 1 '* a2 b2 

'* an equation of the tangent l,ine at (xo, Yo) is 

b2xo . . . Yo . yoy y� , xox x� . . y- Yo = -2- (x- xo). MultJplymg both s1des by b2 
g1ves -b2 - b2 = 2 - 2. Smce (xo, yo) hes on the hyperbola, ayo - a a. 

XoX YoY X� Y� we have � - b2 = a2 .- b2 
= 

1. 
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. 47. If the circle has radius r, its equation is x2 + y2 = r2 '* 2x + 2 yy' = 0 '* y' =_ ::,so the slope of the tangent line 
y 

at P(x0, y0) is-
xo. The ne�tive �eciprocal of that slope is --=--1

1 = Yo, which is the slope ofOP, so the tangent line at 
Yo . -xo Yo xo 

P is perpendicular to the radius 0 P. 

1 1 d .1 _1 1 2 tan-1x 
49. y = (tan-1 x)2 => y' = 2 {tan- x) · dx (tan- x) = 2 tan x · -1 2 = 2 +x 1+x 

51. y = sin-1{2x + 1) '* 

y' = 
1 . .!!:.. {2x + 1) = 1 .. 2 = 2 = 1 

)1- ( 2x + 1)2 dx )1-{4x2 + 4x + 1) J- 4x2- 4x J-x2-x 

53. G{x) = J1-x2 arccosx => G'(x) = v'f=X2 · � + arccosx · �2
1 1-x2)-112( -2x) = -1-x� 1-x2 · 1-x2 

55. h(t) = cot-1(t) + cot-1( 1/t) => 

, 1 1 d 1 1 e ( r) 1 · 1 h (t) = -1 + t2 - 1 + {1/t)2 • dt t = -1 + t2 -t2 + 1 . -t2 = - 1 + t2 + t2 + 1 = o. 

Note that this makes sense because h( t) = i for t > 0 and h( t) = 3; for t < 0. 

57. y = xsin-,-1 x + J1-x2 · => 

y1 = X· h + {sin-1 x){1) + -2
1 {1-x2)-112( -2x) =. n + Sin-1 X- n = sin-1 X 

1-x2 1-x2 1-x2 

(b+acosx) 59. y = arccos b => a+ cosx 

y' = _ 
1 (a+bcosx)(-asinx)- (b+acosx)(-bsinx) 

--;1=-=(=b=+=a=c =o =s =x =):;::2 (a + b cos x )2 
a+ bcosx 

_ 1 (a2-b2) sinx 
- Ja2 + b2 cos2 x·- b2- a2 cos2 x Ia + bcosxl 

_ 1 (a2-b2) sinx _ � sinx 
- ..;a:r::Tj2 J1 - cos2 x Ia + bcosxi - Ia + bcosxl lsinxl 

..;a:r::Tj2 But 0 � x � 1r, so lsinxl = sinx. Also a> b > 0 '* bcosx 2: -b >-a, so a+ bcosx > 0. Thus y' = b . a+ cosx 

61. f(x) = J1 - x2 arcsinx 

2 

-I _,.,..... 

T f 

f' 

-5 

=> f'(x) = J1- x2 • � + arcsinx · .!. {1- x2)-112 {-2x) = 1- x� 
1-x2 2 1-x2 

\ 

Note that !' = 0 where the graph off has a horizontal tangent. Also note 

. that !' is negative when f is decreasing and f' is positive when f is 

increasing. 
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63. Let y = cos-1 x. Then cosy = x and 0 :S y :S 1r => -siny �� = 1 => 

dy 1 1 - = --- ==- == 
J1- cos2y dx siny 

1 
[Note that sin y 2: 0 for 0 :S y :S 1r.] 

JI=X2' 

65. x2 + i /  = r2 i s  a circle with center 0 and ax+ by = 0 i s  a line tprough 0 [assume a 

and bare not both zero]. x2+ y2 = r2 => 2x + 2yy1 = 0 => Y1 = -xfy, so the 

slope of the tangent line at Po (xo, yo) is -xo/Yo· The slope of the line OPo is yo/xo, 

which is the negative reciprocal of -xo/yo. Hence, the curves are orthogonal, and the 

families of curves are orthogonal trajectories of each other . 

. 67. y = cx2 => y1 = 2cx and x2 + 2i/ = k [assume k > 0] =? 2x + 4yy1 = 0 =? 

I I X X. 1 ' 
l'f 2yy = -x => y = -2(y) = -2(cx2) = -2cx'so the curves are orthogona 1 

c :j; 0. If c = 0; then the horizontal line y = cx2 = 0 intersects x2 + 2y2 = k orthogonally 

at ( ±v'k, 0) , since the ellipse x2 + 2y2 = k has vertical tangents at those two points. 

69. Since A 2 < a2, we are assured that there are four points of intersection. 

2x _ 2yy1 = 0 yy' x 
A2 B2 => B2 = :::f2 

1 xb2 
=> y = mt = -ya2 . 

I xB2 
=> y =m2 = --. yA2 

y 

X 

xb2 xB2 . b2 82 x2 2 2 2 2 
Now m1 m2 = -- ·. -- = --- · - (3). Subtracting equations (1) - (2) gives us � + 1L - � + JL = 0 =? ya2 yA2 a2A2 y2 • • a2 b2 A2 B2 
y2 y2 x2 x2 y2 82 + y2b2 x2a2 _ x2 A2 y2(b2 + B2) x2(a2 _ A2) 
b2 + B2 = A2 -; a2 => b2 B2 A2a2 => b2 B2 

= 
a2 A2 (4). Since 

· 
y2 x2 x2 A2a2 

a2 ---' b2 = A2 + B2, we have a2 - A2 = b2 + B2. Thus, equation (4) becomes b2 B2 = A2a2 => 
y2 

= b2 82, and 

b . . fi 
x2 . . (3) . b2 B2 a2 A2 

1 H h 11' d h 
. 

su stttutmg or Y2 m equation gtvesils m1m2 =-a2 A2 • b2 B2 =- . ence, t e e tpse an yperbola are orthogonal 

trajectories. 

71. (a) (p + �:) (V- nb) = nRT => => 
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PV' + V. 1- nb- n2aV-2 • V' + 2n3abV-3 · V' '== 0 =? V'(P- n2aV-2 + 2n3abV-3) = nb- V =? 

V' = 
nb- V or dV = 

V3(nb- V) 
P- n2aV-2 + 2n3abV-3 dP PV3- n2aV +2n3ab 

(b) 'using the last expression for dV/dP from part (a), �e get 

dV 
dP 

(10 L)3[(1 mole)(0.04267 L/mole)- 10 L] [(2.5atm)(10 L)3-(1 mole?(3.592 L2-atm/ mole2)(10 L) ] + 2(1 mole)3(3.592 L2-atm/ mole2)(0.04267 L/ mole) 

-9957.33 L 4 :::::: -4.04 L/ a�m. 2464.386541 L3-atm · 

. . 

73. T� find the points at which the ellipse x2 - xy + y2 = 3 crosses the x-axis, let y == 0 and solve for x. 

y = 0 =? x2 - x ( 0) + 02 = 3 {=>_ x = ±¥'3. So the graph of the ellipse crosses tlie x-axis at the points ( ±¥'3, 0) . 

Using implicit differentiation to find y', we get 2x - xy' -y + 2yy' = 0 =? y' (2y - x) = y - 2x {=> y' = Y
2 

-2x
. 

y-x 

So y' at ( ¥'3, 0) is 0- 21a = 2 and y' at ( -¥'3, 0) is 0 + 21a = 2. Thus, the tangent lines at these points are parallel. 
2(0) - 3 2(0) + 3 

7�.x2y2+xy=2 =? x2·2yy'+y2·2x+x·y'+y·1=0 {=> y'(2x2y+x)=-2xy2- y {=> 

2xy2 + y 2xy2 + y · 
y' = 

2 2 • So- 2 2 
= -1 {=> 2xy2 + y = 2x2y + x {=> y(2xy + 1) = x(2xy + 1) {=> x y+x x y+x _ 

y(2xy+1)- x(2xy+1)=0· {=> (2xy+1)(y-x)=O {=> xy =-� or y � x.But xy =-� =? 

(x2 + 2)(x2- 1) = 0. So x2 = -2, which is impossible, or x2 = 1· {=> x = ±1. Since x = y, the points on the curve 

where the tangent line has a slope of -1 are ( -1, -1) and (1, 1). 

n. (a) Ify = r1(x), then f(y) =X. Differentiating implicitly with respect to X and remembering that y is a function of x, 

1 dy dy 1 we get f (y) 
dx = 1, so 

dx 
= 

f'(y) 

(b)/(4)=5 =? r1(5)=4.By part(a),(f-1)'(5)= /'(!�1(5)) = !'�4) =1/(�) =�. 

79. (a) y = J(x) and xy" + y' + xy = 0 =? xJ"(x) + J'(x) + xJ(x) = 0. Ifx = 0, we have 0 + J'(O) + 0 = 0, 

so J'(O) = 0. 

(b) Differentiating xy" + y' + xy = 0 implicitly, we get xy111 + y" · 1 + y" + xy' + y · 1 = 0 =? 

xy'" + 2y" + xy' + y = 0, so xJ111(x) + 2J"(x) +xJ'(x) + J(x) = 0. Ifx = 0, we have 

0 + 2J"(O) + 0 + 1 [J(O) = 1 is given] = 0 =? 2J".(O) = -1 =? J"(O) = -�. 
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1. The differentiation formula for logarithmic
.
functions, d

d (loga x) = ln
1 

, is simplest when a= e because ln e = 1. ·x x a 

3. f(x) = sin(lnx) =? f'(x) = cos(lnx) · d
d lnx = cos(lnx) . .!. = cos(lnx) 

X X X 

5. f(x) =In; =? f'(x) = 1�x! (;) = x (- :2 ) = -;. 

Anothersolution:f(x)=ln .!_=ln1-lnx=-ln·x =? J'(x)=- .!. . X X 

7 f( ) I ( 3 1) fl(x) - 1 .:!:.._ (x3 1)- 3x2 
· x = og1o x + =? - (x3 + 1) In 10 dx + - (x3 + 1) In 10 

· • 1 • 1 d sinx·5 sinx 9. f(x) = smx ln(5x) =} f (x) = smx · -5 · -d (5x) +ln(5x) ·cosx = -5- +cosxln(5x) = --+cosx ln{5x) X X X . X 

11. g(x) = ln(x �) = lnx + ln(x2- 1)112 = lnx +! ln(x2- 1) =? 

91 x = .!_ + .!. . _1_ . 2x = .!. + _x_ = x2 - 1 + x · x = 2x2 - 1 ( ) x 2 x2 - 1 x x2- 1 x(x2- 1) x(x2- 1) 

13. G(y) = ln � = ln(2y + i)5 -ln(y2 + 1?12 = 5ln(2y + 1)- � ln{y2 + 1) => y2 + 1 

1 1 1 1 10 Y [ 8y2 - Y + 10 ] G (y) = 5 · 2y + 1 · 2- 2 · y2 + 1 · 2Y = 2y + 1 - y2 + 1 or (2y + 1)(y2 + 1) 

. 1 1d 1 1  1 15.F(s)=lnlns => F (s)=--Ins=-·-=--lns ds Ins s sins 
1 · a 17. y =tan [In( ax+ b)] =? y1 = sec2[ ln(ax +b))· --b ·a = sec2[ln(ax +b)]-- · 

· ax+ ax+b 

19. y =In( e-x+ xe-"') = ln(e-"'(1 + x)) = ln(e-"') + ln(1 + x) = -x + ln(1 + x) =? 

1 . 1 -1- x+ 1 X y = -1 + 1 +X= 1 +X = --1 +-x 

21. y = 2x log10 Vx = 2x Iog10 x112 = 2x · � log10 x = x log10 x =? y1 = x · x 1� 10 + log�0 x · 1 = ln
1
10 + log10 x 

1 lne · . · 1 Note: ln 10 = In 10 = log10 e, so the answer could be wntten as In 10 + log10 x = log10 e + log10 x = log10 ex. 

1 23. y = x2ln(2x) =} y1 = x2 · 2x · 2 + ln{2x) · {2x) = x + 2x ln{2x) =? 

y" = 1 + 2x · 2� · 2 + ln(2x) · 2 = 1 + 2 + 2ln(2x) = 3 + 2 ln(2x) 
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25. y=ln(x+v'1+x2) => 

y1 = � dd 
(x + v'1 .f-x2) = � (1 + H1 + x2)-11-2(2x)] 

X + 1 + x2 X X + 1 + X2 
1 ( x · ) 1 v'f+X2+x 1 = x + y'1 + x2 1 + v'1 + x2 = x + v'1 + x2 • v'l + x2 = v'1 + x2 => 

" _ 1 (1 2)-3/2(2 ) _ -x y --2 +x x - (1+x2)3/2 

X 27. f(x) = 1 -ln(x-1) => 

(x-1)[1 -ln(x- 1)] + x -1 [1 -ln(x-1)] · 1 - x · -·-1 x-1 f (x) = [1 -ln(x- 1)]2 
x- 1 x-1- (x- 1) ln(x- 1) + x 

---..,.---::=-o--=-�,...--- = -���-':--;-'--�;:---[1 -ln(x- 1)]2 (x-1)[1 -ln(x- 1)]2 
_ 2x-1- (x-1) ln(x- 1) - (x-1)[1 -In(x- 1)]2 

Dom(f) ={xI x- 1 > 0 and 1 -ln(x- 1) # 0} ={xI x > 1 and ln(x- 1) # 1} 
={xlx>1 and x-1#e1}={xlx>1 �d x#1+e}=(l,l+e)U(l+e,oo) 

1 1 2 (x-1) 29. f(x) = ln(x2- 2x) => f (x) = -2-2-(2x- 2 )  = ( 2 )' x-x x x-

Dom(f) ={xI x(x- 2) > 0} = (-oo,O) U (2,oo). 

31. f(x) =·lnx => f'(x) = x2(l/x)- (lnx)(2x) = x- 2xlnx = x(1-2lnx) = 1- 2lnx
, x2 . . (x2)2 x4 x4 . x3 

!1(1) = 1- 2ln 1 = 1- 2 . 0 = 1 so p 1 . 

33. y = ln( x2 -3x + 1) => y1 = 1 · (2x - 3) x2- 3x + 1 => Y1 (3) � f · 3 = 3, so an equation of a tangent line at 

(3, 0) is y- 0 = 3(x- 3), or y = 3x � 9. 

35. f(x) = sinx + lnx => f'(x) = cosx + 1/x. 

This is reasonable, because the graph shows that f increases when f' is 

positive, and j1 ( x) = 0 when f has a horizontal tangent. 

37. f(x) =ex+ ln(cosx) => J'(x) = c + -1- · (- sinx) = c- tanx. cosx 

. !' ( i) = 6 => c - tan i = 6 => c -1 = 6 => c = 7. 

-2 
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39. y = (x2 + 2)2 (x4 + 4)4 =? In y = ln[(x2 + 2)2 (x4 + 4)4) =? ln y = 2ln(x2 + 2) + 4 In(x4 + 4) =? 

1 1 1 1 · 3 1 ( 4x 16x3 ) -y =2·--·2x+4·--·4x =? Y =y x2+2+ x4+4 =? y x2 +2 · x4 +4 

� 41. y = 
v X4+1 

(X- 1 )1/2 1 1 
=? lny=In x4+1 

=? lny=2In(�-1)-2ln(x4+1) =? 

43. y = xx =? lny = lnxx =? lny = x lnx =? y1 jy = x (1/x) + (Inx) · 1 =? y1 = y (1 + lnx) =? 

y1 = xx(l + lnx) 

45. y = x•inx =} lny = lnx•inx lny = sinxlnx =? y1 = (sinx) ·.,!. + (Inx) (cosx) =? y X 

(sinx ) y1 = y -;;-+ Inx cosx =? y1 = x•ln� ( si
:

x + lnx cosx) 

47.y= (cosx)x =? lny=ln(cosxyr =? lny=xlncosx =? .!.y'=x·-1-· (-sinx)+lncosx·1 =? 
. y cosx 

y1 = y lncosx- -- =? y = (cosx)x(lncosx- xtanx) ( x sinx ) 1 ' 
. cosx 

1 1  1 1 2 ( 1
) - y = -. · --· sec x + ln tan x · -­y x tanx x2 

, ( sec2 x ln tanx ) 
* y =y xtanx - �  * 

y = (tanx) x --- -- or y = (tanx)1 x · - csc x sec x---1 11 ( sec2 x In tan x) 1 1 1 ( ln tan x ) 
xtanx x2 · x x 

2 2 1 d 
2 1 2x+2yy1 

51. y = ln(x + y ) � Y1 = -2-- 2 -d (x + y2) ==> y - =? x2y1 + y2y1 = 2x+ 2yy1 � 
X +y X - x2 +y2 

x2y1 + y2y1-2yy1 = 2x => (x2 + y2-2y)y1 = 2x � y1 = · 
2x 

x2 + y2- 2y 

1 ' 
53. f(x) = ln(x -1) � f'(x) = (x _1) = (x -1)-1 � J"(x) = -(x- 1)-2 � f'" (x) = 2 (x -1)-3 => 

J<4l(x) = -2 · 3(x- 1)-4 =? · · · =? J<nl(x) = ( -1)n-1 • 2 · 3 · 4 · · · · · (n- 1) (x � 1)-n = ( -1t-1 (n- 1)! 
(x-1)n 

1 
55. If f(x) = ln (1 + x), then f'(x) = -1- , so f'(O) = 1. +x 

Thus, lim ln(1 + x) = lim f(x) = lim f(x)- f(O) ·= f'(O) = 1. 
x-0 X x-0. X x-0 X -Q 
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3. 7 Rates of Change In the Natural and Social Sciences 

1. (a) s = f(t) = t3- 12t2 + 36t (in feet) => v(t) = f'(t) = 3t2- 24t + 36 (in ft/s) 

(b) v(3) = 27- 72 + 36 = -9 ft/s 

(c) The particle is at rest when v(t) = 0. 3t2- 24t + 36 = 0 # 3(t- 2)(t- 6) = 0 # t == 2 s or 6 s. 

(d) The particle is moving in the positive direction when v(t) > 0. 3(t- 2)(t --6) > 0 # 0 � t < 2 or t > 6. 

(f) t = 8, 
s = 32 

(e) Since the particle is moving in the positive direction and in the 

negative direction, we need to calculate the distance traveled in the 

intervals [0, 2], [2, 6], and [6, 8] separately. 

; : g·: : ; . -----. t=2, 
t = o. ---·---- s = 32 
s=O 1/(2)- f(O)I = 132- Ol = 32. 

l/(6)- /(2)1 = IO- 321 = 32. 

!!(8) - /(6)1 = 132- Oj = 32. 

The total distance is 32 + 32 + 32 = 96 ft. 

(g) v(t) = 3t2 - 24t + 36 => 

a(t) = v'(t) = 6t- 24. 

a(3) = 6(3) - 24 = -6 (ft/s)/s or ft/s2• 

0 s 

(h) 

-25 

(i) The particle is speeding up when v and a have the same sign. This oecurs when 2 < t < 4 [ v and a are both negative) and 

when t > 6 [v and a are both positive]. It is slowing down when v and a have opposite signs; that is, when 0 � t < 2 and 

when4 < t < 6. 

3. (a) s ::;= f(t) = cos(7rt/4) => v(t) = f'(t) =- sin(7rt/4) · (7r/4) 

(b) v(3) =-�sin 3_; = -� · � =-,. f ft/s [� -0.56] 

(c) The particle is at rest when v(t) = 0. -�sin �t = 0 => sin �t = 0 => �t = 1rn => t = O, 4, 8 s. 

(d) The particle is moving in the positive direction when v(t) > 0. -%sin �t > 0 => sin �t < 0 => 4 < t < 8. 

(e) From part (c), v(t) = 0 fort= 0, 4, 8. As in Exercise 1, we'll 

find the distance traveled in the intervals [0, 4] and [4, 8]. 

1/(4)- f(O)I = l-1- 11 = 2 

1!(8)- /(4)1 = 11- ( -1)1 = 2. 

The total distance is 2 + 2 = 4 ft. 

(f) 
t= 10, s=O 

2r=8,s=l 
t=4 · s = -'1 I = 0, s = 1 

0 
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(g) v(t) = _!sin 7rt 
=> 

4 4 
(h) 

-1 

(i) The particle is speeding up when v and a have the same sign. This occurs when 0 < t < 2 or 8 < t < 19 [v and a are 

both negative] and when 4 < t < 6 [v and a are both positive].· It is slowing down when v and a have opposite signs; 

that is, when 2 < t < 4 and when 6 < t < 8. 

5. (a) From the figure, the velocity vis positive on the intervlll (0, 2) and negative on the interval (2, 3). The acceleration a is 

positive (negative) when the slope of the tangent line is positive (negative), so the acceleration is positive on the interval 

(0, 1), and negative on the interval (1, 3). The particle is speeding up when v and a have the same sign, that is, on the 

interval (0, 1) when v > 0 and a> 0, and on the interval (2,3) when v< 0 and a< 0. The particle is slowing down 
I 

' 

when v and a have opposite signs, that is, on the interval (1, 2) when v > 0 and a< 0. 

(b) v > 0 on (0, 3) and v < 0 on (3, 4). a> 0 on (1, 2) and a< 0 on (0, 1) and (2, 4). The particle is speeding up on (1, 2) 

[v > 0, a> 0] and on (3, 4) [v < 0, a< 0]. The particle is slowing down on (0, 1) and (2, 3) [v > 0, a< 0]. 

7. (a) h(t) = 2 + 24.5t- 4.9t2 => v(t) = h' (t) = 24.5- 9.8t. The velocity after 2 s is v(2) = 24.5- 9.8(2) = 4.9 mjs 

and after 4 s is v(4) = 24.5- 9.8(4) = -14.7 m/s. 

(b) The projectile reaches its maximum height when the velocity is zero. v(t) = 0 ¢:} 24.5- 9.8t = 0 ¢:} 

24.5 
t = 

9.8 
= 2.5 s. 

(c) J'he maximum height occurs when t = 2.5. h(2.5) = 2 + 24.5(2.5) - 4.9(2.5)2 = 32.625 m (or 32� m). 

(d) The projectile hits the ground when h = 0 {::} 2 + 24.5t- 4.9e = 0 {::} 

-24.5 ± )24.52 - 4( -4.9)(2) 
t = 

2( _4.9) 
=> t = tf � 5.08 s [since t � 0]. 

(e) The projectile hits the ground when t = tt. Its velocity is v(tt) = 24.5- 9.8t1 � -25.3 m/s [downward]. 

9. (a) h(t) = 15t- 1.86t2 => v(t) = h' (t) = 15- 3. 72t. The velocity after 2 s is v(2) = 15- 3. 72{2) = 7.56 m/s. 

15 ± y'152 - 4(1.86)(25) 
(b) 25 = h ¢:} 1.86t2- 15t + 25 = 0 ¢:} t = 

2(1.86) 
¢:} t = h � 2.35 or t = t

2 
� 5.71. 

The velocities are v(t1) = 15- 3.72tl � 6.24 m/s [upward] and v(t
2
) = 15- 3.72t

2 
� -6.24 m/s (downward]. 
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11. (a) A(x) = x2 => A'(x) = 2x. A'(15) = 30 mm2 jmm is the rate at which 
the area is increasing with respect to the side length as x reaches 15 mm. 

(b) The perimeter is P(x) = 4x, so A'(x) = 2x = !(4x) = !P(x). The 

figure suggests that if llx is small, then the change in the area ofthe square 

is approximately half of its perimeter (2 of the 4 sides) times llx. From the 

figure, llA = 2x (llx) + (llx)2• If llx is small, then llA � 2x (llx) and 

so llA/llx � 2x. 

13. (a) Using A(r) = 11-r2, we find that the average rate of change is: 

X 

X �X 

(i) A(3) - A(2) = !hi - 47r � 51r 
3-2 1 

( .. ) A(2.5) - A(2) 
= 

6.2511" - 47r =,4 5 II 2.5 - 2 0.5 . 1r 

( ... ) A(2.1)- A(2) = 4.411r- 41r = 4.11r Ill 2.1- 2 0.1 . 

(b) A(r) = 1rr2 => A'(r) = 21rr, so A'(2) ='= 41r. 
(c) The circumference is C(r) = 21rr = A'(r). The figure suggests that if llr. is small, 

then the change in the area of the circle (a ring around the outside) is approximately 

equal to its circumference times llr. Straightening out this ring gives us a shape that 

is approximately rectangular with length 21rr and width llr, so llA � 21rr(llr). 

Algebraically, llA = A( r + llr) - A( r) = 1r( r + llr )2 - 1rr2 = 21rr( llr) + 1r( llr )2• 

So we see that if llr is small, then llA � 21rr(llr) and therefore, llA/ llr � 21rr. 

15. S( r) = 47rr2 => S' ( r) = 81rr => 

(a) 8'(1) = 81r ft2 /ft (b) 8'(2) =·1611" ft2 /ft (c) S' (3) = 2411" ft2 /ft 

x(�x) 

As the radrus increases, the surfuce area grows at an increasing rate. In fact, the rate of change is linear with respect to the 

radius. 

17� The mass is f(x) = 3x2, so the linear density at x is p(x) = f'(x) = 6x. 

(a) p(1) = .6 kg/m (b) p(2) = 12 kg/m (c) p(3) = 18 kg/m 

Since p is an increasing function, the density will be the highest at the right end of the rod and lowest at the left end. 

19. The quantity of charge is Q(t) = t3 - 2t2 + 6t + 2, so the current is Q' (t) = 3t2 :- 4t + 6. 

(a) Q'(0.5) = 3(0.5)2- 4{0.5) + 6 = 4.75 A (b) Q'(1) = 3(1)2- 4(1) + 6 = 5 A 

The current is lowest when Q' has a minimum. Q" ( t) = 6t - 4 < 0 when t < l So the current decreases when t < i and 

increases when t > i. Thus, the current is lowest at t = i s. 
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( 2) -1/2 
21. With m = mo 1 - �2 , 

SECTION 3.7 RATES OF CHANGE IN THE NATURAL AND SOCIAL SCIENCES D 123 

. d d d . 
( v2

)

-l/2 [ 1 ( v2) -3/2] ( 2v
) 

d F = - (mv) = m- (ti) + v- (m) = mo 1-- ·a+ v · mo -- 1-- -- -(v) 
· dt dt dt c2 2 c2 c2 dt 

= mo (1 -�:) 
-3/2 

·a [ (1- �:) + �:] 
= 

(1-���)3/2 

Note that we fuctored out (1 - v2 / c2) -a/2 since -3/2 was the lesser exponent. Also note that ! ( v) = a. 

23. (a) To find the rate of change of volume with respect to pressure, we first solve for V in terms of P. 
· C dV fJ PV = C =? V = p =? . dP = - p2 . 

(b) From the formula for dV/dP in part (a), we see that asP increases, the absolute value of dV/dP decreases. 

Thus, the volume is decreasing more rapidly at the beginning. _ 

25. In Example 6, the population function was n = 2t n0. Since we are tripling instead of doubling and the initial population is 

400, the population function is n(t) = 400 · 3t. The rate of growth is n' (t) = 400 · 3t ·ln 3, so the rate of growth after 

2.5 hours is n' (2.5) = 400 · 32·5 • ln 3 � 6850 bacteria/hour. 

27 ( ) 1920· - 1860 - 1750 - 110 - 11 - 2070 - 1860 - 210 - 21 · a • m1 - 1920 - 1910 
-

10 -
1 m2 - 1930 - 1920 - 10 - ' 

(m1 + m2)/ 2 = (11 + 21)/2 = 16 million/year 

1980• - 4450 - 3710 - 740 - 74 - 5280 - 4450 - 830 - 3 • m1 - 1980 - 1970 - 10 - ' m2 - 1990 - 1980 - 10 - 8 ' 

(m1 + m2)/ 2 = (74 + 83)/2 = 78.5 million/year 

(b) P(t) = at3 + bt2 + ct � d (in millions of people), where a� 0.0012937063, b � -7.061421911, c � 12,822.97902, 

and d � -7,7 43,770.396. 

(c) P(t) = at3 + bt2 + ct + d =? P'(t) = 3at2 + 2bt + c (in millions of people per year) 

(d) P'(1920) = 3(0.0012937063)(1920)2 + 2( -7.061421911)(1920) + 12,822.97902 

� 14.48 million/year [smaller than the answer in part (a), but close to it] 

P' (1980) � 75.29 million/Year (smaller, but close) 

(e) P'(1985) � 81.62 million/year, so the rate of growth in 1985.was about 81.62 milliOJ:t/year. 

29. (a) Using v = ;l (R2-r2)with R = 0.01, l = 3, P = 3000, and TJ = 0.027, we have vas a function ofr: 

3000 2 2 - -v(r) = 4(0.027)3 (0.01 - r ). v(O) = 0.925 cm/s, v(0.005) = 0.694 cmjs, v(0.01) = 0. 
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P , P · Pr 
(b) v(r) = -4 l (R2- r2) '* v (r) = '41( -2r) = -2z· When l = 3, P = 3000, and TJ = 0.027, we have 

TJ TJ . TJ 

3000r - -
v

'(r) =-
( ) 

. v'(O) = 0, v'(0.005) = -92.592 (cm/s)/cm, and v'(O.Ol) = -185.185 (cm/s)/cm. 2 0.027 3 . . . 

(c) The velocity is greatest where r = 0 (at the center) and the velocity is changing most where r = R = 0.01 em 
' 

(at the edge). 

31. (a) C(x) = 1200 + 12x- O.lx2 + 0.0005x3 '* C'(x) = 12 - 0.2x + 0.0015x2 $/yard, which is the marginal cost 

function. 

(b) C' (200) = 12- 0.2(200) + 0.0015(200)2 = $32/yard, and this is the rate at which costs are increasing with respect to 

the production level when x = 200. C' {200) predicts the cost of producing the 201st yard. 

(c) The cost of manufacturing the 201st yard of fabric is C(201) - C(200) = 3632.2005- 3600 R:: $32.20, which is 

approximately C' ( 200) .. 

33. (a) A(x) = p(x) '* A'(x) = 
xp'(x) -

2
p(x) ·1 

= 
xp'(x)

; p
(x) . 

X X X 

A' ( x) > 0 '* A ( x) is increasing; that is, the average productivity increases as the size of the workforce increases. 

(b) p' (x) is weater than the average productivity '* p' (x) > A(x) '* p' (x) > p(x) '* xp' (x) > p(x) '* 
X 

xp'(x)- p(x) > 0 '* xp'(x)- p(x) > 0 '* A'(x) > 0. . x2 

. PV PV 1 . 35. PV = nRT '* T = nR = 
(10)(0.0821) 

= 
0.821 

(PV). Usmg the Product Rule, we have 

d
d
T 

= -1- [P(t)V'(t) + V(t)P'(t)] = 
O 8

1
21 [(8)( -0.15) + (10)(0.10)] R:: -0.2436 K/min. 

t 0.821 . . 

37. (a) If the populations are stable, then the growth rates are neither positive nor negative; that is, 
d
d
C 

= 0 and dWd = 0. t. t 

(b) "The caribou go extinct" means that the population is zero, or mathematically, C = 0. 

(c) We have the equations �� = aC- bCW and 
d: = -cW + dCW. Let dCjdt = dWjdt = 0, a= 0.05, b = 0.001, 

c'= 0.05, and d = 0.0001 to obtain 0.05C- O.OOlCW = 0 (1) and -0.05W + O.OOOICW = 0 (2). Adding 10 times 

(2) to (1) eliminates the CW-terms and gives us 0.05C- 0.5W = 0 '* C =lOW. Substituting C =lOW into (1) 

results in 0.05(10W)- 0.001(10W)W = 0 <=> 0.5W- 0.01W2 = 0 <=> 50W- W2 = 0 <=> 

W(50- W) = 0 <=> W = 0 or 50. Since C = ldW, C = 0 or 500. Thus, the population pairs (C, W) that lead to 

stable populations are (0, 0) and (500, 50). So it is possible for the two species to live in harmony. 
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SECTION 3.8 EXPONENTIAL GROWTH AND DECAY 0 125 

. . 1 dP dP Th P( ) P( ) o 7944t 2 o 7944t 1. The relative growth rate IS--= 0.7944, so-
d 
= 0.7944P and, by eorem 2, t = 0 e · = e · . 

p dt t 

Thus, P(6) = 2e0·7944<6l ;:::j· 234.99 or about 235 members. 

3. (a) By Theorem 2, P(t) = P(O)ekt = lOOekt. Now P(l) = lOOek(t) = 420 => ek = ��g => k = ln4.2. 

So P(t) = 10oe<1n4·2lt = 100(4.2)t. 

(b) P(3) = 100(4.2? = 7408.8 ;:::j 7409 bacteria 

(c) dP /dt = kP => P' (3) = k · P(3) = (ln4.2) (100(4.2)3) [from part (a)] ;:::j 10,632 bacteria/h 

(d)P(t)=100(4.2)t=10;ooo => (4.2)t='=100 � t=(ln 100)/(ln4 .2) ;:::j 3.2 hours 

5. (a) Let the population (in millions) in the year t be P(t). Since the initial time is the year 1750, we substitute t- 1750 fort in 

Theorem 2, sq the exponential model gives P(t) = P(1750)ek(t-t7 50l. Then P(1800) = 980 = 790ek(tsoo-tno) => 

�gg = ek(So) � In ��g = 50k' � k = to ln ��g ;:::j 0.0043104. So with this model, we have 

P(1900) = 790ek<1900-1750l ;:::j 1508 million, and P(1950) = 790ek(1950-1750l � 1871 million. Both of these 

estimates are much too low. 

(b) In this case, the exponential model gives P(t) = P(1850)ek(t-tsso) � P(1900) = 1650 = 1260ek( 1900- 1850l => 

In ���g = k(50) => k = to In ���g ;:::j 0.005393. So with this model, we estimate 

P(1950) = 1260ek(1950-1850l ;:::j 2161 million. This is still too low, but closer than the estimate of P(1950) in part (a). 

(c) The exponential model gives P(t) = P(1900)ek(t-tQOO) => P(1950) = 2560 = 1650ek(l950-1900) => 

In i��g = k(50) => k = 
5
1
0 

In ���g � 0.008785. With this model, we estimate 

P(2000) = 1650ek(2000-1900l ;:::j 3972 million. This is much too low. The discrepancy is explained by the fact that the 

world birth rate (average yearly number of births per person) is about the same as always, whereas the mortality rate 

(especially the infant mortality rate) is much lower, owing mostly to advances in medical science and to the wars in the first 

part of the twentieth century. The exponential model assumes, among other things, that the birth and mortality rates will 

remain constant. 

7. (a) If y = [N20s] then by Theorem 2, �� = -0.0005y => y(t) = y(O)e-o.ooost = ce-o.ooost. 

(b) y(t) = ce-o.ooost = 0.9C � e-o.ooost = 0.9 => -0.0005t = ln0.9 ==> t = -2000 ln0.9 ;:::j 211 s 

9. (a) If y(t) is the mass (in mg) remaining after t years, then y(t) = y(O)ekt = 100ekt. 

y(30) = 100e30k = �(100) � e30k = � ==> k = -(ln2)/30 ==> y(t) = 100e-(1n2)t/JO = 100 · Tt/30 · 
I ' 

(b) y(lOO) = '100 · 2-I00/30 ;:::j 9.92 mg 

(c) 100e-(ln 2lt/30 = 1 ==> -(ln 2)t/30 =In 
1
�

0 
� t = -30 ���·g1 ;:::j 199.3 years 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 



126 0 CHAPTER 3 DIFFERENTIAL EQU�TIONS 

11. Let y(t) be the level of radioactivity. Thus, y(t) = y(O)e-kt and k is determined by using the half-life: 

inl ln2 y(5730) = _21y(O) => y(O)e-k(573o) = _21y(O) => e-573ok = _21 => �5730k = ln-
21 => k = ___ 2 = --5730 5730' 

If74% of the 14C remains, then we know that y(t) = 0.74y(O) => 0.74 = e- t(ln 2)/5730 tln2 => ln0.74 =- 5730 => 

t= 5730(1n0.74) 2489 2500 In2 � � · years. 

13. (a) Using Newton's Law of Cooling, �� = k(T- Ts), we have � = k(T- 75). Now let y = T- 75, so 

y(O) = T(O)- 75 :;= 1 85- 75 = 11 0, soy is a solution of the initial-value problem dyjdt = ky with y(O) = 1 10 and by 

Theorem 2 we have y(t) = y(O)ekt = 110ekt. 

y(30) = 110e30k c= 150-75 => e3� k = 17150 = �� => k = io In;�. so y(t) = llOesttln(H) and 

y(45) = 110eM In( H)� 62°F. Thus, T(45) � 62 + 75 = 137°F. 

(b) T(t) = 1 00 => y(t) = 25. y(t) = 110ei'otln(�) = 25 => efotln(H) = 12t0 => 
3�tln ��==In 12 1� => 

30 In .22.. t = In �1 0 � 1 16 min. 

22 
dT · · d 15. di = k(T- 20). Letting y = T- 20, we get d; = ky, so y(t) = y(O)ekt . •  y(O) = T(O)- 20 = 5-20 = -15, so 

y(25) = y(O)e25k = -15e25k, and y(25) = T(25)- 20 = 10-20 = -1 0, so -15e25k = -10 => e25k == j. Thus, 

25k = in(j) and k = � ln(j), so y(t) = y(O)ekt = -15e<1125 l1n(2/3lt. More simply, e25k = j => ek::;; (�) 1125 => 

ekt = (jf25 => y(t) = _1 5 . (j)t/25. 

(a) T(50) = 20 + y(50) = 20-1 5 · (�)5 0125 = 20""' 15 · (�l = 20- 2� = 13.3 °C 

(b) 15 = T(t) = 20 + y(t ) = 20-1 5 · (�)t/25 => 1 5 · (�f25 = 5 => (jf25 = i => 

(t/25) ln(j) = In(t) => t = 25 1n(i)/in(j) � 67.74 min. 

17. (a) Let P(h) be the pressure at altitude h. Then dP/dh = k P => P(h) = P(O)ekh = 101.3ekh. 

P(IOOO) = 101.3e1000k = 87.14 => 1000k = In( �bi��) => k = 10100 In ( �bi1�) => 

P(h) = 101.3 eufimhlnmi1®), so P(3000) = 101.3e31n(Nt.t) 
� 64.5 kPa. 

(b) P(6187) = 101.3 e� In(�)� 39.9 kPa 
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· ( r )nt 
19. (a) Using A = A0 1 + :;;: with Ao = 3000, r = 0.0&, and t = 5, we have: 

(i) Annually: n = 1; A= 3000(1 + 0·f5)H = $3828.84 

(ii) Semiannually: n = 2; A= 3000(1 + o.gs t5 = $3840.25 

(iii) Monthly: n = 12; A= 3000(1 + 0i�5)1H = $3850.08 

(iv) Weekly: n =52; A= 3000(1 + 05�5)52.5 = $3851. 61 

(v) Daily: n = 365; A= 3000(1 + �·�;)365'5 = $3852.01 

(vi) Continuously: A = 3000e(o.os)s = $3852.08 

(b) dAjdt = 0.05A and A(O) = 3000. 

3.9 Related Rates 

3 dV dVdx 2dx 1· V = x '* 
dt = dx dt = 

3x dt 

3. Let 8 denote the side of a square. The square's area A is given by A = 82. Differentiating with respect to t gives us 

�� = 28 �: .When A= 16, s = 4. Substitution 4 for sand 6 for �: gives us �� = 2(4)(6) = 48 cm2js. 

5. V = 71T2 h = 7r(5)2 h = 257rh dV dh dh dh 3 . 
'* dt = 2571" dt '* 3 = 2571" dt ==> dt = 2571" m/mm. 

fiC'0""1 dx 7. (a) y=y"'"''+and dt =3 '* dy =dy dx= . .!(2 +1)-�/2·2·3= 3 Wh =4 dy =2_=1 dt dx dt 2 x J2x + 1 · en x ' dt J9 · 

(b) y = v'2x+ 1 y2 = 2x + 1 '* 2x = y2 - 1 =} x = -21 y2 - � and dy = 5 '* dt 
dx dx dy � dx 

· 

- = --= y · 5 = 5y. When x = 12, y 
= 

v 25 = 5, so -d = 5(5) = 25. & �& t 

d 2 2 2 d dx dy dz dx dy dz If dx = 5 dy = 4 d 9· dt (x + y + z ) = dt (g) ==> 2x dt + 2Y dt + 22 dt = 0 ==> x dt + y dt + z dt = O. dt ' dt an 

dz dz (x,y,z)=(2,2,1),then 2(5)+2(4)+1 dt =0 =* dt =-'--18. 

11. (a) Given: a plane flying horizontally at an altitude of .1 mi and a speed of 500 mi/h passes directly over a radar station: 

If we let t be time (in hours) and x be the horizontal distance traveled by the plane (in mi), then we are given 
that dxjdt = 500 mi/h. 

(b) Unknown: the rate at which the distance from the plane to the station is increasing (c) 

when it is 2 mi from the station. If we let y be the distance from the plane to the station, 

then we want to find dy / dt when y = 2 mi. 

(d) By the Pythagorean Theorem, y2 = x2 + 1 '* 2y (dyjdt) = 2x (dxjdt). 

X 

I� 

dy X dx X . 2 2 r;; dy y'3 r;; . (e) -d = --d = -(500). Smce y = x + 1, when y = 2, x = v3; so-d = -2 (500) = 250 v3 � 433 mt/h. t y t y t 
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13. (a) Given: a man 6ft tall walks away from a street light mounted on a 15-ft-tall pole at a rate of 5 ft/s. If we lett be time (in s) 

and x be the distance from the pole to the man (in ft), then we are given that dx / dt = 5 ft/ s. 

15. 

17. 

(b) Unknown: the rate at which the tip of his shadow is moving when he is 40ft 
from the pole. If we let y be the distance from the man to the tip of his 

(c) 

shadow (in ft), then we want to find ! (x + y) when x =40ft. 
X y 

(d) By similar tri�gles, 15. = x + y => 15y = 6x + 6y => 9y = 6x => y = � x. ,6 y 

. d d ( 2 ) '5dx 2· (e) The ttp of the shadow moves at a rate of dt (x + y) = dt x + 3x = 3 dt = �(5) = f ft/s. 

I X 
x+y 

1 p ! _____________ _ , 
500 

We are given that d
d
x = 60 mi/h and d

d
y 

= 25 mijh. z2 = x2 + y2 => 
t t . 

dz dx dy dz dx dy dz 1 ( dx dy) 2z dt = 2x dt + 2Y dt => z dt = x dt + y dt => dt = � x dt + y dt · 

After 2 h�urs, x = 2 (60) = 120 andy= 2 (25) =50 => z =· v'1202 + 502 = 130, 
dz _ .!. ( dx dy) _ 120(60) + 50(25) _ 6 5  ·;h so dt - z x dt. + y dt - 130 - mt · 

. . dx � 2 We are given that dt =4ft/s and dt = 5 ft/s. z2 = (x + y) + 5002 => 

dz ( dx dy) . 2z dt = 2 ( x + y) dt + dt . 15 mmutes after the woman starts, we have 

x = (4 ft/s)(20 min)(60 sjmin) = 4800 ft andy= 5 · 15 · 60 = 4500 => 

z = J(4800 + 4500)2 + 5002 = v'86,740,000, so 

dz = x + y ( dx + dy) = 4800 .+ 4500 (4 + 5) = � ;:;:J 8.99 ftjs. dt z dt dt y'86,740,000 v'8674 

19. A = �bh, whe;e b is the base and his the altitude. We are given that �� = 1 em/min and �� = 2 cm2 /min. Using the 

21. 

dA 1 ( dh db ) . 
Product Rule, we have dt = 2 b dt + h dt . When h = 10 and-A= 100, we have 100 = �b(10) => �b = 10 => 

b = 20, so 2 = 4 ( 20 · 1 + 10 :) => 4 = 20 + 10 : => : � 4 �0
20 = -1.6 em/min. 

100 B 
.----------------·-

yi 
--�'---' 

X 

A 

We are given that �� = 35 km/h and �� = 25 km/h. z2 = (x + y)2 + 1002 => 

2z �; = 2(x + y)( �+it). A t4:00 PM, X= 4(35) = 140 andy= 4(25) = 100 => 

z = J(140 + 100)2 + 1002 = v'67,600 = 260, so 
dz = x + y (dx + dy) = 140 + 100 (35 25) = 720 

;:;:J 55 4 km/h dt z dt dt 260 + 13 . . . 
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23. If C = the rate at which water is pumped in, then 
d
d
V = C - 10,000, where ' t 

V = �1r-r2 h is the volume �t timet. By similar tria11gles, ·� = � 1 => r = -h => 3 

1 (1 )2 " 3 dV 7rh2 dh 
Wh . h 200 V = 371" 3h h = 27h => Tt :;:= g dt. en = em, 

2 

dh 
= 20 em/min, soC- 10,000 = 

�(200)2(20) => C = 10,000 + 800
9
•000 

7r � 28 9,253 em3/min. & 9 . . 
25. The figure is labeled in meters. The area A of a trapezoid is 

Hbase1 + base2)(height), a11d the volume V of the 10-meter-long; trough is lOA. 

Thus, the volume of the trapezoid with height h is V � (lOH [0.3 + (0.3 + 2a)]h. 

B · 'I · I a 0·25 1 2 h V 5(0 6 h)h 3h 5h2 y stmt ar trtang es, h = 0.5 = 2' so a = => = · + = + · 

Now �� = �� �; => 0.2 = (3 + lDh) �; => ·�; = 

3 
�·�Oh. ·When h = 0.3, 

dh o.2 0.2 I . 1 I . w I . 
dt = 3 + 10(0.3) = 6 m mm = 

30 m mm or 3' em mm. 

. dV 3 . 1 2 1 (h) 2 7rh3 . 27. We are gtven that Tt = 30ft / mm. V = 37rr h = 371" 2 h = 12 => 

dV dV dh 30 = 

7rh2 dh dh 120 
. Tt = dh dt ::} 4 dt ::} dt = 7rh2. 

dh 120 6 . 
W hen h = 10ft, dt = 

10271" 
= 571" 

� 0.38 ft/mm. 

29. A= �bh, but b = 5 m and siniJ = � => h = 4sin1J, so A= �(5)(4sin1J) = 10siniJ. 

. diJ . dA dAdiJ 
We are giVen dt = 0.06 rad/s, so dt = diJ dt = (10eos1J)(0.06) = 0.6eosiJ. 

When IJ = i· �� � 0.6(eos i) = (0.6)0) = 0.3 m2/s. 

31. From the figure and given information, we have x2 + y2 = L 2, �� = -0.15 m/ s, and 

�� = 0.2 m/ s when x = 3m. Differentiating implicitly with respect tot, we get 

wall 

2 2 £2 2 dx 2 
dy 0 dy dx S b . 

. h . Y x + Y = => x dt + y dt = => y dt = -x dt . u . stttutmg t e gtven 

information gives us y( -0.15) = -3(0.2) => y = 4m. Thus, 32 + 42 = Lz � 
£2 = 25 ==> L = 5m. 

5 

X 
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33. Differentiating both sides of PV = C with respect to t and using the Product Rule give; us P � + V d: = 0 ::::} 

dV VdP dP . dV. 600 . di = - p dj· WhenV = 600, P = 150 and di = 20, so we have di = - 150 (20) = -80. Thus, the volume 1s 

decreasing at a rate of 80 cm3jmin. 

35 W.th R 80 d R 100 1 1 1 ·1 · 1 180 - 9 R 400 D'ffi . . 1 1 1 
. I 1 = . an 2 = ' R = RI + R2 

= 80 + 100 = 8000 = 400' so = 9. I erentlatmg R = RI + R2 
. . 1 dR · 1 dR1 1 dR2 dR 2 ( 1 dR1 1 dR2) w1th respect tot, we have - R2 dt = 

- R? dt - � dt . ::::} dt = R R? dt + � dt . When R1 = 80 and 

dR 4002 [ 1 1 ] 107 R2 = 100, dt = g2 802 
(0.3) + 1002 

(0.2) = 810 �.0.132 f!js. 

37. We are given d(Jjdt = 2°/rnin = fo rad/min. By the Law of Cosines, 

x2 = 122 + 152 - 2(12)(15) cos (J = 369 - 360 cos (J ::::} 

2 dx = 360 . (J d(J dx = 180 sin8 d(J Whe (J = 600 X dt SID dt ::::} dt X dt' 
n 

' 
15 

x = v'369 - 360 cos 60° = v'i89 = 3 J2I so dx = 180 sin 600 7r 
= 

7r y'3 = v'7 7r � 0.396 m/min. ' dt 3v'21 90 3v'2i 21 . 
39. (a) By the Pythagorean Theorem, 40002 + y2 

= f.2• Differentiating with respect tot, 

we obtain 2y d
d
y 

= 2£ de
d . We know that d

d
y = 600 ftjs, so when y = 3000 ft, t t t . 

. e = v' 40002 + 30002 = v'25,ooo,ooo = 5000 ft 
de y dy 3000 1800 

and dt = "i dt = 5000 (600) = -5- = .360 ftjs. 

(b) Here tan (J = 4� d d ( y ) 
dt(tanB) = dt 4000 

�' 
4000 

d(J cos2 (J dy ::::} dt = 4000 dt · When 

. 'dy 4000 4000 4 d(J (4/5)2 
y = 3000 ft, dt 

= 600 ft/s, l = 5000 and cos 8 = -l- = 5000 = 5, so dt 
= . 4000 (600) = 0.096 radjs. 

x 2 d(J 1dx · ( 1r)2( 1r ) 1dx 41. cot (J = 5 ::::} -esc (J dt = 5 dt ::::} - esc 3 -6 = 5 dt ::::} 

: = 5; (JaY= 1� 1r km/min [� 130 mi/h] 

43. We are given that 
dx
d · = 300 km /h. By the Law of Cosines, t . 

y2 = x2 + 12 - 2(1)(x)cos 120° = x2 + 1- 2x(-�) = x2 + x + 1, so 

dy = 2x + 1 dx After 1 minute x = l!!!!!. = 5 km ::::} dt 2y dt. ' 60 

::::} dy 
= 

2(5) + 1 (300) = 
1650 � 296 km/h. dt 2 v'3I v'3I 

X 
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45. Let the distance between the runner and the friend be £. Then by the Law of Cosines, 

£2 = 2002 + 1002-2 · 200 ·100 ·cosO= 50,000- 40,000cos0 (*).Differentiating 

implicitly with respect to t, we obtain 2£ : = -40,000(- sin 0) �:. NoV( if D is the 

distance run when the angle is 0 radians, then by the formula for the length of an arc 

. 0 ha D 1008 0 1 D dO 1 dD 7 ...., b
. 

· · h · &. on a circle, s = r , we ve = , so = 100 => dt = 100 dt = 100. •O su stJtute mto t e expressiOn .or 

did , we must know sinO at the time when f.= 200, which we find from(*): 2002 = 50,000- 40,000cos0 <=? t . 

cosO= i => sinO= J1- (tf = �·Substituting, we get 2(200) : = 40,000�C�) � 

d£/ dt = 7 f5" � 6. 78 m/s. Whether the distance between them is increasing or decreasing depends on the direction in which 

the runner is running. 

3.10 Linear Approximations and Differentials 

1. f(x) = x4 + 3x2 � !'(;) = 4x3 + 6x, so f( -1) =4 and J'(-1) = -10. 

Thus, L(x) = f( -1) + f'( -1}{x- ( -1)} = 4 + ( -lO}{x + 1) = -lOx- 6. 

3. J(x) = .JX � J'(x) = �x-112 = 1/(2.JX), so /{4} = 2 and /'(4) = t· Thus, 

L(x) = f(4) + f'(4)(x- 4} = 2 + :!(x-4) = 2 + ix -1 = ix + 1. 

-1 5. f(x) = V1=X � f'(x) = Vl=X' so f(O) = 1 and j'(O) = ·-�. 
2 1-x 

Therefore, 

v'1-x = f(x) � f(O) + f'(O)(x-0) = 1 + (-�)(x - 0) = 1- �x. 

So JQ.9 = y'l-(IT � 1- �(0.1) = 0.95 

and v'if.99 = v'1- 0.01 � 1-�(0.01) = 0.995. 

7.f(x)=ln(1+x) � J'(x)=-1
1 

,soj{O)=Oandf'(O)=l. +x 
Thus, f(x) � /{0) + !' {O){x - 0) = 0 + l{x) = x . We need 

In(1 + x)-0.1 < x < In{1 + x) + 0.1, which is true when 

--;-0.383 < X < 0.516. 

, 9. f(x) = {/1 + 2x => f'(x) = t(l + 2x)-314(2) = �(1 + 2x)-314, so 

f(O) = 1 and /'{0) = � -Thus, f(x) � f(O) + f'(O)(x- 0) = 1 + �x. 

We need {/1 + 2x-0.1 < 1 + �x < {/1 + 2x + 0.1, which is true when 

-0.368 < X < 0.677. 

-I 

2 

-0.5 '----'------' 
Q 
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11. (a) The differential dy is defined in terms of dx by the equation dy = f'(x) dx. For y = f(x) = x2 sin2x, 

f'(x) = x2 cos 2x · 2 +sin 2x · 2x = 2x(xcos 2x + sin2x), so dy = 2x(xcos 2x +sin 2x) dx. 

1 1 I" t t 
(b) For y = f(t) =In Vf+'t2 = � ln(1 + t2), f (t) = 2 · 1 + t2 · 2t = 1 + t2 , so dy = 1 + t2 dt. 

13. (a) For y = f(t) = tan VI, f' (t) = sec2 VI· -2
1 c1/2 = sec2 ;fi, so dy = sec2 ;fi dt. 

2vt 2vt 
1- v2 

(b)Fory = f(v) = 1+v2' 

!'( ) = (1+ v2)( -2v)- (1- v2)(2v) = -2v[(1 + v2) + (1- v2)) = -2v(2) = -4v v (1 + v2)2 (1 + v2)2 (1 + v2)2 (1 + v2)2' 

-4v · 
so dy = (1 + v2)2 dv. 

(b) x = 0 and dx = 0.1 ::} dy = 1�e0110(0.1) = O.Gl. 

1 1 
(b) x = 1 and dx = -0.1 ::} dy = v'3+12(-0.1) = -2(-0.1) = -0.05. 3+1 

19. y = f(x) = 2x- �2, x = 2, .6x = -0.4 ::} 

.6y = /(1.6) - /(2) = 0.64- 0 = 0.64 

dy = (2- 2x) dx = (2- 4)( -0.4) = 0.8 

21. y = f(x) = 2/x, x = 4, .6x = 1 ::} 

.6y = /(5)- /(4) = �- � = -0.1 

2 2 dy =-x2 dx =-42(1) = -0.125 

dx=b..x 

X 

X 

23. To estimate (1.999)\ we'll find the linearization of f(x) = x4 at a== 2. Since f'(x) = 4x3, j(Q) = 16, and 

!'(2) = 32, we have L(x) = 16 + 32(x ...,.- 2). Thus, x4 � 16 + 32(x- 2) when xis near 2, so 

(1.999)4 � 16 + 32(1.999- 2) = 16- 0.032 = 15.968. 

25. y = f(x) = � ::} dy = ix-213 dx. When x = 1000 and dx = 1, dy = i{1ooo)-213(1) = 3�0, so 

ffiOI = !(1001) � !(1000) + dy = 10 + 3�0 = 10.003 � 10.003. 
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27. y = f(x) = tanx ==> dy = sec2 xdx. When x = 45° and dx = -1°, 

dy = sec2 45°{ -11'/180) = .( vl2} ( -11'/180) = -11'/90, so tan44° = /{44°);::;: /{45°) + dy = 1- 11'/90 � 0.965. 

29. y = f(x) = secx ==> f'(x) = secx tanx, so f(O) = 1 and /'{0) = 1 · 0 � 0. The linear approximation off at 0 is 

f(O) + f' (O)(x-0) = 1 + O(x) = 1. Since 0.08 is close to 0, approximating sec 0.08 with 1 is reasonable. 

31. y = f(x) = lnx ==> f'(x) = 1/x, so /(1) = 0 and /'(1) = 1. The linear approximation off at 1 is 

/(1) + f'(1){x -1) = 0+ 1(x -1) = x -1. Now J(1.05) = lnl.05;::;: 1.05-1 = 0.05, so the approximation 

is reasonable. 

33. (a) Ifx is the edge length, then V = x3 => dV = 3x2 dx. When x = 30 and dx = 0.1, dV = 3{30?(0.1) = 270, so the 

maximum possible error in computing the volume of the cube is about 270 cm3. The relative error is calculated by dividing 

the change in V, A V, by V. We approximate A V with dV. 

. AV dV 3x2 dx dx ( 0.1) 
Relative error= V � V =.� = 3-;- = 3 30 = 0.01. 

Percentage error = relative error x 100% = 0.01 x 100% = 1%. 

(b) S = 6x2 => dS = 12x dx. When x = 30 and dx = 0.1, dS = 12(30)(0.1) = 36, so the maximum possible error in 

computing the surface area of the cube is about 36 cm2• 

. AS dS 12xdx dx (0.1) -
Relative error= S ;::;: S = � = 2-;- = 2 30 = 0.006. 

Percentage error = relative error x 100% = O.oo6 x 100% = 0.6%; 

35. (a) For a sphere of radius r, the circumference is C = 21rr and the surface area isS= 411'r2, so 

c ( c )2 C2 2 2 84 r = -2 => S = 411' -2 = - => dS = -CdC. When C = 84 and dC = 0.5, dS = -(84)(0.5) = -, 
11' 11' 11' 11' 11' 11' 

so the maximum error is about � ;::;: 27 cm2• Relative.error;::;: 
d: = :44f1: = ;4 ;::;: 0.012 = 1.2% 

1 1764 . . 1764 dV = -2 2 (84?(0.5) = -. 2-, so the maximum error IS about -2- ;::;: 179 cm3. 11' 11' 11' 
, 

I 2 
Th I . . . I 

dV 1764 1r 1 w e re ative error 1s approximate y V = (84)3/(611'2) = 56 � 0.018 = 1.8to. 

(b) The error is 

AV -dV = [1r(r + Ar)2h - 7tT
2h)-211'rhAr = 1rr2h + 21rrhAr +1r(Ar?h -1rr2h-21rrhAr = 1r(Ar)2h. 
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. 

V V . . . · . . . t::..I di -(VjR2)dR dR 39. V = RI � I= R � di =- R2 dR. The relative error m calculatmg I IS T � I = V/ R = -
R

. 

Hence, the relative error in calculating I is approximately the same (in magnitude) as the relative error in R. 

de 41. (a) de = dx 
dx = 0 dx = 0 

d · du (b) d(cu) = dx (cu) dx = c dx dx = cdu 

d (du dv) du dv (c) d( u + v) = dx ( u + v) dx = dx + dx dx = dx dx + 
dx d

x = du + dv 

d ( dv du) dv du 
(d) d( uv) = dx ( uv) dx = u dx + v dx dx = u dx dx + v dx dx = u dv + v du 

du dv du dv ( u) d ( u) . v dx -
u dx . 

v dx 
dx - u d dx v du - u dv 

(e) d - = - - dx = dx = x = 
v dx v v2 v2 v2 

43. (a) The graph shows that !'(1) = 2, so L(x) = f(1) + j'(1)(x- 1) = 5 + 2(x- 1) = 2x + 3. 

j(0.9) � £(0.9) = 4.8 and f(l.l) � £(1.1) = 5.2. 

(b) From the graph, we see that f' ( x) is positive and decreasing. This means that the slopes of the tangent lines are positive, 

but the tangents are becoming less steep. So the tangent lines lie above the curve. Thus, the estimates in part (a) are too 

large. 

3.11 Hyperbolic Functions 

eln2 _ e-ln2 eln2 _ (eln2)-1 2 _ 2-1 2 _ 1 3 3. (a) sinh(ln 2) = 
2 

= 
2 

= 
2 

= T = 
4 

(b) sinh2 = He2- e-2) � 3.62686 

1 1 5. (a)sechO= -- =- = 1 
coshO 1 (b) cosh -l 1 = 0 because cosh 0 = 1. 

= i[(ex+y + ex-y _ e""'x+y _ e-x-y) + (ex+y _ ex-y + e-x+y _ e-X-Y)J 

= i(2e"'+Y- 2e-x-y) = �[e"'+Y- e-(x+y)] = sinh(x + y) 

13. Divide both sides of the identity cosh2 x- sinh2 x = 1 by sinh2 x: 

© 2012 Ceng�e Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in >Wole or in part. 



SECTION 3.11 HYPERBOLIC FUNCTIONS 0 135 

15. Putting y = x in the result from Exercise 11, we have 

sinh2x = sinh(x + x) = sinhx coshx_+coshx sinhx = 2sinhx coshx. 

sinb(lnx) (elnz- e-lnx)/2 X- (elnx)-1 _ x- x-1 x- 1/x (x2 -1)/:t x2- 1 
17. tanh(ln x) = = = - = 

/ 
= ( 2 )/ 

= -2-cosb(lnx) (elnx+e-lnx)/2 x+(elnx)-1 x+x 1 x+1 :t X +1 X X +1 

19. By Exerci�e 9, (coshx + sinhx)n =. (e"' )n =en"' =cosh nx + sinh nx. 

1 1 3 
21. sechx = cosbx => sechx = 5/3 = s· 

cosh2 x- sinh2 x = 1 => sinh2 x = cosh2 x- 1 = (i)2- 1 = Jf_ => sinbx = � [because x > 0]. 
- 1 cscbx= �nh . . Sl X 

anh si
_
nhx t x= -­coshx 
1 cotbx= -­tanhx 

. 1 3 
* cschx = 

4/3 = 4· 

4/3 4 :=} tanhx = 5/3 = s· 

1 5 
:=} cothx = 

415 = 4· 

e"' -e-x e-x 1. 1 - e-2x 1 - 0 1 23. (a) lim tanh X = lim 
· - = _ _I_.m00 1 + e-2x 

= _1_+_0 = 
X--+00 X--+00 eX + e-X e-X ....,-----.. 

e"' -e-x e"' e2"'- 1 0- 1 
(b) lim tanbx = lim · - = lim --- = -- = -1 

x�-oo X--+-00 eX +e-X eX X--+-00 e2X + 1 0 + 1 
x -x 

()r 'h r 
e -e 

C .,!_.�Sill X = ,!_.� 2 = 00 

ex- e-x 
(d) lim sinhx = lim 2 . = -oo X--+-00 X-+-00 

(e) lim sechx = lim 2 = 0 
X-+00 X-+00 eX + e .. -X 

· - · ex +e-x e-x 
(f) lim cotb x =-lim ·---

x-+oo X--+00 eX - e-X e-X lim 1 + e-2x 

= 1 + 0 = 1 [Or: Use part (a)] 
x--+00 1 - e-2x 1 - 0 

(g) lim cotb x = lim c�s
h

h x = oo, since sinh x -+ 0 through positive values and cosh x -+ 1. 
X--+0+ x�o+ Sill X 

(h) lim coth x = lim c�nhsh x = -oo, since sinh x -+ 0 through negative values and cosh x -+ 1. 
z--+O- x--+O- Sl ·X . 

(i) lim cschx = lim 2 = 0 X--+-00 X--+-00 eX- e-X 

25. Let y = sinb-1 x. Then sinhy = x and, by Example 1(a), cosh2 y- sinh2 y = 1 => [with cosby> 0] 

/ 

coshy =·V1 + sinb2 y = J1 + x2• So by Exercise 9, eY = sinhy +cosby= x + /f+X2 => y = ln(x + /f+X2). 

· sinhy (eY -e-Y)/2 eY e2Y -1 27. (a) Let y = tanh-1 x. Then x = tanby = --b- = ( )/2 
·- = -2

--
1 

:;. xe2Y + x = e2Y -1 :;. 
. cos y eY + e-Y eY e Y + 

:;. 2y =In --(1 +x) 
1-x :=} y=-ln --. 1 (1 +X) 

2 1- X 
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(b) Let y = tanh -1 x. Then x = tanh y, so from Exercise 18 we have 

e2Y = 1 + tanh y = 1 + x =} 2y = In ( 1 + x) =} y = 1 In ( 1 + �). 
1-tanhy 1-x 1-x 2 1-x 

29. (a) Let y = cosh -1 x. Then cosh y = x andy � 0 =} sirih y �� = 1 =} 

dy- _J.__ - 1 = �
x

1
_ 1 

[since&inhy � Ofory � 0}. Or: UseFormula4. 
dx- sinhy-

)cosh2y-1 vx- - .t 

(b) L t nh-1 Th t h sech2 y 
d

dy
x 

= 1 ____,_ dy 1 1 . . 1 
et y = a x. en an y = x =} 

--7 dx = sech2y 
= 

1 _ tanh2 Y 
= 

1 _ x2 · 

Or: Use Formula 5. 

(c)Lety=csch-1x.Thencschy=x =} -cschycothy
dx
dy =1 =} 

dx
dy =- h 

1 
h . ByExercisel3, cs� ycot y 

coth y = ±J csch2 y + 1 = ±Jx2 + 1. If x > 0, then coth y > 0, so coth y = .JX2+1. If x < 0, then coth y < 0, 

so coth y = -J x2 + 1. In either case we have 
d
dy = - h 

1 
th = x csc yco y 

1 

(d) Let y = sech-1 x. Then sechy = x =} -sechy tanhy: = 1 =} 

dy 1 
dx = � sechy tanhy 

1 1 [Note that y > 0 and so tanhy > 0.] 
xJ1-x2' 

(e) Let y = coth-1 x. Then coth y = x 

by Exercise 13. 

=} - csch2 y dy = 1 =} 
dx . 

dy 1 1 1 
dx = -

csch2 y = 1 -coth2 y 
= 

1 - x2 

31. f(x) � x sinhx � coshx =} f'(x) = x (sinhx) ' + sinhx · 1- sinh x = xcoshx 

1 sinhx 33. h(x) = ln (coshx) =? h '(x) = --
h

- (coshx)' = --
h
- = tanhx 

COS X COS X 

35. Y = ecosh3x =} y' = ecosh3x. sinh3x . 3 = 3ecosh3x sinh3x 

37. f(t) = sech2(et) = (sech(et)]2 =} 

f'(t) = 2(sech(et)] (sech(et)]' = 2sech(et) [-sech(et) tanh(et) · et] = -2et sech2(et) tanh(et) 

39_ G(x) = 1- coshx '* 
1 + coshx 

G '(x) = (1 +cosh x)(-sinhx)- (1-cosh x)(sinhx) = -sinhx-sinhx cosh:i:- sinhx + sinhx coshx 
(1+coshx)2 · · (1+coshx)2 

-2 sinhx = ..,------,--,-::-(1 + coshx)2 

41. y =cosh-1ft =} y' = . 1 
dx
d 
(fi) = � 1

;;; = 7--:;:::::;=
1

=::? . J(vx)2_1 · vx-1 2 vx 2jx(x-1) 
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. 1 'nh-1 (X) 1/3 2x . ·nh.-1 (X) + X X. 'nh-1 (X) y = S1 3 +X J1 + (x/3)2 - 2 y'g + x 2 = 
S1 , 3 V9 + x 2 - � = Sl 3 

45. y = coth-1(secx) =? 

1 1 d secx tanx secx tanx secx tanx 
· 
y 

= 1- (secx)2 dx 
(secx) = 1-sec2 x = 

1:- (tan2 x + 1) = -tan2 x 
secx 1/ cosx 1 =---=- =---=-cscx tan x sin x/ cos x sin x 

d 1 � tanhx) = sech2 x = 1/ cosh2 x 47· 
dx 

arctan(tanhx) = 1 + (tanhx)2 dx 
( 1 + tanh2 x 1 + (sinh2 x)/ cosh2 x 

1 1 - - --- [by Exercise 16] = sech 2x - cosh2 x + sinh2 x - cosh 2x 

49. As the depth d of the water gets large, the fraction 2�d gets large, and from Figure 3 or Exercise 23(a), tanh(2�d) 

approaches 1. Thus, v = 

51. (a) y = 20 cosh(x/20)-15 =? y1 = 20 sinh(x/20) · 2� = sinh(x/20). Since the right pole is positioned at x = 7, 
we have y1 {7) = sinh ;0 ::<:: 0.3572. 

(b) Ifa is the angle between the tangent line and the x-axis, then tav.a =slope of the line= sinh fo, so 

a= tan-1 (sinh ;0) ::<:: 0.343 rad ::<:: 19.6 6°. Thus, the angle between the line and the pole is 8 = 90°-a::<:: 70.34°. 

53. (a) From Exercise 52, the shape of the cable is given by y = f(x) = � cosh( p�x). The shape is symmetric about the 

y-axis, so the lowest point is {0, f{O)) = ( 0, �) and the poles are at x. = ±100. We want to find T when the lowest 

point is 60 m, so I_= 60 =? T = 60pg = ( 60 m)(2 kg/m){9.8 m/s2) = 1176 kg;m, or 1176N (newtons). 
pg S 1 

The height of each pole is /(100) = � cosh ( pg �100) = 60 cosh ( 16�) ::<:: 1 64.50 m. 

(b) If the tension is doubled from T to 2T, then the low point is doubled since I_ = 60 . * 
2T = 120. The height of the 

pg pg 
poles is now /{100) = !� cosh(pg;�00) = 120 coshC��) ::<:: 1 64 .. 13m,just a slight decrease. 

SS.(a)y= Asinhmx+Bcoshmx * y1= mAcoshmx+mBsinhmx * 

y" = m 2  Asinhmx +m 2Bcoshmx = m 2 (Asinhmx + Bcoshmx) = m 2y 
(b) From part(a), a solution ofy" = 9y isy(x) = Asinh3x+ Bcosh3x. So -4 = y(O) = AsinhO + BcoshO = B, so 

B = -4. Now y1(x) = 3Acosh3x -12 sinh3x * 6 = y1(0) = 3A * A= 2, soy= 2 sinh3x-4 cosh3x. 
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57. The tangent to y = cosh x has slope 1 when y' = sinh x = 1 :;. x = sinh -1 1 = In ( 1 + J2), by Eq_uation 3. 

Since sinhx = 1 andy= coshx = ,/1 + sinh2 x, we have coshx= ..,12. The point is (ln(1 + v'2), v'2). 

59.Ifae"'+be-"'=acosh(x+.B) [orasinh(x+,B)], then 

and e-"', we have a= �e� (1) and b = ±�e-� (2). We need to find a and ,B. Dividing equation (1) by equation (2) 

gives us % = ±e2.6 :;. ( *) 2,8 = In(±%) =? .B = � In ( ±%). Solving equations (1) and (2) for e.B �ives us 

� 2a p a 2a a e = -ande =±-,so-=±- :;. a2 =±4ab =? a=2J±iib. a 2b a 2b 
( *) If % > 0, we use the + sign and obtain a cosh function, whereas if % < 0, we use the - sign and obtain a sinh 

function. 

In summary, if a and b have the same sign, we have ae"' + be-x = 2 Vabcosh(x + � ln %), whereas, if a and b have the 

opposite sign, then ae"' + be-x = 2 v'=libsinh(x +�In(-%)). 

3 Review 
CONCEPT CHECK 

1. (a) The Power Rule: Ifn is any real number, then :!x (xn) = nxn-1. The derivative of a variable base raised to a constant 

power is the power times the base raised to the power minus one. 

(b) The Constant Multiple Rule: If cis a constant and f is a differentiable function, then ! [cf(x)) = c!  f(x). 

The derivative of a constant times a function is the constant times the derivative of the function. 

(c) The.Sum Rule: Iff and g are both differentiable, then d� [f(x) + g(x)] = d� f(x) + d� g(x). The derivative of a sum 

of functions is the sum of the derivatives. 

(d) The Difference Rule: Iff and g are both differentiable, then ! [f(x) '_ g(x)] = d� f(x)- ! g(x). The derivative of a 

difference of functions is the difference of the derivatives. 

(e) The Product Rule: If f and g are both differentiable, then ! [f(x) g(x)] = f(x)! g(�) + g(x)! f(x). The 

derivative of a product of two functions is the first function times the derivative of the second function plus the second , 

function times the derivative of the first function. 

. . d d 
d [f(x)] g(x)- f(x) _: f(x)-g(x) 

(f ) The Quotient Rule: Iff and g are both differentiable, then 
dx 

-( ) = dx 
2 dx ' . g x [g(x)] 

The derivative of a quotient of functions is the denominator times the derivative of the numerator minus the numerator 

times the derivative of the denominator, all divided by the square of the denominator. 
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(g) The Chain Rule: If f and g are both differentiable and F =fog is the composite function defined by F(x) = f(g(x)), 

then F is differentiable and F' is given by, the product F'(x) = f'(g(x)) g'(x). The derivative of a composite function is 

th� derivative of the outer function evaluated at the inner function times the derivative of the inner function. 

2. (a) y = xn => y' = nxn-1 

(c) y =a"' · => y' =a"' Ina 

(e) y = loga x => y' = 1/(x Ina) 

(g) y = cosx => y' =- sinx 

.(i) y = cscx => y' = -cscx cotx · 

(k) y = cot x => y' = - csc2 x 

(m) y = cos-1 x => y' = -1/v'1- x2 

(o) y = sinhx => y' = coshx 

(q) y = tanhx => y' = sech2 x 

(s) y = cosh-1 x => y' = 1/v'x2- 1 

3. (a) e is the number such that lim �h h- 1 = 1. 
h-+0 

(b) e = lim (1 + x?l"' 
x-+0 

(b) y = e
"' => y' =e

"' 

(d) y = lnx => y' = 1/x 

(f ) y = sinx => y' � cosx 

(h) y = tanx => y' = sec2 x 

(j) y = secx '* y' = secx tanx 

(I) y = sin-1 x '* y' = 1/v'1- x2 

(n) y = tan-1 x => y' = 1/(1 + x2) 

(p) y = coshx => y' = sinhx 

(r) y = sinh-1 x '* y' =}/v'f+X2 

(t) y = tanh-1 x '* y' = 1/(1- x2) 

(c) The differentiation formula for y = a"' [y' = a"' ln a] is simplest when a = e because I� e = 1. 

(d) The differentiation formula for y = loga x [y' = 1/(xlna)] is simplest when a= e because lne = 1. 

4. (a) Implicit differentiation consists of differentiating both sides of an equation involving x andy with respect to x, and then 

solving the resulting equation for y'. 

(b) Logarithmic differentiation consists of taking natural logarithms ofboth sides of an equation y = f(x)., simplifying, 

differentiating implicitly with respect to x, and then solving the resulting equation for y'. 
5. �ee the examples in Section 3.7.as weli as the text following Example 8. 

6. (a) 
d
d
y 

= ky, where y is a quantity and k > 0 is a constant. t . 

(b) The equation in part (a) is an appropriate model for population growth, assuming that there is enough room and nutrition to 

. support the growth. 

(c) If y(O) = y0, then the solution is y( t) = y0ekt. 

7. (a) The l·inearization L off at x =a is L(x) = f(a) + f'(a)(x- a). 

(b) lf y = f(x), then the differential dy is given by dy = f'(x) dx. 

(c) See Figure 5 in Section 3.10. 
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140 0 CHAPTER 3 DIFFERENTIATION RULES 

1. True. 

3. True. 

5. False. 

7. False. 

9. True. 

11. True. 

13. True. 

15. True. 

TRUE-FALSE QUIZ 

This is the Sum Rule. 

This is the Chain Rule. 

.!!:_ f(JX) = !' (Vx) 
· 

lx-112 = !
'( Vx)

, which is not !
' (x) . 

dx 2 2vx . 2vx 

d� (10"' ) = 10"' In 10, which is not equal to xl0"'-1. 

d d . 
dx (tan2 x) =-2 tanx sec2 x, and dx (sec2 x) = 2 secx (secx tanx) = 2 tanx sec2 x. 

d d 
. 

d Or: dx (sec2 x) = dx (1 + tan2 x) = dx ( tan2 x). 

lfp(x) = anx
n 

+ an-1X
n-1 + · · · + a1x + ao, then p1(x) = nanx

n-1 + (n -1)an-;1Xn-2 + · · · + a1, which is 

a polynomial. 

If r(x) = :�:�,then r1(x) = q(x)p1 (l�(:)j2(x)q1(x)
, which is a quotient of polynomials, that is, a rational 

function. 

g(x) = x5 => g1(x) = 5x4 => g1(2) = 5 (2)4 = 80, and by the definition ofthe derivative, 

lim 
g(x)- g(2) = g1(2) = 80. 

x�2 x-2 

EXERCISES 

I 3 1/2 1 -1/2 . -3/2 . 3 t;;; 1 1 => y =-x --x -x =-vx--- - --2 2 2 2vx n 

t4- 1 . 1 (t4 + 1)4t3- (t4- 1)4t3 4t3[(t4 + 1)- (t4- 1)) , 8t3 7. y = £
4 + 1 

=> y = 
(t4 + 1)2 

= (t4 + 1)2 ' 
= 

(t4 + 1)2. 

9. Y = ln{xlnx) => y1 = -1-(xlnx)1 = -1- (x ·.!. + Inx . 1) = 1+ lnx 
xlnx xlp.x x xlnx 

1 1 i 1 lnx + 1 Another method: y = ln{xlnx) = lnx+ln lnx => y =- +- · - = ---x lnx x xlnx 

11. y=Vxcosv'x => 

y1 = v'x (cos vrx)' +cos v'x ( vrx)' = v'x [-sin v'x (!x-112)] +cos v'x ( tx-112) 
1 -1/2 ( 1 .  r ' )

. 

cosv'x-v'xsin v'x =2x , -vxsmvx+cosvx = 
2v'x 
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15. ! (y + xcosy) = d� (x2y) => y1 + x (-siny · y1) +cosy· 1 = x2y1 + y · 2x => 

2 1 2xy-cosy y1 - x sin y · y1 -x2y1 = 2xy -cosy => (1 -x sin y - x )y1 = 2xy -cosy => y = �--"--:---"-::-1-x siny-x2 

17. y = Jarctanx 1 d 1 
=> y' = -(arctanx)-112 -d . (arctanx) = ::-r==;==-;-:-�� 2 x 2 Jarctanx (1 + x2) 

19. y = tah c � t2 ) => 

1 2 ( t ) d ( t ) 2 ( t ) (1 + t2) (1) -t (2t) 1 -t2 . 2 ( t ) y =sec 1 + t2 dt 1 + t2 =sec 1 + tZ · (1 + t2)2 = (1 + t2)2 sec 1 + t2 

21. y = 3"'1""' => y1 = 3xlnx(ln 3) �(x lnx) = 3xlnx(ln 3) (x ·.!. + lnx · 1) = 3xlnx(ln 3)(1 + lnx) dx x 

23. y = (1- x-1)-1 => 

y1 = -1(1- x-1)-2[-(-1x-2)) = -(1-1/x)-2x-2 = -( (x -1)/x)-2x-2 = -(x -1)-2 

25. sin(xy) = x2 - y => cos(xy) (xy1 + y · 1) = 2x-y1 � xcos(xy)y1 + y1 = 2x- ycos(xy) => 

1 2x-ycos(xy) y1[xcos(xy) + 1) = 2x-ycos(xy) => y = _ ___,_�-'--"""" xcos(xy) + 1 

1 d 2 
27· Y =logs(1 + 2x) ==> Y1 = (1 + 2x) ln.5 dx {1 + �x) = (I+ 2x) ln5 

29. y = lnsinx-� sin2 x => y1 = � · cosx- � · 2 sinx · cosx.= co tx-sinx cosx 
SID X 

1 1 1 -1 ( ) 4x _1 (  ) 31. y='x tan- (4x) => y =x-,1+(4x)2 ·4+ tan 4x · 1= 1+l6x2 + tan 4x 

33. y = ln!sec5x+ tan5xl => 

1 1 ( 5 t. 5 5 +. 2 5 5) 5 sec 5x ( tan 5x + sec 5x) 5 5 y= secx an x· sec X· = = secx sec 5x + tan 5x sec 5x + tan 5x 

39. y = tan2 (sin8) = [tan(sin8))2 => y1 = 2[tan(sin8))· sec2 (sin8) ·cosO 

JX+l(2-x)5 y1 1 -5 7 41.y= (x+3F => lny=�ln(x+1)+51n(2-x)-7ln(x+3) => -= +----- => y 2 (x + 1) 2- X X+ 3 
1 JX+I(2-x)5 [ 1 .5 7 ] 1 (2-x)4( 3x2-55x-52) y = (x + 3)7 2 (x + 1) - 2-x - x + 3 or y = 2 Jx + 1 (x + 3)8 · 
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142 0 CHAPTER 3 DIFFERENTIATION RULES 

45. y = ln(cosh3x) => y' = { 1 /  cosh3x)(sinh3x)(3) = 3 tanh3x 

47. y = cosh-1(sinhx) , 1 h coshx 
=> y = · COS X = --;.=:::;:=== 

J(sinhx) 2- 1 Jsinh2 x- 1 

49. y = cos ( e v'tan 3x ) => 

y' = -sin ( ev'tan 3x ) . ( ev'tan 3x ) ' = -sin ( ev'tan 3x ) e v'tan 3x . �(tan 3x )-11._2 . sec 2  (3x) . 3 

-3 sin( ev"t&ii3x ) e v"t&ii3x sec 2{3x) 

2 v'tan3x 

51. f( t) = v'4t + 1 => !'( t) = �(4t + 1)-112. 4 = �(4t + 1)-112 => 

f"( t) = 2( -�)(4t + 1)-312• 4 = -4/{4t + 1?/2 .so f"(2) = -4/9312 = - 2�' 

y" = 
5x4y4 [y- x( -x5N')] 

y10 

55. We first s how it is true for n = 1: f(x) = xe"' => f'(x) = xe"' + e"' = (x ;1- 1)e"'. We now assume it is true 

for n = k: f(k)(x) = (x + k)e"'. W ith this assumption, we must show it is true for n = k + 1: 

f(k+1>(x) = d� [!(k)(x)] = d: [(x + k)e"'J = (x + k)e"' + e� = [(x + k) + 1]e"' = [x + (k + 1)]e"'. 

Therefore, J<n>(x) .= (x+ n)e"' by mathematical induction.· 

57. y = 4sin2 x => y' = 4 · 2 sinx cosx. At(�, 1), y' = 8 ·1· 4 = 2 v'3, so an equation ofthet angent line 

isy - 1  = 2v'3 (x-�),ory = 2v'3x+ 1-7rv'3/3. 

59. y = v'1 + 4sinx => y' = �(1 + 4sinx)-112• 4cosx = 2 cos� 
v' 1  +4smx 

At (0, 1), y' = � = 2, so an equation.ofthe tangent line is y- 1 = 2(x-0), or y = 2x + 1. 
v 1 . 

The stope of the noimat tine is -1. so an equation of the normat tine is y.:... 1 = -Hx-o), or y = -1x + 1. 

61. y = (2 + x)e-"' => y' = (2 + x)( -e-"') +e-x ·1;, e-"'[-(2 + x) + 1] = e-"' ( -x- 1). 

At (0, 2), y' = 1(-1) = -1, so an equation of the tangentline isy-2 = - 1(x- 0), ory = -x + 2. 

The slope of the normal line is 1, so an equation of the normal line is y-2 = 1(x-0), or y = x + 2. 

63. (a) f(x) = x v'5- x => 

f'(x) =x [ -21 (5-x)-112(-1)] +v'5-x.= � +v'5-x· 2� = � + 
2� 2 5-x 2 5-x 2 5- x 2 5-x 

-x + 10-2x = 
2 v'5- X 

10 -3x 
2vf5-X 
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(b) At (1, 2): J'(1) = �· (c) lO 

So an equation of the tangent line is y- 2 = i(x- i) or y = ix + i· 

At (4,4): j1(4) = -� = -1 . 

So an equation <?fthe tangent line is y- 4 = -1(x ___: 4) or y = -x + 8. 

-10 

(d) The graphs look reasonable, since j1 is positive where f has tangents with 

positive slope, and f1 
·
is negative where f has tangents with negative slope. 

65. y = sinx + cosx '* y1·= cosx- sinx =10 # cosx = sinx and 0::; x::; 271' # x = i or 5: , so the points 

are (i, J2) and ( 5: , -J2). 

67. f(x) = (x- a)(x- b)(x- c) '* f'(x) = (x- b)(x- c)+ (x- a)(x- c)+ (x- a)(x- b). 

So 
f'(x) = (x- b)(x- c)+ (x- a)(x- c)+ (x- a)(x- b) 

= _
1

_ + _1_ + _1_. 
. f(x) (x- a)(x- b)(x- c) x- a x- b x- c 
Or,· f(x) ·= (x- a)(x- b)(x- c) =* ln !f(x)l = ln lx- al +In lx- bl + ln lx- cl =* 

[1(x) = _1_ + _
1

_ + _
1

_ 

f(x) X - a X - b X -C 

69. (a) h(x) = f(x) g(x) '* h1(x) = f(x) g1(x) + g(x) f'(x) =* 

h1(2) = /(2) g1(2) + g(2) /'(2) � (3)(4) + (5)( -2) = 12- 10 = 2 

(b) F(x) = f(g(x)) '* F1(x) = f1(g(x)) g1(x) =* F1{2) = f'(g(2))g'(2) = /1(5)(4) = 11· 4 = 44 

71. f(x) = x2g(x) '* J'(x) = x2g1(x) + g(x)(2x) = x[xg1(x)+ 2g(x)] 

73. f(x) = (g(x)]2 '* .f'(x) = 2[ g(x)]· g1(x) = 2g(x) g1(x) 
' 

75. f(x) = g(e"') '* !'(x) = g1(e"') e"' 

f ( ) I ( ) I !I ( ) 1 1 ( ) 91 (X) 
77. X = ln g X =* X = 

g(x)g X = 
g(x) 

79. h(x) = f(x) g(x) '* 
f(x) + g(x) 

hl(x) = [f(x) + g(x)J [f(x) g1(x) + g(x) f'(x)]- f(x) g(x) [f'(x) + g1(x)] 
[f(x) + g(x)]2 

[f(x)]2 g1(x) + f(x) g(x) f' (x) + f(x) g(x) g1 (x) + [ g(x)]2 !' (x) - f(x) g(x) !' (x) _:_ f(x) g(x) g1 (x) = 
[f(x) + g(x)]2 

f'(x) [g(x)]2 + 91(x) [f(xW 
= 

[f(x) + g(x)]2 
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81. Using the Chain Rule repeatedly, h(x) = f(g(sin4x)) '* 

h'(x) = J'(g(sin
.
4x)) ·! (g(sin4x)) ·= J'(g(sin4x)) · g'(sin4x) · ! (sin4x) = J'(g(sin4x))g'(sin4x) (cos4x) (4). 

· 1 1 ln(x + 4) · 
83. y = [ln(x + 4)e => y' = 2[ln(x + 4)] · --4 · 1 = 2 · 

4 
andy' = o <=> ln(x + 4) = 0 <=> x +  x+ · 

x + 4 = e0 => x + 4 = 1 <=> x = -3, so the tangent is horizontal at the point ( -3, 0). 

85. y = f(x) = ax2 + bx + c =} j'(x) = 2ax +b . We know that j'( -1) = 6 and j'(5) = -2, so -2a + b = 6 and 

lOa+ b = -2. Subtracting the first equation from the second gives 12a = :-8 '* a= -j. Substituting - i for a in the 

first equation gives b = lf-. Now /(1) = 4 => 4 =a+ b + c, soc= 4 + � - 134 = 0 and hence, j(x) = :-ix2 + ¥x. 

87. s(t) = Ae-ct cos(wt + t5) => 

v(t) = s'(t) = A{e-ct [-w sin(wt + t5)] + cos(wt + t5)( -ce-ct)} = -Ae-ct [wsin(wt + c5) + ccos(wt + o)] => 

a(t) = v'(t) =-A{ e-ct[w2 cos(wt + c5)- cw sin(wt + 8)] + [w sin(wt + 8) + ccos(wt + 8)]( -ce-ct)} 

= -Ae-ct[w2 cos(wt + o)- cwsin(wt + o)- cwsin(wt + 8)- c2 cos(wt + o)] 

= -Ae-ct[(w2 "'- c2) cos(wt + 8) ,- 2cwsin(wt + 8)] = Ae-ct[(c2- w2) cos(wt + o) + 2cwsin(wt + c5)] 

89. (a) y ;= t3- 12t + 3 '* v(t) = y' = 3e- 12 => a(t) = v'(t) = 6t 

(b) v(t) = 3 (t2 - 4) > 0 when t > 2, so it moves upward when t > 2 and downward when 0::; t < 2. 

(c) Distance upward= y(3) - y(2) = -6- ( -13) = 7, 

(d) 

Distance downward = y(O) - y(2) = 3 - ( -13) = 16. Total distance = 7 + 16 = 23. 

(e) The particle is speeding up when v and a have the same sign, that is, 

when t > 2. The particle is slowing down when v and a have opposite 

signs; that is, when 0 < t < 2. 

91. The linear density pis the rate of change of mass m with respect to length x. 

m = x ( 1 + ...rx) = x + x312 '* p = dm/dx = 1 + �Vx, so the linear density when x = 4 is 1 + �v'4 = 4 kg/m. 

93. (a) y(t) = y(O)ekt = 200ekt '* y(0 .5) = 200e0·5k = 360 => e0·5k = 1.8 => 0.5k = ln 1.8 '* 

k = 2 ln 1.8 = ln(1.8)2 = ln3.24 =} y(t) = 200e(In 3·24lt = 200 (3.24)t 

(b) y(4) = 200 (3.24)4 � 22,040 bacteria· 

(c) y' (t) = 200 (3.24)t ·ln 3.24, soy' ( 4) = 200 (3.24)4 ·ln 3.24 � 25,910 bacteria per hour 

(d) 200 (3.24)t = 10,000 => (3.24)t =50 => tln3.24 = ln50 '* t = ln50/ln3.24 � 3.33hours 
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95. (a) C'(t) = -kC(t) =? C(t) := C(O)e-kt by Theorem 3.8.2. But C(O) = C0, so C(t) = C0e-"t. 

(b) C(30) = �Co since the concentration is reduced by half Thus, !Co = Coe-30" ==>In! = -30k =? 

k = -310 In t = f5 In 2. Since 10% of the original concentration remains if 90% is eliminated, we want the value oft 

suchthatC(t) =-foGo. Therefore, foGo= Coe-t(ln2)/30. ==> ln0.1 = -t(ln2)/30' ==> t = -1!02ln0.1 � 100 h. 

97. lfx =edge length, then V = x3 =? dV/dt = 3x2 dx/dt = 10 =? dx/dt = 10/(3x2) and S = 6x2 ==> 

dS/dt = (12x) dx/dt = 12x[10/(3x2)] = 40/x. When x = 30, dS/dt = � = t cm2 /min. 

99. Given dh/dt = 5 and dx/dt = 15, find dz/dt. z2 = x2 + h2 ==> 
dz dx dh dz 1 2z dt = 2x dt + 2h dt =? dt = �(15x + 5h). When t = 3, 

h = 45 + 3(5) = 60 and x = 15(3) = 45 =? z = y'452 + 602 = 75, 
dz 1 

so dt = 75 [15(45) + 5(60)) = 13 ft/s. 

101. We �e given dO/dt = -0.25 rad/h. tanO = 400/x ==> 
dx dO X= 400cot8 ==}- dt = -400csc2 8 dt . When 8 ="if, 

: = -400(2)2 ( -0.25) = 400ft/h. 

X 

103. (a) f(x) = �1 +3x = (1 + 3x)113 ==> f'(x) = (1 + 3x)- 213, so the linearization off at a= Ois 

L(x) = f(O) + f'(O)(x- 0) = 11/3 + 1-213x = 1 + x. Thus, �1 +3x � 1 + x =? 

� = {II+ 3(0.01) � 1 + (o.ol) = 1.01. 

(b) The line� approximation is �1 + 3x � 1 + x, so for the required accuracy 

we want �1 + 3x- 0.1 < 1 + x < �1 + 3x + 0.1. From the graph, 

it appears that this is true when -0.235 < x < 0.401. 

105. A=x2+t11'(tx)2 = (1+�)x2 ==> dA= (2+�)x dx. Whenx=60 

and dx = 0.1, dA = (2 + �)60(0.1) = 12 + 3;, so the maximum error is 

approximately 12 + 3; � 16.7 cm2• 

107. lim � - 2 = [j_ �J = .!.x-314 1 = 1 = ..l. 
h--->0 h dx x=16 4 x=16 4( {116)3 32 

X 

X 
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. y'1 + tanx- v'1 + sinx . ( v'1 + tanx- v'1 + sinx )( v'1+ tanx + y'1 + sinx) 
109. lim = lim . 

x-o x3 x-o x3 ( V1 + tan X + V1 + sin X ) 
= lim. 

(1 + ta.iJ.x)- (1 + sinx) 
= lim sinx (1/ cosx- 1) cosx 

:z:-o x3 ( y'1 + tan x + v'l + sin x ) x-.o x3 ( y'1 + tan x + y'1 +sin x ) cos x 

I• 
. sin X ( 1 - COS X) 1 + COS X 

= 1m -;;-.,..-;;:===�-r.===§==;---
x--.0 x3( y'1 + tanx + v'1 + sinx) cosx 1 + cosx 

= lim sinx · sin2 x 
:z:-o -x3�('v'7 1;=+:::;: · ::;:t=an= x--: +�v'r.1=+� si=n=x")- c-os-x-;:( 1;-+-:-c-os-x�) 

3 
. 

= ( � si: X) 
!� ( vf1 + tan X + vf1 + ;in X ) COS X ( 1 + COS X) 

= 13. 
1 1 

(Vl+Vl)·1·(1+1) 4 

111. ! [f(2x)] = x2 � f'(2x)·2=x2 � !'(2x) = �x2.Lett = 2x.Th,enf'(t).=H�t)2 = it2,so/'(x)=ix2. 

I 
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D PROBLEMS PLUS 

1. Let a be the x-coordinate ofQ. Since the derivative ofy = 1- x2 is y' = -2x, the slope at Q is -2a. Bjt since the triangle 

3. 

is equilateral, AO/OC = J3/1, so the slopeatQis -.;3. Therefore, we must have that -2a = -.;3 =>·a= 4. 
�us, the point Q has coordinates· ( :{}, 1 - (:if.) 2) = ( :{}, i) and by sym�etry, P has coo�dinates (-:{}, i). 

y 

y=ax2+ bx+c 

x. 

We must show that r (in the figure) is halfway between p and q, that is, 

r = (p + q)/2. For the parabola y = ax2 + bx + c, the slope of the tangent line is 

given by y' = 2ax +b. An equation of the tangent line at x =pis 

y- (ap2 + bp+ c) = (2ap + b)(x- p). Solving for y gives us . 

y = (2ap+ b)x- 2ap2- bp+ (ap2 + bp+ c) 

or y = (2ap + b)x + c- ap2 (1) 

. Similarly, an equation of the tangent line at x = q is 

y = (2aq + b)x + c- aq2 (2) 

We can eliminate y and solve for x by subtracting equation (1) from equatiol) (2). 
' 

[(Zaq +b)- (2ap + b)]x- aq2 + ap2 = 0 

(2aq- 2ap)x = aq2 - ap2 

2a(q- p)x = a(q2 - p2) 
a(q + p)(q- p) p + q x- ---- 2a(q- p) - 2 

Thus, the x-coordinate of the point of intersection of the two tangent Jines, namelyr, is (p + q)/2. 

5. Using f' {a) = lim 
f ( x) - f (a) , we recognize the gi�en expression, f ( x)

. 
= lim sect - sec x , as 

· x-a X - a . t-x t - X 

g'(x) with g(x) = secx. Now f'(i) = g"(i), so we will find g"(x). 

g'(x) = secxtanx => g"(x) = secx sec2 x + tanx secx tanx = secx(sec2 x + tan2 x), so 

7. Let iJ = tan-1 x. Then tan y = x, so from the triangle we see that 

sin(tan-1 x) = siny = � .Using this fact we have that 
1 +x2 

sin(tan-1(sinhx)) = sinhx 
= 

sirih
h

x = tanhx. 
vh + sinh2 x cos x 

Hence, sin-1(tanhx) = sin-1(sin(tan-1(sinhx))) = tan-1(sinhx). 
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9. We use mathematical induction. Let Sn be the statement that :::n (sin4 x + cos4 x) = 4n-1 cos(4x + mr/2 ). 

S 1 is true because 

.!!:._ (sin4 x + cos4 x) = 4 sin3 x cosx- 4cos3 x sini = 4 sinx cosx (sin2 x-cos2 x) x dx 
= -4 sinx cosx cos2x = -2 sin2x cos2 = - sin4x = sin(-4x) 

=cos(�- ( -4x)) =cos(�+ 4x) = 4n-1 cos(4x + n�) when n = 1 

Now assume Sk 'is true, that is, ::k (sin4 x + cos4 x) = 4k-1 cos(4x + k�). Then 

dk+l d [ dk ] . d 
dxk+1 (sin4x+cos4x)= dx dxk(sin4x+cos4x) = dx [4k-1cos(4x+k�)] 

which shows that sk+1 is true. 

- -

= -4k-1sin(4x+k�) ·! (4x:k�) = -4ksin(4x+k�) 

= 4k sin( -4x-k�) = 4k cos(�- ( -4x-ki)) = 4k cmi(4x + (k + IH) 

Therefore, d�n (sin4 x + cos4 x) = 4n-1 cos(4x + n�) for every positive integer n, by mathematical induction. 

Another proof First write 

sin4 x + cos4 x = (sin2 x + cos2 x)2- 2 sin2 x cos2 x = 1- � sin2 2x � 1- t(l-cos4x) = � + :1 cos4x 

. � . 4 4 . � (3 1 ) 1 ( 71') -1 ( 71') Then we have dxn (sm x +cos x) = dxn 4 + 4 cos4x = 4 · 4n cos 4x + n2 = 4n cos 4x + n2 . 

11. We must find a value x0 such that the normal lines to the parabola y = x2 at x = ±x0 intersect at a point one unit from the 

points (±x0, x�). The normals toy= x2 at x = ±x0 have slopes-±2
1 

and pass through (±x0, x�) respectively, so the 
Xo . 

normals have the equations y- x5 = --2
1 (x- xo) andy- x� = -2

1 (x + xo). The common y-intercept is x5 + -21. 
� - �  . 

We want to find the value ofxo for which the distance from (0, x5 +�)to (xo, x5) equals 1. The square of the distance is -

(xo- 0/ + [x5- (x5 + � )]2 = x5 + :1 = 1 # xo = ±4. For these values ofxo, they-intercept is x5 + � = �.so 

· the center ofthe circle is at ( 0, �). 

Another solution: Let the center ofthe circle be (0, a). Then the equation of the circle is x2 + (y- a)2 = 1. 

Solving with the equation of the parabola, y = x2, we getx2 + (x2- a)2 = 1 # x2 + x4- 2ax2 + a2 = 1 # 

x4 + (1 - 2a)x2 + a2 - 1 = 0. The parabola and the circle will be tangent to each other when this quadratic equation in x2 

has equal roots; that is, when the discriminant is 0. Thus, (1- 2a?- 4 (a2- 1) = 0 # 

1- 4a + 4a2- 4a2 + 4 = 0 # 4a = 5, so a = �- The center of the circle is (0, �). 
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13. We can assume without loss of generality that (} = 0 at time t = 0, so that (} = 121rt rad. [The angular velocity of the wheel 

is 360 rpm= 360 · ( 21r rad)/( 60 s) = 1211" rad/s.] Then the position of A as a function of time is 

A ( (} . 0) ( 0 12 40 . 12 )' 
. y 40 sin (:1 sin (:1 1 . 12 = 40cos , 40sin = 4 cos 1rt, sm 1rt, so sma = 1.2 m 

= � = -3- = 3 sm 1rt. 

(a) Differentiating the expression for sin a, we get cos a· : = � · 1211" · cos 121l't = 411" cos 0. When(} = i, we have 

sin a = .! sin(} = y'3 so cos a = G - ( v'3)2 = {iT and 
da 

= 
411' cos� = � = · 411";!( � 6.56 rad/s. 3 6' V 6 V12 dt cos a vll 

(b) By the Law of Cosines, JA PJ2 = j0Aj2 + JOPJ2- 2JOAJJOPJ cosO => 

1202 = 402 + JOPJ2- 2 · 40 jOPJ cosO => JOPJ2- ( 80cos0) JOPJ- 12,800 = 0 � 

JOPJ = H80cos8 ± v'6400cos2 (} + 51,200) = 40cos9 ±40v'cos20 + 8 = 40(cos0 + v'8 + cos2 0) em 

[since JOPJ > 0). As a check, note that JOPJ = 160 em when(}= 0 and JOPJ = 80 v'2 em when(}=�· 

(c) By part (b), the x-coordinate of P is given by x = 40 (cos(} + v'8 + cos2 (}), so 

dx = dx d9 =�(-sinO- 2cosOsinO ) ·1211" = -4807rsin9(1 + cos(} ) cmjs. dt d9 dt 2 v'8 + cos2 (} v'8 + cos2 (} 

Ip particular, dxjdt = 0 cm/s when(}= 0 and dxjdt = -48011" cmjs when(}= �· 

15. Considerthe statementthat d
dn ( eaxsinbx) = rnea�sin(bx+nO). Forn = 1, xn . 

d
d ( eax sin bx) = aeax sin bx + be ax cos bx, and 
X . 

reax sin( bx + 0) = reax [sin bx coso
'
+ cos bx �in OJ = rea"' (; sin bx + � cos bx) = aeax sin bx + b�ax cos bx 

since tan (} = !!. => sin (} = !!. and cos (} = �. So the statement is true for n = 1. a r r 
Assume it is true for n = k. Then 

But 

dk+l ' d 
dxk+l (eax sinbx) = dx [rkeax sin(bx+ kO)] = rkaeax sin(bx + kO) + rkea"'bcos(bx + k9) 

= rkeax[ asin(bx + kO) + bcos(bx + kO)J 

sin[bx + (k + 1)9) = sin[(bx+ k9) +0) = sin(bx + k9) cos(}+ sinOcos(bx + kO) =; sin(bx + kO) + � cos(bx + kO). 

Hence, asin(bx + k(}) + bcos(bx + kO) = rsin[bx + (k + 1)9). So 

Therefore, the statement is true for all n by mathematical induction. 
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17. It seems from the figure that as P approaches the point (0, 2) from the right, xr -+ oo and yr -+ 2+. As P approaches the 

point (3, 0) from the left, it appears1that xr-+ 3+ and yr-+ oo. So we guess that xr E (3, oo) and yr E (2, oo) .It is 

more difficult to estimate the range of values for XN and YN. We might perhaps guess that XN E (0, 3), 

and YN E ( -oo, 0) or ( -2, 0). 

In order to actually solve the problem, we implicitly differentiate the equation of the ellipse to find the equation of the 

tangent line: �2 
+ y: = 1 => 2; · + 2: y' = 0 ,  so y' = -� ; . So at the point ( xo, Yo) on the ellipse, an equation of the 

. . 4 xo 2 2 . . xox YoY x� y5 tangent lme ts y-Yo= --9 -(x-xo) or 4xox + 9yoy = 4x0 + 9y0 . Thts can be wntten as -9 + -= - +- = 1; 
Yo · 

· 4 9 4 

because (xo, yo) lies on the ellipse. So an equation of the U:Ogent line is x�x + y�y = 1. 

Therefore, the x-intercept xr for the tangent line is given by xo;r = 1 {:} 9 d h 
. 
. . . xr = - , an t e y-Intercept yr ts gtven xo 

YoYT 4 by--=1 {:} yr=-. 4 · Yo 

So as Xo takes on all values in (0, 3), xr .takes on all values in (3, oo), and as y0 takes on all values in (0, 2), yr takes on 

all values in (2, oo). At the point (xo, yo) on the ellipse, the slope of the normal line is �:--1-...,. = � Yo and its y'(xo, Yo) 4 xo' 
I 

equation is y- Yo = -4
9 Yo (x- xo). So the x-intercept XN for the normal line is given by 0-yo = �Yo (xN- x0) => � 

4
� 

• 

4xo · 5xo d h . . . b 9 Yo (O · . ) 9yo 5yo XN = --9 +xo = -9 ,an t ey-mterceptyN ts gtven YYN -yo= -4- -xo => YN =--+yo=--. . Xo 4 4 

So as Xo takes on all values in (0, 3), XN takes on all values in (0, �) ,and as Yo takes on all values in (0, 2), YN takes on 

all values in (-�, 0). 

19. (a) If the two lines L1 and L2 have slopes m1 and m2 and angles of 

inclination ¢1 and ¢2, then m1 =tan ¢1 and m2 =tan ¢2. The triangle 

in the figure shows that ¢1 +a+ (180° -¢2) = 180° and so 

a = ¢2 - ¢1. Therefore, using the identity for tan(x -y ), we have 

tan </>2 - tan </>1 m2 - m1 tana=tan(¢2-</>1)=1 </> </>,andsotana= . +tan 2 tan 1 1 + m1m2 

(b) (i) The parabolas intersect when x2 = (x-2? => x = 1. If y = x2, then y' = 2x, so the slope of the tangent 

toy = x2 at (1, 1) is m1 = 2(1) = 2. If y = (x-2)2 , then y' = 2(x-2), so the slope of the tangent to 

2 
· m2 ·- m1 y = (x- 2) at (1, 1) is m2 = 2(1 - 2) = -2 . Therefore, tan a= �=-----':.. 

1 +m1m2 
-2-2 '4 

1 +2(-2) = 3 and 
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(ii) x2 - y2 = 3 and x2- 4x + y2 + 3 = 0 intersect when x2- 4x + (x2- 3) + 3 = 0 # 2x(x -2) = 0 => 

x.= 0 or 2, but 0 is extraneous. If x = 2, then y = ±L Ifx2- y2 = 3 then 2x-2yy' = 0 => y' = xjy and 
2 - x · 

x2- 4x + y2 + 3 = 0 => 2x- 4 + 2yy' = 0 => y' =--. At (2, 1) the slopes are m1 = 2 and y 
m2 = 0, so tan a= 1 �2 �0 = -2 "=> a� 117°. At (2, -1) the slopes are m1 = -2 and m2 = 0, 

. 
0 - (-2) so tan a= 1 + ( _2)( 0) = 2 => a� 63° [or 117°]. 

21. Since L.ROQ = L.OQP = 9, the triangle QOR is isosceles, so 

!QR! = !RO! = x. By the Law �fCosines, x2 = x2 + r2- 2rxcos9. Hence, 

? r . 
2rxcos8 = r2, sox= -2 n = -2 n· Note that asy---+ o+, (}---+ o+ (since rcosu cosu 

sin 8 = .y / r ), and hence x ---+ _r_ = -2
r . Thus, as P is taken closer and closer 2cos0 

to the x-axis, the point R approaches the midpoint of the radius AO. 

23. lim 
sin( a+ 2x)-2sin( a + x) +sin a 

x-o x2 

25. 

= lim sin a cos2x + cos a sin 2x - 2 sin a cos x - 2 cos a sin x + sin a 

x-;+O x2 

= lim 
sin a (cos 2x-2 cosx + 1) +cos a (sin2x- 2sinx) 

x-o x2 
=lim sina (2cos2 x - 1-2cosx + 1) +cosa (2sinx cosx-2sinx) 

x-o � 

l. sin a (2 cosx)(cos x-1) +cos a (2 sinx)(cos x - 1) = Im--��--�------��--�--��----� 
x-o x2 

=lim 
2 (cosx -1)[sina cosx +cos a sinx ](cosx + 1) 

x-o x2(cosx + 1) 

= lim -2 sin2 x (sin( a + x)] = _2 iim (sinx)2 . sin( a+ x) 
= 

_2(1? sin( a+ 0) =_sin a 
x-,o x2(cosx +1) x-o x cosx + 1 cosO+ 1 

y=4J; 

y=3,f; 

y=2.J; 

X 

Let f(x) = e2x and g(x) = k Fx [k >OJ. From the graphs off and g, 

we see that f will intersect g exactly once.when f and g share a tangent 

line. Thus, we must have f = g and f' = g' at x = a. 

and 

f(a) = g(a) => e2a =' k Va (*) 

J'(a) = g'(a) => 2e2a = _k_ 
. 2Va 

2a k 
=> e = 4Va

. 

So we must have k Va = 

4 
� => ( Va) 

2 = 4� => a=�- From(*), e2<114) = k Ji74 => 

k = 2e1/2 = 2vfe � 3.297. 
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_ x 2 · sin x _ .� 27. y- � - � arctan � . Let k- a+ va--1. Then 
ya2 - 1 va2- 1  a+va--1+cosx · 

1 1 
y = 

v'a2=1 
1 

2 1 cosx(k+ cosx) + sin2 x 
(k+cosx)2 

2 k cos x + cos2 x + sin2 x 1 
v'a2 -1 (k + cosx)2 + sin2 x 

= 
ya2-1 

2 kcosx+ 1 
y'a2=1. k2 + 2kcosx + 1 

k2 + 2k COS X + 1 - 2k COS X - 2 k2 - 1 
= 

ya2 -1 (k2 + 2kcosx + 1) 
= 

v'a2 -1 (k2 + 2kcosx + 1) 

But k2 = 2a2 + 2a ya2-1-1 = 2a(a+ v'a2-'. 1) - 1 = 2ak-1, so k2 + 1 = 2ak, and k2-1 = 2(ak-1). 

ak -1 
S 

, 2(ak-1) 
oy = , ya2 -1 (2ak + 2kcosx) JCi2=l 

. Butak-1 = a2 + aya2 -1-1 = kvfa2=1, 
k (a+cosx) · 

soy'= 1/(a + cosx). 

29. y = x4 - 2x2 - x * y' = 4x3 - 4x - 1. The equation of the tangent line at x = a is 

y- (a4- 2a2- a)= (4a3- 4a- l)(x- a) or y = (4a3- 4a -l)x + ( - 3a4 + 2a2) and similarly for x =b. So if at 

x =a and x = b we have the same tangent line, then 4a3- 4a -.1 = 4b3 - 4b- 1 and -3a4 + 2a2 = -3b4 + 2b2• The first 

equation gives a3- b3 =a- b * (a- b)(a2 + ab + b2) =(a- b). Assuming a f:. b, we have 1 = a2 + ab + b2. 

The second equation gives 3(a4- b4) = 2(a2- b2) * 3(a2- b2)(a2 + b2) = 2(a2- b2) which is true if a= -b. 

Substituting into 1 = a2 + ab + b2 gives 1 = a2 - a2 + a2 * a = ±1 so that a = 1 and b = -1 or vice versa. Thus, 

the points ( 1, -2) and ( -1, 0) have a common tangent line. 

As long as there are only two such. points, we are done. So we show that these are in fact the only two such points. 

Suppose that a2 - b2 f:. 0. Then 3(a2 - b2)(a2 + b2) = 2(a2- b2) gives 3(a2 +If!)= 2 or a2 +b2 = �-
2 1 1 1 2 Thus, ab = (a2 + ab+ b2)- (a2 + b2) = 1--
3 

= -3 , sob= -
3 

. Hence, a2 + -
2 

= -,so9a4 + 1 = 6a2 * · a � 3 

b2 1 1 2 d' . . . = 
9a2 

= 3 = a , contra tctmg our assumption 

31. Because of the periodic nature of the lattice points, it suffices to consider the points in the 5 x 2 grid shown. We can see that 

the minimum value ofr occurs when there is a line with slope � which touches the circle centered at (3, 1) and the circles 

centered at (0, 0) and (5, 2). 
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To find P, the point at which the line is tangent to the circle at (0, 0), we simultaneously solve x2 + y2 = r2 and 

y = -�x =? x2 + 2i x2 = r2 => x2 
= fg r2 => x = � r, y = -� r. To find Q, we either use symmetry or 

solve (x- 3)2 + (y- 1)2 = r2 andy- 1 = -�(x- 3). As above, we get x = 3- � r, y = 1 + � r. Now the slope of 

the line PQ is�. so ffiPQ = 
1 + � r - (-�r) 

3 2 2 -729r�729r 
· 1 + ?zg r y'29 + lOr 2 = 3 - 19 r 

= 3 v'29 - 4r 
= 

5 => 

5 v'29 + 50r = 6 v'29 - 8r {:} 58r = v'29 {::> r = :{!;. So the minimum value of r for which any line with slope � 

intersects circles with radius r centered �t the lattice points on the plane is r = � � 0.093. 

By similar triangles, i = � => r = ��. The volume of the cone is 

1 2 1 (5h) 2 251T 3 dV 251T 2 dh 
V = 31rr h = 31r 

16 
h = 

768 
h , so dt = 

256 
h 

dt. Now the rate of 

change of the volume is also equal to the difference of what is being added 

(2 cm3 /min) and what is oozing out (k1rrl, where 1rrl is the area of the cone and k 

is a proportionality constant). Thus, � = 2 - k1rrl. 

Eq · h . fi dV d b . . h lO dh 
O 3 5(10) 25 d l 10 uatmg t e two expressiOns or -d an su stttutmg = , -d = - . , r = -- = -,- , an rno; = - {:} t t 16 8 v 281 16 

5 251T 25 5 l = 
B 

J28I, we get 
256 

(10)2(-0.3) = 2- hp; · S V28I {:} 125b V28I 7501!" . . 
64 

= 2 + 
256 

. Solvmg for k gJVes us 

k 256 + 37511" 11 
· · · h 'gh th f . k l I th f th 1· 'd be' . 

· = rno;. . o mamtam a certam et t,. e rate o oozmg, 1rr , must equa e rate o . e tqut mg poured m; 
2501T y281 

that is,�� = 0. Thus, the rate at which we should pour the liquid into the container is 

k1Trl = 256 + 3751!" . 1T. 25 . 5 v'28I = 256 + 375rr � 11_204 cm3/min 
250rr y'28I 8 8 128 . 
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4 D APPLICATIONS OF DIFFERENTIATION 

4.1 Maximum and Minimum Values 

1. A function f has an absolute minimum at x = c if f(c) is the smallest function value on the entire domain off, whereas 

f has a local minimum at c i(f(c) is the smallest function value when xis near c. 

3. Absolute maximum at s, absolute minimum at r, local maximum at c, local minima at band r, neither a maximum nor a 

minimum at a and d. 

5. Absolute maximum value is f(4) = 5; there is no absolute minimum value; local maximum values are /(4) = 5 and 

/(6) = 4; local minimum values are /(2) = 2 and /(1)::;:: f(5) = 3. 

7. Absolute minimum at 2, absolute maximum at 3, 

local minimum at 4 

y 

11. (a) y 

2 

3 

2 

0 2 3 4 5 X 

X 

13. '(a) Note: By the Extreme Value Theorem, 

f must not be continuous; because if it 

were, it would attain an absolute 

minimum. 

(b) y 

2 

y 

9. Absolute maximum at 5, absolute minimum at 2, 

local maximum at 3, local minima at 2 and 4 

X 

y 

3 

2 

0 

(c) 

(b) 

2 3 4 5 X 

y 

y 

X 
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15. f(x) = � (3x- 1), x $ 3 .  Absolute maximum 

f(3) = 4; no local maximum. No absolute or local 

minimum. 
y 

(3,4) 

X 

19. f(x) = sinx, 0 $ x < rr/2. No absolute or local 

maximum. Absolute minimum f(O) = 0; no local 

minimum. 

y 

23. f ( x) = In x, 0 < x $ 2 .  Absolute maximum 

/{2) = ln2 � 0.69; no local maximum. No absolute 

or local minimum. 

. ·{ 1-x 
27. f(x) = 

2x -4 

y 

if0$x<2 

if2$x$3 

X 

Absolute maximum /{3) = 2; no local maximum. 

No absolute or local minimum. 

X 

17. f(x) = 1/x, x � 1 .  Absolute maximum f(1) = 1; 

no local maximum. No absolute or local minimum. 

X 

21. f(x) = sinx, -rr/2 $ x $ rr/2. Absolute maximum 

f ( ¥) = 1; no local maximum. Absolute minimum 

f (-¥) = -1; no local minimum .. 

y 

25. f(x) = 1- ..jX. Absolute maximum f(O) = 1; 

no local maximum. No absolute or local minimum. 

y 
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29. f(x) = 4 + �x- �x2 :;. f'(x) = � - x. J'(x) = 0 :;. x = �·This is the only critical number. 

31. f(x) = 2x3 - 3x2- 36x :;. f'(x) = 6x2- 6x- 36 = 6(x2- x- 6) = 6(x + 2)(x- 3). 

j' (X) = 0 ¢} X = -2, 3. These are the only critical numbers. 

33. g(t) = t4 + t3 + t2 + 1 :;. g'(t) = 4t3 + 3t2 + 2t = t(4t2 + 3t + 2). Using the quadratic formula, we see that 

4t2 + 3t + 2 = 0 has no real solution (its discriminant is negative), so g'(t) = 0 only ift = 0. Hence, the only critical number 

is 0. 

y-1 
35. g(y) = 2 '* 

y -y +1 

'( ) - (y2- y + 1)(1)- (y-1)(2y-1) - y2- y + 1- (2y2- 3y + 1) - -y2 + 2y g y - (y2- y + 1)2 - (y2- y + 1)2 - (y2- y + 1)2 
y(2- y) 

(y2 :-y +1)2' 

g' (y) = 0 :;. y = 0, 2. The expression y2 - y + 1 is never equal to 0, so g' (y) exists for all real numbers. 

The critical numbers are 0 and 2. 

37. h(t) = t314 - 2t114 '* h'(t) = 2c114 - ac314 = lc314(3t112 - 2) = 
3 v'i- 2

. . 4 4 4 4w 
h' (t) = 0 :;. 3 v'i = 2 =} v'i = � :;. t = t. h' ( t) does not exist at t = 0, so the critical numbers are 0 and �· 

39. F(x) = x415(x- 4)2 :;. 

F'(x) = x415 • 2(x-4) + (x- 4? · tx-115 = kx-115(x- 4)[5 · x, 2 + (x- 4) · 4] 

_ (x- 4)(14x-16) _ 2(x- 4)(7x- 8) -
5xl/5 

-
5xl/5 

F' ( x) = 0 :;. x = 4, �. F' ( 0) does not exist. Thus, the three critical numbers are 0, �, and 4. 

41.f(0)=2cos0 +sin2 0 :;.  J'(0)=-2sin0 + 2sin0 cos0. j'(O)=O :;. 2sinO (cos0-1)=0 :;. sin0=0 

or cos e = 1 '* e = mr [nan integer] ore = 2mr. The solutions e = mr include the solutions e = 2mr, so the critical 

numbers are 0 = mr. 

43. f(x) = x2e-3"' :;. J'(x) = x2( -3e-3"') + e-3"' (2x) = xe-3"'( -3x + 2). J'(x) = 0 :;. x = 0, � 

[ e -Jx is never equal to 0]. f' ( x) always exists, so the critical numbers are 0 and �. 

45. The graph of j'(x) = 5e-O.llxl sinx -1 has 10 zeros and exists 

everywhere, so f has 10 critical numbers. 

47. f(x) = 12 + 4x- x2, [0, 5]. f'(x) = 4- 2x = 0 ¢> x = 2. f(O) = 12, f(2) = 16, and f(5) = 7. 
So f(2) = 16 is the absolute maximum value and f(5) = 7 is the absolut.e minimum value. 
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49. f(x) = 2x3- 3x2 - 12x + 1, [�2, 3). f'(x) = 6x2- 6x- 12 = 6(x2- x- 2) = 6(x- 2)(x + 1) = 0 · <:} 

x = 2, -1. f( -2) = -3, f( -1) = 8, f(2) = -19, and /(3) � -8. So f( -1) = 8 is the absolute maximum value and 

/(2) = -19 is the absolute minimum value. 

51. f(x) = 3x4 - 4x3- 12x2 + 1, [...:.2, 3). f'(x) = 12x3- 12x2- 24x = 12x(x2- x- 2) = 12x(x + 1)(x- 2) = 0 <:} 

x = -1, 0, 2. f( -2) = 33, f( -1) = -4, f(O) = 1, f(2) = -31, and f( 3) = 28. So f( -2) = 33 is the absolute maximum 

value and /(2) = -31 is the absolute minimum value. 

53. f(x) = x + .!., [0.2, 4). f'(x) = 1- 1
2 

= x2 � 1 = (x + 1)�x- 1) = 0 <:} x = ±1, but x = -1 is not in the given 
X · X X X 

interval, [0.2, 4). f' (x) does not exist when x = 0, but 0 is not in the given interval, so 1 is the only critical nuumber. 

/(0.2) = 5.2, /(1) = 2, and f(4) = 4.25. So /(0.2) = 5.2 is the absolute maximum value and /(1) = 2 is the absolute 

minimum value. 

55. f(t) = t v'4- t2, [-1, 2). 

f'(t) = t . .!(4- t2)-1/2 (-2t) + (4- t2)1/2 ·1 = 
-t2 + vf4=12 = -t2 + (4- t2) = 4- 2t2 . 2 v' 4 - t2 v' 4 - t2 v' 4 - t2 

f'(t)=O � 4- 2t2=D. � t2=2 � t=±v'2,but t=-v'2is not in thegiven interval,[-1,2). 

f'(t) does not exist if 4- t2 = 0 � t = ±2, but -2 is not in the given interval. f( -1) = �v'3. f( v'2) = 2, and 

f(2) = 0. So f( v'2) = 2 is the absolute maximum value and f( -1) = -v'3 is the absolute minimum value. 

57. f(t)=2cos t+sin 2t, [ 0,11"/2). 

f'(t) =. -2sin t +cos 2t · 2 = -2 sin t + 2(1- 2sin2 t) = -2(2sin2 t +sin t- 1) = -2(2sin t- 1)(sin t + 1). 

f'(t) = 0 � sin t = � orsint = -1 � t = i· f(O) = 2,f(i) = v'3 + � v'3 = � v'3 � 2.60, and!(�)= 0. 

So f ( i) =:= � v'3 is the absolute maximum value and f ( �) = · 0 is the absolute minimum value. 

59. f(x) = xe-x2 18, [-1, 4]. f'(x) = x · e-x2 /8 · ( -�) + e-x2 18 · 1 = e-x2 18(- x42 + 1). Since e-x2 18 is never 0, 

f'(x)=O � -x2/4+1:::;::0 � 1= x2/4 � x2=4 � x=±2,but-2 is not in thegiven interval,[-1,4). 

f( -1) = -e-118 � -0.88, f(2) = 2e-112 � 1.21, and /(4) = 4e-2 � 0.54. So /(2) = 2e-112 = 2/ve is the absolute 

maximum v�lue and f( -1) = -e-118 = -1/ �is the absolute minimum value. 

61. f(x) = ln(x2 + x + 1), [-1, 1]. f'(x) = 
2 • 

1 
· (2x + 1) = 0 <:} x =-�.Since x2 + x + 1 > 0 for all x, the 

. x +x+1 

domain off and!' is JR. !( -1) =In 1 = 0, f( -�) =In£ � -0.29, and /(1) = ln 3 � 1.10. So f(1) = ln3 � 1.10 is 

the absolute maximum value and f (-�) = In £ � -0.29 is the absolute minimum value. 

63. f(x) = xa(1- x?, 0::; x::; 1, a::> 0, b > 0. 

f'(x) = xa · b(l- x)b-1(-1) + (1- x)b · axa-1 = xa-1(1- x)b-1[ x  · b(-1) + (1- x) ·a] 

= xa-1(1- x)b-1(a- ax- bx) 
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a 
At the endpoints, we have j(O) .= f(1) = 0 [the minimum value of fl. In the interval (0, 1), f'(x) = 0 ¢? x = a+ b' 

So f (�b) = a a bb +b is the absolute maximum value. a+ (a+bt · 
65; (a) 2.5 From the graph, it appears that the absolute maximum value is about 

f( -0. 77) = 2.19, and the absolute minimum value is about f(O. 77) = 1.81. 

-l�------1�,5�----_J 

(b) f(x) = x5- x3 + 2 => f'(x) = 5x4-3x2 = x2(5x2- 3). So f'(x) = 0 => x = 0, ±ji. 

67. (a) 

!(-If) = (-If y - (-If y + 2 = - ( � )2 /i, + �If+ 2 

= G- i5) ji + 2 = !s/i + 2 (maximum) 

and similarly,!( ji) = -fg ..{i + 2 (minimum). 

0.4 From the graph, it appears that the absolute maximum value is about 

!(0.75) = 0.32, and the absolute minimum yalue is f(O) = /(1) = 0; 

that is, at both endpoints. 

(b) f(x) = x vix- x2 => f'(x) = x . 1- 2x + vix _ x2 = (x-2x2) + (2x- 2x2) = 3x-4x2 • 
2 vi x - x2 2 vi x -x2 2 vi x -x2 

Sof'(x)=O => 3x-4x2=0 => x(3-4x)=0 => x=O or �. 
f(O) = f(l) = o (minimum), and JU) = � J�- (n2 = � {& = W (maximum). 

69. The
. 
density is defined as p = v::e == ���,(in g/ cm3). But a critical point of p will also be a critical point of V 

[since 1f = -lOOOV''-2:� and Vis never 0], and Vis easier to differentiate than p. 

V(T) = 999.87-0.06426T + 0.0085043T 2 - 0.0000679T 3 => V' (T) = -0.06426 + 0.0170086T- 0.0002037T 2• 

Setting this equal to 0 and using the quadratic formula to find T, we get 

T _ -0.0170086 ± vi0.01700862 -4 · 0.0002037 · 0.06426 � 3 9665oc· 79 5318oc s· · I · ed -
2( _0_0002037) 

� · or . . mce we are on y mterest 

in the region 0°C s T s 30°C, we check the density pat the endpoints and at 3.9665°C: p(O) � 9����7 � 1.00013; 

p(30) � 10���28 �.0.99625; p(3.9665) � 99���47 � 1.000255. So water has its maximum density at 

about 3.9665°C. 
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71. Let a= -0.000 03237, b = 0.000903 7, c = -0.008 956, d = 0.03629, e = -0.04458, and f = 0.4074. 

Then S(t) = at5 + bt4 + ct3 + dt2 + et + f and S'(t) = 5at4 + 4bt3 + 3ct2 + 2dt +e. 

We now apply the Closed Interval Method to the continuous functionS on the interval 0 � t � 10. Since S' exists for all t, 

the only critical numbers of S occur when S' ( t) = 0. We use a rootfinder on a CAS (or a graphing device) to find that 

S' (t) = 0 when ii � 0.855, t2 � 4.618, t3 � 7.292, and t4 � 9.570. The values of Sat these critical numbers are 

S(t1) � 0.39, S(h) � 0.43645, S(t3) � 0.427, and S(t4) � 0.43641. The values of Sat the endpoints of the interval are 

S(O) � 0.41 and 8(10) � 0.435. Comparing the six numbers, we see that sugar was most expensive at t2 � 4.618 

(corresponding roughly to March 1998) and cheapest at t1 � 0.855 (June 1994). 

73. (a) v(T) = k(To- T)T2 = kToT2- kT3 � v'(T) = 2kToT - 3kT2. v'(T) = 0 � kT(2To- 3T) = 0 � 

T = 0 or jTo (but 0 is not in the interval). Evaluating vat �To, jTo, and To, we get v(�To) = kkTg, v(jTo) = 
2
�krg, 

and v(To) = 0. Sirice fr > t. v attains its maximum value at T = jTo. This supports the statement in the text. 

(b)-From part (a), the maximum value ofv is frkTg. (c) v 

F;kr� 

0 

75. f(x) = x101 + x51 + x + 1 � f'(x) = 101x100 + 51x50 + 1 � 1 for all x, so f'(x) ;= 0 has no solution. Thus, f(x) 

has no critical number, so f(x) can have no local maximum or minimum. 

77. If f has a local minimum at c, then g( x) = -f ( x) has a local maximum at c, so g' (c) = 0 by the case of Fermat's Theorem 

proved in the text. Thus, f'(c) = -g'(c) = 0: 

4.2 .The Mean Value Theorem 

1. f(x) = 5- 12x + 3x2, [1, 3]. Since f is a polynomial, it is continuous and differentiable on JR, so it is continuous on [1, 3] 

, and differentiable on (1, 3). Also f(1) = -4 = f(3). f'(c) = 0 <=> -12 + 6c = 0 ¢:> c = 2, which is in the open 

interval (1, 3), soc== 2 satisfies the conclusion of Rolle's Theorem. 

3. f(x) = Vx- �x. [0, 9]. f, being the difference of a root function and a polynomial, is continuous and differentiable 

on [0, oo), so it is continuous on [0, 9] and differentiable on (0, 9). Also, f(O) = 0 = f(9). f'(c) = 0 ¢:> 

1 1 3 9 9 
2 Vc - 3 = 0 <=> 2 Vc = 3 <=> Vc = 2 � c = 4' which is in the open interval 

,
(0, 9),. so c = 4 satisfies the 

conclusion of Rolle's Theorem .. 
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5. f(x) = 1-x213• f( -1) = 1-(-1?13 = 1-1 = 0 = f(1). f'(x) = - �x-113, so f'(c) = 0 has no solution. This 

does not contradict Rolle's Theorem, since f' (0) does not exist, and so f is not differentiable on ( -1, 1 ). 

7 !'( ) = 
f(B) -f(O) 

= 
3-0 

= 
� It appears that . c 8-0 8 8' 

f'(c) = � when c � 0.3, 3, and 6.3. 

y, 

0 

l 

i/ 
11 

�!� 
I 

' 

,-.._ 
""'- v /1 

v /� .A 
-� 

' 
� 

9. f(x) = 2x2- 3x + 1, [0, 2]. f i� continuous on [0, 2] and differentiable on (0, 2) since polynomials are continuous and 

differentiable on JR. 

is in (0, 2). 

f'(c) = 
f(b)- f(a) 

b-a 
¢? 4c _ 3 = 

!( 2) -f(O) = 3-1 
= 1 2-0 2 

¢? 4c = 4 ¢? c = 1, which 

11. f(x) = ln x, [1,4]. 

j'(c) = 
f(b)-f(a) 

b-a 

f is continuous and differentiable on (0, oo ), so f is continuous on [1, 4] and differentiable on (1, 4). 

1 
c 

j(4)-f(1) ln4-0 ln4 3 · 

4 _1 
= --3- = 3 ¢? c = 

ln4 
� 2.16, which is in (1,4). 

13. j(x) = y'X, [0, 4]. f'(c) = f(4l = �(O) 2-0 
4 

1 
2JC 

1 
¢? JC = 1 ¢? c = 1. The secant line and the tangent liru: 

2 

are parallel. 

15. j(x) = (x-3)-2 => j'(x) = -2 (x-3)-3• !(4)-!(1) = f'(c)(4-1) 1 1 �2 
=} ---- = ·3 =} , ·12 (-2)2 (c-3)3 

3 
4 

- 6  
(c-3)3 => (c-3)3 = -8 => c-3 = -2. => c = 1, which is not in the open interval (1, 4). This does not 

contradict the Mean Value Theorem since f is not continuous at x = 3. 

17. Let f(x) = 2x + cos x. Then f( -?r) = -2?r- 1 < 0 and j(O) = 1 > 0. Since f is the sum �f the polynomial2x and the 

trignometric function cos x, f is continuous and differentiable for all x. By the Intermediate Value Theorem, there is a number 

c in ( - ?r, 0) such that f(c) = 0. Thus, the given equation has at least one real root. If the equation has distinct real roots a and 

b with a< b, then j(a) = j(b) = 0. Since f is continuous on [a, b] and differentiable on (a, b), Rolle's Theorem implies that 

there is a number r in (a, b) such that f' ( r) = 0. But f' ( r) = 2 -sin r > 0 since sin r :::; 1. This contradiction shows that the 

given equation can't have two distinct real roots, so it has exactly one root. 

19. Let j(x) = x3 - 15x + c for x in [-2, 2]. Iff has two real roots a and bin [-2, 2], with a< b, then f(a) = f(b) = 0. Since 

the polynomial f is continuous on [a, b] and differentiable on (a, b), Rolle's Theorem implies that there is a number r in (a, b) 
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such that f'(r) = 0. Now f'(r) = 3r2- 15. Since r is in {a, b), which is contained in [-2, 2), we have lrl < 2, so r2 < 4. 

It follows that 3r2- 15 < 3 · 4- 15 = -3 < 0. This contradicts f'(r) = 0, so the given equation can't have two real roots 

in [-2, 2). Hence, it has at most one real root in [-2, 2). 

21. (a) Suppose that a cubic polynomi��;l P(x) has roots a1 < a2 <: .aa < a4, so P(a1) = P(a2) = P(aa) = P(a4). 

By Rolle's Theorem there are numbers c1, c2, ca with a1 < c1 < a2, a2 <: c2 < aa and aa < ca < a4 and 

P' ( ct) = P' ( c2) = P' ( c3) = 0. Thus, the second-degree polynomial P' ( x) has three distinct real roots, which is 

impossible. 

(b) We prove by induction that a P,lynomial of degree n has at most n real roots. This is certainly true for n = 1. Suppose 

that the result is true for all polynomials of degree n and let P( x) be a polynomial of degree n + 1. Suppose that P( x) has 

more than n + 1 real roots, say a1 < a2 < aa· < · · · < an+l < an+2· Then P(a1) = P(a2) = · · · = P(an+2) = 0. 

By Rolle's Theorem there are real numbers C1, ... , Cn+l with a1 < c1 < a2, ... , an+l < Cn+i < an+2 and· 

P'(c1) = · · · = P'(Cn+l) = 0. Thus, the nth degree polynomial P'(x) has at least n + 1 roots. This contradiction shows 

that P(x) has at most n + 1 real roots. 

23. By the Mean Value Theorem, /(4) - f(l) = !' (c)(4 - 1) for some c E (1, 4). But for every c E (1, 4) we have 

f'(c) � 2. Putting J'(c) � 2 into the above equation and substituting /(1) = 10, we get-

f(4) = f(1) + f'(c)(4- 1) = 10 + 3/'(c) � 10 + 3 · 2 = 16. So the smallest possible value of !(4) is 16. 

25. Suppose that such a function f exists. By the Mean Value Theorem there is a number 0 < c < 2 with 

J'(c) = 
!(2� = �(O) 

= �·But this is impossible since J'(x)::; 2 < � for all x, so no such function can exist.· 

27. We use Exercise 26 with f(x) = y'f+X, g(x) = 1 + �x, and a= 0. Notice that f(O) = 1 = g(O) and 

1 1 . . 
J'(x) = Jt+'i < -2 

= g'(x) for x > O .. So by Exercise 26, f(b) < g(b) '* v'T+"b < 1 + �b forb> 0. 
2 1 +x · -

Another method: Apply the Mean Value Theorem directly to either f(x) = 1 +�X- v1 +X or g(x) = v1 +X on [0, b). 

29� Let f(x) = sinx and let b <a. Then f(x) is continuous on (b, a) and differentiable on (b, a). By the Mean Value Theorem, 

there is a number c E (b, a) with sin a- sinb = f(a)- f(b) = J'(c)(a- b)= (cos c)( a- b). Thus, 

\sin a- sinbl::; lcoscl \b- a!::; Ia- bi.Ifa < b, then lsina-;- sinbl = \sinb- sinal::; lb- al = Ia- b\.lfa = b, both 

sides of the inequality are-0. 

31. For x > 0, f(x) = g(x), so f'(x) = g'(x). For x < 0, f'(x) = (lfx)' = -1/x2 andg'(x) = (1 + 1/x)' = -1/x2, so 

again f'(x) = g'(x). However, the domain of g(x) is not an interval [it is ( -oo, 0) U (0, oo)] so we cannot conclude that 

f - g is constant (in fact it is not). 
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33. Let f(x) = arcsin(x-1) - 2 arctan .,fii +�·Note that the domain off is [0, oo) . Thus, 
x+1 

'(x) _ 
1 (x + 1)- (x- 1) __ 2_ . _1_ = 1 

_ . 
1 = O. f 

- Jt-(:�:)' (x+lf l+x 2v'i v'i(x+l) y'i(x+l) 

Jfien f(x) =Con (0, oo) by Theorem 5. By continuity off, f(x) =Con [0, oo) . To find C, we let x = 0 � 

arcsin(-1)- 2arctan(O)+�=C � -�- O+�=O=C.Thus,f(x)=O � 

arcsin -- = 2 arctan .,fii - �. (x-1) x+1 

35. Let g(t) and h(t) be the position functions of the two runners and let f(t) = g(t)- h(t). By hypothesis, 

f(O) = g(O)- h(O) = 0 and f(b) = g(b)- h(b) = 0, where b is the finishing time. Then by the Mean Value Theorem, 

there is a time c, with 0 < c < b, such that f'(c) = f(b�- f(O)
. But f(b) = f(O) = O,.so f'(c) = 0. Since - 0  

f'(c) = g'(c)- h'(c) = 0, we have g'(c) = h'(c). So at time c, both runners have the same speed g'(c) = h'(c). 

4.3 How Derivatives Affect the Shape of a Graph 

1. (a) f is increasing on (1, 3) and ( 4, 6). 

(c) f is concave upward on (0, 2). 
(e) The point of inflection is (2� 3). 

3. (a) Use the Increasing/Decreasing (1/D) Test. 

(b) f is decreasing on (0, 1) and (3, 4). 

(d) f is concave downward on (2, 4) and (4, 6). 

(b) Use the Concavity Test. 
(c) At any value of x where the concavity changes, we have an inflection point at ( x, f ( x)). 

5. (a) Since f'(x) > 0 on (1,5), f is increasing on this interval. Sincef'(x) < 0 on (0, 1) and (5,6), f is decreasing on these 
intervals. 

(b) Since f' ( x) = 0 at x = 1 and f' changes from negative to positive there, f changes from decreasing to increasing and has 

a local minimum at x = 1. Since f' ( x) = 0 at x = 5 and f' changes from positive to negative there, f changes from 

increasing to decreasing and has a local maximum at x == 5. 

7. (a) 'J?ere is an IP at x = 3 because the graph off changes from CD to CU there. There is an IP at x = 5 because the graph 

off changes from CU to CD there. 

(b) There is an IP at x = 2 and at x = 6 because f' ( x) has a maximum value there, and so !" ( x) changes from positive to 

negative there. There is an IP at x = 4 because f' ( x) has a minimum value there and so !" ( x) changes from negative to 

positive there. 

(c) There is an inflection point at x = 1 because !" ( x) changes from negative to positive there, and so the graph off changes 

from concave downward to concave upward. There is an inflection point at x = 7 because !" ( x) changes from positive to 

negative there, and so the graph off changes from concave upward to concave downward. 
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9. (a) f(x) = 2x3 + 3x2- 36x => f'(x) = 6x2 + 6x-36 = 6(x2 + x-6) = 6(x + 3)(x-2). 

We don't need to include the "6" in the chart to detennine the sign of!' (x). 

Interval x +3 x-2 f'(x) f 

x< -3 - - + increasing on ( -oo, -3) 
-3 <X< 2 + - - decreasing on ( -3, 2) 

x>2 + + + increasing on (2, oo) 

(b) f changes from increasing to decreasing at x = -3 and from decreasing to increasing at x = 2. Thus, f( -,-3) = 81 is a 

local maximum value and f(2) '= -4 4 is a local minimum value. 

(c) f'(x) = 6x2 + 6x- 36 => f"(x) = 12x + 6. f"(x) = 0 at x = -�, f"(x) > 0 # x > -�. and 

!" ( x) < 0 # x < -�. Thus, f is concave upward on (-�, oo) and concave downward on ( -;-oo, -�). There is an 

inflection point at (-� ,j (-�)) = (-�, ¥) . . 

11. (a) f(x) = x4-2x2 + 3 => f'(x) = 4x3- 4x = 4x(x2- 1) = 4x(x + 1)(x- 1). 

Interval x+1 X x- 1 f'(x) f 
X< -1 - � - � decreasing on ( -oo, -1) 

-1 < x < o + - - + increasing on ( -1, 0) 
0< x< 1 + + - - decreasing on (0, 1) 
x>l + + + + increasing on (1, oo) 

(b) f changes from increasing to decreasing at x = 0 and from decreasing to increasing at x = -1 and x = 1. Thus, 

f(O) = 3 is a local maximum value and j(±l) = 2 are local minimum values. 

(c) f"(x) = 12�2 - 4 = 12(x2-!) = 12(x + 1/VJ)(x -1/VJ). f"(x) > 0 # x < -1/VJ or x > 1/VJ and 

f"(x) < 0 # -1/v'3 < x < 1/v'3. Thus, f is concave upward on (-oo,-v'3/3) and (v'3/3,oo) and concave 

downward on ( -v'3(3, v'3/3). There are inflection points at (±v'3/3, 2i). 

13. (a) f(x) = sinx + cosx, 0:::; x:::; 211'. f'(x) = cosx- sinx = 0 => cosx = sinx => 1 = sinx 
=> cosx 

tanx = 1 => x =�or 5; . Thus, f'(x) > 0 # co8x-sinx > 0 # cosx > sinx # 0 < x <�or 

1>; < x < 211' and f' ( x) < 0 # · cos x < sin x # � < x < 5; • So f is increasing on ( 0, 'i) and ( ¥, 211') and f 

. d . (7r 1>1f) ts ecreasmg on 4, 4 . 

(b) f changes from increasing to decreasing at x = 'i and from decreasing to increasing at x = 1>; . Thus, f ( i) = v'2 is a 

local maximUm �alue and f ( 1>;) = -v'2 is a local minimum value. 
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(c) f"(x) =- sinx-cosx·= 0 => -sinx = cosx => tanx = -1 => x = 3; or 7;. Divide the interval 

(0, 21r) into subintervals with these numbers as endpoints and complete a second derivative chart. 

Interval J"(x) = -sinx,-coax Concavity 

(o, a;) !"(�) = -1'< 0 downward 
e" 7") 4 ' 4 j"(7r) = 1 > 0 upward 

c: ,211") !" C�") = t -t J3 < o downward 

There are inflection points at ( a; , 0) and ( 7; , 0) . 

15. (a) f(x) = e2x +e-x => f'(x) = 2e2x- e-x. f'(x) > 0 # 2e2x >e-x # e3x > 1 # 3x >In 1 # . 2 2 
x > �(In 1 -In 2) # x > -�In 2 [:::::: -0.23] and f'(x) < 0 ifx < -�In 2. So f is increasing on ( -iln 2, oo) 

and f is decreasing on ( -oo, -iln 2). 

(b) f changes from decreasing to increasing at x = -iln 2. Thus, 

J( -11n 2) =!(In Vf72) = e21n if172 + e- In Vi/2 = eln Vi/4 + eln V2 = {1174 + ?'2 = 2-2/3 + 21;a [:::::: l.Sg] 

is a local minimum value. 

(c) J"(x) = 4e2x +e-x > 0 [the sum of two positive terms]. Thus, f is concave upward on ( -oo, oo) and there is no 

point of inflection. 

17. (a) f(x) = x2-x- lnx => !'(x) = 2x- 1-.!. = 2x2-x-1 = (2x + 1){x-1). Thus, f'(x) > 0 ifx > 1 
X X X 

. [note that x > 0] and f'(x) < 0 ifO < x < 1. So f is increasing on (1, oo) and f is decreasing on (0, 1). 

(b) f changes from decreasing to increasing at x = 1. Thus, /(1) = 0 is a local minimum value. 

(c) !" ( x) = 2 + 1/ x2 > 0 for all x, so f is concave upward on (0, oo) . There is no inflection point. 

19. f(x) = 1 + 3x2-2x3 => f'(x} = 6x- 6x2 = 6x{1-x). 

First Derivative Test: !' ( x) > 0 => 0 < x < 1 and !' ( x) < 0 => x < 0 or x > 1. Since !' changes from negative 

to positive at x = 0, f(O),= 1 is a local minimum value; and since f' changes from positive to negative at x = 1, f(l) = 2 is 
a local maximum value. 

SecondDerivative
.
Test: f"(x) = 6 -12x. f'(x) = 0, # x = 0, 1. J"(O) = 6 > 0 => f(O) = 1 is a local 

minimum value. j"(1) = -6 < 0 => /(1) = 2 is a local maximum value. 

Preference: For this function, the two tests are equally easy. 

21. f(x) = ..;x _ 4/x => f'(x)
' 
= .!:.x-112 _ .!:.x-a/4 = .!:.x-af4(2x1 /4 _ 1) = 2{/X-1 

V"" 2 ' 4 4 4� 

First Derivative Test: 2{/X-1 > 0 => x > f6, so f'(x) > 0 => x > f6 and f'(x) < 0 => 0 < x < 116. 

Since !' changes from negative to wsitive at x = f6, f ( 116) = � - t = -� is a local minimum value. 

[continued] 
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166 0 CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 

. . !"( ) 1 -3/2 3 -7/4 1 
+ 

3 
SecondDerzvatzve Test: x = -4x + 16x =

- 4# 16�· 

f'(x)=O ¢> x=fs. f"C16)=-16+24=8>0 � f(f6)=-iis a local minimum value. 

Preference: The First Derivati�e Test may be slightly easier to apply in this case. 

23. (a) By the Second Derivative Test, iff' (2) = 0 and !" (2) = -5 < 0, f has a local maximum at x = 2. 

(b) Iff' (6) = 0, we know that f has a horizontal tangent at x = 6. Knowing that!" (6) = 0 does not provide any additional 

information since the Second Derivative Test fails. For example, the first and second derivatives of y. = (x - 6)4, 

y = -(x- 6)4, andy= (x.- 6)3 all equal zero for x = 6, but the first has a local minimum at x = 6, the second has a 

local maximum at x = 6, and the third has an inflection point at x = 6,. 

25. f' (0) = f' (2) � j' ( 4) = 0 · � horizontal tangents at x = 0, 2, 4. 

f'(x) > 0 ifx < 0 or 2 < x < 4 � f is increasing on ( -oo,O) and (2,4)�· 

f'(x) < 0 ifO < x <�or x > 4 � f is decreasing on (0, 2) and (4, oo). 

f"(x) > 0 if 1 < x < 3 � f is concave upward on (1, 3). 

j"(x) < 0 if x < 1 or x > 3 � f is concave downward on ( -oo, 1) 

and (3, oo ). There are inflection points when x = 1 and 3 .. 

27. j'(x) > 0 iflxl < 2 � f is increasing on ( -2, 2). 

f'(x) < 0 iflxl > 2 � f is decreasing on ( -oo, -2) 

and (2, oo). !' (-2) = 0 � horizontal tangent at 

x = -2. lim l!'(x)l = oo � there is a vertical x_,2 

y 

x=2 

asymptote or vertical tangent(cusp)at x = 2. f"(x) > 0 ifx =/= 2 � f is concave upward on (-oo,2) and (2,oo). 

29. The function must be always decreasing (since the first derivative is always 

negative) and concave downward (since the second derivative is always 

negative). 

y 

31. (a) f is increasing where f' is positive, that is, on (0, 2), ( 4, 6), and (8, oo); and decreasing where f' is negative, that is, on 

(2, 4) and (6, 8). 

(b) f has local maxima where f' changes from positive to negative, at x = 2 arid at x = 6, and local minima where!' changes 

from negative to positive, at x = 4 and at x = 8. 

(c) f is concave upward (CU) '":'here f' is increasing, that is, on (3, 6) and (6, oo ), and concave downward (CD) where f' is 

decreasing, that is, on (0, 3). 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted io a publicly accessibl� website, in whole or in part. 



SECTION 4.3 · HOW DERIVATIVES AFFECT THE SHAPE OF A GRAPH D 167 

(d) There is a point of inflection where f changes from (e) 

being CD to being CU, that is, at x = 3. 

33. (a) f(x) = x3- 12x +2 => J'(x) = 3x2 � 12 = 3(x2- 4) = 3(x + 2}(x- 2). f'(x) > 0 <=> x < -2 or x > 2 

and J'(x) < 0 <=> -2 < x < 2. So f is increasing on (-oo, -2) and (2,oo) and f is decreasing on (-2,2). 

(b) f changes from increasing to decreasing at x = -2, so f( -2) = 18 is a local maximum value. f changes from decreasing 

to increasing at x = 2, so /(2) = -14 is a local minimum value. 

_(c)f"(x)=6x. f"(x)=O <=> x=O. f"(x)>O on (O,oo) and (d) 

f"(x) < 0 on ( -oo, 0). So f is concave upward on (0, oo) and f is 

concave downward on ( -oo, 0). There is an inflection point at (0, 2). 
X 

35. (a) f(x) = 2 + 2x2- x4 => f'(x) = 4x--, 4x3 = 4x(1- x2) = 4x(1 + x)(1 - x). J'(x) > 0 <=> x < -1 or 

0 < x < 1 and f'(x) < 0 ¢> -1 < x < 0 or x > 1. So f is increasing on ( -oo, -1) and (0, 1) and f is decreasing 

on (-1,0) and (1,oo) . 

(b) f changes from increasing to decreasing at x = -1 and x = 1, so f( -1) = 3 and /(1) = 3 are local maximum values. 

f changes from decreasing to increasing at x = 0, so f(O) = 2 is a local minimum value. 

(c) f"(x) = 4 - 12x2 = 4(1 - 3x2). J"(x) = 0 <=> 1- 3x2 = 0 <=> 

x2 = � <=> x = ±1/V3. J"(x) > 0 on ( -1/V3, 1/y'3) and f"(x) < 0 

on ( -oo, �1/V"3) and (1/V3, oo) . So f is concave upward on _ 

( -1/V3, 1/V3) and f is concave downward on ( -oo, -:1/V3) and 

(1/vf3, oo ). f(±l/vf3) = 2+%- � = ¥·There ar� points of inflection 

at (±1/V3, 2i). 

(d) 

( I 23) 
13·9 

X 

37. (a) h(x) = (x
.
+ 1)5- 5x- 2 => h'(x) = 5(x + 1)4- 5. h'(x) = 0 <=> 5(x + 1)4 = 5 <=> (x + 1)4 = 1 => 

(x + 1? = 1 => x + 1 = 1 or x + 1 = -1 => x = 0 or x = -2. h'(x) > 0 <=> x < -2 or x > 0 and 

h'(x) < 0 <=> -2 < x < 0. Soh is increasing on ( -oo, -2) and (0, oo) and h is decreasing on ( -2, 0). 
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(b) h( -2) = 7 is a local maximum value and h(O) = -1 is a local minimum value. 

(c) h"(x) = 20(x + 1)3 = 0 <::} x = -1. h"(x) > 0 <::} x > -1 and 

h"(x) < 0 # x < -1, soh is CU on ( -1, oo) and his CD on ( -oo, - 1) . 

There is a point of inflection at ( -1, h( -1)) = ( -1, 3). 

39. (a) F(x) = xv'6- x => 

(d) (-2, 7) 

F'(x) � x · �(6-x)-112( -1) + (6-x)112(1) = H6- �)-112[-x + 2(6- x)] = -�. 
. 2 6 -X 

X 
(0, -1) 

F'(x) > 0 <::} -3x + 12 > 0 <::} x < 4 and F'(x) < 0 <::} 4 < x < 6. So F is increasing on ( -oo, 4) and F is 

decreasing on ( 4, 6). 

(b) F changes from incre.asing to decreasing at x = 4, so F(4) = 4v'2 is a local maximum value. There is no local minimum 

value. 

(c) F'(x) = -�(x- 4)(6-x)-112 => 

F"(x) = -� [<x- 4)( -�(6-x)-312(-1)) + (6-x)-112(1)] 

_ 3 i _3;2 . _ 3(x- 8) · --2 
· 2(6-x) [(x- 4) + 2(6- x)] - 4(6 _ x)312 

F" (x) < 0 on ( -oo, 6), so F is CD on ( -oo, 6). There is no inflection point. 

(d) 

41. (a) C(x) = x113(x +
.
4) = x413 + 4x113 => C'(x) = �x113 + �x-213 = �x-213(x + 1) = 4(x + 1). C '(x) > 0 if . 3Vx"2 

-1 < x < 0 or x > 0 and C'(x) < 0 for x < -1, soC is increasing on ( -1, oo) and Cis decreasing on ( -oo, -1). 

(b) C( -1) = -3 is a local minimum value. 

(c) C"(x) = !!x-2/3 _ l!.x-5/3 = ix-5/3(x _ 2) = 4(x-2) 
9 9 9 9� 

C"(x) < OforO < x < 2andC"(x) > Oforx < O'andx > 2,soCis 

concave downward on (0, 2) and concave upward on ( -oo, 0) and (2, oo) . 

There are inflection points at (0, 0) and (2, 6�) � (2, 7.56). 

(d) 

(-1, -3) 

43. (a) f(O) = 2 cosO+ cos2 (}, 0 :::; (} :::; 21r => f' (8) = -2 sin(}+ 2 cos(} (-sin 8) = -2 sin(} (1 +cos 8). 

!' (8) .= 0 <::} (} = 0, 1r, and 21r. !'(e) > 0 <::} 1r < (} < 21r and f' (8) < 0 <::} 0 < (} < 1r. So f is increasing 

on ( 1r, 21r) and f is decreasing on (0, 1r). 

(b) f ( 1r) = -1 is a local minimum value. 
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(c)f'(8)=-2 sin8 (1+cos8) => 

(d) 

f"(8) = -2sin () (-sin 8) + (1 +cos 8)( -2 cos 8) = 2 sin2 ()-2 cos8-2 cos2 () 

= 2(1- cos2 8)- 2cos9- 2cos2 () = -4cos2 (}-2cos0 + 2 

= -2{2 cos2 (}+cos(}-1) = -2(2 cos(}- 1)(cos 8 + 1) 

Since-2(cos9+1)<0[for0;f7r],f"(0)>0 => 2cos0-1<0 => cosO<t => f<0<5; and 

J"(O) < 0 => · cosO> t => 0 < 8 <f or 5; < 8 < 211". Sof is CU on (f, 5;) and f is CD on (0, f) and 

(5;, 21r). There are points of inflection at (f.!( f)) = (f, �) and ( 5; ,J( 5;)) = ( 5;, �). 

y 

(1T, -1) 

.45. f(x) = 1 +.!. - � has domain ( -oo, 0) U (0, oo). 
X X 

(a) lim (1+.!.--;.) =1,soy=1 is aHA. lim (1+.!.- �) = lim (�2+�-
1) =- oo since 

x�±oo X X x-o+ X X x-o+ X . . 

( x2 + x - 1) ---> -1 and x2 ---> 0 as x ---> o+ [a similar argument can be made for x ---> o- ], so x = 0 is a VA. 

1 2 1 
(b) f'(x) = - 2 + 3 = -3(x- 2). f'(x) = 0 {:} x = 2. f'(x) > 0 {:} 0 < x < 2 and f'(x) < 0 {:} x < 0 

X X X 

or x > 2. So f is increasing on (0, 2) and f is decreasing on ( -oo, 0) and (2, oo ). 

(c) f changes from increasing to decreasing at x =. 2, so /(2) = � is a local 

maximum value. There is no local minimum value. 

(d) f"(x) = 
23 - 64 = 

24 (x- 3). J"(x) = 0 {:} x = 3. f"(x) > 0 {:} 
X X X 

x > 3 and !" (;r) < 0 {:} x < 0 or 0 < x < 3. So f is CU on ( 3, oo) and f 

is CD on ( -oo, 0) and (0, 3). There is an inflection point at (3, �1). 

47. (a) lim ( v'x2+1 -x) = oo and 
x--oo 

(e) 

lim ( v'x2+1 � x) = lim ( Jx2 + 1 - x) � + x 
= lim � = 0, soy = 0 is aHA. 

x�oo x-oo X + 1 +X x->oo X + 1 +X 

(b) f(x) = Jx2 + 1- x => f'(x) = �-1. Since �< 1 for all x, f'(x) < 0, so f is decreasing on JR. 
x2 + 1 x + 1 · 

. 

(c) No minimum or maximum 
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170 D CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 

(x2 + 1?12(1)-x · l(x2 + 1)-112( 2x) 
(d) f"(x) = 2 

(JX2+1)2 

2 
( 2 + 1)1/2 X x - (x2 + 1)1/2 (x2 + 1)-x2 1 

x2 + 1 = (x2 + 1)3/2 = (x2 + 1)3/2 > 0, 

so f is CU on JR. No IP 

49. (a) lim e-x2 = lim _;. = 0, soy= 0 is aHA . There is no VA . 
x-±oo x-±oo eX 

(e) 

.X 

(b)f(x)= e-"'2 ::::? f'(x)= e-"'2(-'2x). f'(x)=O ¢? x=O. /'(x)>O ¢? x<O andj'(x)<O ¢? 

x > 0. So f is increasing on ( -oo, 0) and f is decreasing on (0, oo) . 

(c) f changes from increasing to decreasing at x = 0, so f(O) = 1 is a local maximum value . There is no local minimum 

value. 

(d) f"(x) = e-"'2(-2 ) + (-2x)e-"'2(-2x) = -2 e-x2(1 � 2x2). 

f"(x) ='= 0 ¢? x2 = � ¢? x = ±l/v'2. f"(x) > 0 ¢? 

x < -1/v'2 or x > 1/v'2 and f"(x) < 0 ¢? -1/v'2 < x < 1/v'2. So 

f is CU on ( -oo, -1/v'2) and (1/v'2, oo), and f is CD on ( -1/v'2, 1/v'2). 

(<) �; 

There are inflection points at ( ±1/ v'2, e-112) . 

51. f(x) = ln(1-lnx) is defined when x > 0 (so that lnx is defined) and 1-lnx > 0 [so that ln(1-lnx) is defined]. 

The second condition is equivalent to 1 > In x ¢? x < e, so f has domain ( 0, e). 

(a) As X-> o+, lnx-> -00, so 1 -lnx-> 00 and f(x)-> 00. As X-> e-,lux-> 1-, so 1 -lnx-+ o+ and 

f(x)-+ -oo. Thus, x = 0 and x = e are vertical asymptotes . There is no horizontal asymptote . 

(b) f'(x) = 1_
1
ln x ( ...,-�) =- x(1 � lnx) < Oon (O,e) . Thus, f is de�reasing on its domain, (O, e) . 

(c) f'(x) =/= 0 on (0, e) , so f has no local maximum or minimum value. 

(d) f"(x) = _- [x(1-lnx)J' = x( -1/x) + (1 -lnx) 
[x{1 -lnx)]2 x2{1 -lnx)2 

lnx 
x2(1 -lnx)2 

sof"(x)>O ¢? lnx<O ¢? 0<x<l.Thus,fisCUon {0,1) 

and CD on {1, e ). There is an inflection point at {1, 0) .. 

(e) y 

.x=O 
2 

-2 

53. The nonnegative factors (x + 1)2 and (:!1- 6)4 do not affect the sign of!' (x) = (x + 1?(x,.:.. 3f'(x- 6)4. 

Sof'(x)>O ::::? (x-3f'>O ::::? x-3>0 ::::? x>3.Thus ,fis increasing on the interval {3,oo). 

x=e 
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From the graph, we get an estimate of /(1) � 1.41 as a local maximum 

value, and no local minimum value. 
x+1 1- x f(x)= y'X2.t1 =* f'(x)= 

(x2+1)3/2". 

f'(x) = 0 <::} x = 1. f(l) = -jz = v'2 is the exact valUe. 

(b) From the graph in part (a), f increases most rapidly so�ewhere between x =-�and x = -i· To find the exact value, 

we need to find the maximum value of !'. which we can do by finding the critical numbers of r: 

2x2- 3x- 1 · 3 ± v'I7 3 + v'I7 . . f f' f" ( x) = · 12 = 0 <::} x = . x = 4 corresponds to the mzmmum value o . 
(x2 + 1)5 • 4 
. . 

The maximum value off' occurs at x = 3-4& � -0.28. 

57. f(x) = cosx + t cos2x ==? f'(x) =-sinx-sin2x ==? f"(x) =-cosx- 2cos2x 

(a) From the graph off, it seems that f is CD on (0, 1), CU on (1, 2.5), CD on 

(2.5, 3.7), CU on (3.7, 5.3), and CD on (5.3, 21r). The points of inflection 

appear to be at (1, 0.4), (2.5, -0.6), (3.7, -0.6), and (5.3, 0.4). 

-2 

(b) From the graph of !" (and zooming in near the zeros), it seems that f is CD 

on (0, 0.94), CU on (0.94, 2.57), CD on (2.57, 3. 71 ), CU on (3. 71, 5.35), 

and CD on (5.35, 21r). Refined estimates of the inflection points are 

(0.94, 0.44), (2.57, -0.63), (3.71, -0.63), and (5.35, 0.44). 

4 3 1 
59. !(X) - - X + x + . I M I d fi f d h h d n ap e, we e ne an t en use t e comman 

Jx2 + x + 1 
plot (diff (diff (f 1 x) 1 x) 1 x=-2 .. 2);. In Mathematica, we define f 

and then use Plot [Dt [Dt [f1 x) 1 x] 1 {x1 -21 2} ]. We see that !"> 0 for 

x < -0.6 and x > 0.0 [� 0.03] and !"< 0 for -0.6 < x < 0.0. So f is CU 

on ( -oo, -0.6) and (0.0, oo) and CD on ( -0.6, 0.0). -3 

61. (a) The rate of increase of the population is initially very small, then gets larger until it reaches a maximum at about 

t = 8 hours, and decreases toward 0 as the population begins to level off. 

(b) The rate of increase has its maximum value at t = 8 hours. 

(c) The population function is concave upward on (0, 8) and concave downward on (8, 18). 

(d) At t = 8, the population is about 350, so the inflection point is about (8, 350). 
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63. Most students learn more in th� third hour of studying than in the eighth hour, so K ( 3) - K ( 2) is larger than K ( 8) - K ( 7). 

In other words, as you begin studying for a test, the rate of knowledge gain is large and then starts to taper off, so K' (t) 

decreases and the graph of K is concave downward: 

65. S(t). = AtPe-kt with A= 0.01, p = 4, and k = 0.07. We will find the 

zeros of!" for f(t) = tPe-kt. 

!' (t) = tP( -ke-kt) + e-kt(ptp-1) = e-kt( -ktP + ptp-1) 

f"(t) = e-kt(-kptP-1 +p(p- 1)tP-2) + (-ktP +ptP-1)(-ke-kt) 

= tP-2e-kt(-kpt + p(p- 1) + k2t2- kpt] 

= tp-2e-kt(k2t2 - 2kpt + p2 - p) 

Using the given values ofp and k gives us f"(t) = t2e-0·07t(0.0049t2- 0.56t + 12). So S"(t) = 0.01/"(t) and its zeros 

are t = 0 and the solutions of0.0049t2 - 0.56t + 12 = 0, which are t1 = 2�0 :::; 28.57 and t2 = 6� :::; B5. 71. 
At h minutes, the rate of increase of the level of medication in the bloodstream is at its greatest and at t2 minutes, the rate of 
decrease is the greatest. 

67. f(x) = ax3 + bx2 +ex+ d => f'(x) = 3ax2 + 2bx +c. 

We are given that /(1) = 0 and f( -2) = 3, so /(1) =a+ b + c + d = 0 and 

f( -2) = -8a + 4b- 2c + d = 3. Also !'(1) = 3a + 2b + c = 0 and 

!' ( -2) = 12a- 4b + c = 0 by Fermat's Theorem. Solving these four equations, we get 

a = �. b = t• c = -!, d =�.so the fun�tion is f(x) = H2x3 + 3x2- 12x + 7). 

69. (a) f(x) = x3 + ax2 + bx => f'(x) = 3x2 + 2ax +b. f has the local minimum value -�J3 at x = 1/J3, so 

!'( -JJ) = 0 => 1 + ?aa + b = 0 (1) and !( -JJ) = -�J3 => iJ3 + ta + �J3b = -�J3 (2). 

Rewrite the system of equations as 

b = -1 (3) 

�a + tv'3b - -iJ3 (4) 

and then multiplying (4) by -2J3 gives us the system 

�v3a + b -1 

-�J3a 2b 2 

Adding the equations gives us -b = 1 => b = -1. Substituting -1 for .b into (3) gives us 

�v3a-1=-1 => �V3a=O => a=O.Thus,f(x)=x3-x. 

(b) To find the smallest slope, we want to find the minimum of the slope function, !', so we' II find the critical 

numbers of j'. f(x) = x3- x => f'(x) = 3x2- 1 => f"(x) = 6x. f"(x) = 0 # x = 0. 

At x = 0, y = 0, !' ( x) = -1, and !" changes from negative to positive. Thus, we have a minimum for f' and 

y - 0 = -1(x- 0), or y = -x, is the tangent line that has the smallest slope. 
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1 +x , (1 +x2)(1) - (1 +x)(2x) 1- 2x-x2 
71. y = 1 + x2 

=> y = (1 + x2) 2 
= (1 + x2) 2 

=> 

, (1 + x2?( -2 -2x) - (1- 2x- x2) • 2(1 + x2)(2x) _ 2(1 + x2)[(1 + x2)( -1- x)- (1- 2x- x2)(2x)] y = [(1 + x?) 2]2 - (1 + x2)4 

_ 2( -1- x- x2- x3- 2x + 4x2 + 2x3) _ 2(x3 + 3x2- 3x -1). _ 2(x-1)(x2 + 4x + 1) 
- (1 + x2) 3 - (1 + x2) 3 - (1 + x2) 3 

Soy" = 0 => x = 1, -2 ± \1'3. Let a= -2- \1'3, b = -2 + \1'3, and c = 1. We can show that f(a) = � (1- \1'3), 

f(b) = � (1 + v'3 ), and f(c) =:= 1. To show that these three points of inflection'lie on one straight line, we'll show that the 

slopes mac and mbc are equal. 

f(c)- f(a) 1-i(1-v'3) �+�v'3 1 
mac= = . = =-c- a 1- (-2-.;3) 3 +v'3 4 

f(c)- f(b) 1- i(1 + v'3) � - � v'3 1 
mbc= = = =-

. c-b, 1-(-2 +v'3) 3 -v'3 4 

73. y = xsinx => y' 
= xcosx +sinx => y" = -xsinx + 2cosx. y" = 0 => 2cosx = xsinx [which isy] => 

(2cosx) 2=(xsinx? => 4cos2x=x2sin2x => 4cos2x=x2(1-cos2x) => 4cos2x+x2cos2x=x2 => 

cos2x(4+x2) = x2 => 4 cos2x(x2 +4 ) = 4x2 => il(x2 +4) = 4x2 sincey = 2cosx wheny" = 0. 

75. (a) Since f and g are positive, increasing, and CU on I with!" and g" riever equal to 0, we have f > 0, J' 2: 0, !" > 0, . 

g > 0, g' 2: 0, g" > 0 on I. Then (!g)'= f'g + fg' => (!g)" = f"g + 2f'g' + fg" 2: f"g + fg" > 0 on I => 

fg isCUoni. 

(b) In part (a), iff and g are both decreasing instead of increasing, then f' :S 0 and g' :S 0 on I, so we still have 2/' g' 2: 0 

on I. Thus, (!g )"=!" g + 2/' g' + fg" 2: !" g + fg" > 0 on I => fg is CU on I as in part (a) . 
. . 

(c) Suppose f is 'increasing and g is decreasing [with f and g positive and CUJ. Then f' 2: 0 and g' :S 0 on I, so 2/' g' :S 0 

on I and the argument in parts (a) and (b) fails. 

Example 1. I = (0, oo), f(x) = x3, g(x) = 1/x. Then (fg )(x) = x2, so (fg )'(x) = 2x and 
(fg)"(x) = 2 > 0 on I. Thus, fg is CU on I. 

Example 2. I= (0, oo), f(x) = 4x y'X, g(x) = 1/x. Then (fg)(x) = 4 y'X, so (fg)'(x) = 2 /y'X and 
(fg )"(x) = -1/# < 0 on I. Thus, fg is CD on I. 

Example 3. 1 = (0, oo) , f(x) = x2, g(x) = 1/x. Thus, (fg )(x) = x, so fg is linear on I. 

n. f(x) = tanx- x => f'(x) = sec2 x � 1 > 0 for 0 <: x < � since sec2 x > 1 for 0 < x < �- So f is increasing 

on(O,�).Thus,f(x) >f(O) =O forO<x<� => tanx-x>O => tanx>x forO<x<�. 

79. Let the cubic function be f(x) = ax3 + bx2 +ex+ d => f'(x) = 3ax2 + 2bx +c => f'1(x) = 6ax + 2b. 

So f is CU when 6ax + 2b > 0 <=? x > -b/(3a) , CD when�< -b/(3a) , and so the only point of inflection occurs 

when x = -b/(3a) . If the graph has three x-intercepts x1, x2 and xg, then .the expression for f(x) must factor as 
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174 . D. CHAPTER 4 APPLICATIONS OF DIFFERENTIA liON 

f(x) = a(x- Xl)(x- X2)(x- xs). Multiplying these factors together gives us 

f(x) = a[x3-(x1 + x2 + X3)x2 
+ (x1x2 + X1 X3 + x2x3)x-X1X2X3) 

Equating the coefficients of the x2-terms for the two forms off gives us b = -a(x1 + X2 + xs) . Hence, the x-coordinate of 

th · f'nfl .. b -a(x1+x2+x3) x1+x2+x3 e pomt o 1 ect10n IS - 3a = - 3a = 3 . 

81. By hypothesis g = f' is differentiable on an open interval containing c. Since ( c, f (c)) is a point of inflection, the concavity 

changes at x = c, so f" ( x) changes signs at x = c. Hence, by the First Derivative Test, !' has a local extremum at x = c. 

Thus, by Fermat's Theorem f"(c) = 0. 

83. Using the fact that !xi=#, we have thatg(x) = x ixi = x# � g'(x) = v'X2 + v'X2 = 2 v'X2 = 2lil � 

g"(x) = 2x(x2)-112 
= �� < O forx < O�dg"(x) > O forx > 0, so (0, �) is an inflection point. Butg"(O) does not 

exist. 

85. Suppose that f is differentiable on an interval I and !' ( x) > 0 for all x in I except x = c.· To show tliat f is increasing on I, 

let x1, x2 be two numbers in I with X1 < X2. 

Case I X1 < x� <c. Let J be the interVal {x E I I x < c}. By applying the Increasing/Decreasing Test to f 

on J,we see that f is increasing on J, so j(x1 ) < j(x2). 

Case 2 c < X1 < x2. Apply the Increasing/Decreasing Test to f on K = {x E I I x > c}. 

Case 3 x1 < x2 = c. Apply the proof of the Increas_ing/Decreasing Test, using the Mean Value Theorem (MVT) 

on the interval [x1, x2] and noting that the MVT does not require f to be differentiable at the endpoints 

of[x1,x2]. 

Case 4 c.= x1 < x2. Sante proof as in Case 3. 

Case 5 x1 < c <: x2. By Cases 3 and 4, f is increasing on [x1, c) and on [c, x2), so f(xt) < f(c) < f(x2) . 

In all cases, we have shown that j(x1) < j(x2). Since X1, x2 were any numbers in I with x1 < x2, we have shown that f is 

increasing on I. 

87. (a) f(x) = x4 sin.!. � J'(x) = x4 cos.!. (---\)+ sin.!. (4x3) = 4x3 sin.!.-x2 cos.!.. · X X X X X X 

g(x) = x4 ( 2 + sin �) = . 2x4 + f(x) � g'(x) = 8x3 + f'(x). 

h(x) = x4 ( -2 +sin�) = -2x4 + f(x) � h'(x) = -8x3 + f'(x). 

. . . 
4 . 1 · f( ) · f(O) x sm--0 

It is given that f(O) = 0, so f' (0) = lim x -
0 = lim x 

= lim x3 sin.!.. Since 
x�o X - x-+0 X :z:-+0 X 

-I x3 l :S x3 sin .!. :S I x3 l and lim I x3 l = 0, we see that !' ( 0) = 0 by the Squeeze Theorem. Also, X x�o . 

g' (0) = 8(0) 3 + f' (0) = 0 and h' (0) = -8(0) 3 + !' (0) = 0, so 0 is a critical number off , g ,  and h. 
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SECTION U INDETERMINATE FORMS AND L 'HOSPITAL'S RULE 0 175 

For x2n = -2
1 [n a nonzero integer], sin -1- =sin 2n7r = 0 and cos -1- =cos 2n7r = 1, so f' (x2n) = -X�n < 0. n1r X2n X2n 

For x2n+l = 1 , sin -- 1- = sin(2n + 1}7r = 0 and cos -1- = cos(2n + 1}7r = -1, so (2n + 1}7r X2n+l X2n+l 

J'(x2n+l) = x�n+l > 0. Thus, f' changes sign infinitely often on both sides ofO. 

Next, g' ( X2n ) = 8x�n + /'(X2n) = 8x�n-X�n = X�n(BX2n-1) < 0 for X2n < i, but 

g'(x2n+l) = 8x�n+l + X�n+l = X�n+i(BX2n+l + 1) > 0 for X2n+l > -t, so g' changes sign infinitely often on both 

sides ofO. 

Last, h'(X2n) = -8X�n + J'(X2n) = -8X�n-X�n = -X�n(BX2n + 1) < 0 for X2n > -t and 

h' (X2n+l) = -8X�n+l + X�n+l = X�n+l ( -8X2n+l + 1) > 0 for X2n+l < t, SOh' Changes sign infinitely Often On both 

sides ofO. 

(b) f(O) = 0 and since sin.!. and hence x4 sin.!. is both positive and negative inifinitely often on both sides ofO, and 
X X 

arbitrarily close to 0, f has neither a local maximum nor a local minimum at 0. 

·since 2 +sin.!. 2: 1, g(x) = x4 (2 +sin.!.) > 0 for x # 0, so g(O) = 0 is a local minimum. 
X X . 

Since -2 +sin� � -1, h(x) = x4 ( -2 +sin�) < 0 for x # 0, so h(O) = 0 is a local maximum. 

4.4 Indeterminate Forms and !'Hospital's Rule 

Note: The use of !'Hospital's Rule is indicated by an H above the equal sign: � 

1. (a) lim f
.(
(x

)
) is an indeterminate form of type -

0

°
. 

x�a g X 

(b) lim /
(
( x

)) = 0 because the numerator approaches 0 while the denominator .becomes large. 
x�a p X 

(c) l i m ' h(
(x

)
) = 0 because the numerator �pproaches a finite number while the denominator becomes l�ge. 

x�a p X 

(d) If l im p(x) = oo and f(x) --. 0 through positive values, then lim pf
(
(
x)

) = oo. [F o r example, take a == 0, p(x) = lfx2, 
x-a x-+a X . 

and f(x) = x2.] If f(x)--. 0 through negative values, then lim pf
(
(
x)

) = -oo. [For �xarnple, take a= 0, p(x) = 1/x2, · x-+a X . 

and f ( x) = -x2.] Iff ( x) --. 0 through both positive and negative values, then the limit might not e�ist. [For example, 

take a= O,p(x) = 1/x2, and f(x) = x.] 

(e) lim p(
(
x )

) 
is an indeterminate form of type 

00 
. 

x-+a q X 00 

3. (a) When xis near a, f(x) is near 0 and p(x) is large, so f(x)- p(x) is large negative. Thus, lim [f(x)- p(x)J = -oo. 
:r:-+a 
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(b) lim [p(x)-q(x)] is an indeterminate form of type oo- oo. 
x->a 

(c) W hen xis near a, p(x) and q(x) are both large, so p(x) + q(x) is large . Thus, lim [p(x) + q(x)] = oo. 
. x->a 

5. From the graphs off and g, we see that lim f(x) = 0 and l im g(x) = 0, so !'Hospital's Rule applies. X--t2 X--+2 1 . 

. f(x) . f'(x) !�f'(x) !'(2) 1.8 9 lim --=hm --= =--=-=-
x->2 g(x) x--+2 g'(x) lim g'(x) g'(2) � 4 x�2 

7. This limit has the form � · We can simply fa�tor and simplify to evaluate the limit. 

lim x2-1 = lim (x + 1)(x-1) = lim x + 1 = 1 + 1 = 2 
x->1 x2-x x-.1 x(x-1) x--+1 x 

. 
1 

9 Th. ]' · h th � o 1. x3 -2x2 + 1 H 1. 3x2 - 4x 
. 1s 1m1t as e •orm 0. 1m 3 1 = 1 m 3 2 x-+1 X - x-+1 X 

Note: Alternatively, we could factor and simplify. 

11. This limit has the form �. 

13. This limit has the form � · 

1. cosx 
liD 1 . x--+(7r/2)+ -smx 

-H -sinx lim x--+(7r/2)+ -COSX 

lim e
2t -1 � lim 2e2t 

= 
2(1) = 2 

t-.o sin t t-.o cost 1 

1 
3 

lim tanx = -oo. 
x--+(7r/2)+ 

15Th. 1 . . h th ., o 1. 1-sinO H 1. -cosO H 1. sinO 1 
. 1s 1m1t as e torm 0. 1m = 1m = 1m 

(}-.,.. 12 1 + cos 20 ()__,,.. /2 -2 sin 20 e-1r /2 -4 cos 20 4 

17. This limit has the form : . 

19. lim [(In x) I x] = -oo since In x -+ -oo as x -+ o+ and dividing by small values of x just increases the magnitude of the 
x�o+ . 

quotient (lnx)lx. L'Hospital's Rule does not apply. 

8 . 7 -
21. This limit has the form Qo. l im � � lim � = � lim t3 = � (1) = � 

t->1 t5 -1 t->1 5t4 5 t->1 5 5 

23. This limit has the form � . 

. v'1 + 2x- v'1- 4x H • . �(1 + 2x)-112 · 2- �(1 - 4x)-112(-4) 
hm . = hm -"-'---'----�-'--�---''----'--� 
X->0 X X->0 1 

·( 1 . 2 ) 1 2 = !� v'1 + 2x + Jf=Tx = 
v'1 + v'1 = 3 

25. This limit has the form -0° . lim e"' -1 -x � lim e"' - 1 � lim e"' = ! 
x->0 x2 · x->0 2x x->0 2 2 

27. This limit has the form Qo· lim tanh x � lim sech 2x == sech20 = ! = 1 
x-.o tan x x--+O sec2 x sec2 0 1 

29. This limit has the form � . . lim sin -1 x � lim 1 I v'f=X2 = lim 1 = ! = 1 
x->0 X X->0 1 x--+0 v'1 -x2 1 
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0 1. x3x H li x3xln3+3x --ll"m 3x(xln3+1) --lim x ln3+1 
31. This limit has the form ii. "'� 3X - 1 = .,-To 3X In 3 x--+0 3"' In 3 x--+0 In 3 

33. lim x +sin x = 0 + 0 = Q = 0. L'Hospital's Rule does not apply. 
X--+0 X+ cosx 0 + 1 1 

- 1  1 

1 
ln3 

35. This limit has the form �. l
. 1-a:+ lnx H li -1 + 1/x H 1. - 1/x2 
1m = m = rm --::-'--x--+1 l+cos1rx x-t1-1r Sin1rX x-+1 -7r2coS1rX -11"2 ( -1) -

-
11"2 

a + 1 a-1 ( 1) a-2 ( 1) fi 0 11.m x - ax a -. _ _ H lim a. x - a _!!. 11. m a a - x __ a_,_a-:-:--"'-
�7. This limit has the orm 0. -

x--+1 , (x- 1)2 x--+1 2 (x-I) x--+1 2 2 

0 lrm" cosx- I+ �x2 __ H lim - sinx +x __ H Inn" - cosx + 1 _!!. lim· sinx __ H 11.m cosx ___ I 39. This limit has the form -0. x--+0 x4 x--+0 4x3 x--+0 12x2 x-+0 24x x--+0 24 24 

41. This limit has the form oo · 0. We'll change it to the form g. 

lim x sin(1rjx) = lim sin(1rjx) Jt lim cos(1rjx) ( -7r/x2) = 1r lim c'os(1rjx) = 1r (I) = 1r 
X�OO X--+00 1/X .X--+00 -1/x2 X--+00 

43. This limit has the form oo · 0. We'll change it to the form �. 

1. . 2 . 6 1. sin6x H li 6 cos6x 6 ( 1) · 
3 1m cot x sm x = 1m --2- = m 2 2 2 = 2 (I)2 = x-o x-o tan x x--+0 sec x 

45 Th. I" . h h fi 0 1" 3 -x2 1" X3 H li 3x2 
1" 3x H 1" 3 0 • IS 1m1t as t e orm oo · . 1m x e = 1m -2 = m --2 = 1m --2 = 1m --2 .= 

X-tOC X-'-+00 e:z: X-+00 2xe::c X-+00 2eX X-OJ 4xeX 

47. This limit has the form 0 · ( -oo) . 

li In '( /2) li lnx · H 1. I/x m x tan 1rx = m = 1m x-+I+ x-+1+ cot(7rx/2) x--+1+ (-1r/2) csc2(7rx/2) 

49. This limit has the form oo - oo. 

I 2 

lim (-x- _ _ I_) = lim x lnx- (x-I) Jt lim x (I/x) + lnx-1 = lim lnx 
x--+1 x - I lnx x--+1 (x-I)lnx x-+1 (x-I) (I/x)+lnx x-+1I-.(I/x)+lnx 

Jt lim 1/x . x2 = lim _x_ . = _I_=! 
x--+1 I/x2 + Ijx x2 x-1 I+ x 1 +I 2 

51. This limit has the form oo - oo. 

e"' l. ( I I ) }" e"' - I - X H }' e"' - I H }' 1m -- -- = lm = 1m = lm 
X-tO+ X e"'- I X-tO+ x (e"'- I) x -+O+ xe"' +�X - 1 x-+O+ xex + e"' + e"' 

53. The limit has the form oo - oo and we will change the form to a product by factoring out x. 

}" ( }n ) li (1 lnx) . }i lnx H lim 1/x O 
X� X - X = x-� X - --;- = 00 smce x-� --;- = 

X--+00 - I- = . 

55.y=x.fo => 1ny=y'Xlnx,so 

1. In 1' r,;; 1 1' lnx H li 1/x 2 li r,;; 0 1m y = 1m v x n x = 1m � = m 1 312 = - m v x = => 
x-+O+ x--+0+ x--+O+ x- z_,Q+ -2 x-. x-o+ 

lim x.fo = lim e10Y = e0 = 1. 
x-.o+ x-+O+ 

1 1 
0+ 1+ 1 2 
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57. y = (1 - 2x)11"' · � �y =.! ln(1- 2x), so lim lny = lim ln(l- 2x) � lim -2/(l
1
- 2x) =, -2 � 

.X x-+0 x-+0 X x-+0 

lim(1- 2x)1/"' = lim e1ny = e-2
. X-+0 X--+0, 

59. Y = xl/(1-x) In 
1 1 li 1 . li 1 In 1" lnx H lim 1/x 1 � y=--nxso m ny= m --- x= rm --= --=- � 1- X 

' ., .... 1+ o:->1+ 1- X z->1+ 1- X z->1+ -1 

61. y = x11"' � lny = (1/x) lnx 1. 1 1. lnx H 1. 1/x 0 � rm ny = 1m-= rm - = � x-+oo x--+oo. X X--+00 1 

lim x11"' = lim elny = e0 = 1 X--+CX> X-+00 

4 
63. y= (4x+1)cotx � lny=cotxln(4x+1),so lim lny= lim ln(4x+1) �lim 4xt1 =4 � . · , .... o+ , .... o+ tan x , .... o+ sec x 

67. 

69. 

lim (4x + 1)cotx = lim elny = e4• x-+O+ x--+O+ 

1 � lny=-lncosx � 
x2 

1 
2 � 

lim (cosx) 11"'2 = lim elny = e-112 = 1/Ve 
x--+0+ x--+0+ 

10 

o'----------/500 

From the graph, if x = 500, y � 7.36. The limit has the form 100• 

Nowy= (1+ �}" 
� lny=xm (1+�) � 

lim lny = lim ln(1 + 2/x) � lim � ( -�) 
X->00 X->00 1/X X->00 -1jx2 

=.2 lim 1 =2(1)=2 � 
z-oo 1 + 2/x 

lim (1 + 3.)"' = lim elny = e2 [;;::: 7.39] x--+oo X X-+oo 

From the graph, it appears that lim f(
(x

)
) = lim f'(

(x)
) � 0.25. 

. X->0 g X :r->0 g' X 

'" 1 1 1. f(x) 1. e"' - 1 H 1. e"' 1 necacuate 1m-( ) = 1m 3 4 = 1m�=-. :>:->0 g X x->0 X + X x->0 3X + 4 4 

. e"' H . . e"' H . ex H H . e"' 71. hm -= hm -- = lim = · · · = hm - = oo X--+00 Xn X---tOO nxn-} X--+00 n(n- l)xn-2, X--+00 n! 
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X H 1 1 73. lim = lim -:-----.--,--..,.. 
:r:-oo v?"+1 z-oo Hx2 + 1)-1/2(2x) 

lim v?"+t. Repeated applications ofi'Hospital's Rule result in the 
X-+00 X . 

original limit or the limit of the reciprocal of the function. Another method is to try dividing the numerator and denominator 

. x . xfx . 1 1 
by x: hm = lim = lim = - = 1 

x-oo JX2+1 x-oo Jx2 jx2 + 1jx2 x-oo .J1 + 1jx2 1 

75. f(x) = e"'-ex � f'(x) = e"'-c = 0 {::} e"' = c {::} x =Inc, c > 0. J"(x) = e"' > 0, so f is CU on 

( -oo, oo). lim (e"'-ex) = lim [x(e"' -c)] = £1. Now lim 
e"' � lim· e1"' = oo, so £1 = oo, �dless 

z_,.oo x-oo X x-oo X x-+oo 

of the value of c. For L = lim (e"'- ex), e"' --. 0, soL is determined 
X-+-00 

by -ex. If c > 0, -ex --. oo, and L = oo. If c < 0, -ex --. -oo, and 

L = -oo. Thus, f has an absolute minimum for c > 0. As c increases, the 

minimum points (Inc, c- cine), get farther away from the origin. 

-10 c=O 
,' 

c=-1,'' 
,-' ,' 

,, c=-5 

10 

-10 

n. First we will find }� .. "!, ( 1 + �rt. which is of the form 1 oo. y = ( 1 + �rt � ln y = nt ln ( 1 + �).so 

10 

lim In y = lim nt ln(1 + �) = t lim 
ln(1 + r /n) � t lim 

( -r /n2) = t lim _'_r_ = tr =} 
n-oo n-oo n n_.,oo 1/n n->oo(1+r/n)(-1jn2) n-oo1+i/n 

( 
r )nt 

lim y = ert. Thus, as n --t oo, A = Ao 1 + - --t Aoert. 
n-oo .. . n 

. E(eE + e-E)-: 1(eE- e-E) . . EeE + Ee-E � eE + e-E 
= hm = lun 

E-o+ (eE- e-E) E E .... o+ EeE- Ee-E 

H • EeE + eE. 1 + E( -e-E) + e-E; 1- eE + ( -e-E) 
= bm 

E-o+ EeE + eE · 1 - [E( -e-E) + e-E · 1). 
\ . 

[form is g] 

[divide by E) 

0 eE -e-E 
= 2 + L 

, where L = 
E�+ E [form is g] 

Thus, lim P(E) = 2 ° 2 = 0. 
E-o+ . + 

81. We see that both numerator and denominator approach 0, so we can use !'Hospital's Rule: 

li v2a3x- x4- a?'Mx.!:!. 1' !(2a3x- x4)-112(2a3- 4x3)- a(�)(aax)-213a2 
m . 4r--:i - un 1 x-a a·- vax3 x-a -4(ax3)-3/4(3ax2) 

_ !(2a3a- a4)-112(2a3- 4a3)- �a3(a2a)-213 
-

-·Haa3)-3/4(3aa2) 

(a4y-112( -a3) _ la3(a3)-2/3 ·-a_ la 
= 3 3 = 3 3 =!{�a)= l;a 

-4a3(a4)-3/4 -4 
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83. The limit,L= lim [ x-x2 1n (1+x)] = lim [x-x2�(.!.+1)].Lett=1/x,so asx->oo,t->0+. 
· x-oo X x-oo X . 

1 
L = lim [! -.! ln(t + 1)] = lim t -ln(t + 1) � lim 

1- t+1 = lim t/(t + 1) = lim 1 1 
t--o+ t t2 t ..... o+ t2 t-o+ 2t t ..... o+ 2t t--o+ 2 (t + 1) = 2 

Note: Starting the solution by factoring out x or x2 leads to a more complicated solution. 

85. Since /(2) =. 0, the given limit has the form�-

lim /(2 + 3x) + /(2 + 5x) � lim f'(2 + 3x) . 3 + f'(2 + 5x) . 5 = f'(2) . 3 +!'(2) . 5 = 8f'(2) = 8. 7 = 56 x-o X x ..... p 1 

87. Since lim [f(x +h)- f(x-h)] = f(x)- f(x) = 0 (f is differentiable and hence continuous) and lim 2h = 0, we use h ..... o h-o 

!'Hospital's Rule: 

lim f(x +h)- f(x-h) � lim f'(x + h)(1)- f'(x- h)( -1) = f'(x) + f'(x) = 2f'(x) = f'(x) h .... o 2h h .... o 2 2 2 

f(x +h) � f(x- h) is the slope of the secant line between 2 . 

(x-h, f(x-h)) and (x + h, f(x +h)). Ash-> 0, this line gets closer 

to the tangent line and its slope approaches f' ( x). 

89. (a) We show that lim f(x) = 0 for every integer n 2: 0. Let y = �- Then 
X--+0 xn X 

y 

0 x-lr x x+lr 

lim f(x) 
= lim xn f(x) � lim xn lim f(x) = 0. Thus, f'(o) = lim f(x)-f(O) = lim f(x) = 0. 

, .... p xn x .... o x2n. x-0 x-+0 x2n x ..... o X -0 x ..... o X 

(b) Using the Chain Rule and the Quotient Rule we see that f(n) (x) exists for x "# 0. In fact, we prove by induction that for 

each n 2: 0, there is a polynomial Pn and a non-negative integer kn with f(n)(x) = Pn(x)f(x)jxk,. for x "# 0. This is 

truefor n = 0; suppose it is true for the nth derivative. Then f'(x) = f(x)(2jx3), so 

f(n+l)(x) = [xk,. [p�(x) f(x) + Pn(x) f'(x)]-knxk"-1Pn(x) f(x)]x-2k,. 
= [xk"p�(x) + Pn(x)(2/x3)-knXk"-1Pn(x)]f(x)x-2k" 
= [xkn+3p�(x) + 2pn(x)-knxkn+2 Pn(x)]f(x)x-(2k,.+3) 

which has the desired form. 

Now we show by induction that f(n) (0) = 0 for all n. By part (a), f' (0) = 0. Suppose that f(n) (0) = 0. Then 
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4.5 Summary of Curve Sketching 

1. y = f(x) = x3- 12x2 + 36x = x(x2- 12x + 36) = x(x- 6)2 A. f is a polynomial, soD= R 

B. x-intercepts are 0 and 6, y-intercept = f(O) = 0 C. No symmetry D. No asymptote 

E. f'(x) = 3x2 - 24x + 36 = 3(x2- 8x + 12) = 3(x- 2)(x- 6) < 0 <=> 

2 < x < 6, so f is decreasing on (2, 6) and i.ncreasing on ( -oo, 2) and (6, oo) . 

F. Local maximum value /(2) = 32, local minimum value /(6) = 0 

G. f"(x) = 6x- 24 = 6(x- 4) > 0 <=> x > 4, so f is CU on (4, oo) and 

CD on ( -oo, 4). IP at (4, 16) 

H. 

3. y = f(x) = x4 -.4x = x(x3- 4) A. D = IR B. x-in'tercepts are 0 and iftt, B. 

y.:.intercept = f(O) = 0 C. No symmetry D. No asymptote 

E. f'(x) = 4x3- 4 = 4(x3- 1) = 4(x - 1)(x2 + x + 1) > 0 <=> x > 1, so 

f is increasing on (1, oo) and decreasing on ( -'-oo, 1). F. Local minimum value 
' 

f(1) = -3, no local maximum G. f"(x) = 12x2 > 0 for all x, so f is CU on 

( -oo, oo) . No IP 

y 

5. y = f(x) = x(x- 4)3 A. D = IR B. x-intercepts are 0 and 4, y-intercept f(O) = 0 C. No symmetry 

D. No asymptote 

E. f'(x) = x · 3(x- 4? +(x- 4)3 ·1 = (x- 4)2[3x + (x- 4)] 
= (x- 4)2(4x- 4) = 4(x- 1)(x- 4)2 > 0 <=> 

x > 1, so f is increasing on (1, oo) and decreasing on ( -oo, 1). 

F. Local minimum value /(1) = -27, no local maximum value 

G. f"(x) = 4[(x- 1) · 2(x- 4) + (x- 4)2 • 1] = 4(x- 4)[2(x- 1) + (x- 4)] 
= 4(x- 4)(3x- 6) = 12(x- 4)(x- 2) < 0 <=> 

H. 

2· < x < 4, so f is CD on (2, 4) and CU on ( -oo, 2) and (4, oo) . IPs at (2, -16) and (4, 0) 

.(1,-27) 

7. y = f(x) = ix5- �x3 + 16x = x(ix4- �x2 + 16) A. D =.IR B. x-intercept 0, y-intercept = f(O) = 0 

C. !( -x) =-f(x), so f is odd; the curve is symmetric aboutthe �rigin. D. No asymptote 

E. f'(x) = x4- 8x2 + 16 = (x2- 4? = (x + 2?(x- 2)2 > 0 for all x H. 

except ±2, so f is increasing on JR. F. There is no local maximum Qr 
minimum value. 
G. f"(x) = 4x3- 16x = 4x(x2- 4) = 4x(x + 2)(x- 2) > 0 <=> 

-2 < X < 0 or X > 2, so f is cu on ( -2, 0) and (2, 00 ), and f is CD on 

( -oo, -2) and (0, 2). IP at ( -2,-215
5
6 ) , (0, 0), and (2, 215;) 
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9. y = f(x) = xj(x- 1) A. D ={xI x =f. 1} � ( -oo, 1) U (1, oo) B. x-intercept = 0, y-intercept = f(O) = 0 ' . 
C. No symmetry D. lim .2...._ = 1, so·y = 1 is aHA. lim __33_1 = -oo, lim __33_1 = oo, sox= 1 is a VA. 

x--+±oo X- 1 x--+1- X- x--+1+ X-

1 (x- 1)- X -1 . · . E.j(x)= ( )2 
=

c )2<0forx=f.1,softs x- l x- 1 

decreasing on (-oo, 1) and (1, oo) . F. No extreme values 

G. f"(x) = (x � 1)3 > 0 <=> x > 1, so f is CU on (1, oo) and 

CD on ( -oo, 1). No IP 

H. y 

I\__ y=l ---r----------------

x -x2 11. y = f(x) = 2 3 2 · - x+x 
x(1-,x) x 

(1 _ x)(2 _ x) = 2 _ x for x =I= 1 .  There is a hole in the graph at (1, 1) . 

A. D = {x I x =f. 1, 2} = (-oo, 1) U (1, 2) U {2, oo) B. x-intercept = 0, y-intercept = f(O) = 0 C. No symmetry 

D. lim _x_ = -1, soy = -1 is aHA. lim -2 
x = oo, lim -2 x = -oo, sox = 2 is a VA. x--+±oo 2 - X x--+2- - X x--+2+ - X 

, (2 - x)(l) - x(-1) 2 . E. f (x) = (2 _ x)2 = (2 _ x)2 > 0 [x =f. 1, 2], so f IS 

increasing on ( -oo, 1), (1, 2), and (2, oo ). F. No extrema 

H. y x=2 

G. f'(x) = 2(2- x)-2 =:. .................. 9 ....... L ............... � 

f"(x) = -4(2- x)-3(-1) = (� � x)3 > 0 <=> x < 2, so f is CU on 

( -oo, 1) and (1, 2), and f is CD on (2, oo). No IP 
y=-1 I � 

13. y = f(x) � 1/(x2 :.._ 9) A. D ={xI x =f. ±3} = ( -oo, -3) U ( -3, 3) U (3, oo) B. y-intercept = f(O) =-�,no 

x-intercept C. f( -x) = f(x) =:. f is even; the curve is symmetric about they-axis. D. lim -
2-

1- = 0, soy= 0 
, x--+±oo X - 9 

. HA I' ' 1 I' 1 lim 1 l' l 3 d 3 1s a . Jm �9 = -oo, rm �9 = oo, �9 = oo, Jm -
2
-- = -oo, sox= an x =-x--+3- X - x--+3+ X - x--+-3- X - x--+-3+ X - 9 

areVA. E. f'(x)=- 2x 
2 >0 <=> x<O (x=f.-3)sof is increasing on(-oo,-3) and(-3, 0) and 

(x2 - 9) 
decreasing on (0, 3) and (3, oo). F. Local maximum value f(O) = -�. H. 

G 11 _ -2(x2 - 9)2 + (2x)2(x2- 9)(2x) _ 6(x2 + 3) 0 • y - (x2 - 9)4 - (x2 � 9)3 > <=> 

x2 > 9 <=> x > 3 or x < -3�so f is CU on ( -oo, -3) and_(3, oo) and 

CD on ( -3, 3). No IP 

15. y = f(x) = xj(x2 + 9) A. D = lR B. y-intercept: /(0) = 0 ;  x-intercept: f(x) = 0 <=> x = 0 

X 

C. /( -x) = -f(x), so f is odd and the curve is symmetric about the origin. D. lim [x/(x2 + 9)] = 0, soy= 0 is a x-+±oo 
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, (x2 + 9)(1)- x(2x) 9- x2 (3 + x)(3- x) . . . HA; no VA E. f (x) = (x2 + 9)2 = (x2 + 9)2 = (x2 + 9)2 > 0 ¢? -3 < x < 3, so f IS mcreasmg 

on ( -3, 3) and decreasing on ( -oo, -3) and (3, oo). F. Local minimum value/( -3) = -i. local maximum 

value /(3) = i 

G f"(x) _ (x2 + 9)2( -2x)- (9- x2) · 2(x2 + 9)(2x) _ (2x)(x2 + 9) [-(x2 + 9)- 2(9.- x2)] 
· - · [(x2 + 9)2]2 -

· (x2 + 9)4 

= 2x(x2 - 27) = 0 = 0 ±ffi = ±3 v'3 (x2 + 9)3 ¢? x • 

f"(x) > 0 ¢? -3 v'3 < x < 0 or x >.3 v'3, so f is CU on (-3v'3,o) 

and (3 v'3, oo ), and CD on ( -oo, -3 v'3) and (0, 3 v'3). There are three 

inflection points: (0, 0) and (±3 v'3, ±f2 v'3). 

H. y 

' x- 1 
17. y = f(x) = -2- A. D ={xI x =I= 0} = ( -oo, 0) U (0, oo) B. No y-intercept; x-intercept: f(x) = 0 ¢? x = 1 X . 

x- 1 x- 1 · · 
C. No symmetry D.· lim -2- = 0, soy = 0 is aHA. lim -2- = -oo, so x = 0 is a VA. 

· x--+±<Xl X x--+0 X 

E !'( ) = x2 • 1- (x- 1) · 2x = -x2 + 2x = -(x- 2) !'( ) 0 ¢? • x (x2)2 x4 x3 , so x > 0 < x < 2 and f'(x) < 0 ¢? 

x < 0 or x > 2. Thus, f is increasing on (0, 2) and decreasing on ( -oo, 0) 

and (2, oo). F. No local minimum, local m-aximum value f(2) = i· 

;, x3 · ( ---'1)- [-(x- 2)]· 3x2 2x3- 6x2 2(x- 3) 
G. f (x) = 

· ( 3)2 = 
6 

= · 4 · X X X 

f"(x) is negative on (-oo,O) and (0,3) and positive on (3,oo), so f is CD 

on ( -oo, 0) and (0, 3) and CU on (3, oo). IP at (3, �) 

H. 

19. y = f(x) = __£.__ = (x2 + 3) - 3 = 1 - -3- A. D =JR. B. y-intercept: /(0) = 0; x2 + 3 x2 + 3 x2 + 3 

y 

x-intercepts: f(x) = 0 ¢? x = 0 C. f( -x) = f(x), so f is even; the graph is symmetric about they-axis. 
� - -� 

X 

6x D.' lim �3 =1,soy=lis aHA.NoVA. E. Using theReciprocaiRule,f'(x)=-3· ( 2 )2 x�±oo X + . X + 3 (x2 + 3)2 · 

!'(x) >0 ¢? . x > 0 and f'(x) < 0 ¢? x < 0, so f is decreasing on ( -oo, 0) and increasing on (0, oo) . 

F. Local minimum value /(0) = 0, no local maximum. 

G /"( ) = (x2 + 3? · 6- 6x · 2(x2 + 3) · 2x . x [(x2 + 3)2]2 H. y y=l 

_ 6(x2 + 3)[(x2 + 3)- 4x2] � 6(3- 3x2) _ -18(x + 1)(x � 1) - (x2 + 3)4 - (x2 + 3)3 - (x2 + 3)3 

f"(x) is negative on ( -oo, -1) and (1, oo) and positive on ( -1, 1), 

sof is CD on (-oo, -1) and (1,oo) and CU on (-1, 1). IP at (±1, i) 
(0,0) 
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21. y = f(x) = (x- 3)y'x = x312 - 3x112 A. D = [0, oo) B. x-intercepts: 0, 3; y-intercept = f(O) = 0 C. No 
· 3(x- 1) symmetry D. No asymptote E. f'(x) = �x112- �x-112 = �x-112(x- 1) = 2y'x > 0 {=} x > 1, 

so f is increasing on (1, oo) and decreasing on {0, 1 ). 
F. Local minimum value /(1) = -2, no local maximum value 

G f"(x) - .ll.x-112 + .ll.x-312 - 1x-312(x + 1} = 3(x + 1) > 0 for x > 0 • - 4 . 4 - 4 ' 4x3/2 • 

so f is CU on (0, oo) . No IP 

H. 

(1,-2) 

23. y = f(x) = Jx2 + x- 2 = y'(x + 2)(x-1) A. D = {x \ (x + 2)(x- 1) 2: 0} = ( -oo, -2) U [1, oo) ' 

B .. y-intercept: none; x-intercepts: -2 and 1 C. No symmetry D. No asymptote 

E. J'(x) = �(x2 + x- 2)-112(2x + 1) = 2x + 1 , J'(x) = 0 ifx =-!.but-! is not in the domain. 2Jx2 +>t- 2 _ . 

J'(x) > 0 => x > -!and J'(x) < 0 => x < -�.so (considering the domain) f is increasing on (1, oo) and 

f is decreasing on ( -oo, -2). F. No local extrema 

G. f"(x) = 
2(x2 + x- 2)112(2)- (2x + 1) · 2 · t(x: + x- 2)-112(2x + 1) 

(2Jx2 +x- 2) 
_ (x2 + x- 2)-1/2 (4(x2 + x- 2)- (4x2 + 4x + 1)] - 4(x2 + x- 2) 

-9 < 0 4(x2 + x - 2)3/2 
so f is CD on ( -oo, -2) and (1; oo) . No IP 

H. 

-2 

25. y = f(x) = xiJX2+I A. D = IR B. y-interc�pt: f(O) = 0; x-intercepts: f(x) = 0 => x = 0 
C. f( -x) = -f(x), so f is odd; the graph is symmetric about the origin. 

y 

D l. !( ) li x 1. xlx 1. xlx 1. 1 1 . liD X =  ill = liD :::::: Ill = Ill = -- =1 
:z:-oo x-oo Jx2 + 1 �-oo JX2+'IIx x-oo Jx2 + 11JX2 :z:-oo y'1 + 1lx2 .Jl+'O 

and 

l. !( ) . li X li X I X li X I X l' 1 Im x = m = m  = m  = tm 
x--= x--oo Jx2 + 1 :z:'-+-oo Jx2 + 1lx x--oo Jx2 + lf(-JX2) x--oo -.J1 + 1lx2 

NoVA. 

1 = -1 soy=±1areHA. 
-.Jl+'O 

r.:::?71' 2x y ;c- T" .L - X ' r.:::?71' 2 2 
E !'( ) 2 y x2 + 1 X + 1- X 1 O fi all f. . . ..., · x = [( 2 1)1/2]2 = 312 = 312 > or x, so IS mcreasmg on n. x + (x2 + 1) (x2 + 1) . 
F. No extreme values 

G !"( ) _ 3( 2 1)-5/2 2 _ -3x 
!"( ) fi • X - -2 X + · X- (x2 + 1)5/2, SO X > 0 or X< 0 

and f"(x) < 0 for x > 0. Thus, f is CU on ( -oo, 0) and CD on (0, oo) . 

IP at (0, 0) 

H. y 
y=l 

y=-1 
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27. y = j(x) = Jf="X2 jx A. D= {x llxl S 1, x =1- 0} = [-1, 0) U (0, 1] B. x-intercepts ±1, no y-intercept 

C. f( -x) = - j(x), so the curve is symmetric about (0, 0). �- lim Jf="X2 = oo, lim . Jf="X2 = -oo, 
x-o+ X x--+O- X 

. ' . ( -x2/JI-x2) - Jf="X2 . 
SO X= 0 IS a VA. E. f (x) = 2 = X n < 0, so f is decreasing 

x2 
on ( -1, 0) and (0, 1 ). R No extreme values 

·11 2-3x2 fi · /2 

H. y 

G. f (x)= 312 >0 {::} -l<x<-y3orO<x<y3.so _1 x3 (I - x2) --t----:+----+-+ 0 1 X 
f is CU on ( -1, -/f) and ( 0, /f) and CD on (-/f. 0) and ( /f, 1) . 

. IPat (±v1,±�) 

29. y = f(x) = x- 3x113 A. D =JR. B. y-intercept: f(O) = 0; x-intercepts: f(x) = 0 => x = 3x113 => 

x3=27x => x3- 27x=O => x(x2-27)=0 => x=0,±3J3 C. f(-x)=-f(x),sof is odd ; 
. 2/3 the graph is symmetric about the origin. D. No asymptote E. !' ( x) = 1 -x--, 2/3 = 1 - x2

1
13 = x 

x2 1� 
1 

. 

f'(x) > 0 when lxl > 1 and j'(x) < 0 when 0 < lxl < 1, so f is increasing on ( -oo, -1) and (1, oo), and 

decreasing on ( -1, 0) and ( 0, 1) [hence decreasing on ( -1, 1) since f is 

continuous on ( -1, 1) ]. F. Local maximum value f ( -1) = 2 ,  local minimum 

valuef{1) = -2 G. J"(x) = ix-513 < Owhenx < Oandf"(x) > 0 

when x > 0, so f is CD on ( -oo, 0) and CU on (0, oo ). IP at (0, 0) 

H. y 
(-1, 2) 

(1,-2) 

31. y =f(x) = �x2-1 A. D =JR. B. y-intercept: f(O) = -1; x-intercepts: f(x) = 0 # x2-1 = 0 # 

x = ±1 C. 1( -x) = f(x), so the curve is symmetric about they-axis. D. No asymptote 

E. J'(x) = i(x2- 1)-213(2x) = 2x . f'(x) > 0 # x > 0 and f'(x) < 0 {::} x < 0, so f is · 3 {/(x2- 1)2 

increasing on (0, oo) and decreasing on ( -oo, 0). F. Local minimum value f{O) = -1 

11 2 · {x2- 1)213(1)-x · �(x2- 1)-113(2x) 
G. f (x) = 3 · [(x2 _ 1)2/3)2 

2 (x2- 1)-113[3{x2- 1)- 4x2] 2(x2 + 3 )  = 9 · (x2 _ 1)4/3 
=- 9(x2 _ 1)5/3 

f"(x)>O # -1<x<1andf"(x)<O # x<-1orx>1,so 

f isCU on {-1, 1) and f is CD on ( -oo, -1) and {1,oo).IP at {±1,0) 

H. y 

(0,-1) 
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33. y = f(x) = sin3 x A. D = lR B. x-intercepts: f(x) = 0 # x = mr, nan integer; y-intercept = /(0) = 0 

C. f( -x) = -f(x), so f is odd and the curve is symmetric about the origin. Also, f(x + 21r) = f(x), so f is periodic 

with period 211", and we determine E-G for 0 :::; x :::; 1r. Since f is odd, we can reflect the graph off on [0, 1r) about the 

origin to obtain the graph of f on [-1r, 1r), arid then since f has period 211", we can extend the graph off for all real numbers. 

D. No asymptote E. J'(x) = 3sin2 x cosx > 0 # cosx > 0 and sinx =/= 0 # 0 < x <�.so f is increasing·on 

(0, �) and f is decreasing on ( �, 1r). F. Local maximum value f ( �) = 1 [local minimum value f (-f) = -1] 

G. f"(x) = 3sin2 x (-sinx) + 3cosx (2sinx cosx) = 3sinx (2cos2 x-sin2 x) 

= 3sinx [2(1-sin2 x)-sin2 x] = 3sinx(2 - 3sin2 x) > 0 # 

sinx. > 0 and sin2 x· < j # 0 < x < 1r and 0 < sinx < /"j # 0 < x < sin-1/"j, [tet a= sin-1 /"j] or 

1r-a< x < 1r, so f is CU on (0, a) and (1r- a, 1r), and f is CD on (a, 1r-a). There are inflection points at x = 0, 1r, a, 

and x = 1r- a. 

H. y 
1 

0 

-1 

y 

41T 
X X 

35. y = f(x) = xtanx, -f < x < f A. D = (-f, f) B. Intercepts are 0 C. f(-x) = f(x), so the curve is 

symmetric about the y-axis. D. lim x tan x = oo and lim x tan x = oo, so x � f and x = -� are VA. 
:x-{1f/2)- :x--{7f/2)+ 

E. f'(x) = tanx + xsec2 x > 0 <=> 0 < x <�.so f increases on (0, f) 

and decreases on (-f,O). F. Absolute and local minimum value f(O ) = 0. 

G. y" = 2sec2 x + 2xtanx sec2 x > 0 for-� < x < f, so f is 

CU on ( -1, �). No IP 

H. 
. 

... : 
x=-2 � 

. 

: .. 
l x=2 

X 

37. y = l(x) = �x-sinx, 0 < x < 311" A. D = (0, 311") B. No y-intercept. The x-intercept, approximately 1.9, can be 

found using Newton's Method. C. No symmetry D. No aSymptote E. l'(x) =� -cos x > 0 {::} cosx < � {::} 

.!!: < x < � or 1lL < x < 311" so I is increasing on (.!!: 51f ) and ( 1lL 311") and decreasing on (0 .!!: ) and ( ll1r l!L) 
3 3 3 ' 3' 3 3' '3 3' 3 .  

F. Local minimum value f { �) = � - {}, local maximum value 

I en = s; + {}, local minimum value I C::) = 7; - {} 

G. !" ( x) = sin x > 0 # 0 < x < 1r or 211" < x < 311", so I is CU on 

(0·, 1r) and (21r, 311") and CD on (1r, 21r). IPs at {1r, 1) and (21r, 1r) 

H. y 
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sinx 
39. y = f(x) = -:-1-­+cosx 

sinx 1- cosx _ sinx (1- cosx) _ 1- cosx _ t ] ---· - - -CSCX-CO X 
1+cosx 1-cosx sin2x sinx 
' ' 

A. The domain off is the set of al! real numbers except odd integer multiples of 1r; that is, all reals except (2n + 1 )1r, where 

n is an integer. B. y-intercept: f(O) = 0; x-intercepts: x = 2n11', n an integer. C. f( -x) =-f(x), so f is an odd 

, function; the graph is symmetric about the origin and has period 211'. D. When n is an odd integer , 

lim · f(x) = oo and lim f(x) = -oo, sox= n1r is a VA for each odd integer n. No HA. 
x-(n1r) -. x-(n?l')+ 

1 (1+cosx)·cosx-sinx(-sinx) 1+cosx 1 1 • 
E. f (x) = 

(1 )2 
= (1 )2 = 

1 . f (x) > 0 for all x except odd multtples of +cosx +cosx. +cosx 

11', so f is increasing on ((2k-1)11', (2k + 1)11') for each integer k. F. No extreme values 

!"( ) 
sinx . 

G. x = (1+cosx)2 >0 =? smx>O =? H. x=-31T x= 1T x=31T 

x E (2k1r, (2k + 1)1r) and J"(x) < Oon ((2k -1)11',,2k1r) for each 

integer k. f is CU on (2k1r, (2k + 1)11') and CD on ((2k- 1)11', 2k1r) 

for each integer k. f has IPs at (2k11', 0) for each integer k. 

41. y = f(x) = ru:ctan(e"') A. D= lR B. y-intercept = f(O) =arctan 1 = f. f(x) > 0 so there are. no x-intercepts. 

C. No symmetry D. lim arctan(e"') = 0 and lim arctan( ex)=�. soy= 0 andy=� are HAs. No VA 
X-+-00 x--<XI 

E. J'(x)=1 � )2dx
de"'=-1 

e"'
? >O,sof is increasing on(-oo,oo). F. Nolocalextrema 

+ e"' + e-"' . 

" {1 + e2"')e"'-e"'(2e2"') e"'[(1 + e2"')- 2e2"'] 
G. f (x) = 

(1 + e2"')2 
= 

(1 + e2"')2 

e"'(1- e2"') = >0 {=} (1 + e2•')2 

1 - e2"' > 0 {=} e2"' < 1 {=} 2x < 0 {=} x < 0, so f is CU on 

( -oo, 0) and CD on (0, oo ). IP at (0, f) 

. 
H. 

43. y = 1/(1 + e-"') A. D = JR B. No x-intercept; y-intereept = /(0) = t· C. No symmetry · 

D. lim 1/(1+e-"')= 1!0=1and lim 1/(l+e-"')=Osince lim e-"'=oo,sofhas horizontal asymptotes 
x�oo x--oo x--oo 

The second factor in the numerator is negative for x > 0 and positive for x < 0, 

and the other factors are always positive , so f is CU on ( -oo, 0) and CD 

on (0, oo). IP at (0, t) 

H. y 
y=l 
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188 0 CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 

45. y = f(x) = x- lnx A. D = (0, oo) B. y-intercept: none (0 is not in the domain); x-intercept: f(x) = 0 <=> 

x = In x, which has no solution, so there is no x-intercept. C. No symmetry D. lim (x -lnx) = oo, sox= 0 
X -toO+ 

is a VA. E. f'(x) = 1- 1/x > 0 => 1 > 1/x => x > 1 and 

f'(x) < 0 · => 0 < x < 1, so f is increasing on (1, oo) and f is decreasing 

on (0, 1). F. Local minimum value /(1) = 1; no local maximum value 

G • .f"(x) = � > 0 for all i, so f is CU on (0, oo). No IP 
X 

H. y 

X 

47. y = f(x) = (1 + ex)
-2 = 

(1 +
1

ex)
2 A. D = lR B. y-intercept: f(O) = �· x-intercepts: none [since f(x) > 0] 

C. No symmetry D. lim f(x) = 0 and lim f(x) = 1, soy= 0 andy= 1 are·HA; no VA 
x--+oo 

x
-+-oo 

I X -3 X -2e"'' E. f (x) = -2(1 + 
e ) e = (1 + ex)3 < 0, so f is decreasing on lR F. No local extrema 

G. J"(x) = (1 + ex)-3( -2ex) + ( -2ex)( -3)(1 + e"')-4e"' H. Y 

f"(x) > 0 

J"(x)<O 

<=> 1 - 2e"' < 0 <=> ex > 1 <=> x > In 1 and 2 2 . 

<=> x < ln �.so f is CU on (In�' oo) and CD on ( -oo, ln �). 

IP at ( ln �' �) 

49. y = f(x) = ln(sinx) 

00 

y=l 

A. D = {x inlR jsinx > 0} = U (2mr, (2n+ 1) 1r) = · . . U (-41!', -31!') U (-21r,- 1r) U (0, 1r) U (21!',31!') U .. · 
n=-oo 

B. No y-intercept; x-intercepts: f(x) = 0 <=> ln(sinx) = 0 <=> sinx = e0 = 1 <=> x = 2n1l' +�for each 

integer n. C. f is periodic with period 21!'. D. lim f(x) = -oo and lim f(x) = -oo, so the lines 
.,_(2n1f)+ x-[(2n+l)1f]-

cosx 
x = n1r are VAs for all integers n. E. !' (x) = -.- =cot x, so!' (x) > 0 when 2mr < x < 2n1l' + � for each 

SlDX · 

integer n, and ['(x) < 0 when 2n1l' + � <X < (2n + 1)1!'. Thus, j is increasing on (2n1!', 2n1l' + �) and 

decreasing on ( 2n1l' + �, ( 2n + .1 )1r) for each integer n. H. 

F. Local maximum values f ( 2n1l' + �) = 0, no local minimum. 

G. J"(x) = - csc
2 x < 0, so f is CD on (2n1r; (2n + 1)1r) for 

each integer n. No IP 

. 

. . . 
41t . . 

. . 
! 

. . . 
-31t -i1T 
': I 

. y . . . . 
l 

. . . 
. . . . . I 

-1t 1T 21t 3W. 
: 0 'I :r ': 
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51. y = f(x) = xe-1fx A. D = ( -oo, 0) U (0, oo) B. No intercept C. No symmetry 

e-1/x e-1/x(1/x2) 
D. lim -- � lim 2 =- lim e-l/x = -oo, sox= 0 is a VA. Also, lim xe-11x = 0, so the graph 

x--+O- 1/X x--+O- -1/x x--+O- x--+O+ . 

approachesthe origin asx--> o+. E. f'(x) = xe-11"' (:2) +e-11"'(1) = e-1/"' (� + 1) = =e�/! > 0 ¢:> 

x < -1 orx > Q, so f is increasing on (-oo, -1) and (0, oo), and f is decreasing on (-1,0). 

· F. Local maximum value f( -1) = -e, no local minimum value 

G. f'(x)= e-11"' (;.+1) :::? 

f"(x) = e-1/� (-:2) + (; + 1 )e-1/x (:2) 
=; :2 e-1fx [-1 + (� + 1)] = 

x3:l fx 
> 0 ¢:> 

x > 0, so f is CU on (0, oo) and CD on ( -oo, 0). No IP 

H. 

(-1,-e) 

. /\ 

53. y = f(x) = e3x + e-2x A. D = R B. y-intercept= f(O) = 2; no x-intercept C. No symmetry D. No asymptote 

E • .J'(x) = 3e3"'- 2e-2"', so ['(x) > 0 ¢:> 3e3x > 2e-2"' [multiply by e2"'] ¢:> H. 

e5"' > j ¢:> 5x > ln j ¢:> x > i ln j � -0.081. Similarly, f' (x) < 0 ¢:> 

x < i ln j. f is decreasing on ( -oo, i ln j) and increasing on ( i ln i, oo) . 

F. Local minimum value J(i ln j) = (j)315 + (j) -2/5 �1.96; no local maximum. 

G. f" (x) = 9e3"' + 4e-2x, so f" (x) > 0 for all x, and f is CU on ( -oo, oo). No IP minimum 

0 X 

55. m = f(v) = mo 
. Them-intercept is f(O) =mo. There are nov-intercepts. lim f(v) = oo, so v =cis a VA. y'1-v2 /c2 . v--+c-

!'·( ) _ 1 ( 2/ 2)-3/2( 2 I 2) _ ·mov _ mov v - -2mo· 1-v c - v c - -2(1 _ v· 2fc2)3/2 - 2 2 2 3/2 t-- c (c -v ) 

increasing on (0, c). There are no local extreme values. 

" (c2 � v2)3f2(moc)-mocv. �(c2- v2)1f2(-2v) f (v) = · [(c2 _ v2)3/2)2 

m0c(c2 - v2)112[(c2- v2) + 3v2] m0c(c2 + 2v2) = = >0 (c2 _ v2)3 (c2 _ v2)5/2 ' 

so f is CU on (0, c). There are no inflection points. 

c3 

mocv 
0 f. (c2- v2)3/2 > , so IS 

m 

(0, m0) ...__ _ _.. 

0. 

57 ( ) (t) 1 __., 1 1 
........._ 1 + ae-kt = 2 ....._ ae-kt = 1 ....._ e-kt = .!. .......... 

· 
a p = 2 -r 2 = 1 + ae-kt ......,.. .,...,.. 1 .,...,.. a .,...., 

v 

ln e-kt =In a-1 ¢:> -kt = -In a ¢:> t = �a, which is when half the population will have heard the rumor. 

. . 
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190 0 CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 
- - k -kt 

(b )The rate of spread is given by p1 ( t) = (1 : :e-kt )2 
. To find the greatest rate of spread, we'll apply the First Derivative 

Test to p1 (t) [not p(t)]. 

1 1 , (1 + ae-kt?( -ak2e-kt)- ake-kt · 2(1 + ae-kt)( -ake-kt) 
[p (t)] = P (t) = 

((1 + ae kt)2]2 . 

(1 + ae-kt)( -ake-kt)[k(l + ae-kt)- 2ake-kt] -ake-kt(k)(1- ae-kt) ak2e-kt(ae-kt- 1) 
= (1 + ae-kt)4 

= 
(1 + ae-kt)3 

= 
(1 + ae-ktp · 

p"(t)>O {:} ae-kt>1 {:} -kt>ln a-1 {:} t<
l:a.sop1(t) is increasing for t<

l:a andp1(t) is 

decreasing for t > 1: a. Thus, p1 ( t ), the rate of spread of the rumor, is greatest at the same time, �a, as when half the 

population [by part (a)] has heard it. 

(c) p(O) = -1 
1 and lim p(t) = 1. . The graph is shown +a t�oo 

with a = 4 and k = i. 

W 4 WL 3 WL2 2 W 2( 2 2) 
59' Y =- 24Elx + 

12Elx - 24Elx = - 24Elx x -2Lx + L 

= -W x2(x-L)z = cx2(x- £)2 24EI 

where c =- 2�1 is a negative constant �nd 0 :S x :S L. w_e sketch 

f(x) = cx2(x-L? for c = -1. f(O) = f(L) = 0. 

y 
1 

1/2 

0 JC 

/1(x) = cx2(2(x-L)] + (x- L)2(2cx) = 2cx(x-L)[x + (x-L)] = 2cx(x-L)(2x-L). So for O< x < L, 

/1(x)>O {:} x(x-L)(2x-L)<O[since c<O] {:} L/2<x<L andj'(x)<O {:} O<x<L/2. 

Thus, f is increasing on (L/2, L) and decreasing on (0, L/2), and there is a local and absolute 

minimum at the point (L/2, f(L/2)) = {L/2, c£4 /16). f1(x) = 2c[x(x-L)(2x-L)] => 

f"(x) = 2c(l(x-L)(2x-L) + x(1)(2x-L) + x(x-£)(2)] = 2c(6x2-6Lx + £2) = 0 {:} 

x = 6L ± 1� = iL ± :{!L, and these are the x-coordina�es of the two inflection points. 

61 - x2 + 1 L d' . . . . y - . ong !VISIOn gives us: 
x+1 x-1 

-x+1 
-x-1 

2 
2 

x2 + 1 . 2 2 
-

Thus, y = f(x) = -- = x-1 +--and f(x)-(x-1) = -- = � [for x 1- 0] --> 0 as x __. ±oo. x+l x+1 x+l l+-
x 

So the line y = x -1 is a slant asymptote (SA). 
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4x3-2x2 + 5 2x-2 63. y = 2 2 3 . Long division gives us: x +x-
2x2 + x-3 14x3 � 2x2 + 5 

4x3 + 2x2-6x 

- 4x2 +6x+5 
-4x2 -2x+6 

8x-1 

. 4x3 -2i? + 5 8x -1 8x -1 
Thus, y = f(x) = 2 2 3 = 2x-2 + 2 2 3 and f(x)-(2x-2) = 2 2 + 3 

X +x- X +x- · X X -

[for x i= 0] � Q as x � ±oo. So the line y = 2x -2 is a SA. 

8 1 
;-� 

1 3 2+--­x x2 

x2 1 65. y = f(x) = x _ 1 = x + 1 + x _ 1 A • .0 = (-oo, 1) U (1, oo) B. x-intercept: f(x) = 0 <=> x = 0; 

y-intercept: f(O) = 0 C. No symmetry D. lim f(x) = -oo and lim f(x) = oo, sox= 1 is a VA. 
X-+1- X-+1+ 

• lim [f(x)- (x + 1)] = lim -1 -= 0, so the line y = x + 1 is a SA. 
x_,±oo . :z:_,±oo X -1 

, 1 (x-1?- 1 x2-2x x(x-2) E. f (x) = 1- (x-1)2 = (x-1)2 = (x-1)2 
= (x-1)2 > 0 for 

x < 0 or x > 2, so f is increasing on ( -oo; 0) and (2, oo ), and f is decreasing 

on (0, 1) and (1, 2). F. Loc;al maximum value f(O) = 0, local minimum value 
. 2 /(2) = 4 G. f"(x) = (x _ 1)3 

> 0 for x > 1, so f is CU on (1, oo) and f 

is CD on ( -oo, 1). No IP 

H. y l'tY2,4),, . . , . , L ...... 'y=x+l 
,"' , . I I 

X 

· 
x3 +4 4 67. y = f(x) = --·- = x +- A. D = ( -oo, 0) U (0, oo) B. x-intercept: f(x) = 0. <=> x =- �;no y-intercept x2 x2 

C. No symmetry D. lim f(x) = oo, sox= 0 is a VA. lim [f(x)-x] = lim � = 0, soy= x is a SA. 
x-o x-±oo x--+±oo X 

. 
3 . . 

E. f' ( x) = 1 - 8
3 

= x -; 8 > 0 for x < 0 or x > 2, so f is increasing on 
X X 

( -oo, 0) and (2, oo), and f is decreasing on (0, 2) . F. Local minimum value 

f(2) = 3, no local maximum value G. f"(x) = 2! > 0 for xi= 0, so f is CU 
X 

on ( -oo, 0) and (0, oo). No IP 

H. 

69. y = f(x) = 1 + �x + e-"' A. D = lR B. y-intercept = f(O) = 2, no x-intercept [see part F] ·C. No symmetry 

D.NoVAorHA. lim [f(x)-(1+�x))= lime-"'=O,soy=1+�x is aSA. E.f'(x)=�-e-"'>0 <=> 
X--+00 .:r::--+00 

� > e-x <=> -x < In� <=> x >.-In 2-1 <=> x > In 2, so f is increasing on (In 2, oo) and decreasing 
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192 0 CHAPTER 4 APPLICATIONS 0� DIFFERENTIATION 

on ( -oo, In 2). R Local.and absolute minimum value H. 

f(l.t;l2) = 1 + � ln2 + e-ln2 = 1 + � lri2 + (e1n2)-1 
= 1 + � hi 2 + � = � + � In 2 � 1.85, . 

no local maximuJ11 value G. f"(x) � e-"' :> 0 for all x, so f is CU 

on ( -oo, oo ). No IP 

1 1+x2- 1  x2 
71. y = f(x) = x- tan-1 x, f'(x) = 1- 1 + x2 = 1 + x2 = 1 + x2' 

f"(x) = (1 + x2)(2x)- x2(2x) = 2x(1 + x2 - x2) = 2x . . (1 + x2)2 · (1 + x2)2 (1 + x2)2 

lim [! ( x) - ( x - �)] = lim ( � - tan -1 x) = � - � = 0, so y = x - � is a SA. X--+00 :X-+00 
Also, lim [f(x)- (x + �)J = lim ( -�- tan-1 x) = ��- ( -�) = 0, x-+-� x-+-oo 

so y = x + � is also a SA. f' ( x) 2: 0 for all x, with equality <=? x = 0, so f is 

increasing on R !" ( x) has the same sign as x, so f is CD on (- oo, 0) and CU on 

(0, oo) . f( - x) =-f(x), so f is an odd function; its graph is symmetric about the 

origin. f has no local extreme values. Its only IP is at (0, 0). 

xz y2 b 73. 2- b2 = 1 =} y = ±-vfx2 -a2. Now a a 

•••• 
• 0 X 

. . [ b b ] b . � �+x b . -a2 
hm -vx2-a2- -x =-·lrm (vx--a-- x) =-·lim . . =0, x�oo a a a x�oo �+X a x�oo V x2 -a2 +X 

which shows that y = !!.x is a slant asymptote. Similarly, a 
· [ b (· b ) ] b -a2 b lim --vfx2-a2- -�x = --· lim � = 0, soy= --xis a slant asymptote. x�oo a a a X-+00 x2 -a2 + X a . 

75. lim [f(x) - x3] = lim �4 + 1 - x4 = lim .!. = 0, so the graph off is asymptotic to that of y = x3. x-+±oo · x-+·±oo X .X x-+±oo X 

A. D ={xI x =F 0} . B. No intercept C. f is symmetric about the origin. D. lim (x3 + .!.) = -oo and 
x-+O- X 

lim (x3 + .!.) = oo, so x = 0 is a vertical asymptote, and as shown above, the graph off is asy�ptotic to that of y = x3• x--+0+ X 

E. f'(x) = 3x2- 1/x2 > 0 <=? x4 > � <=? lxl > -ira• so f is increasing on ( -oo,-�) and ( �' oo) and 

decreasing on (-�, 0) and ( 0, �). F. Local maximum value 

t(-�) = -4 · 3-5/4, local minimum value t( �) = 4 · 3-5/4 

G. f"(x) = 6x + 2jx3 > 0 <=? x > 0, so f is CU on (0, oo) and CD 

on ( -oo, 0). No IP 

H. 
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SECTION 4.6 GRAPHING WITH CALCULUS AND CALCULATORS D 193 

1. f(x) = 4x4- 32x3 + 89x2- 95x + 29 � f'(x) = 16x3- 96x2.+ 118x- 95 � f"(x) = 48x2- 192x + 178. 

f(x) = 0 {:::} x,::; 0.5, 1.60; f'(x) = 0 {:::} x,::; 0.92, 2.5, 2.58 and f"(x) = 0 {:::} x,::; 1.46, 2.54. · 

-6 

10 

-2 

4.04 

f' 

2.4 ....._ _ __._----T--'----''---' 2. 7 
3.96 

From the graphs of/', we estimate that f' < 0 and that f is decreasing on ( -oo, 0.92) and (2.5, 2.58), and that f' > 0 and f 
is increasing on (0.92, 2.5) and (2.a8, oo) with local minimum values /(0.92) ,::; -5.12 and /(2.58) ,::; 3.998 and local 

maximum value f(2.5) = 4. The graphs off' make it clear that f has a maximum and a minimum near x = 2.5, shown more 

clearly in the fourth graph. 

From the graph of!", we estimate that !" > 0 and that f is CU on 

( -oo, 1.46) and (2.54, oo) , and that!" < 0 and. f is CD on (1.46, 2.54). 

There are inflection points at about (1.46, -1.40) and (2.54, 3.999). 

3. f(x) = x6- 10x5- 400x4 + 2500x3 � f'(x) = 6x5- 50x4- 1600x3 + 7500x2 � 

J"(x) = 30x4- 200x3- 4800x2 + 1500x 

10,000,000 

f 

-13,000,000 
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From the graph of!', we estimate that f is decreasing on ( -oo, -15 ), increasing on ( -15, 4.40 ), decn;asing 

on (4.40, 18.93), and increasing on (18.93, oo), with local minimum values off( -15) � -9,700,000 and 

/(18.93) � -12,700,000 and local maximum value /(4.40) � 53,800. From the graph off", we estimate that f is CU on 

( -oo, -11.34), CD on ( -11.34, 0), CU on (0, 2.92), CD on {2.92, 15.08), and CU on {15.08, oo ). There is an inflection 

point at {0, 0) and at about ( -11.34, -6,250,000), {2.92, 31,800), and {15.08, -8,150,000). 

X 
5. f(x) = 3 2 1 x +x + 

=> f'(x) = 

2x3 +x2 - 1  
(x3 + x2 + 1)2 

=> f"(x) = 

2x(3x4 + 3x3 + x2- 6x- 3) 
(x3 + x2 + 1)3 

-3 

From the graph off, we see that there is a VA at x R:: -1.47. From the graph off', we estimate that f is increasing on 

( -oo, �1.47), increasing on ( -1.47, 0.66), .and decreasing on (0.66, oo), with local maximum value /(0.66) R:: 0.38. 

From the graph off", we estimate that f is CU on ( -oo, -1.47), CD on ( -1.47, -0.49), CU on ( -0.49, 0), CD on 

(0, 1.10), and CU on {1.10, oo ). There is an inflection point at (0, 0) and at about ( -0.49, -0.44) and {1.10, 0.31). 

7. f(x) = 6 sinx + cotx, -7r:::; x:::; 1r => J'(x) = 6 cosx- csc2x => f"(x) = -6 sinx + 2.csc2x cotx 

6 

From the graph of J, we see that there are VAs at x = 0 and x = ±1r. f is an odd function, so its graph is symmetric about 

the origin. From the graph of J', we estimate that f is decreasing on ( -1r, -1.40), increasing on ( -1.40, -0.44), decreasing 

on ( -0.44, 0), decreasing on (0, 0.44), increasing on (0.44, 1.40), and decreasing on (1.40, 1r), with local minimum values 

!( -1.40) R:: -6.09 and /(0.44) R:: 4.68, and local maximum values f( -0.44) � -4.68 and /(1.40) R:: 6.09. 

From the graph of J", we estimate that f is CUon ( -1r, -0.77), CD on ( -0.77, 0), CU on (0, 0.77), and CD on 

(0. 77, 1r) . There are IPs at about ( -0. 77, -5.22) and (0. 77, 5.22). 
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1 8 . 1 
9. f(x) = 1 +; + x2 + x3 => '( ) 1 16 3 1 ( 2 16. 3} l x = - xz - . x3 

- x4 = -x4 x + x + => 

2 48 12 2 J"(x) = 3 + 4 + 5 = 5(x2 +24x+6). 
X X X X 

-100 '----------" -1 0.95 

From the graphs, it appears that f increases on ( � 15.8, -0.2) and decreases on ( -oo, -15.8), {-0.2, 0), and (0, oo ); that f . 

has a local minimum value off( -15.8)::::: 0.97 and a local maximum value of f( -0.2)::::: 72; that f is CD on ( -oo, -24) 

and (-0.25, 0) and is CU on ( -24, -:-0.25) and (0, oo); a!ld that f has IPs at ( -24, 0.97) and ( -0.25, 60). 

1 ' -16±v'256- 12 
To find the exact values, note that f = 0 => x = 2 = -8 ± JiiT [::::: -0.19 and -15.81]. 

f' is positive (f is increasing) on ( -8- J(IT, -8 + JiiT) and f' is negative (f is decreasing) on ( -oo, _:g- JiiT), 

. -24±y'576- 24 . � (-8+JiiT,o),and (O,oo). /"=0 => x= 2 =-12±v138 [:::::-0.25and-23.75). f"is 

positive (f is CU) on ( -12- v'i38, -12 + Ji38) and (0, oo) and!" is negative (f is CD) on ( -oo, -12- v'i38) 

and ( -12 + v"i38,o). 

11. (a) f(x) = x2ln x. The domain off is (0, oo ). 

.(. 
2) • 2 . lnx H • 1 X • X 

(b) hm x lnx = hm 1/ 2 
= hm 2

/
/ 3 = hm --2 = 0. 

x-o+ x--+0+ . X %--+0+ - X x--+O+ 

There is a hole at (0, 0). 

(c) It appears that there is an IP at about (0.2, -0.06) and a local minimum at (0.6, -0.18). f(x) = x2ln x => 

J'(x) = x2(1/x) + (lnx)(2x) = x(2lnx + 1) > 0 <=> lnx > -t <=> x > e-1/2, so f is increasing on 

( 1/Ve, oo ) . decreasing on ( 0, 1/Ve ) . By the FDT, !( 1/Ve ) = -1/(2e) is a local minimum value. This point is 

approximately {0.6065, -0.1839), which agrees with our estimate. 

/"(x)=x(2/x)+(2lnx+1)=2lnx+3> 0  <=> lnx>-! <=> x> e-312,so f is CU on . (e-312,oo) 

and CD on (0, e-312). IP is (e-312, -3/(2e3)) � (0.2231, -0.0747). 

. ' 
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13. f(x) = 
(x +

4�)(x �)
3? has VA at x = 0 and at x = 1 since lim f(x) = -oo, X X- x-0 ' 

lim f(x) = -oo and lim f(x) = oo. 
x-+1- x-+1+ 

X X+ 4 • (x- 3)2 
f(x) = x x2 [ dividing numerator ] = (1 + 4/x)(1- 3/x)2 --+ 0 

x4 anddenominatorbyx3 x(x - 1) 
x

3 . (x- 1) 

as x --+ ±oo, so f is asymptotic to the x-axis. 

Since f is undefihed at x = 0, it has no y-intercept. f(x) = 0 => (x + 4)(x- 3)2 = 0 => x = -4 or x = 3, so f has 

x-intercepts -4 and 3. Note, however, that the graph off is only tangen� to the x-axis and does not cross it at x = 3, since f is 

positive as x --+ 3- and as x --+ 3+. 

0.02 0.03 

-8 

-0.04 -1500 

From these graphs, it appears that f has three maximum values and one minimum value. The maximum values are 

approximately f( -5.6) = 0.0182, /(0.82) = -281:5 and !(5.2) = 0.0145 and we know (since the graph is tangent to the 

x-axis at x = 3) that the minimum value is /(3) = 0: 

x2(x + 1)3 
15. f(x) = 

(x- 2)2(x- 4)4 => f'(x) = 
x(x + 1)2(x3 + 18x2 - 44x - 16) 

(x- 2)3(x- 4)5 

-0.0001 

[from CAS]. 

-2000 

From the graphs of!', it seems that the critical points which indicate extrema occur at x � -20, -0.3, and 2.5, as estimated 

in Example 3. (There is another critical point at x = -1, but the sign of!' does not change there.) We differentiate again, 

bta. . !"( ) _ 2 (x + l)(x6 + 36x5 + 6x4- 628x3 + 684x2 + 672x + 64) o mmg x -
(x _ 2)4(x _ 4)6 

0.00001 0.001 

/ -40 1--:7"'�-------l -10 
r 

-0.00001 

5000 

r 

v 

0 .J 
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From the graphs off", it appears that f is CU on ( -35.3, -5.0), ( -1, -0.5), { -0.1, 2), (2, 4) and {4, oo) and CD 

on ( -oo, -35.3), ( -5.0, -1) and ( -0.5, -0.1). We check back on the graphs off to find they-coordinates of the 

inflection points, and find that these points are approximately (-35.3, -0.015), ( -5.0, -0.005), ( -1, 0), ( -0.5, 0.00001), 

and ( -0.1, 0.000006�). 

( ) 
x3 + 5x2 + 1 

F CAS !'( ) = -x(x5 + 10x4 + 6x3 + 4x2 - 3x- 22) 
d 17. f x = 

x4+x3-x2+2' rom a , x 
(x4+x3- x2+2)2 an 

J"(x) 
= 2(x9 + 15x8 + 18x7 + 21x6- 9x5- 135x4- 76x3 + 21x2 + 6x + 22) 

(x4 + x3 - x2 + 2)3 

'I 

-6 6 -IS ) 0 

-I -o.1 

The first graph off shows that y = 0 is a HA. As x -+ oo, f ( x) -+ 0 through positive values. As x -+ -oo, it is not clear if 

f(x) ...... 0 through positive or negative values, The second graph off shows that f has an x-intercept near -5, and will have a 

local minimum and inflection point to the left of -5. 

O.o! 

-25 j -s 

,--{).01 

From the two graphs of!', we see that!' has four zeros. We conclude that f is decreasing on ( -oo, -9.41), increasing on 

( -9.41, -1.29), decreasing on ( -1.29, 0), increasing on (0, 1.05), and decreasing on (1.05, oo ). We have local minimum 

values!( -9.41) :::::: -0.056 and /(0) = 0.5, and local maximum values!( -1.29) :::::: 7.49 and /(1.05) ::::: 2.35. 

20 0.001 

-6 .J1 I\ 
v 

r ·  

6 

· j -2s 1==±==�'-+-----j -s 

-80 -o.oot 

From the two graphs of/", we· see that!" has five zeros. We conclude that f is CD on ( -oo, -13.81), CU on 

( -13.81, -1.55), CD on ( -1.55, -1.03), CU on ( -1.03, 0.60), CD on (0.60, 1.48), and CU on (1.48, oo) . There are five 

inflection points: ( -13.81, -0.05), ( -1.55, 5.64), ( -1.03, 5.39), (0.60, 1.52), and (1.48, 1.93). 

© 2012 Cengage Learning, All Rights Reserved, May not be scanned. copied, or duplicated, or posted to a poblicly accessible website, in wbole or In part, 



198 D CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 

19. y = f(x) = .Jx + 5sinx, x S 20. 

, 5cosx + 1 d 11 10cosx + 25sin2 x + 10xsinx + 26 
From a CAS, y = an y = - . 

2 .Jx + 5sinx 4(x + 5 smx)3/2 

We'll start with a graph of g(x) = x + 5sinx. Note that f(x) = ylg(X} is only defined if g(x) :2: 0. g(x) = 0 ¢:? x = 0 

or x >:::; -4.91, -4.10, 4.10, and 4.91. Thus, the domain off is (-4.91, -4.10] U (0, 4.10] U (4.91, 20]. 

5 

-10 

From the expression for y', we see that y' = 0 ¢:? 5 cos x + 1 = 0 =} x1 = cos -l (-i') >:::; 1. 77 and 

x2 = 21r- x1 >:::; -4.51 (not in the domain of J). The leftmost zero off' \s x1 - 21r >:::; -4.51. Moving to the right, the 

zeros off' are x1, x1 + 27r, x 2 + 271", x1 + 471", and X2 + 471". Thus, f is increasing on ( -4.91, -4.51}, decreasing on 

( -4.iH, -4.10}, increasing on (0, 1.77}, decreasing on (1.77, 4.10), increasing on (4.91, 8.06}, decreasing on (8.06, 10.79}, 

increasing on (10.79, 14.34}, decreasing on (14.34, 17.08}, and increasing on (17.08, 20}. The local maximum values are 

f( -4.51} >:::; 0.62, f(1.77} >:::; 2.58, !(8.06) >:::; 3.60, and /(14.34) >:::; 4.39. The local minimum values are !(10.79) >:::; 2.43 

and /(17.08) >:::; 3.49. 

f is CD on ( -4.91, -4.10), (0, 4.10), ( 4.91, 9.60), CU on (9.60, 12.25), 

CD on (12.25, 15.81), CU on (15.81, 18.65), and CD on (18.65, 20). There are 

inflection points at (9.60, 2.95), (12.25, 3.27), (15.81, 3.91), and (18.65, 4.20). 
r 

-5 

1- el/x 2e11x -2e11x(1- e11x + 2x + 2xe11x) 
21. y = f(x) = 

1 + el/x . From a CAS, y' = x2(1 + el/x)2 andy"= 
x4(1 + el!xp 

5 

!" 

,...,..-"\ 
\.,...;""" 

-3 3 

-5 

f is an odd function defined on ( -oo, 0} U (0, oo ). Its graph has no x- or y-intercepts. Since lim f(x) = 0, the x-axis 
x---+±CX> 

is a HA. f'(x) > 0 for x -1- 0, so f is increasing on ( -oo, 0) and (0, oo) . It has no local extreme values. 

f"(x) = 0 for x >:::; ±0.417, so f is CU on (�oo, -0.417), CD on (:-0.417,0), CU on (0,0.417), and CD on (0.417, oo) . 

f has IPs at ( -0.417, 0.834} and(0.417, -0.834). 
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· 23 .. f(x) = 1- co:(x4) 
2: 0. f is an even function, so its graph is symmetric with respect to they-axis. The first graph shows 

x. 
that f levels off at y = � for lxl < 0.7 . ' It also shows that f then drops to the x-axis. Your graphing utility may show some 

severe oscillations near the origin, but there are none. See the discussion in Section 2.2 after Example 2, as well as "Lies My 

Calculator and Computer Told Me" on the website. 

The second graph indicates that as I xi increases, f has progressively smaller humps. 

0 

25. (a) f(x) = xlfx 2 

-1 

(b)Recall thatab=eblna. lim x11x= lim e(lfx)Inx.Asx--+0+, lnx -+-oo,sox11;.=e(l/x)lnx-+O.This 
x-+O+ x-+0+ X 

indicates that there is a hole at (0, 0). As x--+ oo, we have the indetenninate fonn oo0. I� x11"' = lim e(l/x) lnx, X-+<Xl X.......,OO 

but lim ln x 
.� lim 1/ x = 0, so lim x1fx = e0 = 1. This indicates that y = 1 is aHA. 

. X-+o::> X X-+00 1 X-+00 -

(c) Estimated maximum: (2.72, 1.45). No estimated minimum. We use logarithmic differentiation to find any critical 

numbers.y=x11"' => lny=.!.lnx => y' 
=.!.·.!.+(lnx) (-_!_) => y'=xlfx ( l-lnx) =o => 

X y X X x2 x2 

lnx = 1 => x =e. For 0 < x < e, y' > 0 and for x > �. y' < 0, so f(e) =· e1/e .is a local maxim� value. This 
point is approximately ( 2 .7183 , 1.4447), which agrees with our estimate. 

From the graph, we see that f"(x) = 0 at x:::::; 0.58 and x:::::; 4.3 7. Since f" 

changes sign at these values, they are x-coordinates of inflection points. 

15 

-15 
From the graph of f(x) = sin(x + sin3x) in the viewing rectangle [0, 1r) by [-1.2, 1.2), it looks like f has two maxima 
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' -
and two minima. If we calculate and graph f'(x) = [cos(x + sin3x)] (1 + 3cos3x) on [ 0, 27r], we see that the graph of!', 

appears to be almost tangent to the x-axis at about x = 0. 7. The graph of 

j" = � [sin(x +sin3x)] (1 + 3cos3x? +cos(x +sin3x)(-9sin3x) 

is even more interesting near this x-value: it seems to just touch the x-axis. 

-0.004 

If we zoom in on this place on the graph of!", we see that !" actually does cross the axis twice near X = 0.65, 

indicating a change in concavity for a very short interval. If we look at the graph off' on the same interval, we see that it 

changes sign three times near x = 0.65, indicating that what we had thought was a broad extremum at about x = 0. 7 actually 

consists of three extrema (two maxima and a minimum). These maximum values are roughly j(0.59) = 1 and !(0.68) = 1, 

and the minimum value is roughly /(0.64) = 0.99996. There are also a maximum value of about /(1.96) = i and minimum 

values of about !(1 .46) = 0.49 and /(2. 73) = -0.51. The points of inflection on (0, 1r) are about (0.61, 0.99998), 

(0.66, 0.99998), (1.17, 0.72), (1.75, 0. 77), and (2.28, 0.34). On (1r, 211"), they are about (4.01, -0.34), (4.54, -0.77), 

(5.11, -0.72), (5.62, -0.99998), and (5.67, -0.99998). There are also IP at (0, 0) and (1r, 0). Note that the function is Qdd 

and periodic with period 211", and it is also rotationally symmetric about all points of the form ((2n + l)1r, 0), nan integer. 

29. f(x) = Jx4 + cx2 = lxl Jx2 + c � j'(x) = 
x(2x2 +c) . � f"(x) = 

x4(2x2 + 3c) 
Jx4 + cx,2 (x4 + cx2)3/2 

10 

x-intercepts: When c � 0, 0 is the only x-intercept. When c < 0, the x-intercepts are ±Fc. 

y-intercept = J(O) = 0 when c � 0. When c < 0, there is no y-intercept. 

f is an even function, so its grap}l is symmetric with respect to the y-axis.-
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f'(x) = x(2x2 +c) = 
lxl v'x2 + c 

2x2 +c 2x2 +c . v'X2+C for x. < 0 and � for x > 0, so f has a comer or "pomt" at x = 0 that gets 
vx- +c · 

sharper as c increases. There is an absolute minimum at 0 for c � 0. There 'are no other maximums nor minimums. 

x4(2x2 + 3c) 
f"(x) = 3 

· , so f"(x) = 0 =} · x = ±J-3c/2 [only for c < 0]. !"changes sign at ±.J-3c/2, so f is 
lxl (x2 + c)3/2 . 

CU on ( -oo, -J .!..3c/2) and ( J -3c/2, oo) , and f is CD on (-J .:..&/2, -Fc) and ( Fc; J -3c/2). There are 

IPs at (±.J-3c/2, J&274). The more negative c becomes, the farther the IPs move from the origin. The only transitional 

value is c = 0. 

31. f(x) = e"' +ce-"'. f = 0 =} ce-x = -e"' =} c = -e
2"' =} 2 x = ln(-c) =} x = � ln(-c). 

J'(x) = e"'- ce-"'. f' = 0 =} ce-"' = e"' =} c = e2"' =} 2x =Inc =} x =�Inc. 

f"(x) = e"' + ce-"' = f(x). 

The only transitional value of cis 0. As c increases from -oo to 0, �In( -c) is both the the x-intercept and inflection point, 

and this decrease;:s from oo to -oo. Also f' > 0, so f is increasing. When c = 0, f(x) = f'(x) = f"(x) = e"', f is positive, 

increasing, and concave upward. As c increases from 0 to oo, the absolute minimum occurs at x = · � In c, which increases 

from -oo to oo. Also, f = f" > 0, so f is positive and concave upward. The 

value of they-intercept is f(O) = 1 + c, and this increases as c increases from 

-oo to oo. 

Not�: The minimum point ( � ln c, 2 Vc) can be parameterized by x = � In c, 

y = 2 Vc, and after eliminating the parameter c, we see that the minimum point 

lies on the graph of y = 2e"'. 

-10 

c=5 10 -, 
I' 'I I c=-\ 5' 

� 
' 
' 
' 

c=O ' ' ' 

, ,/c=-5 , 
10 

l I 
I c=--, 

5, 
I 
I 
I I 

-10 

33. Note that c = 0 is a transitional value at which the graph consists of the x-axis. Also, we can see that if we substitute -c for c, 

the function f (X ) = l 
C X

2 2 Will be reflected in the X-axis; SO We investigate only positive values of C (except C = -1, as a 
. +c x 

demonstration of this reflective property). Also, f is an odd function. lim f(x) = 0, soy= 0 is a horizontal asymptote x--+±oo 

c (c 2x2 -1) 
'( ) _ 2 � _ . 

(1 2 2) 2 · f X --0 {:> C X - 1 - 0 {:> 
+ex . 

x = ±1/c. So there is an absolute maximum value of /(1/c) = � and an absolute minimum value off( -1/c) = -�. 
These extrema have the same value regardless of c, but the maximum points move closer to the y-axis as c increases. 

[continued) 
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"( ) _ ( _:_2c3x)(l + c2x2)2 - ( -c3x2 + c)[2(1 + c2x2)(2c2x)] f x - (l + c2x2)4 

( -2c3x)(l + c2x2} + (c3x2- c)(4c2x} 2c3x(c2x2 - 3) 
= 

(1 + c2x2)3 
= 

(1 + c2x2)3 

f"(x) = 0 {:} x = 0 or ±J3/c, so there are inflection points at (0, 0) and 

at (±¥3/c, ±v'3/4). Again, they-coordinate of the inflection points does not depend on c, but asc increases, both inflection 

points approach the y-axis. 

35. f(x)=cx + sinx => f'(x)=c + cosx => f"(x)=- sinx 

f( -x) =-f(x), so f is an odd function and its graph is symmetric with respect to the origin. 

f(x) = 0 {:} sinx =-ex, so 0 is always an x-intercept. 

f' (x) = 0 {:} cos x = -c, so there is no critical number when JcJ > 1. If JcJ S 1, then there are infinitely 

many critical numbers. If XI is the unique solution of cos x = -·c in the interval [0, 1r), then the critical numbers are 2n11" ±XI, 

where n ranges over the integers. (Special cases: �en c = -1, XI = 0; when c = 0, x = t; and when c = 1, x1 = 1r.) 

' f"(x) < 0 {:} sinx > 0, so f is CD on intervals of the form (2n1r, (2n + 1)1r). f is CU on intervals of the form 

((2n- 1)11", 2n1r). The inflection �ints off are the points (n1r, n1rc), where n is an integer. 

If c 2: 1, then !' ( x) 2: 0 for all x, so f is increasing and has no extremum. If c � -1, then f' ( x) � 0 for all x, so f is 

decreasing and has no extremum. If JcJ < 1, then!' (x) > 0 {:} cos x > '-c {:} x is in an interval of the form 
( 

I. 
• 

(2n11":.... XI, 2n11" + XI) for some integer n. These are the intervals on which f is increasing. Similarly, we 

find that f is decreasing on the intervals of the form (2n11" +XI, 2(n + 1)11"- XI). Thus, f has local maxima at the points 

2n1r +XI, where f has the values c(2n11" + xi) + sin XI = c(2n11" + XI) + v'f="C2. and f has local minima at the points 

2n11"- XI, where we have f(2n11"- x1) = c(2n11"- x1)- sin xi= c(2n11"- XI) - -/1- c2. 

The transitional values of c are -1 and 1. The inflection points move vertically, but not horizontally, when c changes. 

When JcJ 2: 1, there is no extremum. For lei < 1, the maxima are spaced 

211" apart horizontally, as are the minima. The horizontal spacing between 

maxima and adjacent minima is regular (and equals 1r) when c = 0, but 

the horizontal space between a local m�imum and the nearest local 

minimum shrinks as lei approaches 1. 

10 c=3 c=1 

-10 c=-3 c=:-1 
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37. lfc < 0, then lim J(x) = lim xe-cx = lim � � lim -1- = 0, and lim f(x) = oo. 
x--oc:: . :C---4-00 :x:--00 eCX X-+-00 cecz ' X-+00 

If c > 0, then lim f(x) = -oo, and lim j(x) � lim -
1
- = 0 . 

.X---+-00· . X-+00 X-+00 CeCX 

If c = 0, then j(x) = x, so lim f(x) = ±oo, respectively. 
x-±oo 

so· we see that c = 0 is a transitional value. We now exclude the case c = 0, since we know how the function behaves 

in that case. To find the maxima and minima of J, we differentiate: f(x)-= xe-c"' =? 

f'(x) = x( - ce -c"') + e-cx = {1- ex)e-cx. This is 0 when 1- ex= 0 # x = 1/c. If c < 0 then this 

represents a minimum value of /(1/c) = 1/(ce), since /'(x) changes from negative to positive at x = 1/c; 

and if c > 0, it represents a maximum value. As lei increases, the maximum or 

minimum point gets closer to the origin. To find the inflection points, we 

differentiate again: J'(x) = e-cx(l- ex) =? 

J"(x) = e-cx( -c)+ (1- ex)( -ce-c"') =(ex- 2)ee-c"'. This changes sign 

whenex-2 = 0 <=> - x = 2/c. So as ! crincreases , the points of inflection get 

closer to the origin. 

39. (a) j(x) = cx4- 2x2 + 1. For c = 0, f(x) = -2x2 + 1, a parabola whose vertex, (0, 1), is the absolute maximum. For 

c > 0, f(x) = cx4- 2x2 + 1 opens upward with two minimum points. As c-+ 0, the minimum poi�ts spread apart and 

move downward; they are below the x-axis for 0 < c < 1 and above for c > .1. For c < 0, the graph opens downward, and 

has an absolute maximum at x = 0 and no local minimwn. 

(b) f'(x) = 4cx3- 4x = 4ex(x2- 1/c) [c # 0]. If c:::; 0, 0 is the only critical number. 

f"(x) = 12cx2- 4, so j"(O) = -4 and there is a local maximum at 

(0, f(O)) = (0, 1), which lies on y = 1- x2• If c > 0, the critical 

numbers are 0 and ±1/Vc. As before, there is a local maximum at 

(0, /(0)) = (0, 1), which lies on y = 1- x2• 

!" ( ±1/Vc) = 12-4 = 8 > 0, so there is a local minimum at 

x = ±1/..fi. Here f ( ±1/Vc) = c(1/c2)- 2/c+ l = -1/c.+ 1. 

But ( ±1/Vc, -1/c + 1) lies on y = 1- x2 since 1- ( ±1/Vcf = 1 -1/c. 
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4.7 Optimization Problems 

1. (a) 
First Number 

1 
2 
3 
4 
5 

6 
7 
8 
9 

10 
11 

Second Number 

' 22 
21 
20 
19 

18 

17 
16 
15 
14 

13 
12 

I 

Product 

22 
42 
60 
76 
90 

102 
112 
120 
126 
130 
132 

We needn't consider pairs where the first number is larger 

than the second, since we canjust interchange the numbers 

in such cases. The answer appears to be 11 and 12, but we 

have considered only integers in the table. 

(b) Call the two numbers x and y. Then x + y = 23, soy= 23- x. Call the product P. Then 

P = xy = x(23- x) = 23x- x2, so we wish to maximize the function P(x) = 23x- x2• Since P'(x) = 23- 2x, 

we see that P'(x) = 0 <=:> x = ¥ = 11.5. Thus, the maximum value of P is P(11.5) = (11.5)2 
= 132.25 and 'it 

occurs when x = y = 11.5. 

Or: Note that P" ( x) = -2 < 0 for all x, so P is everywhere concave downward and the local maximum at x = 11.5 

must be an absolute maximum. 

be d 
100 

h M' . . f( ) 
100 f'( ) 1 

100 x2 - 100 
h . . I 3. The two num rs are x an -, w ere x > 0. 1111mize x = x + - . x = - -

2 
= 2 • T e cnt1ca 

X 
· 

X X X 

number is x = 10. Since f' ( x) < 0 for 0 < x < 10 and f' ( x) > 0 for x > 10, there is an absolute minimum at x = 10. 

The numbers are 10 and 10. 

5. Let the vertical distance be given by v(x) = (x + 2)- x2, -1:::; x:::; 2. 

v'(x)=1- 2x=O # x=t. v(-1)=0,v(t)=t,andv(2)=0,so 

there is an absolute maximum at x = �. The maximum distance is 

(1)_1 2 1_9 v 2 -2 + -4- 4· 

7. If the rectangle has dimensions x and y, then its perimeter is 2x + 2y =100m, soy= 50- x. Thus, the area is 

A= xy = x(50- x). We wish to maximize the function A(x) = x(50- x) = 50x- x2, where 0 < x <50. Since 

A'(x) =50- 2x = -2(x- 25), A'(x) > 0 for 0 < x < 25 and A'(x) < 0 for 25 < x <50. Thus, A has an absolute 

maximum at x = 25, and A(25) = 252 =625m2• The dimensions of the rectangle that maximize its area are x = y =25m. 

(The rectangle is a square.) 
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kN 
9. We need to maximize Y for N � 0. Y(N) = 1 + N2 => 

Y'(N)- (1 + N2)k-kN(2N) 
-

k(l-N2) - k(l + N)(l- N) Y'(N) > 0 for 0 < N < 1 and Y'(N) < 0 . 
-

(1 + N2)2 - (1 + N2)2 - (1 + N2)2 
· 

for N > 1. Thus, Y has an absolute maximum of Y (1) = � k at N = 1. 

11. (a) 

IOO[[IJ IW[rn 

13. 

250 
125 . 75 

The areas of the three figures are 12,500, 12,500, and 9000 ft2• There appears. to be a maximum area of at leastl2,500 �-

(b) Let x denote the length of each of two sides and three dividers. 

Let y denote the length of the other two sides. 

(c) Area A= length x width= y · x 

(d) Length of fencing = 750 => 5x + 2y = 750 

X 

(e) 5x + 2y = 750 => y = 375- �x => A(x) = (375- !x)x = 375x- �x2 

y 

(f) A'(x) = 375- 5x = 0 =} X= 75. Since A"(x) = -5 < 0 there is an absolute maximum when X= 75. Then 

y == 3;5 = 187.5. The largest area is 75( 3;5) = 14,062.5 ft2• These values of X and y are between the values in the first 

and second figures in part (a). Our original estimate was low. 

X 

y 

xy = 1.5 x 106, so y= 1.5 x 106/x. Minimize the amount of fencing, which is 

3x + 2y:::: 3x + 2(1.5 x 106/x) = 3x + 3 x 106/x = F(x). 

F'(x) = 3 - 3 x 106/;�:2 = 3(x2 -106 )/x2. The critical number is x = 103 and 

F'(x) < 0 forO< x < 103 and F'(x) > 0 if x > 103, so the absolute minimum 

occurs when x = 103 and y = 1.5 x 103. 

The field should be 1000 feet by 1500 feet with the middle fence parallel to the short side of the field. 

15. Let b be the length of the base of the box and h the height. The surface area is 1200 = b2 + 4hb => h = (1200- b2)/(4b). 

17. 

The volume is V = b2h = b2(1200- b2)/4b = 300b- b3/4 => V'(b) = 300- �b2• 

V'(b)=O => 300=�b2 => b2=400 => b =v'400= 20.SinceV'(b)>Ofor 0 < b<20andV'(b)<Ofor 

b > 20, there is an absolute maximum when b = 20 by the First Derivative Test for Absolute Extreme Values (see page 328). 

lf b = 20, then h = (1200- 202)/(4 · 20) = 10, so the largest possible volume is b2h = (20?(10) = 4000 cm3• 

h 

2w 

10 = (2w)(w)h = 2w2h, soh= 5/w2• The cost is 

C(w) = �0(2w2) + 6[2(2wh) + 2hw] + 6(2w2} 

;= 32w2 + 36wh = 32w2 + 180/w 

C'(w) = 64w -180/w2 = 4(16w3-45)/w2 => w = :yf¥e, is the critical number. C'(w) < 0 forO< w < � and 

C'(w) > 0 for w > :yf¥e,. The minimum cost is c( Ws) = 32(2.8125?13 + 180/�2.8125 � $191.28. 
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19. The distanced from the origin ( 0, 0) to a point (x, 2x + 3) on the line is given by d = J(x- 0)2 + (2x + 3- 0)2 and the 

square ofthe distance isS= d2 = x2 + (2x + 3?. S' = 2x + 2 (2x + 3)2 =lOx+ 12 and S' = 0 {:} x =- �.Now 

21. 

23. 

25. 

27. 

S" = 10> 0, so we know that S has a minimum at x =-�.Thus, they-value is 2 (  -�) + 3 =� and the point is ( -�, �). 

X 

From the figure, we 'See that there are two points that are farthest away from 

A(1, 0). The distanced from A to an arbitrary point P(x, y) on the ellipse is 

d = J(x-1)2 + (y- 0)2 and the square ofthe distance is 

S = d2 = x2-2x + 1 + y2 = x2- 2x + 1 + (4-4x2) = - 3x2-2x + 5. 

S' = -6x - 2 and S' = 0 =? x = -�. Now S" = -6 < 0, so we know 

that S has a maximum at x =-�.Since -1 � x � 1, S( -1) = 4, 

S( -�) = ¥,and 8(1) = 0, we see that the triaximum distance is jij. The corresponding y-values are 

y = ±V 4-4( -�)2 = ± fij = ±� y2::::: ±1.89. The points are ( -�, ±� V2). 

The area of the rectangle is (2x)(2y) = 4xy. Also r2 = x2 + y2 so 

y = -./r2-x2, so the area is A(x) = 4x -./r2-x2. Now 

( x2 ) r2-2x2 
A'(x) = 4 -./r2-x2- � = 4 

�
-The critical number is 

r2-x r2-x2 

x = �r. Clearly this gives a maximum. 

y = V r2 -( �r Y = jFz = �r = x, which tells us that the rectangle is a square. The dimensions are 2x = y2 r 

and2y = V2r. 

The height h ofthe equilateral triangle with sides of length L is :If L, 

since h2 + (L/2? = L2 =? h2 = L2- -!£2 = �£2 =? 

0 0 0 0 
:£1£-y· :£1£ 

h= :/fL.Usmg sfmilartnangles, 2 
x == �/2 =v'3 =? 

v'3x= :/fL-y =? y= 4L-v'3x =? y= :/f (L- 2x). 

The area ofthe inscribed rectangle is A(x) � (2x)y = v'3x(L-2x) = -./3Lx-2-./3x2, whereO � x � L/2 . Now 

0 = A'(x) = -./3£-4 -./3x =? x = -./3£/(4-./3) = L/4. Since A(O ) = A(L/2 ) = 0, the maximum occurs when 

x = L/4, andy= :/fL- :I}L = :I}L, so the dimensions are L/2 and :I}L. 

T 
r+x 

1 

The area of the triangle is 

A(x) = �(2t)(r + x) = t(r + x) = -./r2-x2(r + x). Then 

0 = A' ( x) = r 
-2x + -./ r2 -x2 + x -2X 

2-./r2-x2 2-./r2-x2 
2 x + rx + -./r2 - x2 =? . -./r2-x2 
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31. 

33. 

SECTION 4.7 OPTIMIZATION PROBLEMS 0 207 

x2+rx � --=== = v r2 - x2 => x2 + rx = r2 - x2 => 
Jr2- x2 

0 = 2x2+ rx- r2 = (2x- r)(x + r) => 

x = �r or x = -r. Now A(r) = 0 = A(-r) => the maximum occurs where x = �r, so the triangle has 

heightr + �r = �r and base 2 Jr2- (�r)2 
= 2 ;r;; = J3r. 

Thus, 

V(x) = 11'(r2- x2)(2x) = 211'(r2x- x3), where 0::; x::; r. 

V'(x) = 27l'(r2- 3x2) = 0 => x = r//3. Now V(O) = V(r) = 0, so there is a 

maximum when x = r/J3 and V(r/J3) = 11'(r2- r2 /3)(2r/J3) = 47l'r3/ (3 y3). 

The cylinder has surface area 

2(area of the base)+ (lateral surface area)= 211'(radius)2 + 211'(radius)(height) 

= 27l'y2 + 211'y(2x) 
, 

Now x2 + y2 = r2 => y2 = r2 - x2 => y = J r2 - x2, so the surface area is 

S(x) = 211'(r2 - x2) + 41l'x �, 0 ::; x ::; r 

= 27l'r2- 27l'x2 + 41l'(x vr2- x2 ) 

S'(x) = 0- 41l'x + 41l' [x · �(r2- x2)-112(-2x) + (r2- x2)112 ·1] 

= 411' -X- + � = 411' · ---'·......:.....--==='---
[ :z? · ] - x � - x2 +r2 - x2 

Vr2 - xz Jr2- x2 

S'(x) = 0 => x vr2- x2 = r2- 2x2 (*) => (x vr2- x2 )2 = (r2- 2x2)2 => 

This is a quadratic equation in x2• By the quadratic formula, x2 = 51o'/5 r2, but we reject the root with the + sign since it 

doesn't satisfy(*). [The right side is negative and the left side is positive.] Sox = J 5 �al5 r. Since S(O) = S( r) = 0, the 

maximum surfa!!e area occurs at the critical number and x2 = 5 �0YPr2 

the surface area is 

xy = 384 => y = 384/x. Total area is 

A(x) = (8 + x)(12 + 384/x) = 12(40 + x + 256/x), so 

A'(x) = 12(1- 256/x2) = 0 => x = 16. There is an absolute minimum 

when x = 16 since A'(x) < 0 for 0 < x < 16 and A'(x) > 0 for x > 16. 

When x = 16, y = 384/16 = 24, so the dimensions are 24 em and 36 em. 
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35.' 

37. 

39. 

41. 

10 
I 10-x I X 

01 . Lk�(!O;x) 10-x -3 -

A'(x) = �x- ft(10- x) = 0 

Let x be the length of the wire used for the square. The total area is 

A(x) = (�Y + �co ;x) �co ;x) 
= f6x2 + 1t(10- x?, 0 :S x :S 10 

{:} ..i.x + �X- 40/3 = 0 {:} X = ___1Q_j3_ 72 72 72 il+4T3. 

N�w A(O) = ( 1t)100 � 4.81, A(10) = \0� = 6.25 and A(9!�) � 2.72, so 

(a) The maximum area occurs when x = 10m, and all the wire is used for the square. 

(b) The minimum area occurs when x = 9 !� � 4. 35 m. 

h 

The volume is V = 7rT2 h and the surface area is 

S(r) = 1rr2 + 21rrh = 1rr2 + 27rr -2 = 1rr2 + -. ( V ) 2V 
1rr r 

2v . 3 �v S'(r) = 27rr-2 = 0 =} 27rr = 2V =} r = -em. r 7f 

This gives an absolute �inimum since S' ( r) < 0 for 0 < r < 3 IV and S' ( r) > 0 for r > 3 rv. ' y-; y-; 

3/V v v 3/V When r = y -; • h = 7rr2 = 1r(V/1r)2!3 
= y-; em. 

h2 + r2 = R2 =} V = �r2h = �(R2-h2)h = f(R2h-h3). 

V' (h) = � ( R2 -3h2) = 0 when h = "7s R. This gives an absolute maximum, since 

V'(h) > 0 for 0 < h < "7sR and V'(h) < 0 for h > -jgR. The maximum volume is 

v (JaR) = �("7aR3-a7aR3) = &a1rR3• 

. 'I . I H By stmt ar tnang es, R 
H-h 

r (1). The volume of the inner cone is V = �1rr2 h, 

Hr so we'll solve (1) for h. R = H - h =} 

h=H- �=HR;;_Hr=�(R-r) (2). 

7r 2 H 1rH 2 3 Thus, V(r) = 3r · R (R- r) = 3R (Rr - r ) =} 

I 7rH . 2 7rH V (r) = 3R (2Rr-3r ) = 3R r(2R-3r). 

H H V'(r)=O '* r=Oor2R=3r '* r=jR and from (2), h= R(R-jR)= R (�R)=�H. 

V' ( r) changes from positive to negative at r = j R, so the inner cone has a maximum volume of 

V = �1rr2h = �1r(�R)2(tH) = f.r. �1rR2 H, which is approximately 15% of the volume of the larger cone. 
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E2R 
43. P(R) = 

(R + r)2 => 

, (R + r)2 · E2- E2 R · 2(R + r) _ (R2 + 2Rr + r2)E2- 2E2 R2- 2E2 Rr 
p (R) = 

[(R + r)2)2 
-

(R + r)4 

E2r2- E2 R2 E2(r2- R2) E2(r + R)(r- R) E2(r- R) 
= (R+r)4 = (R+r)4 = (R+r)4 

= 
(R+r)3 

E2r E2r E2 
P'(R) = 0 ::::} R = r ::::} P(r) = 

(r + r)2 
= 

4r2 
= 

4r . 

The expression for P'(R) shows that P'(R) > 0 for R <rand P'(R) < 0 for R > r. Thus, the maximum value ofthe 

power is E2 /(4r), and this occurs when R = r. 

45. S = 68h- �t? cot 8 + 382 :<} csc8 

dS il (a) 
dO 

= �82 csc2 (}- 382 
2
3 esc 8 cot(} or !s2 esc(} (esc(}-v"3 cot 9). 

dS r.; 1 r.; cos (} 
(b) 

d8 =Owhencsc8-v3cot8=0 => -:--8
-v3 -:--8 =0 => cos O=� .TheFirstDerivativeTestshows S1ll S1ll "" 

that the minimum surface area occurs when 8 = cos-1 ( �) � 55°. 

(c) If cos £J = �, then cot 8 = � and esc £J = �, so the surface area is 

S = 68h- 182 1 + 3s2 il ..d  = 6sh- 3 82 + 9 s2 
2 72 2 '72 272 272 

=6sh+ �s2 =6s(h+ �s) 

vfx2 + 25 5- x 
47. Here T(x) = 

6 
+ -8-, 0 :5 x :55 => T'(x) = � - -

8
1 

= 0 {::} 8x = 6 Jx2 + 25 {::} 
6 X +25 

16x2 = 9(x2 + 25) {::} x = �· But � > 5, so T has no critical number. Since T(O) � 1 .46 and T(5) � 1.18, he 

should row directly to B. 

49: There are ( 6 - x) km over land and .JX2+4 km under the river. 

We need to minimize the cost C (measured in $100,000) of the pipeline. 

C(x) = (6- x)(4) + ( vfx2 + 4) (8) => 

C'(x) = -4 + 8 · !(x2 + 4)-112(2x) = -4 + �· 
X +4 

refinery 
6-x 

6 

p X 

\ . 

--/x2+4
\

\ l 2 
'\.j 

storage tanks 

C' ( x) = 0 => 4 = 8x 
=> .JX2+4 = 2x => x2 + 4 = 4x2 => 4 = 3x2 => x2 = t => 

.JX2+4 

x = 2/ v"3 [0 :5 x :5 6). Compare the costs for x = 0, 2/ v"3, and 6. C(O) = 24 + 16 = 40, 

C(2/v"3) = 24- 8/v"3 + 32/v"3 = 24 + 24/v"3 � 37.9, and C(6) = 0 + 8 .J40 � 50.6 . So the minimum cost is about 

$3.79 million when Pis 6- 2/v"3 � 4.85 km east of the refinery. 
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51. 

53. 

The total illumination is I(x) :::=: !� + 
(10 

� x)2
, 0 < x < 10. Then 

-6k 2k 
�-----10------� 

I'(x) = -;3 + 
(10 _ x)

a = 0 =>- 6k(10- x)3 = 2kx3 =>-

3{10- x)3 = x3 => ?'3 (10-x) = x =>- 10 ?'3- ?'3x = x =>- 10 ?'3 = x + ?'3x => 

10 ?'3 = (1 + ?'3 )x => x = 10 � � 5.9 ft. This gives a minimum since I" (x) > 0 for 0 < x < 10. 
1+ ?3 

y 

A 
Every line segment in the first quadrant passing through (a; b) with 'endpoints on the x­

and y-axes satisfies an equation of the form y- b = m(x- a), where m < 0. By setting 

x = 0 and then y = 0, we find its endpoints, A(O, b-am) and B(a- �' 0). The 

B x distanced from A to B is given by d = V[(a- �)-0)2 + (0-(b-am))2. 

· ' It follows that the square of the length of the line segment, as a function of m, is given by 

( b )2 2ab b2 
S(m) = a-- +(am-b? = a2-- + 2 +a2m2- 2abm+b2• Thus, 

m m m 
, 2ab 2b2 2 . 2 ( 2 2 4 3) S (m) = ---+ 2a m-2ab = - abm-b +a m - abm m2 m3 m3 . 

2 2 
= -3 (b(am-b)+ am3(am-b)] = -3 (am-b)(b + am3) 

m m 

Thus, S'(m) = 0 # m = b/a or m =- if¥_. Since bja > 0 and m < 0, m must equal- \(f. Since �3 < 0, we see 

that S' ( m) < .o for m < -\[¥. and S' (m) > 0 form > -\[¥.. Thus, S has its absolute minimum value when m = - \[¥.. 
That value is 

= a2 + 2a4/3b2/3 + a213b4/3 + a4/3b2/3 + 2a2/3b4/3 + b2 = a2 + 3a4/3b2/3 + 3 a2/3b4/3 + b2 

The last expression is of the form x3 + 3x2y + 3xy2 + y3 [= (x + y)3] with x = a213 andy= b213, 

so we can write it as (a213 + b213)3 and the shortest such line segment has length v's = (a213 + b213)312• 

55. y = � => y' = - 3
2 , so an equation of the tangent line at the point (a, .2) is 

X X a 

y- � =-
3

2 (x- a), or y =..:.. 
3
2x + �.They-intercept [x = 0] is 6/a. The · a a a a 

x-intercept [y = 0] is 2a. The distance d of the line segment that has endpoints at the 

intercepts is d = y'(2a- 0)2 + (0-: 6ja)2. LetS= d2, so S =: 4a2 + !� =>-

72 72 
. . 

S' = 8a-3· S' = 0 # 3 = 8a # a4 = 9 <* a2 = 3 => a= v'3. 
a a 

S" = 8 + 
21

4
6 

> 0, so there is an absolute minimum at a = v'3. Thus, S = 4(3) + .?f = 12 + 12 = 24 and 
a 

hence, d = J24 = 2 v'6. 

© 2012 Censase Learning. All Rights Reserved. May not be scanned, copied, or duplicated, oc posted to a publicly accessible website, in whole or in part. 



SECTION 4.7 OPTIMIZATION PROBLEMS D 211 

57. (a) Ifc(x) = O(x) , then, by the Quotient Rule, we havec'(x) = xO'(x):; O(x) .Nowc'(x) = Owhen 
X X 

xO'(x)-O(x) = 0 and tl;lis gives O'(x) = O(x) = c(x). Therefore, the marginal cost equals the average cost. 
X 

(b) (i) O(x) = 16,000 + 200x + 4x312, 0(1000) = 16,0oo + 200,000 + 40,000 VlO � 216,000 + 126,491, so 

0(1000) � $342,491. c(x) = O(x)jx ·= 16•000 
+ 200 + 4x112, c(1000) � $342.49/unit. O'(x) = 200 + 6x112, 

X 

0'(1000) = 200 + 60 v'IO � $389.74/unit. 

(ii) We must have O'(x) = c(x) <=> 200 + 6x112 = 16•000 + 200 + 4x112 <=> 2x312 = 16,000 <=> 
X 

x = (8,000)213 = 400 units. To check that this is a minimum, we calculate 

c'(x) = -16
�
000 + � = 2

2 
(x312-:-8000). This is negative for x < (8000?13 = 400, zero atx = 400, 

X VX X . . 
and positive for x > 400, soc is decreasing on (0, 400) and increasing on (400, oo) . Thus, c has an absolute minimum 

at x = 400. [Note: c"(x) is not positive for all x > 0.] 

(iii) The minimum average cost is c(400) = 40 + 200 + 80 = $320/unit. 

59. (a) We ate given that the demand function pis linear and p(27,000) = 10, p(33,000) = 8, so the slope is 

27,� -:3.000 = -3� and an equation of the line is y -10 = (-3doo) ( x - 27,000) '* 

y = p(x) � -
.3

�x + 19 = 19- (x/3000). 

(b) The revenue is R(x) = xp(x) = 19x- (x2/3000) '* R'(x) = 19- (x/1500) = 0 when x = 28,500. Since 

R" (x) = -1/1500 < 0; the maximum revenue occurs when x = 28,500 => the price is p(28,500) = $9.50. 

61. (a) As in Example 6, we see that the demand function pis linear. We are given that p(1000) = 450 and deduce that 

p(llOO) = 440, since a $10 reduction in price increases sales by 100 per week. The slope forp is 11� : 1� = --fo, 
so an equation isp- 450 = -1�(x -1000) orp(x) = --fox+550. 

(b) R(x) = xp(x) = -110x2 + 550x. R'(x) = -ix + 550 = 0 when x = 5(550) = 2750. 

p(2750) = 275, so the rebate should be 450- 275 = $175. 

(c) O(x) = 68,000 +'150x =* P(x) = R(x)-O(x) =· --fox2 + 550x-68,000- 150x = .,--fox2 + 400x -
·
68,000, 

P'(x) = -ix + 400 = 0 when x = 2000. p(2000) = 350. Therefore, the rebate to maximize profits should be 

450 - 350 = $100. ' 
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212 D CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 

63. 

b 

Here s2 = h2 + b2f4, so h2 = s2 - b2f4. The area is A = �b J s2- b2/4. 

Let the perimeter be p, so 2s + b = p or s = (p- b) /2 => 

A(b) = �bJ(p- b)2/4- b2/4 = b Jr- 2pb /4. Now 

A'(b) = Jr- 2pb 
_ 

bp/4 
4 Jr- 2pb 

-3 pb+p2 
4Jp2- 2pb 

Therefore, A'(b) = 0 => -3pb + p2 = 0 => b = pf3. Since A'(b) > 0 forb< p/3 and A:(b) < 0 forb> p/3, there 

is an absolute maximum when b = p/3. But then 2s + p/3 = p, so s = p/3 => s = b => the triangle is equilateral. 

65. Note that !AD!= !API+ !PDI => 5 = x + !PD! => !PD! = 5- x, 

Using the Pythagorean Theorem for tl.P DB and .tl.P DC gives us 

L(x) = !API+ !BPI+ ICPI = x + J(5- x)2 + 22 + J(5- x)2 + 32 

= x + Jx2- lOx+ 29 + Jx2- lOx+ 34 => 

x-5 x-5 L'(x) = 1 + + . From the graphs of L Jx�- lO x+ 29 Jx2- lOx+ 34 . 

and L', it seems that the minimum value of Lis about £(3.59) == 9.35 m. 

67. A The total time is 

69. 

1---- d ----! 

4.Jx-4 
c 

T(x) =(time from A to C)+ (time from C to B) 

v'a2 + x2 J b2 + (d- x)2 = + ,O<x<d 
VI V2 

T'(x) = 
x _ d- x 

VI� V2Jb2 + (d- x)2 

The minimum occurs when T' ( x) = 0 => 

[Note: T" ( x) > 0) 

sinlh sin82 -- =--

y2 = x2 + z2, but triangles CDE and BCA are similar, so 

z /8 = xj (4 Jx- 4) => z = 2x /Jx - 4. Thus, we minimize. 

f(x) = y2 = x2 + 4 x2 /(x- 4) = x3 /(x- 4), 4 < x ::::; 8. 

/'( ) _ (x- 4)(3 x2)- x3 _ x2[3(x- 4)- xJ _ 2x2(x- 6) _ x - (x- 4)2 
-

(x- 4)2 - (x- 4)2 - 0 

when x = 6. · !' ( x) < 0 when x < 6, f' ( x) > 0 when x > 6, so the minimum 

occurs when x = 6 in. 
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71. 

73. 

75. 

2t 
Let f(t) = tanB = --1 + 3t2 

SECTION 4.7 OPTIMIZATION PROBLEMS 0 213 

It suffices to maximize tan: 8. Now 

3t (·'· ll) tan 1j; + tan e t + tan e s -= tan '+' + u = = . o 1 1 -tan 1j; tan e 1 - t tan e 

3t(1-ttanB)=t+tanB =? 2t=(1+ 3t2) tan 8 
' 2t =? tan e = 1 + 3t2 . 

'( ) - 2(1 + 3t2) - 2t(6t) -2(1 � 3t2) -
. 

.:__ 2 -=? f t - (1 + 3t2)2 - (1 + 3t2)2 
-0 � 1 3t - 0 � 

t =?a since t 2:.0. Now f'(t) > 0 for 0:::; t < ?a and f'(t) < 0 fort> ?a• so f has� absolute maximum when t = ?a 

and tan e = 2(11v'3) = -1 
. 1 + 3(1lv'3)2 y3 

v'3 = tan(1/; +{f) =? 1j; ={f. 

=? (} = {I. Substituting for t and B in 3t = tan( 1j; + B) gives us 

From the figure, tan a = � and tan fJ = -3 
2 . Since x -x 

� + fJ +B = 180° = 1r,B = 1r -tan-1(�) -tan-1 ( 3 
�

x
) =? 

2 

(sy(-;,
) -

· ( ', )' [ (3�x)' ] 
1+ - 1+ --

X 3-x 
x2 5 (3-x? 2 

x2 + 25 · x2 - (3- x)2 + 4 · (3- x)2 • 

d1J 
Now d x  = 0 x2-6x+ 13 =? 2x2 + 50 = 5x2 - 30x + 65 :::} 

3x2 - 30x + 15 = 0 =? x2 - lOx + 5 = 0 :::} X = 5 ± 2 JS. We reject the root with the + sign, since it is 

larger than 3. dB I dx > 0 for X < 5 -2 J5 and dB I d x  < 0 for X > 5 -2 JS, so e is maximized when 

I API = X = 5 -2 J5 � 0.53. 

In the small triangle with sides a and c and hypotenuse W, sin B = � and 

cos B = � . In tjle triangle with sides b and d and hypotenuse L, sin B = % and 

cosO= f· Thus, a= W sinO, c = W cosO, d = LsinB,,and b = LcosB, so the 

area of the circumscribed rectangle is 

A( B)= (a+ b)(c+ d )= (W sinO+ LcosB)(W cosO+ LsinB) 

= W2 sinO cosO+ WLsin2 B + LW cos2 B +L2 sinO cosO 

= LWsin2 B + LW cos2 (} + (L2 + W2) sinO cosO 

= LW(sin2 B + cos2 B)+ (L2 + W2) · � · 2sin 8 cosO= LW + �(L2 + W2)si�28, 0:::; B:::; � 

This expression shows, without calculus, that the maximum value of A( B) occurs when sin 28 = 1 � 2(} = � =? 

B = i· So the maximum area is A(i) = LW + �(L2 + W2) = �(£2 + 2LW + W2) = �(L + W)2. 
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214 D CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 

77. (a) s� 
8 X C 13-x D 

If k = energy lkm _ove.r land, then energy lkm over water = 1 Ak. 

So the total energy is E = 1.4k )25 + x2 + k(13-'- x), 0 :<:; x :<:; 13, 

and so dE = 1.4kx 
- k. 

dx (25 + x2)1/2 

dE 
' 

Set 
dx 

= 0: 1.4kx = k(25 + x2)112 => 1.96x2 = x2 + 25 => 0.96x2 = 25 � x = bs ;::::: 5.1. 

Testing against the value of Eat the endpoints: E(O) = L4k(5) + 13k = 20k, E(5.1);::::: 17.9k, E(13);::::: 19.5k. 

Thus, to minimize energy, t�e bird should fly to a point about 5.1 km from B. 

(b) If WI L is large, the bird would fly to a point C that is closer to B than to D to minimize the energy used flying over water. 

If WI L is small, the bird would fly to a point C that is close; to D than to B to minimize the distance of the flight. 

· dE W x W )25 + x2 
E = W )25 + x2 + £(13- x) => dx = J25+X2 - L = 0 when �

L 
= . By the same sort of 

25 +x2 x 

.argument as in part (a), this ratio will give the minimal expenditure of energy if the bird heads for the point x km from B. 

· (c) For flight direct to D, x = 13, so from part (b), WIL = � ;::::: 1.07. There is no value of WIL for which the bird 

should fly directly to B. But note that lim (WI L) = oo, so if the point at which Eis a minimum is close to B, then 
x-o+ . 

WI L is large. 

(d) Assuming that the birds instinctively choose the path that minimizes the energy expenditure, we can use the equation for 

dEidx = 0 from part (a) with 1.4k = 
c1 x = 4, and k = 1: c(4) = 1 · (25 + 42)112 => c = v'4II4;::::: 1.6. 

4.8 Newton's Method 

1. (a) The tangent line at x = 1 intersects the x-axis at x r::::: 2.3, so 

x2 r::::: 2.3. The tangent line at x = 2.3 intersects the x-axis at 

X r::::i 3, SO X3 r::::i 3.0. 

(b)1X1 = 5 would not be a better first approximation than x1 = 1 since· the tangent line is nearly horizontal. In fact, the second 

approximation for x1 = 5 appears to be to the left of x = 1. 

3. Since the tangent line y = 9- 2x is tangent to the curve y = f(x) at the point (2, 5), we have x1 = 2, f(xl) = 5, and 

f' (xl) = -2 [the slope of the tangent line]. Thus, by Equation 2, 

f(xl) 5 9 X2 = Xl - -- = 2- - = -
f'(x1) -2 2 

Note that geometrically � represents the x-intercept of the tangent line y = 9- 2x. 
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5. The initial approximations x1 = a, b, and c will work, resulting in a second approxi�ation closer to the origin, and lead to the 

root of the equation f ( x) = 0, namely, x = 0. The initial approximation x1 = d will not work because it 'will result in 

successive approximations farther arid farther from the origin. 

y 

7. f(x) = x5 -x- 1 
1 4 X�- Xn - 1  

� f (x) = 5x - 1, so Xn+l = Xn-
5xt. _

1 
. Now X1 = J � 

1 - 1 - 1 1 (1.25t - 1.25 - 1 
X2=1- =1-(-4)=1.25 � Xg=l.25-

( 25) 4 ::::::1.1785. 
5-l 5 1. -1 

9. f(x) = x3 + x + 3 � 

Nowx1 = -1 � 

!I ( ) 2 X� + Xn + 3 X = 3x + 1, SO Xn+l = Xn -
3 2 l 

. 
Xn+ 

= -1 .:__ ( -1? + ( -1) + 3 = -1 -
-1 - 1 + 3 

= -1 - � = -1.25. X2 3( -1 )2 + 1 3 + 1 4 

Newton's method follows the tangent line at ( -1, 1) down to its intersection with 

the x-axis at ( -1.25, 0), giving the second approximation x2 = -1.25. 

11. To approximate x = �(so that x5 = 20), we can take f(x) = x5- 20. So f'(x) = 5x\and. thus, 

Xn+l = Xn - x� -
4 
20

. Since ij32 = 2 and 32 is reasonably close to 20, we'll use x1 = 2. We need to find approximations 
5xn 

-

until they agree to eight decimal places. x1 = 2 => X2 = 1.85, X3 � 1.82148614, X 4 � 1.82056514, 

x:.:::::: 1.82056420:::::: x6 • So �:::::: 1.82056420, to eight decimal places. 

Here·is a quick and easy method for finding the iterations for Newton's method on a programmable calculator. 

(The screens' shown are from the TI-84 Plus, but the method is similar on other calculators.) Assign f(x) = x5- 20 

to Y 1. and f' ( x) = 5x
4 to Y 2. Now store x1 = 2 in X and then enter X ._,. Y 1 /Y 2 --+ X to get X2 = 1.85. By successively 

pressing the ENTER key, you get the approximations x3, X4, • • • •  

2 

1.85 
1.821486137 
1. 820565136 
1.,820564203 
1.820564203 

PloU Plot2: f'lot3 
'-Y1EIX"'5-20 
'.Y2:EI5X"''4 
'Y3= 
,y .. = 
'Y!>= 
,y,= 
,y.,= 

In Derive, load the utility file SOLVE. Enter NEWTON (x
�

S-20, x, 2) and then APPROXIMATE to get 

[2, 1.85, 1.82148614, 1.82056514, 1.82056420). You can request a specific iteration by adding a fourth argun1ent. For 

example, NEWTON (x • 5-20, x, 2, 2) gives (2, 1.85, 1.82148614]. 

[continued] 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or �uplicat<:d, or posted to a publicly accessible website, in whole or in part. 
I 



216 0 CHAPTER 4 . APPLICATIONS OF DIFFERENTIATION 

In Maple, make the assignments f := x � x�5- 20;, g = x � x- f(x)/ D(f)(x);, and x := 2.;. Repeatedly execute 

the command x := g(x); to generate successive approximations. 

In Mathematica, make the assignments f[x_] := x'5- 20, g[x_] :=X--'- f[x]/ f'[x], and X= 2. Repeatedly execute the 

command x = g[x] to generate successive approximations. 

13. f(x) = x4- 2x3 + 5x2- 6 ==> J'(x) = 4x3- 6x2 +lOx ==> 
. x! - 2x� + 5x� � 6 

ed fi Xn+I = Xn - 4 3 6 2 0 
. We ne to nd 

Xn- X,.+ 1 Xn 

15. 

17. 

19. 

approximations until they agree to six decimal places. We'll let xr equal the midpoint of the given interval, [1, 2]. 

XI = 1.5 ==> x2 = 1.2625, x3 � 1.218808, X4 �.1.217563, xs � 1.217562 � x6• So the root is 1.217562 to six decimal 

places. 

XI= -4 

X2 � -3.682281 

xa � -3.638960 

X4 � -3.637959 

e"' = 4- x2, so f(x) = e"' - 4 + x2 ==> 
e"'n- 4 +X� 

Xn+l = Xn- 2 e"'n + Xn 

From the figure, the negative root of e"' = 4- x2 is near -2. 

XI = -2 ==> X2 � -1.964981, xa � -1.964636 � X4. So the negative 

root is -1.964636, to six decimal places. 

From the graph, we see that there appear to be points of intersection near 

x = -4, x = -2, and x = 1. Solving 3 cos x· = x + 1 is the same as solving 

f(x) = 3cosx- x - 1  = 0. f'(x) = -3sinx - 1, so 

3COSXn- Xn - 1  
Xn+l = Xn-

-3sinxn- 1 · 

XI= -2 

X2 � -1.856218 

xa � -1.862356 

X4 � -1.862365 � Xs 

XI= 1 

X2 � 0.892438 

X3 � 0.889473 

X4 � 0.889470 � X5 

X5 � -3.637958 � X6 

To six decimal places, the roots of the equation are -3.637958, -1.862365, and 0.889470. 

X 

From the graph, we see that there appear to be points of intersection near 

x = 1.5 and x = 3. Solving (x- 2)2 = lnx i11 the same as solving 

f(x) = (x- 2)2 -lnx = 0. f(x) = (x- 2)2 -lnx ==> 

!'( ) _ { ) / 
_ . (x,..- 2? -lnxn 

X - 2 X- 2 - 1 X, SO Xn+l - X11 -
2(Xn _ 2) _ l/Xn

. 
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21. 

23. 

25. 

XI= 1.5 

X2 R: 1.406721 

xa R: 1.412370 

X4 R: 1.412391 R: X5 

XI= 3 

X2 R: 3.059167 

xa R: 3.057106 

SECTION 4.8 NEWTON'S METHOD D 217 

X� R: 3.057104 R: X5 

To six decimal places, the roots of the equation are 1.412391 and 3.057104. 

From the graph. we see that the graphs intersect at 0 and at x = ±a, where 

a R: 1. [Both functions are odd, so the roots are negatives of each other.] 

Solving x3 = tan-
I xis the $8.11le as solving f(x) = x3-tan-

I 
x = 0. 

1 2 1 x!-tan-
I

xn 
J(x)=3x -l+

x2,SOXn+I=Xn-
1 

3x2 --­n 
1 +xa 

·Now XI = 1 � x2 R: 0.914159, xa R: 0.902251, X4 R: 0.902026, xs R: 0.902025 R: X6. To six decimal places, the 

nonzero roots of the equation are ±0.902025. 

-5 

10.2 

( \ 
v 

-10 

XI= -1.9 

X2 R: -1.94278290 

xa R: -1.93828380 

X4 � -1.93822884 

X5 R: -1.93822883 R: X6 

5 

f(x) = x6-: x
5
- 6x

4 
-.x

2 
+ x + 10 � 

f' (x ) = 6x
5
- 5x

4 
� 24x3- 2x + 1 � 

X� -X� - 6x! -X� + Xn + 10 
Xn+I = Xn - . 4 

3 
· 

6x�- 5xn.- 24xn- 2xn + 1 

From the graph of/, there appear to be roots near -1.9, -1.2, 1.1, and 3. 

XI= -1.2 XI= 1.1 XI = 3  

X2 � -1.22006245 X2 R: 1.14111662 X2 R: 2.99 

X
3 

� -1.21997997 � X4 xa R: 1.13929741 xa R: 2.98984106 

X4 � 1.13929375 � X5 X4 R: 2.98984102 � Xs 

To eight decimal places, the roots of the equation are -1.93822883, -1.21997997, 1.13929375, and 2 . .98984102. 

2 

� 
� 

-3 / -
../ 3 

-2 

Solving --/!--- = y'f=X is the same as solving 
X +1 

X � 1 1-X
2 

1 
f(x) = -2-1

- vl- x = 0. f (x) = 
( 2 1)2 + � � 

X + X + 2y1-X 

Xn+I = Xn-

� - 'f='X 
xa + 1 

v �- "'n 

1- x
2 

· 1 n + -=== 

(xa + 1)
2 

2y'1 - xn 

From the graph, we see that the curves intersect at about 0.8. XI = 0.8 � x2 R: 0. 76757581, x
3 

� 0. 76682610, 

X4 � 0. 76682579 � xs. To eight decimal places, the root of the equation is 0. 76682579. 
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21. Solving 4e-"'2 sin x = x
2 

- x + 1 is the same as solving 

-2 

f(x) = 4e-"'2 sinx- x
2 

+ x- 1 ± 0. 

f'(x) = 4e-x2 (cosx- 2xsinx}- 2x + 1 =} 

From the figure, we see that the graphs intersect at approximately x = 0.2 and x = 1.1. 

XI= 0.2 

X2 � 0.21883273 

X3 � 0.21916357 

X4 � 0.21916368 � X5 

XI= 1.1 

X2 � 1.08432830 

X3 � 1.08422462 � X4 

To eight decimal places, the roots of the equation are 0.21916368 and 1.08422462. 

29 . . (a) f(x) = x
2

- a =} f'(x) = 2x, so Newton's method gives 

x� - a 1 a 1 a 1 ( a ) 
Xn+I=Xn- -

2
-- =Xn- -

2
xn+-

2 
=-

2
xn+-

2 
=-

2 
Xn+- · 

Xn Xn "' Xn Xn 

(b) Using (a) with a= 1000 and XI = y'OOO = 30, we get x2 � 31.666667, xa � 31.622807, and X4 � 31.622777 � x5. 

� 

So v'iOOO � 31.622777. 

31. f(x) = x3- 3x + 6 =} f'(x) = 3x
2

- 3. If xi= 1, thenf'(xi) = Oand the tangent line used for approximatingx2 is 

horizontal. Attempting to find x2 results in trying to divide by zero. 

33. For f(x) = x
i

/3, f'(x) = �x-
213 and 

f(xn) x�
3 

Xn+I = Xn -
f'(xn) 

= Xn -
�x;;-

2/3 
= Xn - 3Xn = -2Xn. 

T herefore, each successive approximation becomes twice as large as the 

previous one in absolute value, so the sequence of approximations fails to 

converge to the root, which is 0. In the figure, we have XI = 0.5, 

X2 = -2(0.5) = -1, and X3 = -2( -1) = 2. 

35. (a) f(x) = x6- x
4 

+ 3x3- 2x =} f'(x) = 6x
5

- 4x3 + 9x
2

- 2 =} 

J"(x) = 30x
4 

-12x
2 

+ 18x. Tofind the critical numbers of f, we'll find the 

zeros of f'. From the graph off', it appears there are zeros at approximately 

x = -1.3, -0.4, and 0.5. Try XI = -1.3 =} 

f'(x!) 
. 

X2 =XI-
f"(XI) 

� -1.293344 =} X3 � -1.293227 � x4. 

f' 

Now try XI = -0.4 :::} x2 � -0.443755 =} X3 � -0.441735 =} X4 � -0.441731 � x5• Finally try 
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Xl = 0.5 => X2 
:::; 0.507937 => X3 :::; 0.507854:::; X4. Th�refore, X = -1.293227, -:-0.441731, and 0.507854 are 

all t)le critical numbers correct to six decimal places. 

(b) There are two critical numbers where!' changes from negative to positive, so f changes from decreasing to increasing. 

f( -1.293227):::; -'-2.0212 and /(0.507854):::; -0.6721, so -2.0212 is the absolute minimum value off correct to four 
' 

decimal places. 

4 y = x2 sinx => y' = x2 cosx + (sinx)(2x) => 

y" = x2(-sinx) + (cosx)(2x) + (sinx)(2) + 2xcosx 

= -x2 sinx + 4xcosx + 2sinx => 

y"' = -x2 cosx + (sinx)( -2x) + 4x(-sinx) + (cosx)(4) + 2 cosx 

= -x2 cosx- 6xsinx + 6cosx. 

From the graph of y = x2 sin x, we see that x = 1.5 is a reasonable guess for the x-coordinate of the inflection point. Using 

Newton's method with g(x) = y" and g'(x) = .y"', we get Xt = 1.5 => x2:::; 1.520092, X3 :::; 1.519855:::; x4• 

The inflection point is about (1.519855, 2.306964). 

39. We need to minimize the distance from (0, 0) to an arbitrary point (x, y) on the 

curvey = (x - 1)2. d = .Jx2 +y2 =>, 

d(x) = .Jx2 + [(x-1)2)2 = .Jx2 + (x- 1)4. When d! = 0, d will be 

minimized and equivalently, s = d2 will be minimized, so we will use Newton's 

method with f = s
' and /' = s

"
. 

:c 

f(x) = 2x + 4(x- �)3 => f'(x) = 2 + 12(x- 1?, so Xn+I = Xn-
2;� �

2
��n :

1
��3• Try Xt = 0.5 => 

x2 = 0.4, X3 :::; 0.410127, X4 :::; 0.410245 :::; xs. Now d(0.410245) :::; 0.537841 is the minimum distarice and the point on 

the parabola is (0.410245, 0.347810), correct to six decimal places. 

41. In this case, A= 18,000, R = 375, and n = 5(12) = 60. So the formula A= �[1- (1 + i)-n] becomes 
. 

. t 

18,000 = 
375 

[1- (1 + x)-60] <=> 48x = 1- (1 + x)-60 [multiply each term by (1 + x)60] <=> 
X 

48x(1 + x)60- (1 + x)60 + 1 = 0. Let the LHS be called f(x), so that 

f'(x) = 48x(60)(1 + x)59 + 48(1 + x)60- 60(1 + x)59 

= 12(1 + x)59[4x{60) + 4(1 + x)- 5] = 12(1 + x)59(244x- 1) 

48xn(1 + Xn)60 - (1 + Xn)60 + 1 . . . . 
Xn+I = 

�
n- 12(1 + Xn)59(244Xn _ 1) 

. An mterest rate of1% per month seems hke a reasonable estimate for 

x = i. So let X1 = 1% = 0.01, and we get x2·:::; 0.0082202, X3 :::; 0.0076802, X4 :::; 0.0076291, x
5
:::; 0.0076286:::; x6• 

Thus, the dealer is charging a monthly interest rate ofO. 76286% (or 9.55% per year, compounded monthly). 

© lO 12 Cengage Leami�g. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in pan. · 



220 0 CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 

4.9 Antlderivatives . 

xl+l 
1. f(x) = x- 3 = x1- 3 ::} F(x) = -- � 3x + C = l x2- 3x + C . 1 + 1 2 

Check: F'(x) = �(2x)- 3 + 0 = x- 3 = f(x) 

3 x2+1 4 x3+1 . 
3 f(x) = 1 + lx2 - ix3 ::} F(x) = lx + - -- - - -- +C = lx + lx3 --' lx4 + C • 2 4 5 2 4 2 + 1  5 3 + 1  2 4 5 

Check: F'(x) = � + �(3x2).:.. k(4x3) + 0 = � + �x2 - �x3 = f(x) 

5. f(x) = (x + 1)(2x- 1) = 2x2 + x- 1 => F(x) = 2 {ix3) + �x2- x + C = ix3 + �x2- x + C 

1. f(x) = 7x215 + Bx-415 ::} F(x) = 7( �x715) + 8(5x115) + C = 5x715 + 40x115 + C 

9. f(x) = v'2is a constantfunction,soF(x) == v'2x+C. 

1 2 1 ( 1) . {ix- 2ln Jxl + Ct if x < 0 
13. f(x) = - -- = - - 2 - has domain ( -oo, 0) U (0, oo), so F(x) = 1 5 X 5 X 5X- 2 ln Jxl + C2 if X> 0 

See Example !(b) for a similar problem. 

2 15. g(t) = 1 + t + t 
= cl/2 + t1;2 + ta;2 ::} . v'i 

17. h(O) = 2 sin(}- sec2 (} => H(O) = -2 cos(}-tan(}+ Cn on the interval ( mr ,-- i, mr + i). 

19. f(x) = 5e"'- 3coshx ::} F(x) = 5e"'- 3sinhx + C 

x5 - x3 + 2x 1 2 1 -3 21. f(x) = x4 
= x- � + 

x3 
= x- � + 2x ::} 

x2 ( x-3+1 ) 1 F(x) =--In Jxl + 2 -- + C = lx2 -In JxJ-- + C 2 -3 + 1 2 x2 
. x5 xs 23. f(x) = 5x4- 2x5 ::} F(x) = 5 · 5 - 2 · '6 + C = x5-�x6 + C. 

F(O) = 4 ::} 05-� · 06 + C = 4 ::} C = 4, soF(x) = x5 - �x6 + 4. 

The graph confirms our answer since f ( x) = 0 when F has a local maximum, f is 

positive
,
when F is increasing, and f is negative when F is decreasing. 

25. f"(x) = 20x3- 12x2 + 6x => f'(x) = 20( �4) - 12( �) + 6( �2) + C = 5x4- 4x3 + 3x2 + C ::} 

f(x) = 5 (�) - 4(�4) + 3(�3) + Cx + D  = x5 .-x4 + x3 + Cx + D  
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29. f'"(t) =cost => J"(t) = sint + C1 => f'(t) =- cost+ C1t + D => f(t) = -sint + Ctz + Dt + E, 

�here C = �C1. 

31.f'(x)=1+3JX => f(x)=x+3(jx312)+C=x+2x312+C. f(4)=4+2(8)+Cand j(4)=25 => 

20 + C = 25 => C = 5, so f(x) = x + 2x312 + 5. 

33. j'(t) = � => f(t) = 4arctan t +C. f(1) = 4 (�
4
) + C and !(1) = 0 => 7r + C = 0 => C = -1r, 1+t . 

so f(t) = 4 arctan t- 7r. 

35. f' (t) = 2 cost+ sec2 t => j(t) = 2 sin t +tan t + C be cause -7r /2 < t < 7r /2. 
' 

f(il= 2(v'3/2) + J3 + C = 2v'3 + C and f(f) = 4 => C = 4- 2v'3, so f(t) = 2sint + tant +4- 2v'3. 

{2x2/3 + C1 i( X > 0 
37. f' (x) = x-113 has domain ( -oo, 0) U (0, oo) => f(x) = 2 

13 2x2 + C2 if x < 0 . 2 
j(1)=�+Clandf(1)=1 => Ct=-�.f(-1)=J+C2andf(-1)=-1 => C2=-!. 

{2x2/3 - l if X > 0 
Thus, f(x) = 2 2 

2x213 - §. if x < 0 2 2 

39. J"(x) = -2 + 12x- 12x2 => j'(x) = -2x + 6x2- 4x3 +C. j'(O) = C and j'(O) = 12 => C = 12, so 

f'(x) = -2x + 6x2- 4x3 + 12 and hence, f(x) = -x2 + 2x3- x4 + 12x +D. f(O) = D and f(O) = 4 => D = 4, 

so f(x) = -x2 + 2x3- x4 + 12x + 4. 

41. j"(O)=sinO+cos(} .=> j'(O)=- cosO+sinO+C. j'(0)=-1+Candj'(0)=4 => C=5,so 

j'(O) =- cos(}+ sin(}+ 5 and hence, f(O) =-sin(}- cos(}+ 5(} +D. f(O) = -1 + D and f(O) = 3 => D = 4, 
so f(O) =-sinO- cos(}+ 50+ 4. 

43. J"(x) = 4 + 6x + 24x2 => f'(x) = 4x + 3x2 + 8x3 + C => f(x) = 2x2 + x3+ 2x4 + Cx+ D. f(O) = D and 

f(O) = 3 => D = 3, so f(x) = 2x2 + x3 + 2x4 + Cx + 3. /(1) = 8 + C and f(1) = 10 => C = 2, 

so f(x) = 2x2 + x3 + 2x4 + 2x + 3. 

45. J"(x) = 2 + cosx => f'(x) = 2x + sinx + C => f(x) = x2- cosx + Cx +D. 

j(O) = -1 + D and j(O) = -1 => D = 0. f(�) = 1r2 /4 + (�)C and f(�) = 0 => (�)C = -71'2 /4 => 

C =-�.so f(x) = x2 - cosx- ( �)x. 

47. J"(x) = x-2, x > 0 => f'(x) = -1/x + C => f(x) = -ln lxl + Cx + D = -lnx + Cx + D [since x > 0]. 

j(l)=O => C+D=Oandf(2)=0 => -ln2+2C+D=O => -ln2+2C- C=O [since D=-C] => 

-ln2+C = 0 => C = ln2and D = -ln2. So f(x) = -lnx + (ln2)x -ln2. 

49.Givenj'(x)=2x+1,wehavef(x)=x2+x+C. Since jpassesthro ugh (1,6),f(1)=6 => 12+1+0=6 => 

C = 4. Therefo re, f(x) = x2 + x + 4and f(2) = 22 + 2 + 4 = 10. 
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51. b is the antiderivative of f. For small x, f is negative, so the graph of its antiderivative must be decreasing. But both a and c 

are increasing for small x, so only b can be j's antiderivative. Also, f is positive where b is increasing, which support.s our 

conclusion. 

53. 

o�:! x 
: : ' ' 
: : ' ' 

y 
' l 

l max. 
0 

mm. 

The graph ofF must start at (0, 1). Where the given graph, y = f(x), has a 

local minimum or maximum, the graph ofF will have an inflection point. 

Where j is negative (positive), F is decreasing (increasing). 

Where f changes from negative to positive, F will have a minimum. 

Where f changes from positive to negative, F will have a maximum. 

Where f is decreasing (increasing), F is concave downward (upward). 

55. y 

(2,2) 

X 

-1 

ifO:S:x<1 

if 1 <X< 2 

if 2<x:S:3 

{ 2x + 0 if 0 ::; x < 1 

=? j(x) = x + D if 1 < x < 2 

-x + E if 2 < x :S: 3 

/(0)=-1 =? 2(0)+0=-1 =? 0=-l.Starting at the point 

( 0, -1) and moving to the right on a line with slope 2 gets us to the point ( 1, 1). 

The slope for 1 < x < 2 is 1, so we get to the point (2, 2). Here we have used the fact that j is continuous. We can include the 

point x = 1 on either the first or the second part of f. The line connecting (1, 1) to (2, 2) is y = x7 soD = 0. The slope for 

2<x:S:3 is-1,so we getto (3,1). /(3)=1 =? -3+E= 1 =? ·E=4.Thus {2x - 1 if 0 ::; x ::; 1 

f(x) = X if 1 <X< 2 

-x + 4 if 2 ::; x ::; 3 

Note that f' (x) does not exist at x = 1 or at x = 2 . 

. sinx 
57. f(x) = 

1 + 
x2, -211'::; x::; 211' 

Note that the graph off is one of an odd function, so the graph ofF will 

be one of an even function. 

-0.5 

-21T 
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59. v(t) = s'(t) = sint-cost ::} s(t) =-cost-sint +C. s(O} = -1 + C and s(O) = 0 ::} C = 1, so 

s(t) = -cost-sin t + 1. 

61. a(t) = v'(t) = 2t + 1 ::} v(t) = e + t +C. v(O) = C and v(O) == -2 ::} C = -2,"so v(t) = t2 + t- 2 and 

s(t) = it3 + �tz - 2t +D. s(O) = D and s(O} = 3 ::} D = 3, so s(t) = it3 + �e - 2� + 3� 

63. a(t) = v'(t) = 10si�t + 3cost ::} v(t) = -lOcost + 3sint + C ::} s(t) = -lOsint- 3cost + Ct +D. 

s(O} = -3 + D = 0 and s(27r} = -3 + 21rC + D = 12 ::} D = 3 and C = !·Thus, 

s(t) = -lOsint � 3cost + !t+ 3. 

65. (a) We first observe that since the stone is dropped 450 m above the ground, v(O) = 0 and s(O) = 450. _ 

v'(t) = a(t) = -9.8 ::} v(t) = -9.8t +C. Now v(O) = 0 ::} C = 0, so v(t) = -9.8t ::} 

s(t) = -4.9t2 + D. Last, s(O} = 450 ::} D = 450 ::} s(t) = 450- 4.9t2• 

(b) The stone reaches the ground when s(t) = 0. 450- 4.9t2 = 0 ::} t2 = 450/4.9 ::} t1 = J450/4.9 � 9;58 s. 

(c) The velocity with which the stone strikes the ground is v(h) = -9.8J450/4.9 � -93.9 mjs. 

(d) This is j�st reworking parts (a) and (b) with v(O) = -5. Using v(t) = -9.8t +' C, v(O} = -5 ::} 0 + C = -5 ::} 

v(t) = -9.8t- 5. So s(t) = -4.9t2 - 5t + D and s(O} = 450 · ::} D = 450 ::} s(t) = -4.9t2 - 5t + 450. 

Solving s(t) = 0 by using the qu�dratic formula gives us t = (5 ± \1"8845 )/( -9.8} ::} t1 � 9.09 s. 

67. By Exercise 66 with a= -9.8,-s(t) = -4.9t2 + vot +so and v(t) = s' (t) = -9.8t + vo. Se 

[v(t)]2 = ( -,9.8t + vo)2 = (9.8i t2 .- 19.6vot + v5 = v5 + 96.04t2- 19.6tiot = v5 - 19.6( -4.9t2 + vot). 

But -4.9e + v0t is just s(t) without the so term; that is, s(t) - s0. Thus, [v(t)]2 = v5 - 19.6 [s(t) - s0]. 

69. Using Exercise 66 with a = -32, vo = 0, and so = h (the height ofthe cliff), we know that the height at timet is 

s(t) = -16t2 +h. v(t) = s'(t) = -32t and v(t) = .,-120 => -32t = -120 ::} t = 3.75, so 

0 = s(3.75} = -16(3.75? + h ::} h = 16(3.75}2 =225ft. 

71. Marginal cost= 1.92- 0.002x = C'(x) ::} C(x} = 1.92x- 0.001x2 + K. But C(1) = 1.92- 0.001 + K = 562 ::} 

K = 560.081. Therefore, C(x) = 1.92x- 0.00lx2 + 560.081 ::} C(lOO} = 742.081, so the cost of producing 

100 items is $742.08. 

73. Taking the upward direction to be positive we have that for 0 :S t :S 10 (using the subscript 1 to refer to 0 :S t :S 10), 

a1 (t) = - (9- 0.9t) = v� (t) ::} vl(t) = -,9t + 0.45t2 + vo, but Vt (0) = v0 = -10 =:;. 

Vt(t) = -9t + 0.45t2 - 10 = s�(t) ::} St(t) = -�t2 + 0.15t3 - lOt+ s0. But St(O) = 500 =So :;=> 

s1(t) = -�t2 + 0.15t3 - lOt+ 500. St(lO} = -450 + 150- 100 + 500 = 100, so it takes 

more than 10 seconds for the raindrop to fall. Now fort> 10, a(t) = 0 = v'(t) ::} 

v(t) = co�stant = v1,(10) = -9(10) + 0.45(10? -10 = -55 ::} v(t) =-55. 

At 55 mjs, it will take 100/55 � 1.8 s to fall the last 100 m. Hence, the total time is 10 + 15� = 1131° � 11.8 s. 
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75. a(t) = k, the initial velocity is 30 mi/h = 30 · ���g = 44 ft/s, and the final velocity (after 5 seconds) is 

50 mi/h =50. ��gg = 2;0 ft/s. So v(t) = kt + C and v(O) = 44 � C = 44. Thus, v(t) = kt + 44 => 

v(5) = 5k + 44. But v(5) = 2;0, so 5k + 44 = 2;0 => 5k = ¥ � k = -H;:::: 5.87 ft/s2• 

77. Let the acceleration be a(t) = k km/h2• We have v(O) = 100 km/h and we can take the initial position s(O) to be 0. 

We want the time t1 for which v(t) = 0 to satisfy s(t) < 0.08 km. In general, v'(t) = a(t) = k, so v(t) = kt + C, 

where C = v(O) = 100. Now s'(t) = v(t) = kt + 100, so s(t) = !kt2 +lOOt+ D, where D = s(O) = 0. 

Thus, s(t) = !kt2 +lOOt. Since v(tt) = 0, we have ktt + 100 = 0 or t1 = -100/k, so 

) 1 ( 100) 2 ( 100) ( 1 1) . 5,000 Th 
.
d'' ( ) . fy' s(t, = 2k -k + 100 -k = 10,000 2k -k = --k-. e con 1t1on s t1 must sat1s 1s 

- 5·�00 
< 0.08 => -���8° > k [ k is negative] � k . < -62,500 km/h2, or equivalently, 

k <- �4285 ;:::: -4.82 m/s2• 

79. (a) First note that 90 mi/h = 90 x ���g ft/s = 132 ft/s. Then a(t) = 4 ft/s2 => . v(t) = 4t + C, but v(O) = 0 � 

C = 0. Now 4t = 132 when t = 1!2 = 33 s, so it takes 33 s to reach 132 ft/s. Therefore, taking s(O) = 0, we have 

s(t) = 2t2, 0::; t::; 33. So s(33) = 2178 ft. 15 minutes= 15(60) = 900 s, so for 33 < t::; 933 we have 

v(t) = 132 ft/s => s(933) = 132(900) + 2178 = 120,978 ft.= 22.9125 mi: 

(b) As in part (a), the train accelerates for 33 s and travels 2178 ft. while doing so. Similarly, it decelerates for 33 s and travels 

2178 ft. at the end of its trip. During the remaining 900- 66 = 834 s it travels at 132 ft/s, so the distance traveled is 

132 · 834 = 110,088 ft. Thus, the total distance is 2178 + 110,088 + 2178 = 114;444 ft. = 21.675 mi. 

(c) 45 mi = 45(5280) = 237,600 ft. Subtract 2(2178) to take care of the speeding up and slowing down, and we have 

233,244 ft. at 132 ft/s for a trip of 233,244/132 = 1767 s at 90 mi/h. The total time is 

1767 + 2(33) = 1833 s = 30 min 33 s = 30.55 min. 

(d) 37.5(60) = 2250 s. 2250- 2(33) = 2184 s at maximum speed. 2184(132) + 2(2178) = 292,644 total feet or 

292,644/5280 = 55.425 mi. 

4 Review 
CONCEPT CHECK 

1. A function f has an absolute maximum at x = c iff (c) is the largest function value on the entire domain off, whereas f has 

a local maximum at c if f(c) is the largest function value when xis near c. See Figure 6 in Section 4.1. 

2. (a) See the Extreme Value Theorem on page 275. 

(b) See the Closed Interval Method on page 278. 

3. (a) See Fermat's Theorem on page 276. 

(b) See the definition of a critical number on page 277. 
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4. (a) See Rolle's Theorem on page 284. 

(b) See the Mean Value T)teorem on page 285; Geometric interpretation-there is some point P on the graph of a function f 
[on the interval (a, b)] where the tangent line is parallel to the seeant line that connects (a, f(a)) and (b, f(b)). 

5 .. (a) See the Increasing/Decreasing (1/D) Test on page 290. 

(b) If the graph off lies above all of its tangents on an interval I, then it is called concave upward on I. 

(c) See the Concavity Test on page 293. 

(d) An inflection point is a point where a curve changes its direction of concavity. They can be found by determining the points 
at which the second derivative changes sign. 

6. (a) See the First Derivative Test on page 291. 

(b) See the Second Derivative Test on page 295. 

(c) See the note before Example 7 in Section 4.3. 

7. (a) See !'Hospital's Rule and the three notes that follow it in Section 4.4. 

(b) Write Jg as 1�9 or 1i 
J

' 

(c) Convert the difference into a quotient using a common denominator, rationalizing, factoring, or some other method. 

(d) Convert the power to a produCt by taking the natural logarithm of both sides of y = J9 or by writing r as e9 In f. 

8. Without calculus you could get misleading graphs that fail to show the most interesting features of a function. 
See Example 1 in Section 4.6. 

9. (a) See Figure 3 in Section' 4.8. 

!(xi) (b) X2 =XI - f'(XI) 

f(xn) (c) Xn+l = Xn - f'(xn) 

(d) Newton's method is likely to fail or to work very slowly when !' (XI ) is close to 0. It also fails when f' ( x;) is undefined, 
such as with f(x) = 1/x- 2 and XI = 1. 

10. (a) See the definition at the beginning of Section 4.9. 
(b) If F1 and F2 are both antiderivatives off on an interval I, then they differ by a constant. 

1. False. 

3. False. 

5. True. 

TRUE-FALSE QUIZ 

For example, take f(x) = x3, then!' (x) = 3x2 and!' {0) = 0, but f(O) = 0 is not a maximum or minimum; 
(0, 0) is an inflection point. 

For example, f(x) =xis continuous on (0, 
1) but attains neither a maximum nor a minimum value on (0, 1). 

Don't confuse this with f being continuous on the closed interval [a, b), which would make the statement true. 

This is an example of part (b) of the 1/D Test. 
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7. False. j'(x) = g'(x) => f(x) = g(x) +C. For example, if f(x) = x + 2 and g(x) = x + 1, then f'(x) = g'(x) = 1, 

but f(x) =f. g(x). 

9. True. The graph of one such function is sketched. 

11. True. 

X 

Let XI < X2 where XI, x2 E /.Then /(xi) < j(x2) and g(xi) < g(x2) [since f and g are increasing on/], 

so(!+ g)(xi) == f(xi) + g(xi) < j(x2) + g(x2) = (! + g)(x2). 

13. False. Take f(x) = x and g(x) = x- 1. Then both f and g are increasing on (0, 1). But f(x) g(x) = x(x....: I) is not 

increasing on (0, 1). 

15. True. 

17. True. 

Let XI, x2 E I and XI < x2. Then f(xi) < j(x2) [!is increasing) => 
!(�I) > /(�2) [/is positive] => 

g(x1) > g(x2) => g(x) = l/f(x) is decreasing on/. 

Iff is periodic, then there is a nwnber p such that f(x + p) = f(p) for all x. Differentiating gives 

/'(x) = f'(x + p) · (x + p)' = f'(x + p) · 1 = f'(x + p), so!' is periodic. 

19. True. 'By the Mean Value Theorem, .there exists a nwnber c in (0, 1) such that /(1)- f(O) = /'(c)(l- 0) = /' (c) . 

Since j'(c) is nonzero, /(1)- /(0) =f. 0, so /(1) =f. f(O). 

EXERCISES 

1. f(x) = x3- 6x2 + 9x + 1, (2, 4]. f'(x),;, 3x2- 12x + 9 = 3(x2- 4x + 3) = 3(x- l)(x- 3). f'(x) = 0 => 

x = 1 orx = 3, but 1 is not in the interval. f'(x)> 0 for 3 < x < 4andf'(x) < O for 2 < x < 3,so /(3) = 1 is a local 

minimum value. Checking the endpoints, we find /(2) = 3 and /(4) = 5. Thus, f(3) = 1 is the absolute minimum value and 

/(4) = 5 is the absolute maximum value. 

3. f(x) = 
3x- 4 1_2 2]. f'(x) = 

(x2 + 1)(3)- (3x- 4)(2x) = -(3x2- 8x- 3) 
= 

-(3x + 1)(x- 3) 
x2 + 1' ' (x2 + 1)2 (x2 + 1)2 (x2 + 1)2 

f'(x) = 0 => x = -i or x = 3, but 3 is not in the interval. /'(x) > 0 for-i < x < 2 and /'(x) < 0 for 

-2 < x < -i, so /( -i) = � = -�is a local minimwn value. Checking the endpoints, we find f( -2) = -2 and 

!(2) =�-Thus, f( -i) = -� is the absolute minimum value and !(2) = � is the absolute maximwn value. 

5. f(x) = x + 2cosx, [-7r,7r). f'(x) = 1- 2sinx. f'(x) = 0 =>- sinx = t => x = t. 56"'. j'(x) > Ofor 

( -'l!', t) and ( 5;, 1r), and f'(x) < 0 for (t; 5;), so f(t) = t + J3 � 2.26 is a local rriaximwn value and 
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. f ( 5;) = 5;- v'3 � 0.89 is a local minimum value. Checking the endpoints, wefmd j(-1r) = -1r- 2 � -5.14 apd 

j(1r} = 1r- 2 � 1.14. Thus, f( -1r) = -1r- 2 is the absolute minimum value and !(f) = f + v'3 is the absolute 

maximum value. 

7. This limit has the form � · 1. e"' - 1 H 1. e"' 1 1 un--= Im · -- =-= x-o tan X x-0 sec2 X 1 

9. This limit has the form �. li 
e4:r -i - 4x .!!. r 4e4x - 4 .!!. r 16e4:r - r 8 4x - 8 . 1 - 8 

x� x2 · - x� 2x - :r� '2 - :r� e - -

11. This limit has the form oo · 0. -

H r 2- 6x ["" f) l M lim � = 0 = 
,-!�oo 4e-2"' � orm :r--oo -Be-2"' 

13. This limit has the form oo - oo. 

, lim (�--1-) =lim (x1nx-·x+1) �lim 
x- (1/x}+ln x-1 =lim 

lnx 
:r-1+ X -1 lnx z-1+ (x -1} lnx :r-1+ (x -1) · (1/x) + lnx x__:.1+ 1 -1/x + lnx 

� lim 
1/x = _1_ = � 

x-1+1/x2+1/x 1+1 2 

15. f(O} = 0, !'( -2} = !'(1} = j'(9} = 0, lim J(x) = 0, lim f(x) = -oo, x--+oo x--+6 

J'(x) < 0 on ( -oo, -2}. (1, 6), and (9, oo}, J'(x) > 0 on ( -2, 1} and (6, 9}, 

J"(x) > 0 on (-oo,O) and (12,oo), J"(x) < Oon (0,6} and (6, 12} 

17. f is odd,J'(x) < OforO < x < 2, f'(x) > Oforx > 2, 

J"(x) > Ofor 0 < x < 3, J"(x} < 0 for x > 3,lim:r-oo f(x) = -2 

-19. y = f(x) = 2 - 2x -x3 A. D = lR B. y-intercept: f{O) = 2. 

The x-intercept (approximately 0. 770917) can be found using Newton's 

Method. C. No symmetry D. No asymptote 

E. J'(x) = -2- 3x2 = -( 3x2 + 2} < 0, so f is decreasing on JR. 

F. No extrerpevalue G. /"(x)=-6x<Oon(O,oo)and/"{x)>Oon 

( -oo, 0), so f is CD on (0, oo) and CU on ( -oo, 0). There is an IP at (0, 2). 

H. 
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· 21. y = f(x) = x4-3x3 + 3x2- x = x(x- 1)3 A. D = lR B. y-intercept: f(O) = 0; x-intercepts: f(x) = 0 <=> 

x = 0 Qr x = 1 C. No symmetry D. f is a polynomial function and hence, it has no asymptote. 

E. f1 ( x) = 4x3 - 9x2 + 6x - 1. Since the sum of the coefficients is 0, 1 is a root of!', so 

f'(x) = (x- 1){4x2 - 5x + 1) = (x- 1)2(4x- 1). f'(x) < 0 => x < -l, so f is decreasing on ( -oo, 1) 

and f is increasing on ( t, oo). F. !' ( x) does not change sign at x = 1, so 

there is not a local extremum there. f ( t) = -22;6 is a local minimum value: 

G. J"(x) = 12x2- 18x + 6 = 6(2x- 1)(x- 1) . J"(x) = 0 <=> x = � 

or 1. f"(x) < 0 <=> � < x < 1 => f is CD on (�, 1) and CU on 

( -oo, �) and (1, oo ). There are inflection points at G, -1�) and (1, 0). 

H. y 

X 

1 23. y=f(x)= ( 3)2 
A. D={x\x#0,3}=(-oo,O)u(0,3)U(3, oo) B. No intercepts. C. No symmetry. . XX-

D I 1 0 o ·  HA I' 1 lim 1 li 1 
• im ( )2 

= , soy = ts a . 1m ( )2 
= oo, ( )2 

= -oo, m ( )2 
= oo, x-±oo X X -3 x-o+ X X -3 x-o-X X -3 x-,-+3 X X -3 

, (x-3?+2x(x-3) 3(1- x) sox=O andx=3 areVA. E. f (x)=- x2(x-3)4 =x2(x-3)3 => f'(x)>O <=> '.l< x<3, 

so f is increllSing on (1, 3) and decreasing on ( -oo, 0), (0, 1 ), and (3, oo ). H. 

. . !( ) 1 G !"( ) 6(2x2 - 4x + 3) F. Local mmtmun1 value 1 = 4 • x = x3(x _ 3)4 · 

Note that 2x2 - 4x + 3 > 0 for all x since it has negative discriminant. 

So f"(x) > 0 <=> x > 0 => . f is CU on (0, 3) and (3, oo) and 

CD on ( -oo, 0). No IP 

X 

x2 64 25. y = f(x) = x + 8 = x- 8 + x + 8 A. D = {x \ x # -8} B. Intercepts are 0 C. No symmetry 

D. lim x2 
8 = oo, but f(x)- (x- 8) = 64

8 --> 0 as x--> oo, soy= x- 8 is a slant asymptote. 
z-oo x+ X+ 

lim �=oo and lim x2
8=-oo,sox=-8 isaVA. E.f'(x)=l- 64 = x(x+16) >0 <=> 

x--s+ x + 8 x--s- x + (x + 8)2 (x + 8)2 

x > 0 or x < -16, so f is increasing on ( -oo, -16) and (0, oo) and 

decreasing on ( -16, -8) and ( -8, 0) . 

F. Local maximum value f( -16) = -32, local minimum value f(O) = 0 

G. J"(x) = 128/(x + 8)3 > 0 <=> x > -8, so fis CU on ( -8, oo) �md 

CD on ( -oo, -8) . No IP 

H. 0 0 

x=-8 ! 
y 

:o.·\ x 

(-16, -32) .V y =x -8 
/\.X! 

: 

! . : 
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27. y = f(x) = x v'2 + x A. D = [-2, oo) B. y-intercept: f(O) = 0; x-intercepts: -2 and 0 C. No symmetry 
\ 

D. No asymptote E. f'(x)= Jffi+v'2+x= � [x+2(2+x)]= �=Owhen x=-t,sofis 
2 2+x 2 2+x 2 2+x 

decre�ing on ( -2, -t) and increasing on ( -� , oo) . F. Local minimum value f( -!) = -! {i = -¥ � -1.09, 

no local maximum 
1 

2 v'2+ x · 3- (3x+4) --
G !"(. ) = 

v'2+X = 
6(2 + x) - (3x + 4) 

• x 4(2 + x) 4(2 + x)312 

3x+8 
- 4(2 + x)312 

J"(x) > 0 for x > -2, so f is CU on ( -2, oo) . No IP 

H. y 

(-± -�) 3. 9 

29.y=f(x)=e"'sinx,-1!'�X�1!' A.D=F-11",11'] B.y-intercept:f(O)=O;f(x)=O {::} sinx=O => 

x=-11',0,1!'. C. No symmetry D. No asymptote E. f'(x)=e"'co sx+sinx·e"'=e"'(cosx+sinx). 

f'(x) = 0 {::} -COSX = sinx {::} -1 =tan X => X= --r, 3Z. f'(x) > 0 for -f <X< 3: and f'(x) < 0 

for -1!' < X < --r and 3: < X < 11', SO f is increasing on ( -f, 3;) and f is decreasing on ( -11', -f) and e4,., 11') . 

F. Local minimum value f( -f)= ( --./2/2)e_,.;4 � -0.32 and 

local maximum value Je;) = ( -./2/2) e31f/4 � 7.46 

. G. J"(x) = e"'(-sinx + cosx) + (cosx + sinx)e"' = e"'(2 cosx) > 0 => 

-�<x<�andf"(x)<O => -1l'<x<-�and �<x<1l',sofis 

CU on (-�, �), and f is CD on ( -1!', -�) and ( �, 11') . There are inflection 

points at ( -�, -e-,..12) and ( �. e,..12) . 

H. 

31. y = f(x) = sin-1(1/x) A. D ={xI -1 � 1 /x � 1} = (-6o, -1] U [1,oo). B. No intercept 

C. f( -x) = -f(x), symmetric about the origin D. lim sin-1(1/x) = sin-1 (0) =0, soy= 0 is aHA. 
x-±oo 

E. f'(x) = 1 (-�) = � < 0, so f is decreasing on ( -oo, -1) and (1, oo) . 
vf1- (1/x)2 x x - x2 

F. No local extreme value , but f(1) = � is the absolute maximum value 

and f( -1) = -� is the absolute minimum value. 

H. 
y 

11' 
2 

· 

"( ) 4x3- 2x x(2x2- 1) , 
G. f x = 

312 
= 

312 
> 0 for x > 1 and f (x) < 0 

��o_.!!: 
2 

. 2(x4 - x2) (x4 - x2) · 
. 

for x < -1, so f is CU on (1, oo) and CD on ( -oo, -1). No IP 
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33. y = f(x) = (x- 2)e-"' A. D = lR B. y-intercept: f(O) = -2; x-intercept: f(x) = 0 {:} x = 2 

C. No symmetry D. lim x :_ 2 
� lim I_ = 0, soy = 0 is aHA. No VA 

X-+CXJ e
X X ----tOO' eX 

E. f'(x) = (x- 2)(-e-"') + e-x(1) = e-x[-(x- 2) + 1] = (3- x)e-"'. 
f'(x) > 0 for x < 3, so f is increasing on ( -oo, 3) and decreasing on (3, oo). 
F. Local maximum value /(3) == e-3, no local minimum value 

G. J"(x) = (3- x)( -e-"') + e-"'( -1) = e-x[-(3- x) +( -1)] 
= (x - 4)e-x > 0 

for x > 4, so f is CU on (4, oo) and CD on ( -oo, 4). IP at (4, 2e-4) 

x2- 1 , x3(2x)- (x2- 1)3x2 3- x2 35. f(x) = � � f (x) = 
x6 ----;;4 � 

x4(-2x)- (3- x2)4x3 2x2 - 12 
f"(x) = 

xB x:> 

Estimates: From the graphs off' and !", it appears that f is increasing on 

( -1.73, 0) and (0, 1.73) and decreasing on ( -oo, -1.73) and (1.73, oo); 

f has a local maximum of about /(1.73) = 0.38 and a local minimum of about 

f( -1. 7) = -0.38; f is CU on ( -2.45, 0) and (2.45, oo ), and CD on 

( -oo, -2 .45) and (0, 2.45); and f has inflection points at about 

( -2 .45, -0.34) and (2.45, 0.34). 

Exact: Now f' ( x) � 3 -

4
x2 

is positive for 0 < x2 < 3, that is, f is increasing 
X 

on ( -J3, 0) and (0, J3); and f' (x) is negative (and so f is decreasing) on 

(-oo, -J3 ) and ( J3,oo). f' (x) = 0 when x = ±J3. 
f' goes 'from positive to negative at x = J3, so f has a local maximum of 

f ( J3) = . ( �:.42i 1 = ¥; and since f is odd, we know that maxima on the 

interval (0, oo) correspond to minima on ( -oo, 0), so f has a local minimum of 

f( -J3) =-¥.Also, f" (x) = 2x
2 

� 
12 is positive (sof is CU) on 

X 

( -v'6, 0) and ( v'6, oo ) , and negative (so f is CD) on ( -oo, -v'6) and 

(0, v'6). There are IP at ( v'6, �) and ( -v'6, - �) -

H. y 

-5 I 

-8 ___, 

37. f(x) = 3x6- 5x5 + x4- 5x3- 2x2 + 2 => f'(x) = 18x5.- 25x4 + 4x3- 15x2- 4x => 

f"(x) = 90x4- 100x3 + 12x2- 30x- 4 

2 

-0.2 
0.2 

-0.2 
1.5 

-1.5 

f' 

\ 

f" 
--

f 
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From the graphs off' and f", it appears that f is increasing on ( -0.23, 0) and (1.62, oo) and decreasing on ( -oo, -0.23) 

and (0, 1.62); f has a local maximum of f(O) = 2 and local minima of about f(-0.23) = 1.96 and /(1.62)" = - 19.2 ; 
/ 

f is CU on (-oo, -0.12) and (1.24, oo) and CD on ( -0.12, 1.24); and f has inflection points at about ( -0.12, 1.98) and 

(1.24, -12.1). 

0 

2.5 

-0.5 '>-------:-�--...../ 
0.8 

From the graph, we' estimate the points of inflection to be about (±0.82, 0.22). 

f(x) = e-1/"'2 => f' (x) = 2x-3e-l/x2 => 
. 2 2 

. 2 
J"(x) = 2[x-3(2x-3)e-l/x + e-l/x ( -3x-4)] = 2x-6e -l fx (2- 3x2). 

This is 0 when 2 - 3x2 = 0 <* x = ±J'i,, so the inflection points 

are ( ±J'i,, e-3/2) . 

41. f(x) = cos2 x , :._11' < x < 7r => J'(x) = _ cosx [(2x + 1) cosx + 4(x2: x + 1) sin x] => 
y'x2 + x + 1 - - 2(x2 + x + 1)3 2 . 

!
"(x) = _ (8x4 + 16x3 + 16x2 + Bx + 9) cos2 x- 8(x2 + x + 1)(2x+ 1) sin x cosx- 8(x2 + x + 1? sin2 x 

4(x2 + x + 1)5/2 . 

f(x) = 0 <* x == ±�; f'(x) = 0 <* x � -2.96,·_:_1.57, -0.18, 1.57, 3.01; 

f"(x) = O <=} x � -2.16, -0.75, 0.46, and 2.21. 

1.5 1.5 2.5 

-'TT '1T 

'1T 

-o.5 -1.5 -3,5 

'1T 

The x-coordinates ofthe maximum points are the values at which f' changes from positive to negative, that is, -2.96, 

-0.18, and 3.01. The x-�oordinates of the minimum points are the values at which!' changes from negative to positive, that 

is, -1.57 and 1.57. The x-coordinates of the inflection points are the values at which f" changes sign, that is, -2.16, -0. 75, 

0.46, and 2.21. 
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43. The family of functions f(x) = ln(sinx +C) all have the same period and all C=3 

have maximum values at x = � + 21rn. Since the domain ofln is (0, oo ), f has 

a graph only if sin x + C > 0 somewhere. Since -:-1 ::; sin x ::; 1, this happens 

if C > -1, that is, f has np graph if C ::; -1. Similarly, if C > 1, then 

sin x + C > 0 and f is continuous on ( -oo, oo) . As C increases, the graph of -s 

f is shifted vertically upward and flattens out. If -1 < C ::; 1, f is defined where sin x + C > 0 {::} 

sinx > -C {::} sin-1( -C) < x < 1r-sin-1( -C). Since the period is 21r , the domain off is 

(2n7r + sin-1 (-C), (2n + 1 )1r - sin -l (-C)), n an integer. 

./ \ 
-0.5 0 1 

45. Let f(x) = 3x + 2cos x + 5. Then f(O) = 7 > 0 and/( -1r) = -37r- 2 + 5 = -37r + 3 = -3(7r- 1) < 0, and since f is 

continuous on .IR (hence on [ -1r, 0]), the Intermediate Value Theorem assures us that there is at least one zero off in [ -1r, OJ. 

Now f' ( x) = 3 - 2 sin x > 0 implies that f is increasing on JR, so there is exactly one zero off , and hence, exactly one real 
' 

root of the equation 3x + 2 cos x + 5 = 0. -

47. Since f is continuous on [32, 33] and differentiable on (32, 33) , then by the Mean Value Theorem there exists a number c in 
. 

{133 {132 . 
(32 33) such that '!'(c) = lc-415 = 

-
= 5'33 - 2 but lc-4/5 > 0 => ' . 5 33 -32 v ohl , 5 {133 > 2 .  Also 

f' is decreasing, so that J'(c) < /'(32) = i(32)-415 = 0.0125 => 0.0125 > J'(c) = {/33-2 => W3 < 2.0125. 

Therefore, 2 < W3 < 2.0125. 

49. (a) g(x) = f(x2) => g'(x) = 2xf'(x2) by the Chain Rule. Since J'(x) > 0 for all x # 0, we must have J'(x2) > 0 for 
I 

x # 0, so g'(x) = 0 {::} x = 0. Now g'(x) changes sign (from negative to positive) at x = 0, since one of its factors, 

f' (x2), is positive for all x ,  and its other factor, 2x, changes from negative to positive. at this point, so by the First 

Derivative Test, f has a local and absolute minimum at X =;= 0. 

(b) g' (x) = 2xf' (x2) => g" (x) = 2[�!" (x2)(2x) + !' (x2)] = 4x2 !" (x2) + 2/' (x2) by the Product Rule and the Chain 

Rule. But x2 > 0 for all x # 0, !" ( x2) > 0 [since f is CU for x > 0], and f' ( x2) > 0 for all x # 0, so since all of its 

factors are positive, g"(x) > 0 for x # 0. Whether g" (0) is positive or 0 doesn't matter [since the sign of g" does not 

change there]; g is concave upward on R 

51. If B = 0, the line is vertical and the distance from x = _QA to (x,, yl) is jx1 + A
C I = !Ax1 + By1 + Cl, so assume v'A2+B2 

B # 0. The square of the distance from (x1, yl) to the line is f(x) = (x- x1)2 + (y- y1)2 where Ax+ By+ C = 0, so 

we minimizef(x)='=(x-x1)2+ (- A x- C - y1)2 
=> f'(x)=2 (x-x1)+2(-A x- C -y1)(-A ) B B · B B s ·  

!'() O B2xt- ABy1-AC d th' . . . . f"() 2( A2 ) . .  x = => .x = A2 + B2 · an 1s gtves a mmtmum smce x = 1 + B2 > 0. Substltutmg 
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( ) . 'fy' . f( ) 
(Ax1 + By1 + C)2 

th 
. . 

d
' . 

this value of x into f x and.s1mph mg g�ves x = 
A2 + B2 

, so e m1mmum 1stance IS 

By similar triangles, J!. = 

r 
, so the area of the triangle is 

x v'x2- 2rx 

rx2 
A(x) = t(2y)x = xy = --:. 1;=;2;;::::=� · vx - 2rx 

, 2rx v'x2- 2rx- rx2(x- r)/v'x2- 2rx rx2 (x- 3r) 
A (x) = = = 0 

when x = 3r. 

x2 - 2rx . . (x2 - 2rx)3/2 

A'(x) < 0 when 2r < x < 3r, A'(x) > 0 when x > 3r. So x= 3r gives a minimum and A{3r) = 
r{�2) 

= 3 v'3r2. 
v3 r  

c 

T 

A ""---....1.1.--�.1 D 

We minimize L(x) =!PAl+ !PB! +!PC!= 2v'x2 + 16 + (5- x), 

0 s; x s; 5. L'(x) = 2x/v'x2 + 16 - 1  = 0 {::} 2x = v'x2 + 16 {::} 

4x2 = x2 + 16 {::} x = -jg. L(O) = 13, L( -jg) � 11.9, £(5) � 12.8, so the 

min!mum occurs when x = -jg � 2.3. 

' ' 
This gives the minimum velocity since v' < 0 for 0 < L < C and v' > 0 for L > C. 

59. Let x denote the number of$1 decreases in ticket price. Then the ticket price is $12-$1{x), and the average attendance is 

11,000 + 1000(x). Now the revenue per game is 

R(x) = (price per person) x_(number of people per game) 

::1 (12- x)(ll,OOO + 1000x) = -1000x2 + 1000x + 132,000 

for O s; x s; 4 [since the seating capacity is 15,000] => R'(x) = -2000x + 1000 = 0 {::} x = 0.5. This is a 

maximum since R"(x) = -2000 < 0 for all x. Now we must check the value of R(x) = (12- x){11,000 + lOOOx) at 

x = 0.5 and at the endpoints of the domain to see which value of x gives the maximum value of R. 

R(O) = {12)(11,000) = 132,000, R(0.5) = (11.5)(11,500) = 132,250, and R(4) = (8)(15,000) = 120,000. Thus, the 

maximum revenue of$132,250 per game occurs when the average attendance is 11,500 and the ticket price is$11.50. 

Now X1 = 1 => X2 = 1.5 => X3 � 1.343860 => X4 � 1.30(}320 => X5 � 1.297396 => 

xs � 1.297383 � X7, so the root in [1, 2] is 1.297383, to six decimal places. 
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63. f(t) =cost+ t- t2 => f' (t) = -sin t + 1 - 2t. f' (t).exists for all 

t, so to find the, maximum off, we
-
can examine the zeros off'. 

i 

From the graph off', we see that a good choice for h is h = 0.3. 

Vseg(t) = -sint + 1- 2tandg'(t) =-cost- 2 to obtain 

t2 � 0.33535293, iJ � 0.33541803 � t4 . Since !" ( t) = -cost - 2 < 0 

for all t, !(0.33541803) � 1.16718557 is the absolute maximum. 

1 65. J'(x) = cosx- (1- x2)'1/2 = cos x- => f(x) = sinx -sin-1 x + C ' Vf=X2 

x5f2 x5/3 
67 !'(x) = ..jX3 + � = x3f2 + x2/3 => f(x) = __ + __ + C = lx5f2 + 2x5/S + C . 5/2 5/3 5 5 

69. f'(t)=2t- 3sint => f(t)=t2+3cost+C. 

f(0)=3+Candf(0)=5 => C=2,sof(t)=t2+3cost+2. 

71. f"(x) = 1- 6x + 48x2 => f'(x) = x- 3x2 + 16x3 +C. f'(O) = C and f'(O) = 2 => C = 2, so 
I 

f'(x) =:= x- 3x2 + 16x3 + 2 and hence, f(x) = �x2 - x3 + 4x4 + 2x +D. 

f(O) = D and f(O) = 1 · => D = 1, so f(x) = �x2- x3 + 4x4 + 2x + 1. 

73. v(t) = s'(t) = 2t- ___.!_
2 

=> s(t) = e- tan-1 t +c. 1+t 

s(O) = 0-0 + C = C and s(O) = 1 => C = 1, so s(t) = t2- tan-1 t + 1. 

75. (a) Since f is 0 just to the left of they-axis, we must have a minimum ofF at the same place since we are increasing through 

(0, 0) on F. There must be a local maximum to the left of x = -3, since f changes from positive to negative there. 

(b) f(x) = 0.1ex + sinx => _ 

5 

F(x) = 0.1e"'- cos:z: +C. F(O) = 0 => 

0.1- 1 + c = 0 => c = 0.9, so 

F(x) = 0.1ex- cosx + 0.9. 

X 

(c) 

-I 
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n. Choosing the positive direction to be upward, we have a(t) = -�.8 =?- v(t) = -9.8t + vo, but v(O) = 0 = vo =?­

v(t) = -9.8t = s'(t) =?- s(t) = -4.9t2 + s0, but s(O) =so= 500 =?- s(t) = -4.9t2 + 500. When s = 0 ,  

-4.9t2 + 500 = 0 =?- h = J¥i � 10.1 =?- v{t1) = -9.8 ,.Jifi 
.
� -98.995 m/s. Since the canister has been 

designed to withstand an impact velocity of 100 m/s, the canister will not burst. 

79. (a) 

(b) 

y The cross-sectional area of the rectangular beam is 

A= 2x · 2y = 4xy = 4x v'100- x2, 0 � x � 10, so 

dA = 4x(,!){100- x2)-112( -2x) + (100- x2)112 • 4 dx 2 . 
_ -4x2 _ 2 112 _ 4[-x2 + (100- x2)] 

- (100- x2)1/2 
+ 4{100 x ) - {100- x2)1/2 

dA=O when-x2+(100- x2)=0 => x2=50 => x=·v'50�7.07 =?- y=·/100- (v'50 )2 =v'50. dx V 
Since A{O} = A(10) = 0, the rectangle of maximum area is a square. 

y 

X 

The cross-sectional area of each rectangular plank (shaded in the figure) is 

A= 2x(y- v'W) = 2x[v'100- x2- v'W], 0 � x � v'W. so 

�: = 2(v'100- x2- v'W) + 2x(�){100- x2)-112(-2x) 

- ( 2)1/2 � 2x2 -2 100- x - 2 v 50- (100 _ xZ)l/2 

Set � = 0: {100- x2) - v'50 (100--, x2?12 - x2 = 0 => 100- 2x2 = v'5Q {100- x2)112 => 

10,000- 400x2 + 4x4 = 50(100- x2) => 4x4- 350x2 + 5000 = 0 =?- 2x4- 175x2 + 2500 = 0 =?­

x2 =
· 175 ± .jiQ,625 � 69.52 or 17.98 => x � 8.34 or 4.24. But 8.34 > v'W, so x1 � 4.24 =?-4 

y- v'50 = J100- x�- v'50 � 1.99. Each plank should have dimensions about 8� inches by 2 inches. 

(c) From the figure in part (a), the width is 2x and the depth is 2y, so the strength is 

S = k(2x)(2y)2 = 8kxy2 = 8kx(100- x2) = 800kx- 8kx3, 0 � x � 10. dS/dx = 800k- 24kx2 = 0 when 

24kx2 = 800k => x2 = 1� =?- x = � =?- y = ji¥ =· 1'-f = v'2 x. Since S(O) = 8(10) = 0, the 

maximum strength occurs when x = �·The dimensions should be '7a � 11.55 inches by 2� � 16.33 inches. 

81. We first sh�w that -1 
x 

2 < tan-1 x for x > 0. Let f(x) = tan-1 x- -1 x 
2• Then 

, +x +x 

, 1 1(1 + x2)- x(2x} (1 + x2)- (1- x2) 2x2 • • • f (x) = 1 + x2 - (1 + x2)2 = (1 + x2)2 = (l + x2)2 > 0 for x > 0. So f(x) IS mcreasmg 
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236 0 CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 

on (0, oo). Hence, 0 < x =* 0 = f(O) < f(x) = tan-1 x- 1: x2. So 1: x2 < tan-1 x for 0 < x. We next show 

that tan-1 x < x for x > 0. Let h(x) = x- tan-1 x. Then h'(x) = 1--1 1 2 = 1 
x2 

2 > 0. Hence, h(x) is increasing · . +x +x · 

on (0, oo) . So for 0 < x, 0 = h(O) < h(x) = x- tan-1 x. Hence, tan-1 x < x for x > 0, and we conclude that 

� < tan-1 x < xforx > 0. 1+x 

kcos8 k(h/d) h h h 83. (a) I=� = -d2 = kd3 = k . 3 = k(1600 h2)3/2 =* u- (v'4o2 + h2) + 

(b) 

di {1600 + h2)312 - h�(1600 + h2)112 . 2h k(1600+ h2)112(1600 + h2 - 3h2) 
dh = k ((1600 + h2)3/2)2 = (1600 + h2)3 

k{1600- 2h2) 
(1600 + h2)5/2 [ k is the constant of proportionality] 

Set di/dh = 0: 1600- 2h2 = 0 =* h2 = 800 =* h = v'800 =·20 v'2. By the First Derivative Test, I has a local 

maximum at h ·= 20 v'2 ::::: 28 ft. 

I= kcosO � k[(h-4}/d] = k(h- 4) 
d:2 d:2 d3 

dx = 4 ft/s dt = k(h- 4) = k(h _ 4) [(h _ 4)2 + x2] -3/2 
((h- 4)2 + x2)3/2 

dl dl dx )( 3)[( )2 2]-5/2 dx 
-=-·-=k(h-4 -- h-4 +x · 2x · -dt dx dt 2 dt 

= k(h- 4)( -3x) [(h- 4? +x2] -5/2.4 = -12xk(h- 4) 
((h- 4)2 + x2)5/2 

di 
I 

480k(h _ 4) 
dt x = 40 = 

-
((h- 4)2 + 16ootl2 
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D PROBLEMS PLUS 

1. Let y = f(x) = e_,,}_ The area of the rectangle under' the c;:urve from -x to xis A( x ) = 2xe-x2 where x;::: 0. We maximize 

A(x): A'(x) = 2e-x2- 4x2e-x2 = 2e-x2 (1- 2x2) = 0 => x =�-This gives a maximum since A'(x) > 0 

forO:::; x < � andA'(x) < O forx > �- We next determine the points ofinflection off(x).Notice that 

f'(x) = -2xe-"'2 = -A(x). So f"(x) = -A'(x) and hence, f"(x) < 0 for-� < x <�and f"(x) > 0 for x < -� 

and x > �. �o f ( x) changes concavity at x = ± �, and the two vertices of the rectangle of largest area are at the inflection 

points. 

3. f(x) has the form e9(x), so it will have an absolute maximum (minimum) where g has an absolute maximum (minimum). 

g(x) =10jx-2j-x2 = . 
{ lO(x-2)- x2 ifx-2 > 0 __ { -x2 +lOx- 20

_ 
ifx > 2 

10(- (x- 2)] - x2 if x- 2 < 0 -x2 - lOx+ 20 if x < 2 

· { -2x + 10 ifx > 2 
g'(x) = 

-2x- 10 if x < 2 

g' ( x) = 0 if x = -5 or x = 5, and g' (2 ) does not exist, so the critical numbers of g are -5, 2, and 5. Since g" ( �) = -2 for 

all x � 2, ·g is concave downward on ( -oo, 2) and (2, oo ), and g will attain its absolute maximum at one of the critical 

numbers. Since g( -5) = 45, g(2) = -4 , and g(5) = 5, we see that f( -5) = e45 is the absolute maximum value of f. Also, 

lim g(x) = -oo, so lim f(x) = l im eg(x) = 0. But f(x) > 0 for all x, so there is no absolute minimum value of f. 
X----tOO x-oo x-oo 

5 sinx xcosx- sinx 
. y=-- => y'= -----;:---

X x2 
2 • 2 2 . , -x smx- xcosx + smx If( ) 

. .nfl . _ . => Y = 3 • x, y 1s an 1 ectlon pomt, 
X 

then y" = 0 => (2- x2) sinx = 2xcosx => (2 -x2? sin2 x = 4x2 cos2 x => 

(2 -x2)2 sin2 x = 4x2(1- sin2 x) => (4- 4x2 + x4) sin2 x = 4x2-4x2 sin2 x => 

4 • 2 2 4 sin2 x 2 4 . sinx (4 +x )sm x=4x => (x +4)-2-=4 => y(x + 4)= 4 smce y = --. 
X X 

. ax2 + sinbx +sin ex+ sindx . 7. Let L = hm 
· 3 2 5 4 7 6 . Now L has the indetermmate form of type �.so we can apply !'Hospital's 

x�o X + X + X 

. 2ax + b cosbx + ccoscx + d cosdx . Rule. L = hm 6 20 3 42 5 
. The denommator approaches 0 as x -+ 0 ,  so the numerator must also 

x�o x+ X + X 

approach 0 (because the limit exists). But the numerator approaches 0 + b + c + d ,  sob + c + d = 0. Apply !'Hospital's Rule 

. L r 2 a - b 2  sin bx - c2 sin ex - d 2 sin dx 2a - 0 2a . agam. = 
x
� . 6 + 60x2 + 210x4 = . 6 + 0 = 6• which must equalS. 

2
6a = 8 => a = 24. Thus, a + b + c + d = a +  (b + c +d ) = 24 + 0 = 24. 
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'ffi · · 2 2 12 · I' · I 'th · 2 + + dy 2 dy 
0 

dy 2x + Y 9. D1 erent1atmg x + xy + y = 1mp I Cit y w1 respect to x gives x y x -d + y -d = , so -d = ---2-. X X X x+ y 

At a highest or lowest point, � ·= 0 .; y = -2x. Substituting -2x for yin the original equation gives 

x2 + x( -2x) + ( -2x) 2 = 12, so 3x2 = 12 and x = ±2. Ifx = 2, then y = -2x = -4, and ifx = �2 then y = 4. Thus, 
the highest and lowest points are ( -2, 4) and (2, -4). 

11. y = x2 => y' = 2x ,  so the slope of the tangent line at P(a, a2) is 2a and the slope of the normal line is-2� for a f. 0. 

An equation of the normal line is y- a2 = _..!_(x- a). Substitute x2 for y to find the x-coordinates of the two points of 2a · 

intersection of the parabola and the normal line. x2 - a2 = �:a + 4 => 2ax2 + x- 2a
3 

-a= 0 ::} 

-1 ± y'1- 4(2a) (-2a3- a) -1 ± v'1 + 16a4 + 8a2 -1 ± y'(4a2 + 1)2' -) ± (4a2 + 1) X = = = = --'---'-:---..:... 
. 2(2a) 4a 4a 4a 

4a2 -4a2 - 2 . . 1 
= - or --- ,or eqmvalently, a or -a - -2 . � � a 

So the point Q has coordinates (-a- 2�, (-a- 2� Y). The squareS of the distance from P to Q is given by 

s = (-a- 2� -a y + [ (-a- 2
1
a y -a2 r = ( -2a- ;a y + [ ( a2 + 1 + 4!2) - a2 r 

= ( 4a2 + 2 + 4!2) + ( 1 + 4!2 y = ( 4a2 + 2 + 4!2 ) + 1 + 4�2 + 1:a4 = 4a2 + 3 + 4!2 + 1:a4 

S' 8a 6 4 8 3 1 32a6 - 6a2 - 1 Th I l . . f th . S' . . 
= - 4a3 - 16a5 = a - 2a3 - 4a5 = 4as . e on y rea positive zero o e equation = 0 1s 

a = �. Since S" · = 8 + 2
9 

4 + 4
5 

6 > 0, a = � corresponds to the shortest possible length of the li�e segment PQ. 
v2 a a v2 · 

13. A = (xl' xn and B = ( X2' x�). where Xl and X2 are the solutions of the quadratic equation x2 = mx + b. Let p = ( x, x2) 
and set A1 = (x1, 0), B1 = (x2, 0), and H = (x, 0). Let f(x) denote the area of triangle P AB. Then f(x) can be expressed 
in terms of the areas of three trapezoids as follows: 

f(x) = area(A.ABBI)- area(A1APH)- area(B1BPPI) 
= Hxf + x�)(x2-x1)- H�f + x2)(x- x1)-t{x2 + x�)(x2- i) 

After expanding and canceling terms, we get 

f'(x) = H-xf + x� + 2x(x1 -x2)]. f"(x) = �(2(xl -xz)] =XI -x2 < 0 since x2 > x1 . 

f'(x) = 0 ::} 2x(xl- x2) = xf- x� '* Xp = Hx1 + x2). 
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CHAPTER 4 PROBLEMS PLUS 0 239 

f(xp) = Hxi a<xz- XI)] +X� [�(X2- XI)] + i(xi + X2)2(XI --:- X2)) 

= H�(X2- XI)(xi + x�) - i(x2- XJ)(xi + X2)2] = i(x2- Xl) [2(xi + x�) - (xi+ 2XJX2 + xm 

= i(x2- XI){ xi- 2XJX2 + xn = Hx2- XI)(XI- X2)2 = i(x2- Xt)(x2 __: x�)2 = *(X2- xl)3 

To put this in terms of m and b, we solve the system y = xi and y = mxi + b, giving us xf - mx1 - b = 0 => 

x� = Hm- Jm2 + 4b ). Similarly, x2 = Hm + Jm2 + 4b ) . The area is then *(x2- xi)3 = H Jm2 + 4b )3, 

and is attained at the point P(xp, x],) = P(�m, im2). 

Note: Another way to get an expression for f ( x) is to use the formula for an area of a triangle in terms of the coordinates of 

the vertices: J(x) = H(x2xf- XIX�)+ (x1x2- xxf) + (xx�- x2x2)]. 

15. Suppose that the curve y = a"' intersects the line y = x. Then a"'0 = xo for some xo > 0, and hence a = x�fxo. We find the 

maximum value of g(x) = x1fx, x > 0, because if a is lMger than the maximum value of this function, then the curve y =a"' 

does not intersectthe line y = x. g'(x) = e<Jfx)lnx (-� Inx + .!_ · .!.) = x1fx (�) (1 - ln x). This is Oonlywhere . X X X X , 

x = e, and for 0 < x < e, f' (x) > 0, while for x > e, f' (x) < 0, so,g has an absolute maximum of g(e) = e1fe. So if 

y =a"' in�ersects y = x, we must have 0 < a :::; e1/e. Conversely, suppose that 0 < a :::; e1/e. Then ae :::; e, so the graph of 

y = ax lies below or touches the graph of y = x at x = e. Also a0 = 1 > 0, so the graph of y = a"' lies above that of y = x 

at x = 0. Therefore, by the Intermediate Value Theorem, the graphs of y = a"' and y = x must intersect somewhere between 

x. = 0 and x = e. 

17 N h f(o) _ 0 "'· -1- 0 I 
f(x)- f(O) 1-1 f(x) 

I = lf(x)l < I sinx l _ sinx 
. ote t at - ., so tOr x r , 0 

-
I I _ I I - . , X- X X X X 

Therefore, lf'(O)I = I lim f(x)- f(O) I= lim I f(x)- f(O) 
I:::; lim sinx = 1. 

x-o X - 0 x-0 X - 0 x-0 X 

But f{x) = ai sinx + a2 sin2x +···+an sin nx => J'(x) = a1 cosx + 2a2 cos 2x +···+nan cos nx, so 

lf'(O)I = la1 + 2a2 + · · · + nan l $ 1. 

Another solution: We are given that IE�=I ak sinkxj $I sinxl. So for x close to 0, and x f 0, we have 

l .. f: ak si� kx I $ 1 => lim If: ak si� kx 
I $ 1 => I f: ak lim si� kx I $ ,1. But by !'Hospital's Rule, 

k=I SlllX x-0 k=l SlnX k=J x-0 SlllX 

I
. sin kx 1. k cos kx k I � k I 

< 1 1m -. - = 1m = , so L...t ak _ . 
x-0 Sin X x-0 COS X k=l 

. . . . D 2 IPRI IRSI 2hsec8 D- 2h tan8 19. (a) D1stance =rate x time, so time =distance/rate. TI = -, 'l'2 = --+ -- = --- + , CI C1 C2 C1 C2 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible websik, in whole or in part, 



240 0 CHAPTER 4 PROBLEMS PLUS 

21. 

(b) 
dT2 = 

2h . sec 6 tan 6 -
2h 

sec2 6 = 0 when 2h sec 6 (..!.. tan 6 - ..!.. sec o) = 0 => 
dB Cl C2 Cl C2 

..!_sinO _ ..!__1_ = 0 => 
C1 COS 6 C2 COS 6 

sinO 1 => sin 6 = Ct • The First Derivative Test shows that this gives 
C2 

a minimum. 

D ��+� (c) Using part (a) with D = 1 and T 1 = 0.26, we have Tt = - => c1 = 0_;6 � 3.85 km/s. T3 = · => 
.Cl C1 

4h2 + D2 = Tjci => h = h/T�c? - D2 = h/(0.34)2(1/0.26)2 -I2 � 0.42 km. To find c2, we use sin 6 = Ct 
· C2 

· 2h sec6 D- 2htan6 · 
from part (b) and T2 = --- + . from part (a). From the figure, 

Cl � . 

. Ct C2 Ct sm6 =- · => sec6 = � and tan6 = � ·so 
� v�-� v� - � 

2hc2 D JCr=Ci -2hct . . T2 = � + � . Usmg the values for T2 [given as 0.32], 
CtyC2- ci C2y£:2-ci 

h . d D h ,.,.., d y 
2hc2 DJCr=Ci - 2hct d fi d th . . . . , c1, an , we can grap Y 1 = .L 2 an 2 = . � + � an n err mtersectiOn pomts. 

CtyC:z-ct C2y£:2 .,-- CJ: 

Doing so gives us c2 � 4.10 and 7.66, but if c2 = 4.10, then 6 = arcsin(cl/c2) � 69.6°, which implies that pointS is to 

the left of point R in the diagram. So c2 = 7.66 km/s. 

d 
B c 

e-b 

AD 

. Let a = IEFI and b = IBFI as shown in the figure. 

Since£= IBFI + IFDI, IFDI = e- b. Now 

lED I = IEFI + IF Di = a +  e - b 

� +f-J(d-x)2+a2 

= Jr2- x2 + e- j (d -x)2 + (.JT2=X2)2 

= Jr2-x2 + .e- Jd2 - 2dx + x2 + r2- x2 

Let f(x) = .JT2=X2 + .e- Jd2 + r2- 2dx. 

f'(x) = 1(r2-x2)-112(-2x)- 1(d2 + r2- 2dx )-112(-2d) = 
-x 

+ 
d 

. 2 2 Jr2-x2 Jd2+r2-2dx 

X d � � 
f'(x)=O => =' => -- = => � Jd2 +r2-2dx r2 �x2 d2 +r2- 2dx 
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But d > r > x, sox =;f d. Thus,. we solve 2di2 - r2x- dr2 = 0 for x: 

-( -r2) ± V( -r2)2 - 4(2d)( -dr2) r2 ± Jr4 + 8d2r2 . · · 
x = - = Because .,Jr4 + 8d2r2 > r2 the "negative" can be 2(2d) 4d . • 

. r2 + .;;r Jr2 + 8d2 d1scarded. Thus, x = 4d 

value ofjEDI occurs at this value ofx. 

[r >OJ = ;d (r + Jr2.+ 8d2 ) . The maximum 

dV 2 dr dV . . . dV -d = 47rr -d . But -d 1s proportiOnal to the surface area, so -d = k · 47rr2 for some constant k. 
t t t t ' . 

Therefore, 47rr2 �� = k · 47rr2 <::} �� = k = constant. An antiderivative of k with respect to t is kt, so r = kt + C. 

When t = 0, the radius r must equal the original radius ro, soC= ro, and r = kt + ro. To find k we use �he fact that 

when t = 3, r = 3k + ro and V = t Vo => �7r(3k + ro)3 = t · �1rrg => (3k + ro)3 = trg => 

3k + ro = -f-ro => k = !ro (+ - 1) . Since r = kt + ro, r = !ro (+ - 1) t + ro. When the snowball 
� � � 

has melted completely-we haver = 0 => �ro (+ - 1) t + ro = 0 �hich gives t = 3�� • Hence, it takes 
� v2-1 

3� 3 . � -3= � � 11h33 mmlonger. 
v2-1 v2- 1 
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5 D INTEGRALS 

5.1 Areas and Distances 

1. (a) Since f is increasing, we can obtain a lower estimate by using left 

endpoints. We are instructed to use four rectangles, so n = 4. 
4 [ b-a 8-0 ] 

£4 = 2: f(x;_!) �x �x = -- = -- = 2 
i=l n 4 

= f(xo) · 2 + j(x1) · 2 + j(x2) · 2 + j(x3) · 2 

= 2[/(0) + /(2) + /(4) + /(6)] 

= 2(2 + 3.75 + 5 + 5.75) = 2(16.5) = 33 

Since I is increasing, we can obtain ari upper estimate by using right 

endpoints. 
4 

R.t = 2: I( xi) �x 
i=l 

= j(x1) · 2 + j(x2) · 2 + f(x3) · 2 + f(x4) · 2 

. = 2[/(2) + !(4) + 1(6) + /(8)] 

= 2(3.75 + 5 + 5.75 + 6) = 2(20.5) = 41 

Comparing R.t to £4, we see that we have added the area of the rightmost upper rectangle, /(8) · 2, to the sum and 

subtracted the area of the leftmost lower rectangle, 1(0) · 2, from the sum. 

8 [ 8 0 ] "  
(b) Ls = i� f(x;_!)�x �x = ·; = 1 

= 1[l(xo) + Y.(x1) + · · · + l(x7)] 

= /(0) + /(1) + · · · + /(7) 

� 2 + 3.0 + 3. 75 + 4.4 + 5 + 5.4 + 5. 75 + 5.9 

= 35.2 
8 

R8 = 2: l(x;)�x = !(1) + 1(2) + · · · + f(8) 
i=l 

= £8 + 1 · /(8)- 1 · /(0) 

= 35.2+6 - 2 = 39.2 

[ add rightmost upper rectangle, ] 
subtract leftmost lower I)!Ctangle 

3. (a) R4 = ;� f(x;) �x [ �x = 
7r 12

4
- 0 

= i J = [;� f(x;)] �x 

= [f(xl) + j.(x2) ..f.- f(x3) + f(x4)] �x 

- (cos.!!:+ cos 2,.. +cos 3,.. +cos 411"] 1!: - 8 8 8 8 8 

� (0.9239 + 0. 7071 + 0.3827 + 0)-i � 0. 7908 

Since I is decreasing on [0, 1r /2] , an underestimate is obtained by using the right endpoint approximation, R.t. 

X 
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(b) £4 = i� f(Xi-1) �X= [it f (Xi-1)] �X 

= (f(xo) + j(x1) +J(x2) + f(xa)] �x 

- [cos 0 + cos 1t + cos l!! + cos 3""] 1t - 8 8 8 8 

Rl (1 + 0.9239 + 0. 7071 + 0.3827}i Rl 1.1835 

£4 is an overestimate. Alternatively, we could just ad,d the area of the leftmost upper rectangle and subtract the area of the 

rightmost lower rectangle; that is, £4 = & + f ( 0) · -ij- - f ( �) · -ij-. 

5. (a)f(x)=l+x2and�x= 2 - (-1) =1 => 
3 

Ra = 1 · f(O) + 1 · /(1) + 1 · /(2) = 1 · 1 + 1 · 2 + 1 · 5 = 8. 

�X= 
2-(-1) =0.5 => 

6 
� = 0.5[/( -0.5) + f(O) + /(0.5) + /(1) + /(1.5) + /(2)] 

= 0.5(1.25 + 1 + 1.25 + 2 + 3.25 + 5) 

= 0.5{13. 75) = 6.875 

(b) La = 1· /( -1) + 1 · f(O) + 1 · /(1) = 1 · 2 + 1 · 1 + 1 · 2 = 5 

L6 = 0.5[/( -1) + /( -0.5) + f(O) + /(0.5) + /{1) + /(1.5)] 

= 0.5(2 + 1.25 + 1 + 1.25 + 2 + 3.25) 

= 0.5(10. 75) = 5.375 

(c) Ma = 1 · f( -0.5) +I · f(0.5) + 1 · /(1.5) 

= 1 ·1.25 + 1 . 1.25 + 1 . 3.25 = 5.75 

Ms = 0.5[/( -0.75) + f( -0.25) + /(0.25) 
+ !(0.75) + /(1.25) + /(1.75)] 

= 0.5(1.5625 + 1.0625 + 1.0625 + 1.5625 + 2.5625 + 4.0625) 

= 0.5(11.875) = 5.9375 

(d) M6 appears to be the best estimate. 
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7. f(x) = 2 + sinx, 0 :S x :S 1r, 6.x = 1rjn. 
n = 2: The maximum values off on both subintervals occur at x = �.so 

upper sum = f ( �) · � + f ( �) · � 
= 3 . � + 3 . � = 37r � 9.42. 

The minimum values off on the subintervals occur at x = 0 and 
X= 7r, SO 

lower sum= f(O) · �- + j(1r) · � 
= 2 . � + 2 . � = 27r � 6.28. 

n = 4: upper sum = [f (:f) + f ( �) + f ( �) + f (3;)] (%) 
= [(2 + �v'2) + (2 + 1) + (2 + 1) + (2 + �v'2)] (%) 

= (10+ v'2)(:t) � 8.96 

lower sum= [/(0) + f(%) + /(3;) + j(1r)] (:f). 
= [ ( 2 + 0) + ( 2 + � v'2) + ( 2 +� v'2 ) + ( 2 + 0) ](%) 

= (8 + v'2)(:t) � 7.39 

n = 8: upper sum= [f(i) + !(%) + J(3;) + f(�) + /(�) 
+ /(5;) + !(3;) + /(7;)] (i) 

� 8.65 

lower sum= [/(O) + J(n + J(f) + Je;) + /(5;) 
+ !(3;) +J(1;)+f(7r)](i) 

� 7.86 

y 

9. Here is one possible algorithm' (ordered sequence of operations) for calculating the sums: 

I Let SUM = 0, X_ MIN = 0, X_ MAX = 1, N = 10 (depending on which sum we are calculating), 

DELTA_X = (X_MAX- X.:._MIN)/N, and RIGHT_ENDPOINT = X_MIN + DELTA_X. 

2 Repeat steps 2a, 2b in sequence until RIGHT_ENDPOINT > X_MAX. 

2a Add (RIGHT_ENDPOINT)"4 to SUM. 

Add DELTA_X to RIGi-IT_ENDPOINT. 

At the end of this procedure, (DELTA_X}(SUM) is equal to the answer we are looking for. We find that 

1 10 ( . )4 1 30 ( . )4 ' 1 50 ( . )4 Rw = 10 i� 1� � 0.2533, Rao = 30 i� ;O � 0.2170, R5o. = 50 i� 5t0 � 0.2101, and 

' 1 100 ( . )4 

. 
Rwo = 100 ;� 1�0 � 0.2050. It appears that the exact area is 0.2. The following di�play shows the program 

SUMRIGHT and its output from a T I-83/4 Plus calculator. To generalize the program, we have input (rather than 

assign) values for Xmin, Xmax, and N. Also, the function, x4, is assigned to Y1, enabling us to evaluate any right sum 

merely by changing Y 1 and running the program. 

[continued] 
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PROGRAM:SUMRIGHT 
0-+5 
ProMPt XMin 
ProMPt XM.ax 
ProMPt N 
(XMax-XMin)/N�D 
XMin+D�R 
For(I,1,N) 
S+Y1(R)�S 
R+�R 
End 
D*S-+2 
DisP Z 

Pr9M5UMRIGHT 
XMin=?0 
XMax=?1 
N=?10 

.25333 
Done 

11. In Maple, we have to perform a number of steps before getting a numerical answer. After loading the student package 

[command: with (student);] we use the command 

left_surn: =leftsum (11 (xA 2+1); x=O .. 1, 10 [or 30, or 50)); which gives us the expression in summation 

notation. To get a numerical approximation to the sum, we use evalf (left_sum);. Mathematica does not have a special 

command for these sums, so we must type them in manually. For example, the first left sum is given by 

( 1 I 1 0 ) * S urn [ 1 I ( ( ( i -1 ) I 1 0 ) A 2 + 1 ) ] , { i 1 1 1 1 0} ], and we use the N comrt;�and on the resulting output to get a 

numerical approxiinarion. 

In Derive, we use the LEFT_RIEMANN command to get the left sums, but must define the right sums ourselves. 

(We can define a new function using LEFT_RIEMANN with k ranging from 1 ton instead of from 0 ton- 1.) 

(a) With f(x) = -2
1 

1, o.::; x::; 1, the left sums are of the form Ln =! f: . \ . Specifically, £10::::::0.8100, 
x + n i=l ('�1) + 1 

1 n · 1 
L3o :::::: 0. 7937 and Lso :::::: 0. 7904. The right sums are of the form Rn = - L 2 

• Specifically, R10 � 0. 7600, 
ni=l (;) +1 

R3o :::::: 0. 7770, and Rso :::::: 0. 7804. 

(b) In Maple, we use the leftbox (with the san1e arguments as left_sum) and rightbox commands to generate the 

graphs. 

1 1 1.1 

f.-
f"""...._;;"" 

;::;:1"'-:r-: i""=::...._;; 

0 0 

left endpoints, n = 10 left endpoints, n = 30 left endpoints, n = 50 

1 I 1.1 

1-r-P'--P'>op::,. 
::::,.f:'>.F"'-P'>oP'>o 

0 

right endpoints, n = 10 right endpoints, n = 30 right endpoints, n = 50 
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(c) We know that since y = 1/(x2 + 1) is a decreasing function on (0, 1), all of the left sums are larger than the actual area, 

and all of the right sums are smaller than the actual area. Since the left sum with n =50 is about 0.7904 < 0.791 and the 

right sum with n = 50 is about 0. 7804 > 0. 780, we conclude that 0. 780 < Rso < exact area < Lso < 0. 791, so the 

exact area is between 0. 780 and 0. 791. 

13. Since vis an increasing function, L6 will give us a lower estimate and Rs will give us an upper estimate. 

L6 = (0 ft/s)(0.5 s) + (6.2)(0.5) + (10.8)(0.5) + (14.9)(0.5) + (18.1)(0.5) + (19.4)(0.5) = 0.5(69.4) = 34.7 ft 

Rs = 0.5(6.2 + 10.8 + 14.9 + 18.1 + 19.4 + 20.2) = 0.5(89.6) = 44.8 ft 

15. Lower estimate for oil leakage: Rs = (7.6 + 6�8 + 6.2 + 5.7 + 5.3)(2) = (31.6)(2) = 63.2 L. 

Upper estimate for oil leakage: £5 = (8.7 + 7.6 + 6.8 + 6.2 + 5.7)(2) = (35)(2) = 70 L. 

17. For a decreasing function, using left endpoints gives us an overestimate and using right endpoints results in an underestimate. 

We will use M6 to get an estimate. Llt = 1, so 

M6 = l(v(0.5) + v(1.5) + v(2.5) + v(3.5) + v( 4.5) + v(5.5)] ,::; 55+ 40 + 28 + 18 + 10 + 4 = 155ft 

For a very rough check on the above calculation, we can draw a line from (0, 70) to (6, 0) and calculate the area of the 

triangle: h70)(6) = 210. This is clearly an overestimate, so our midpoint estimate of 155 is reasonable. 

19. f(x) = 
x

2
2: 1 , 1 ::; x::; 3. Llx = (3- 1)/n = 2/n and x; = 1 + illx = 1 + 2ijn. 

A I. 0 1. � f( ) A 1. � 2(1+2i/n) 2 
. = 1m'""= 1m L..- X; ox= liD L..-

(1 2
.
1 )2 1·-. 

n-+oo n--+oo i=l n-+oo i=l + 't n + n 

21, f(x) = v'SiiiX, 0 :'S' x::; 1r. Llx = (1r- 0)/n = 1r/n and x; = 0 + i Llx = 1rijn. 

A= lim Rn = lim E j(x;) Llx = lim E y'sin(7ri/n) · �. 
n-+oo n-+oo i=l n-oo i=l n 

23. lim E 47r tan 
4
i1r 

can be interpreted as the area of the region lying under the graph of y = tan x on the interval [ 0, -f], 
n-oo i=l n n 

. fi [o 7r] 'th A 
7r/4-

Q 7r 0 . A 
i7r d * . . 

smce or y = tanx on , 4 WI ox= = -
4 

, x; = + t ox= -,an X; = x;, the expresston for the area is 
. n n 4n 

A = 
n
l�� � f (xi) Llx = 2� i� tan ( !: ) :

n
. Note that this answer is not unique, s;nce the expression for the area is 

the same for the function y = tan( x - k1r) on the interval [ k1r, k1r + f), where k is any integer. 

25. (a) Since f is an increasing function, Ln is an underestimate of A [lower sum] and Rn is an overestimate of A [upper sum). 

Thus, A, Ln, and Rn are related by the inequality Ln <A< Rn. 
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(b) Rn = f(x1)tl.x + j(x2)tl.x + · · · + f(xn)Ax 

Ln = f(xo)Ax + J(x1)tl.x + · · · + f(xn-l)Ax 

Rn - Ln = f(xn)Ax-f(xo)tl.x 

= tl.x[f(xn) - f(xo)] 

= b-a 
[f(b) - f(a)] n · 

b-a Ax=­n 

x, 

In the diagram, Rn -Ln is the sum of the areas of the shaded rectangles. By sliding the shaded rectangles to the left so 

that they stack on top of the leftmost shaded rectangle, we form a rectangle of height f(b)-f(a) and width 
b-a

. 
, n 

· 

b-a 
(c) A> Ln, so Rn-A< Rn- Ln; that is, Rn-A< -- [f(b)-f(a)]. 

n 

. 2-0 2 2i 
27. (a) y = f(x) = x5• Ax=-·-=- and xi= O+itl.x = -. n n . n 

n n ( 2 ·) 5 2 n 32 ·S
· 

2 64 n 
A= lim Rn = lim E f(xi) tl.x = lim L: ...! ·- = lim L: � ·- = lim 6 E i5• n-HX> n-00 i=l n-+00 i=l n n n-HXl i=l n n n-+<X> n i=l 

=-.lim 1+-+.,- 2+--- =-·1·2=-16 . . ( 2 1 ) ( 2 1 ) 16 32 
3 n-+oo n n2 n n2 3 3 

b-0 b . bi 29. y = f(x) =cos.x. Ax=--=- and xi= O+tAx = -. 
n n n 

lfb = �,then A= sin f = 1. 
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5.2 The Definite Integral 

b- a 14-2 
1. f(x) = 3- �x. 2 :::; x :::; 14. 6x = � = -6- = 2. 

Since we are using left endpoints, xi = Xi-1· 
6 

L6 = L: f(x;-1) 6x i=1 
= (6x) [f(xo) + f(x!) + j(x2) + f(xa) + j(x4) + f(xs)] 
= 2[/(2) + /(4) + /(6) + /(8) + /(10) + !(12)] 
= 2[2 + 1 + 0 + ( -1) + ( -2) + ( -3)] = 2( -3) = -6 

The Riemann sum represents the sum of the areas of the two rectangles above the x-axis minus the sum of the areas of the 
three rectangles below the x-axis; that is, the net area of the rectangles with respect to �he x-axis. 

b-a 2-0 1 
3. f(x) =ex- 2, 0:::; x:::; 2. 6x = -n- = -4- = 2· 

Since we are using midpoints, xi ='X; = t{x;-1 + x;). 

4 M4 = L: f(x;) 6x = (6x) [j(x1) + j(x2) + f(xa) + f(x4)] 
i=l 

= � [J(i) + tG) + tU) + tG)J 

= � [<el/4- 2) + (e3/4- 2) +.(eS/4- 2) + (e7/4- 2)) 

� 2.322986 

The Riemann sum represents the sum of the areas of the three rectangles above the x-axis minus the area of the rectangle 
below the x-axis; that is, the net area of the rectangles with respect to the x-axis. 

5. (a) 1
10 

f(x) dx � Rs = [!(2) + /(4) + f(6) + f(8) + f(10)]6x 
= [-1 +0+ (-2) +2 +4](2) = 3(2) = 6 

{10 
(b) lo f(xJ dx � Ls = [f(O) + !(2) + f(4) + f(6) + f(8)]6x 

= [3 + ( -1) + 0 + ( -2) + 2](2) = 2(2) = 4 
{10 

(c) lo f(x) dx � Ms = [!(1) + /(3) + /(5) + f(7) + f(9)]6x 

= [0 + ( -1) + ( -1) + 0 + 3](2) = 1(2) = 2 

7. Since f is increasing, Ls :::; f1�0 f ( x) dx :::; Rs. · 

5 
Lower estimate = Ls = L: f{x;-1)6x = 4[/(10) + f(14) + /(18) + /(22) + /(26)] i=l 

= 4[-'-12+ (-6) + (-2) +1 +3] = 4(-16) = -64 
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5 

Upper estimate = R5 = :2: f(x)t).x = 4[/(14) + /(18) + !{22) + /(26) + /{30)] 
i=l 

= 4[-6 + {-2) + 1 + 3 + 8] = 4(4) = 16 

9. i).x = (8- 0)/4 = 2, so the endpoints are 0, 2,4, 6, and 8, and the midpoints are 1, 3, 5, and 1. The Midpoint Rule gives 

4 

J: sin v'X dx :=:::: 2: f(x;) i).x = 2(sin v'1 +sin v'3 +sin v'5 +sin v'7) :=:::: 2(3.0910) = 6.1820. 
i=l 

11. i).x = {2- 0)/5 = �.so the endpoints are 0, �. !. �. �. aitd 2, and the midpoints are t. j, !. t and � - The Midpoint Rule 

gives 

_x_dx :=:::: l:f(xi)Ax=- �+�+�+�+� =- - = - ::::::0.9071. 12 5 2 ( 1 .2 §. 1 2 ) 2 ( 127) 127 
0 X + 1 i=l 5 5 + 1 5 + 1 5 + 1 5 + 1 5 + 1 ' 5 56 140 

13. In Maple 14, use the cc;�mmands with(Student [Calculus1)) and 

ReimannSum (x/ (x+ 1) 1 0 . .  2, parti tion=S 1 method=midpoint1 output=plot). In some older versions of 

Maple, use with (student) to load the sum and box commands, thenm: =middlesum (x/(x+l) 1 x=O . .  2), which 

gives us the sum in summation notation, then M: =evalf (m) to get the numerical approximation, and finally 

middlebox (x/ (x+ 1) , x=O . .  2) to generate the graph. The values obtained for n = 5, 10, and 20 are 0.9071, 0.9029, and 

0.9()18, respectively. 

2 

15. We'll create the table of values to approximate f0"' si�xdx by using the 

program in the solution to Exercise 5.1.9 with Y 1 = sin x, Xmin = 0, 
Xmax = 11", and n = 5, 10, 50, and 100. 

The values of Rn appear to be approaching 2. 

. n 
6 17. On [2, 6], lim L Xi ln{1 + x;) Ax = J2 x ln{1 + x2) dx. 

n.-oo i=l 

19. On [2, 7], lim f: [5(xi)3 - 4xi] Ax= J27 (5x3 - 4x) dx. 
n-too i=l 

2 

n Rn 

5 1.933766 
10 1.983524 
50 1.999342 

100 1.999836 
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SECTION 5.2 THE DEFINITE INTEGRAL 0 251 

15 n n ( 3i) 3 3 n [ ( 3i)] (4-2x)dx = lim L:J(x;).6x= lim L:! 2+- -=lim -L: 4-2 2+-
2 

fl.-+00 i=l n-+oo i=l n n n-+oo n i=l n 

= lim � f: [ - 6i] = lim � (-�) f> = lim (- 18) [ n(n + 1)] 
n-+oo n i=l n n-+oo n n i=l n-+oo n2 2 
. ( ·18)(n+1) . ( 1) = lim -- -- = -9 lim 1 +- = -9(1) = -9 

n-.oo 2 n n-oo n 

0�(-� 2 � 23. Note that .6x = . =- andx; = -2 + i.6x = -2 + -. 
n n n 

(x2 + x) dx = lim L: f(x;) .6x = lim L: f :-2 + .2. -= lim - L: · -2 + .2. + -2 + .2. 10 n n ( 2')·2· 2 n [( 2')2 ( 2')] 
-2 n-+oo i=l n-+oo i=l n n n-+00 n i=l n n 

. 2 n [ 8i 4i2 2i] . 2 n (4i2 6i ) 
=lim -:- L:  4--+--2+- =lim - L:  ---+2 

n-.. oo n i=l n n2 n n-+oo n i=l n2 n 

=lim [�(n+1)(2n+1) _6n+1 +4] =lim [�n+1 2n+1_6(1+.!.) +4] 
n-oo 3 n2 n n-+oo 3 n n n 

=_lim [�(1 + !) (2 + !) -6(1 + !) + 4] = �(1)(2)- 6(1) + 4 = � 
n-+oo 3 n n . n 3 3 

1-0 1 . i 25. Note that .6x =-- =-and x; = 0 + t.6x = -. 
n n n 

11 n n ( · ) n [( · )3 ( · )2
] 1 (x3 � 3x2) dx = lim E f(x;) .6x = lim L: f � .6x = lim E � -3 � 

-. 0 , n-+00 i=l n-+oo i=l n n-+eXI i=l n n n 

= lim - L: ;__ - _t_ = lim - - L: i3 -- E i2 1 n [ ·3 3 ·2 ] 1 [ 1 n 3 n ] 
n-+oo n i=l n3 n2 n-oo n n3 i=l n2 i=l 

='; lim {..!.. [ n(n+ 1)]2 _1._ n(n+ 1)(2n+ 1) } = lim [.! n+ 1 n+ 1 _.! n+ 1 2n+ 1] 
n-.oo n4 2 n3 6 n-.oo 4 n n 2 n n 

= hm .- 1+- 1+- -- 1+- 2+- =-(1)(1)--(1)(2)=--·· [1( 1)( 1) 1( 1)( 1)] 1 1 3 
n-.oo 4 n · n 2 n n . 4 2 4 

rb b-a n [ b-a ] [a(b-a) n (b-a)2 n ] 27. J a x dx = }� .• � ---;;;--- I1 a+ ---;;:-i = J�� n i� 1+ 
n2 i� i 

1. [a(b'_a) (b-a? n(n+1)] (b ) _1. (b-a)2 (1 1 ) = lm n+ · =a -a+nn +-
n-.oo n ·. n2 2 n-.ex> 2 n 

= a(b-a)+ �(b-a)2 = (b-a)(a + �b- �a) = (b-aH(b +a)= � W- a2) 
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X 
A 

6 - 2 4 U . Th 4 • 2 . A 2 4i 29. f(x) = -- ,a= 2, b = 6, and ,_.:z; = -- = -. smg eorem , we get xi =Xi = + t ,_.x = + -, 1 +x5 n n n 
4i 

6 n 2+- 4 
so { _x_dx= lim Rn= lim L: n 

12 1 + xll n-+oo n-+00 i=l ( 4i)5 n 
1+ 2+-n 

31. �x = (1r- 0)/n = 1rjn and xi =Xi = 1rijn. 

1"' · d 1· � ( · 5 ) ( 11") }' � ( . 57ri ) 11" CAS }j 1 (51!" ) CAS ( 2 ) 2 
sm 5x x = rm L.J sm Xi - = 1m L.J sm - - = 1r m - cot -2 = 1r -5 = -5 0 n-+oo i=l n n-CXl i=l n n . n---tcx:> n n 7r 

33. (a) Think of I� f(x) dx as the area of a trapezoid with bases 1 and 3 and height 2. The area of a trapezoid is A= �(b + B)h, 

so I� f(x) dx = �(1 + 3)2 = 4. 

(b) I; f(x)dx =I� f(x)dx + I2
3 f(x)dx + g f(x)dx 

trapezoid rectangle triangle 

= �{1 + 3)2 + 3 . 1 + � . 2. 3 = 4 + 3 + 3 = 10 

(c) I:f(x) dx is the negative of the area of the triangle with base 2 and height 3. I: f(x) dx = -� · 2 · 3 = -3. 

(d) I: f(x) dx is the negative of the area �fa trape�oid with bases 3 and 2 and height 2, so it equals 

-�(B + b)h = -�(3 + 2)2 = -5. Thus, 

I; f(x) dx =I; f(x) dx +I: f(x) dx +I: f(x) dx = 10 + ( -3) + ( -5) = 2. 

35. {:_1 (1- x) dx can be interpreted as the difference of the areas ofthe two 

shaded triangles; that is, H2)(2)- �(1)(1) = 2- � = �· 

37. I�3 (1 + v'9- x2) dx can be interpreted as the area under the graph of 

f(x) = 1 + v'9- x2 between x = -3 and x = 0. This is equal to one-quarter 

the area of the circle with radius 3, plus the area of the rectangle, so 

I�3 (1 + v'9- x2) dx = i1r · 32 + 1 · 3 = 3 + £11". 

39. I�1 lxl dx can be interpreted as the sum of the areas of the two shaded 

triangles; that is, �(1)(1) + �(2)(2) =! + � = �· 

' 

(2, -:-1) 

y 
(2, 2) 

H. 
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41. J; sin2 x cos4 x dx = 0 since the limits of intergration are equal. 

47. f�z J(x) dx +I: J(x) dx- r21 J(x) dx = f�z J(x) dx + r12 J(x) dx 

= f�1 f(x)dx 

SECTION 5.2 THE DEFINITE INTEGRAL D 253 

[by Property 5 and reversing limits] 

[Property 5] 

49. J;[2f(x) + 3g(x)] dx = 2 J; f(x) dx + 3 J; g(x) dx = 2(37) + 3(16) = 122. 

51. J: f(x) dx is clearly less than -1 and has the smallest value. The slope ofthe tangent line off at x = 1, f' (1), has a value 

between -1 and 0, so it has the next smallest value. The largest value is f38 f ( x) dx, followed by J: f ( x) dx, which has a 

value about 1 unit less than J38 f(x) dx. Still positive, but with a smaller value th� f48 f(x) dx, is J� f(x) dx. Ordering these 

quantities from smallest to largest gives us 

f03 f(x) dx < /'{1) < f08 f(x) dx < f48 f(x) dx < J: f(x) dx or B < E <A< D < C 

53. I= J�4[ f(x) + 2x + 5) dx = f�4 f(x) dx + 2 f�4 xdx + }�4 5dx = h + 2Iz + Ia 

h = -3 [area below x-axis] + 3-3 = -3 

I2=-!<4)(4) [area oftriangle,seefigure] +� (2)(2) 
= -8+2 = -6 

Ia = 5[2- ( -4)] = 5(6) = 30 

Thus, I = -3 + 2( -6) + 30 = 15. 

55. x2 - 4x + 4 = (x-2? 2: 0 on [0, 4], so J;(x2- 4x + 4) dx 2: 0 . [Property 6]. 

57. If -1 � x � 1, then 0 � x2 � 1 and 1 � 1 + x2 � 2, so 1 � -/1 + x2 � y'2 and 

1[1- ( -1)] � J�l -/1 + x2 dx � v'2 [1- ( -1)] [Property 8]; that is, 2 � J�l -/1 + x2 dx � 2 v'2. 

59. If1 � x � 4, then 1 � ..jX � 2, so 1(4- 1) � J14 ..jXdx � 2(4- 1); that is, 3 � J1
4 
y'xdx � 6. 

61. If.i � x � f, then 1 � tanx � v'3,so 1(f- �) � J;j; tanxdx � V3 (f- �)or 1'; i;, J;j; tanxdx � 1'; -.13. 
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63. The only critical number of f(x) = xe--:"' on [0, 2) is x = 1. Since f(O) = 0, !(1) =: e-1 � 0.368, and 

f(2) = 2e-2 � 0.271, we know that the absolute minimum value off on [0, 2] is 0, and the absolute maximum is e-1. By 

2 2 . 
Property 8, 0 ::=::; xe-x ::=::; e-1 for 0 ::=::;X·:=:; 2 =? 0(2- 0) ::=::; f0 xe-x dx ::=::; e-1(2- 0) =? 0 ::=::; fo xe-x dx :=:; 2/e. 

67. Using right endpoints as in the proof of Property 2, we calculate 

b n n n b fa cf(x) dx = lim E cf(x;) Ax= lim c E f(x;) Ax= c lim E f(xi) Ax= c fa f(x) dx. n-+oo i=l n--+oo i=l n-+oo i=l 

n 
69. Suppose that f is integrable on [0, 1], that is, lim E f(xi) Ax exists for any choice of xi in [xi-1, xi]. Let n denote a n-+oo i=l 

positive integer and divide the interval [0, 1] into n equal subintervals [ 0, �], [ �, �]. ... , [ n: 1, 1]. If we choose xi to be 

a rational number in the ith subinterval: then we obtain the Riemann sum 't 'f(xi) · ..!, = 0, so 
i=1 n 

lim f: f(xi) · � = lim 0 = 0 .  Now suppose we choose xi to be an irrational number. Then we get n--+00 i=l n n-oo 

n 1 n 1 1 n 1 · E f(xi) · - = E 1 · - = n · - = 1 for each n, so lim E f(xi) · -= lim 1 = 1. Since the value of 
i=l n i=l n n n-oo i=l n n--+(X) 

n 
lim E f(xi) Ax depends on the choice of the sample points xi, the limit does not exist, and f is not integrable on [0, 1]. n--+ooi=l 

n ·4 n ·4 1 n ( · )4 1 71. lim E ; = lim E ; · - = lim E .!. -.At this point, we need to recognize the limit as being of the form n--+<Xl i=l n n----+<XI i=l n n n-H'X) i=l n n 

n 
lim E f(x;) Ax, where Ax= (1- 0)/n = 1/n, Xi= 0 + iAx = i/n, and f(x) = x4. Thus, the definite integral n-tCXJ i=l 

. f1 4 d IS Jo X X. 

i . J( i-1)( i) 73. Choose Xi = 1 + � and x; = .jxi-1Xi = 1 + � 1 + � . Then 

p -2 dx r 1 t 1 
= lim n t 1 

1
X =n��i=d1+i:1)(1+-*) n-oo i=dn+i-1)(n+i) 

n ( 1 1 ) . (n-1 1 n 1 ) = limn L . - --. [by the hint] = lim n L --.- L --. n-oo i=l n + t - 1 n + t n-oo i=O n + t i=l n + t 
. 

= m n - + -- + . . ·+-- - --+ .. ·+--+-
. 

li . ([1 1 . 1 ] [ 1 1 1 ]) n-oo n n + 1 2n - 1 · n + 1 2n - 1 2n 

= lim n
(

.!.- _!_) 
= lim (1- !) = 1 n-+oo n 2n n-oo 2 
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5.3 The Fundamental Theorem of Calculus 

1. One process undoes what the other one does. The precise version of this statement is given by the Fundamental Theorem of 
Calculus. See the statement of this theorem and the paragraph that follows it on page 393. 

3. (a) g(x) =I: f(t) dt. 

g(O) =I� f(t) dt = 0 

g(1) = I01 f(t) dt = 1 · 2 = 2 [rectangle], 

g(2) =I; J(t) dt = I; J(t) dt +I: t(t) dt = g(1) + I12 J(t) dt 
= 2 + 1 · 2 + � · 1 · 2 = 5 ·�rectangle plus triangle], 

g(3) =I: f(t) dt = g(2) + I2
3 
f(t) dt = 5 + � . 1. 4 = 7, 

g(6) = g(3) +I: f(t) dt [the integral is negative since flies under the x-axis] 
= 7 + [- (�. 2. 2 + 1· 2)] = 7-4 = 3 

(b) g is increasing on (0, 3) because as x increases from 0 to 3, we keep 
adding more area. 

(c) g has a maximum value when we start subtracting area; that is, 
atx = 3. 

(d) 

5. (a) By FTCl with f(t) = t2 and a= 1, g(x) = I1"' t2 dt => 

g'(i) = f(x) = x2. 

. 1 /"' 1 1 
7. f(t)= t3+1 andg(x)= 

1 t3+1 dt,sobyFTC1,g'(x)=f(x)= x3+1'Notethatthe lower limit,l,could be�y 

real number greater than -1 and not affect this answer. 

11. F(x) = 1"' v'l +sect dt.=- ["' v'l +sect dt => F'(x) =-d� ["' v'l +sect dt = -v'l +secx 

du · dh dhdu 
13. Letu = e"'. Then -d = e'". Also, -d =--,so x x dudx 

1 d !e"' d !" du du h (x) = dx 1 
lntdt=du 1 

lntdt·dx=lnudx=(lne"')·e"'=xex. 

du 2 dy dy du 
15. Let u = tan x. Then dx = sec x. Also, dx = du dx, so 

d 1tanx r.-; d {" r.-; d � d J y' 
= dx 0 V t + Vt dt = du Jo y t + Vt dt · d� = y u + v'u d� = tanx + V:tanx sec2 x. 
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dw dy dy dw 17. Let w = 1 - 3x. Then dx = -3. Also, dx = dw dx, so 

d [1 u3 d ( u3 . dw d r u3 dw w3 3{1-3x? y'= dx11_3x 1+u2du= dw1w 1+u2du· dx =-dw11 1+u2du· dx =-1+w2(-3)= 1+(1 - 3x)2 

21. f14(5- 2t + 3t2) dt = [5t- t2 + t3)� = (20- 16 + 64)- (5-1+ 1) = 68- 5 = 63 

19 19 [ 3
/
2
] 9 9 23. Vi dx = x112 dx = ::__ = a [x3/2] = a (93/2 -'- 1312) = a (27 -1) = .2a 

1 1 3/2 1 3 1 3 3 . 3 

25. r sin(}d(} =[- cos(}]" = -COS71'-(-cos%)= -(-1)- (-v'3/2) = 1 +v'3/2 
1,./6 ?r/6 

29. 19 x ;/ dx == 19 ( Jx- �) dx � 19 (xl/2- x-l/2) dx = [ix3/2- 2x1/2J : 
= (j ·27- 2·3)- (i -2) = 12- (-�) = � 

31. f0"14 sec2 tdt = [tan t]�)4 = tan -i - tanO = 1-0 7 1 

(2 v3 + 3v6 {2 ( 1 ) 2 
. 

35.11 v4 = 
11 ;+3v2 dv= [lnlv!+v3)1 =(ln2+8) - (ln1+1)= ln2+7 

t [ xe+1 ] 1 ( 1 ) 1 37. 1o (xe + e"') dx = e + 1 +ex o = e + 1 + e -(0 + 1) = 
e + 1 + e- 1 

1,13 8 [ ],/3 . (71' 71') (71') 471' 39. --dx = 8 arctan x = 8 --- = 8 - = -
1;,13 1 + x2 l/v'3 3 6 6 3 

· {sinx 
43. If f(x) = cosx 

if 0 �X< 71'/2 
if 71'/2 �X� 11' 

then 

J; f(x) dx = f0"12 sinxdx + J;12 cosx dx = [- cosx}�12 + (sinx];12 =-cos�+ cosO+ sin 11'- sin� 
= -0 + 1 + 0 - 1 = 0 

Note that f is integrable by Theorem 3 in Section 5.2. 

45. f(x) = x-4 is not continuous on the interval [-2, 1], so FTC2 cannot be applied. In fact, f has an infinite discontinuity at 

x = 0, so .C2 x-4 dx does not exist. 
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47. f(O) = sec(} tan(} is not continuous on the interval [1r /3, 1r], so FTC2 cannot be applied. In fact, f has an infinite 

discontinuity at x = 1r /2, so J;13 sec(} tan(} d(} does not exist. 

49. From the graph, it appears that the area is about 60. The actual area is 

J;'x113dx= [�x413] :7 =�·81 -0= 2!3 =60.75.This is � ofthe 

area of the viewing rectangle. 

51. It appears that the area under the graph is about i of the area of the viewing 

rectangle, or about i1r � 2.1. The actual area is 

f0" sinxdx = [-cosx]� = (-cos1r) - (-cosO)=- (-1) + 1 = 2. 

53 12 x3 dx - [lx4] 2 - 4 - 1 - ll - 3 75 . -1 
- 4 -1 - . 4 - 4 - . 

0 

13x u2 - 1 10 u2 - 1 . 13"' u2 - 1 12"' u2 - 1 13"' u2 - 1 
55. g(x) = �1 du = .-2--1 du+ -2--1 du = - -2--1 du + -2-- du ::} 

2x U + 2x U + 0 U + 0 U + 0 U + 1 
, (2x)2- 1 d · (3x)2- 1 d 4x2- 1 9x2- 1 g (x) =- (2x)2 + 1 · dx (2x) + (3x)2 + 1 · dx (3x) = -2 

· 4x2 + 1 + 3 
· 9x2 + 1 

59. y = 1sinx ln(1 + 2v) dv = 
1° 

ln(1 + 2v) dv + rnx ln(1 + 2v) dv cosx coax Jo 
= -focosx ln(1 + 2v) dv + 1sinx ln(1 + 2v) dv ::} 

y' = -ln(1 + 2 cosx) · ! cosx + ln(1 + 2sinx) · ! sinx = sinx ln(1 + 2cosx) + cosx ln(1 � 2sinx) 

{"' t2 , x2 61. y = Jo tZ + t + 2 dt ::} y = x2 + x + 2 
, (x2 + x + 2) (2x)- x2(2x + 1) 2x3 + 2x2 + 4x � 2x3- x2 x2 + 4x x (x + 4) y = (x2 + x + 2)2 = (x2 + x + 2)2 = (x2 + x + 2)2 = (x2 + x + 2)2 · 

The curve y is concave downward when y" < 0; that is, on the interval ( -4, 0). 
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63. By FTC2, I: f'(x)dx = f(4)- !{1), so 17 = j(4) � 12 "* !(4) = 17 + 12 = 29. 

65. (a) The Fresnel function S(x) =I; sin(-�t2) dt has local maximum values where 0 = S'(x) = sin(tt2) and 

S' changes from posjtive to negative. For x > 0, this happens when tx2 = (2n -l)1r [odd multiples of1r] <=> 

x2 = 2(2n- 1) <=> x = v'4n- 2, n any positive integer. For x < 0, S' changes from positive to negative where 

tx2 = 2n1T [even multiples of 1r] <=> x2 = 4n <==? x = -2 Fn. S' does not change sign at x = 0. 

(b) S is concave upward on those intervals where S" ( x) > 0. Differentiating our expression for S' ( x ), we get 

S"(x) = cos(tx2)(2tx) = 1Txcos(tx2). For x > 0, S"(x) > 0 where c0s(tx2) > 0 <=> 0 < tx2 <tor 

(2n-� )1r < tx2 < (2n + �)1r, n any integer <=> 0 < x < 1 or v'4n- 1 < x < v'4n+ 1, n any positive integer. 

For x < 0, S"(x) > 0 where cos( tx2} < 0 <=> (2n- � )1r < tx2 < (2n- � )1r, n any integer <=> 

4,;_- 3 < x2 < 4n- 1 <=> y'4n- 3 < !xl <: v'4n- 1 "* y'4n- 3 < -x < v'4n- 1 "* 

:....y'4n- 3 > x > -v'4n- 1, so the intervals of upward concavity for x < 0 are ( -v'4n- 1, -v'4n- 3 ), n any 

positive integer. To summarize: Sis concave upward on the intervals (0; 1), ( -J3, -1), ( J3, J5), ( -J7, -J5), 

(v'7,3), .... 

(c) In Maple, we use plot ( {int (sin (Pi*t "2/2) 1 t=O .. x) 1 0.2}1 x=O .. 2) ; . Note that 

Maple recognizes the Fresnel function, calling it FresnelS (x). In Mathematics, we use 

Plot ( {Integrate (Sin (Pi *t • 2/2] 1 {t1 01 x} J I 0. 2} I {x� 01 2} ].In Derive, we load the utility file 

FRESNEL and plot FRESNEL_SIN (x). From the graphs, we see that I: �in(tt2) dt = 0 .2 at x � 0.74. 

67. (a) By FTCI,g'(x) = f(x). Sog'(x) = f(x) = O at x = 1 , 3, 5, 7,and9. g has local maxima atx = 1 and5(since f = g' 

changes from positive to negative there) and local minima at x = 3 and 7. There is no local maximum or minimum at 

x = 9, since f is not defined for x > 9. 

(b) We can see m;m the graph that ji; f dt j < ji13l dt j < ji
3
5 f dt j < ji57 f dt l < II: f dt,. So g(1) = lf01 f dt j , 

g(5) = J; f dt = g(1) - ji13 f dt l +II: f dt l , and g(9) =I: f dt = g(5) -II: f dt l + II:! dt l . Thus, 

g(1} < g(5) < g(9), and so the absolute maximum of g(x) occurs at x = 9. 
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(c) g is concave downward on those intervals where g" < 0. But g'(x) = f(x), 
so g"(x) = J'(x), which is negative on (approximately) (�, 2), (4, 6) and 

(8, 9). So g is concave downward on these intervals. 

69. lim 2: !__ = lim -=- 2: .!. = x3 dx = ::.._ = -n ·3 1 0 n 

( 
· 

)
3 11 

[ 4 ] 1 1 
n-ooi=1 n4 n-oo n i=1 n 0 4 0 4 

(d) Y, 

-2 

71. Suppose h < 0. Since f is continuous on [x + h, x], the Extreme Value Theorem says that there are numbers u and v in 

[x + h, x] such that f(u) = m and f(v) = M, where m and M .are the absolute minimum and maximum values off on 

[x + h, x]. By Property 8 of integrals, m( -h) � I:+h f(t) dt � M( -h); that is, f(u)( -h) � -I: +h f(t) dt �· f(v)( -h). 
1 r+h 

Sin�e -h > 0, we can divide this inequality by -h: f(u) � h f. f(t)dt �f(v). By Equation2, 

g(x + h�- g(x) = � 
L

"+h f(t) dt for h :f. 0, and hence f(u,) � g(x + h�- g(x) � f(v), which is Equation 3 in the 

case where h < 0. 

73. (a) Let f(x) = ..fX =9- f'(x) = 1/{2 y'x) > 0 for x > 0 => f is increasing on (0, oo) . Ifx � o; then x3 � 0, s0 

1-i-x3 � 1 and since f is increasing, this means that /(1 + x3) � /(1) => -� � 1 for x � 0. Next let 

g(t) = t2- t => g'(t) = 2t-1 => g'(t) > 0 when t � 1. Thus, g is increasing on (1, oo) . And since g{1) = 0, 

g(t) � 0 when t � 1. Now let t= JI+"X3, where x � 0. � � 1 (from above) =9- t � 1 => g(t) � 0 => 

(1 +x3) - � � 0 forx � 0. Therefore, 1 � � � 1 +x3 forx � 0. 

(b) From part (a) and Property 7: I; 1 dx �I;� dx � I;{1 + x3) dx <=> 

[x]� � I;� dx � [x + tx4]� <=> 1 �I: v'f+X3 dX � 1 + t = 1.25. 

x2 x2 1 75. 0 < 4 2 1 < 4 = 2 on [5, 10], so 
X +x + X· X 

0 < dx < - dx = -- = -- - -- = -= 0 1 
11o x2 110 1 [ 1

] 

10 1 
( 

1
) 

1 . 
-

5 x4 + x2 + 1 5
" x2 x 5 10 5 10 · · 

n; UsingFTCI,we differentiate bothsides of6+ {'' /�)dt=2Vxtogetf(�) =2 lr => f(x)=x312. la t X 2vx 

To flnd a, we substitute X = a in the original equation to obtain 6 + r !�) dt = 2 Va => 6 + 0 = 2 Va => Ja t 

3 = Va => a= 9. 

79. (a) Let F(t) =I: f(s)ds. Then, by FTC!, F'(t) = f(t) =rate of depreciation, so F(t) represents the loss in valueover the 

interval [0, t]. 
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(b) C(t) = � [A+ 1t f(s) ds] = A+ t(t) 
represents the average expenditure per unit oft during the interval [0, t], 

assuming that there has been only one overhaul during that time period. The company wants to minimize average 

expenditure. 

(c) C(t) = I [A+ 1t f(s) ds] . Using FTCl, we have C'(t) =- t� [A'
+ 1t f(s) ds] + � f(t). 

C'(t) = 0 => tf(t) =A+ 1t f(s)ds => f(t) = � [A +lot f(s)ds] = C(t). 

5.4 Indefinite Integrals and the Net Change Theorem 

.!!:_ [ v'f+X2 ] - .!!:_ [ (1 + x2?/2 ] - x. �(1 + x2)�1f2(2x)- (1 + x2)1/2 . 1 
1' dx - x + C - dx · x 

+ C - (x)2 + 0 

(1 + x2)-112 [x2- (1 + x2)) -1 1 
= -: x2 =

,
- (1 + x2)1/2x2 

= 
x2� 

3. ! [sinx- � sin3 X+ C] = 
d
: [sin X- �(sinx)3 + C] = COSX- i · 3(sinx)2( cosx) + 0 

= cosx(1-sin2 x) = cosx( cos2 x) = cos3 x 

I 2 -2 x3 x-1 1 a 1 
5. (x + x ) dx = - +- + C = -x �- + C 3 - 1 3 X 

I 4 1 3 1 x5 1 x4 1 x2 1 s 1 4 · 1 2 7. (x - -x + -x- 2 )  dx = - - -- + --- 2x + C == -x - -x + -x - 2x + C 2 4 5 24 42 5 8 � 

9 . . /<u+4)(2u+ 1)du = 1 (2u2 +9u+4)du = 2 � +9 �2 
+4u.+C = �u3 + �u2 +4u+C 

13. f(sinx + sinhx)dx =- cosx + coshx + C 

15. I(O- esc(} cot 8) d(J = �(}2 +esc(}+ C 

17. I(1 + tan2 a) da =I sec2 ada= tan a+ C 

19. I ( cosx + �x) dx = sinx + ix2+ C. The members of the family 

in the figure correspond to C = -5, 0, 5, and 10. 
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.. 
2 25. f�(2x-3)(4x2 + 1) dx = f�(8x3- 12x2 + 2x- 3) dx = [2x4-4x3 + x2-3x]0 = (32- 32 + 4- 6)- 0 = -2 

27. f.;'(5e"' + 3sinx) dx = (5e"'- 3cos x]� = (5e"- 3( -1)]-[5(1)- 3(1)] = 5e" + 1 

12(x 2) [1 2 ]2 (1 ·) 3 33, --- dx= -x - 2In!xl =(1-21n2)- --2ln1 =--2ln2 
1 2 ,x 4 1 4 .4 

11 . [x11 10"' ] 1 ( 1 10 ) ( 1 ) 1 9 
35· 0 (x10 + 10"') dx = U +In 10 0 = 11 +In 10 -. 0 +In 10 = U 

+
In 10 

1"14 1 + cos2 B 1"14 (' 1, CC>f',2 B) 1"14 2 37. 
2 B dB= �B + �B· dB= (sec B+ 1)dB 

0 cos 0 cos cos 0 

= [tanB+8]�14 = (tan'i + 'i)- (0+0) = 1 + 'i 

1../312 · dr [ ] ../3/2 ( ) 1r 1r 41. 0 � = arcsinr 0 =arcsin v'3/2 - arcsinO = 3 .. -0 = '3 . 

(1../3 t2-1 (1../3 t2-1 (1../3 1 1/../3 ( ) 43. Jo t4 _ 1 dt = Jo (t2 + 1)(t2 _ 1) dt = Jo t2 + 1 dt = [ arctant]0 =arctan 1/v'3 - arctanO 

45. f�1 (x-2!x!) dx = J�1[x- 2( -x)] dx + f�[x- 2(x)] dx = f�1 3xdx + f�(-x)dx = 3ax2)�1-[tx2)� 

= 3(0- �)- (2-0) = -� = -3.5 

. 47 . . The graph shows that y = 1 -�x -5x4 has x-intercepts at 

x =a� -0.86 and at x = b � 0.42. So the area of the region that 

lies under the curve and above the x-axis is 

J:(l-2x-5x4) dx = [x-x2-x5J! 

= (b- b2 - b5) -(a- a2 - a5) 
� 1.36 

2 

-2 
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51. If w' ( t) is the rate of change of weight in pounds per year, then w( t) represents the weight in pounds of the child at age t. We 

know from the Net Change Theorem that go w' (t) dt = w(io) - w(5), so the integral represents the increase in the child's 

weight (in pounds) between the ages of 5 and 10. 

53. Since r(t) is the rate at which oil leaks, we can write r(t) = -V' (t), whereV(t) is the volume of oil at timet. [Note that the 

minus sign is needed because Vis decreasing, so V' (t) is negative, but r(t) is positive.] Thus, by the Net Change Theorem, 

f�20 r(t) dt =- f�20 V'(t) dt =- [V(120)- V(O)} = V(O)- V(120), which is th; number of gallons of oil that leaked 

from the tank in the first two hours (120 minutes). 

55. By the Net Change Theorem, f 1
5�0°� R' (x) dx = R(5000) - R(lOOO), so it represents the increase in revenue when 

production is increased from 1000 units to 5000 units. 

57. In general, the unit of measurement for J: f(x) dx is the product of the unit for f(x) and the unit for x. Since f(x) is 

measured in newtons and x is measured in meters, the units for J0100 f(x) dx are newton-meters. (A newton-meter is 

abbreviated N·m.) 
' 

3 3 ' 
59. (a) Displacement= f0 (3t- 5) dt = [�t2- 5t)0 = ¥: 15 = -� m 

(b) Distance traveled= J; j3t- 5J dt = J;13(5- 3t) dt + f5313(3t- 5) dt 
= (5t- 2t2)513 + [!ie- 5t)3 = 25 - !i. 12 + .ll- 15- (2. 25 - 12) - i! m 2 0 ' ' 2 5/3 3 2 9 2 2 9 3 - 6 

61. (a) v'(t) = a(t) = t + 4 => v(t) = �t2 + 4t + C => v(O) = C = 5 => v(t) = �t2 + 4t + 5 m/s . 

(b) Distance traveled= f010 Jv(t)! dt = J010 j�t2 + 4t + 5 j dt = J010 (�t2 + 4t + 5) dt = Ut3 + 2t2 + 5t)�0 
= 5�0 + 200 + 50 = 416� m 

65. Lets be the position of the car. We know from Equation 2 that s(100) - s(O) = f�00 v(t) dt . . We use the Midpoint Rule for 

Q � t � 100 with n = 5. Note that the length of each of the five time intervals is 20 se<:onds = 3�go hour = 1�0 hour. 

So the distance traveled is 

f�00 v(t) dt � 1�0 [v(lO) + v(30) + v(50) + v(70) + v(90)} = 1�0 (38 +58+ 51+ 53+ 47) = i!6 � 1.4 miles. 

67. From the Net Change Theorem, the increase in cost if the production level is raised 

from 2000 yards to 4000 yards is C(4000)- C(2000) = f2��� C'(x) dx. 

f2��� C'(x) dx = f2���(3- O.Olx + 0.000006x2) dx = [3x- 0.005x2 + 0.000002x3)���� = 60,000-2,000 = $58,000 

69. Let P(t) denote the bacteria population at timet (in hours). By the Net Change Theorem, 

· P(l)- P(o) = t P'(t) dt = f\woo. 2t) dt = [1ooo .!...] 1 = 
1000 (21 � 2°) = 

1000 � 1443. Jo Jo ln2 0 ln2 ln2 

Thus, the population after one hour is 4000 + 1443 = 5443. 
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71. Power is the rate of change of energy with respect to time; that is, P(t) = E' (t). By the Net Change Theorem and the 

Midpoint Rule, 

E(24}- E(O} = la24 �(t) dt r::= 
24

1; O [P(1} +P(3} + P(5) + · · · + P(21) + P(23)] 
r::= 2(16,900 + 16,400 + 17,000 + 19,�00 + 20,700 + 21,200 

+ 20,500 + 20,500 + 21,700+ 22,300 + 21,700 + 18,900) 
= 2(237,600) = 475,200 

Thus, the energy used on that day was approximately 4. 75 x 105 megawatt-hours. 

5.5 The Substitution Rule 

1. Let u = -x. Then du =-dx, so dx = -du. Thus, f e-xdx =feu( -du) = -eu + C =-e-x + C. Don't forget that it 

is often very easy to check an indefinite integration by differentiating your answer. In this case, 

d -d (- e-x + C) =- (e-x( -1)) = e-x, the desired result. 
X , 

3: Let u = x3 + 1. Then du = 3x2 dx and x2 dx = t du, so 

5. Let u = cos (}. Then du = -sin(} d(} and sin(} d(} = -du, so 

7. Letu = x2• Then du = 2xdx and xdx = � du, so J xsin(x2) dx = J sin u(� du) = -� cosu + C = -� cos(x2) +C. 

9. Let u = 1- 2x. Then du = -2dx and dx = -� du, so 

J(1- 2x)9 dx = J u9 ( -t du) = -� · -fou10 + C = -fo-(1- 2x)10 +C. 

11. Let u = 2x + x2• Then du = (2 + 2x) dx = 2(1 + x) dx and (x + 1) dx = � du, so 

I 1,;:;;, 
1 u312 3/2 (x+1)v'2x+x2dx= u (�du)�'2 312 +C=i{2x+x2) +C. 

Or: Let u = J2x + x2• Then u2 = 2x + x2 :::? 2udu = (2 + 2x)dx :::? udu = (1 + x) dx, so 

f(x + 1) ../2x + x2 dx = J u · udu = J u2 du = tu3 + C = t(2x + x2)312 +C. 

13. Let u = 5- 3x. Then du = -3dx and dx = -t du, so 

15 �
x
Jx =I� (-t du) = -tlnjuj +C = -tlnl5- 3xj +C. 

15. Let u = 1rt:Then du = 1rdt and dt = � du, so J sin1rtdt = J sinu (� du) = �(- cosu) + C = -� cos1rt +C. 
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17. Let x = 1- e". Then dx = -e" du and e" du =·-dx, so 

I 
( 

e" 
)2 

du = 1 _!_
2

( -dx) = -lx-2dx = -(-x-1) +C =.!:. +C = -

1 
1 +C. 

1 - e" x . x . - e" 

19. Let u = 3ax + bx3. Then du = (3a + 3bx2) dx = 3 (a + bx2) dx, so 

I a +  bx2 dx = I 4 
1
d
/� = .!.I u -1/2 du = i . 2u1/2 + C = � V3ax + bx3 +C. 

v'3ax +bx3 u 3 

21. Let u = lnx. Then du = dx, so I (lnx)2 dx = J u2 du'= !u3 + C = !(Inxt +C. 
X X 

23. Let u = tan e. Then du = sec2 (} d(J, so J sec2 (} tan3 (} d8 = J u3 du = iu4 + c = i tan4 (} + c. 

25. Letu = 1 + e"'. Then du = e"' dx, so J e"'v'1 +e"' dx = J y'v.du = �u312 + C = �(1 + e"')312 +C. 

Or: Let u = y'1 + e"'. Then u2 = 1 + e"' and 2udu = e"' dx, so 

J e"'y'l + e"' dx = J u · 2udu = iu3 + C = j(1 + e"')312 +C. 

' 

27. Let u = x3 + 3x. Then du = (3x2 + 3 )  dx and 4 du = (x2 + 1) dx, so 

J(x2 + 1)(x3 +3x)4dx = Ju4 (idu) =! · ku5 +C = A(x3 +3x)5 +C. 

1 29. Let u = st. Then du = st ln 5 dt and st dt = ln 5 du, so 

I 5t sin(5t)dt= I sinu (�5 du) = -�5 cosu+C= ...,.�5 cos(5t)+C. 

31. Let u = tanx. Then du = sec2 xdx, so J etanxsec2 xdx = J e" du = e" +·C = etanx +C. 

. . I cosx 1 1 . I _2 u-1 1 1 33. Letu=smx.Thendu=cosxdx,so -.-2-dx= 2du= u du= - +C=--+C=--.-+C sm x u . -1 u smx 

[or -cscx + C]. 

35. Let u = cot x. Then du = - csc2 x dx and csc2 x dx = -du, so 

I v'cotxcsc2xdx= / Vu(-du)=-��: +C=-i(cotx)312+C. 

37. Letu = sinhx. Thendu = coshxdx, so J sinh2 x coshxdx = ju2du = 4u3 + C = 4 sinh3x+ C. 

I sin 2x I sinx cosx · . 39. 1 2 
dx=2 1 2 

dx=2I.Letu=cosx.Thendu=-smxdx,so + cos x +cos x 

21 = -2 1 1 :d�
2 

= -2 · � ln(1 + u2) + C = _:_ ln(1 + u2) + C = -ln(1 + cos2 x) +C. 

Or: Let u = 1 + cos2 x. 

41. l cot"xdx =I c�sx dx. Let u = sinx. Then du =cosxdx, so l cotxdx = 1 1 du =In juj + C =In jsinxj +C. 
�X U 
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43. Let u = sin-I x. Then du = h dx, so I vr=-:. -I �I.!. du = ln lui+ C = ln lsin-I xi+ C. . l -x2 1-x sm x u 

45. Let u = 1 + x2• Then du = 2xdx, so 

I d 
, 

J l+x
2

dx=j -1
1 

2
dx+j -1 

x 
2dx=tan-Ix+j 2 u=tan-Ix+�lniui+C l+x +x . +x u 

= tan-1 x + � lnl1+ x21 + C = tan-I x + � ln{l + x2) + C [since 1 + x2 > 0]. 

47. Letu = 2x + 5. Then du = 2dx and x = �(u- 5), so 

I x(2x + 5)8 dx =I �(u- 5)u8 0 du) = � I(u9- 5u8) du 

= H fou10- �u9) + C = fo(2x + 5?0- g\(2x + 5)9 + C 

49. f(x) = x(x2- 1?. u = x2 - 1  => du = 2xdx, so 

Where f is positive (negative), F is increasing (decreasing). Where f 

changes from negative to positive (positive to negative), F has a local 

. minimum (maximum). 

51. f(x)=ecosxsinx. u=cosx => du=-sinxdx,so 

I e" (-du) = -e" +C = -ecos:r; +C 

Note that at x = 1r, f changes from positive to negative and F has a local. 

maximum. Also, both f and F are periodic with period 21r, so at x = 0 and 

at x = 21r, f changes from negative to positive and F has a local minimum. 

53. Let u = �t, so du = � dt. When t = 0, u = 0; when t = 1, u = �·�us, 

2 

I;. cos(7rt/2) dt = I0.,..12 cosu {� du ) = �[sin u]�12 = � {sin� -sinO) = �(1- 0) = � 

55. Let u = 1 + 7x,,so du = 7 dx. When x = 0, u = 1; when x = 1, u = 8. Thus, 

57. Let u = t/4, so du = i dt. When t = 0, u = 0; when t = 1r, u = 1r/4. Thus, 

Io.,.. sec2(t/4)dt = I0.,..14sec2u (4du) = 4[tariu]�14 = 4{tan'i- tanO) = 4(1- 0) = 4. 

59. Let u = 1/x, so du = -1/x2 dx. When x = 1, u = 1; when x = 2, u =�·Thus, 
[2 eifx [I/2 -

2 dx = e" ( -du) =- [e"] �12 = -(e1/2-e)= e-Ve. 
I X I • 

61. I.:��4{x3 + x4 tanx) dx = 0 by Theorem 7(b), since f(x) = x3 + x4 tanx is an odd function. 
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63. Let u = 1 + 2x, so du = 2dx. When x = 0, u =·1 ; when x = 13, u = 27. Thus, 

113 d 127 ] 27 x = . u-213Udu)= [�·3u1 13 =!(3-1)=3. 
o {/C1 + 2x)2 . 1 1 

65. Let u = x2+ a2, so du = 2xdx and xdx = � du. When x = 0, u = a2; when x =a, u = 2a2• Thus, 

67. Let u = x - 1, so u + 1 = x and du = dx. When x = 1, u = 0; when x = 2, u = 1. Thus, 

dx 4 69; Let u = lnx, so du = - . When x = e, u = 1; when x = e ; u = 4. Thus, 
X 

[e4 d [4 4 
__ x_ = u-1/2 du = 2[u1/2] = 2(2 -1) == 2. 

e X v'iJiX 1 1 

71. Let u = e" + z, so du = (ez + 1) dz. When z = 0, u = 1; when z = 1, u = e + f Thus, 

1.1 
ez + 1 1e+1 1 [ ]e+1 --dz = -du = In lui = lnje + 1j-lnj11 = ln(e + 1). 0 ez + z 1 u 1 

1 
73. Let u = 1 + y'X, so du == 2 y'X dx =? 2 y'Xdu = dx =? 2(u- 1) du = dx. When x = 0, u = 1; when x = 1, 

u = 2. Thus, 

11 
(1 +�)4 = 12 :4 ·[2(u-1)du}=212 (:3-:4) du=2 [-2�2 + 3�3 ]: 

= 2[(-k + 2�)- (-� + �)] = 2(12) = i 

75. From the graph, it appears that the area under the curve is about 

1 + ( a little more than � · 1 ·. 0.7), or about 1.4. The exact area is gi':'en by 

A = f01 v'2x + 1 d�. Let u = 2x + 1, so du = 2 dx. The limits change to 

2 · 0 + 1 = 1 and 2 · 1 + 1 = 3, and 

A= f13 Vu{t du) = Hju312J : = H3J3- 1). = v'3- � � 1.399. 

77. First write the integral as a sum of two integrals: 

0 
1.5 

I= f�2(x + 3)v'4-x2 dx =It + h = f�2 x � dx + J�2 3 v'4- x2 dx.It = 0 by Theorem 7(b}, since 

f ( x) = x J 4 - x2 is an odd function and we are integrating from x = -2 to x = 2. We interpret h as three times the area of 

a semicircle with mdius 2, so I = 0 + 3 · � ( 7r · 22) = 611'. 
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79. First Figure Let u = fo, so x= u2 and dx = 2udu. When x =:= 0, u = 0; when x = 1, u = L Thus, 

At = I: eVx dx = I: eu(2u du) = 2 I01 ueu du. 

Second Figure A2 = I: 2xex dx = 2 Io1 ueu du. 
Third Figure Let u = sin x, so du = cos x dx. When x = 0, u = 0; when x = �, u = 1. Thus, 

A3 = I0,.12 e•inx sin2xdx = I0,.12 e•inx(2 sinx cosx)dx =I: eu(2udu) = 2J; ueudu. 

Since At = A2 = A3, all three areas are equal. 

81. The rate is measured in liters per minute. integrating from t = 0 minutes to t = 60 minutes will give us the total amount of oil 

that leaks out (in liters) during the first hour. 

J:0 r(t) dt = J06
0 lOOe-0 Olt dt [u = -O.Olt, du = -O.Oldt] 

= 100 I0-
0·6eu( - 100du) = -10,000 (eu]�0·6 = -10,000(e-0·6- 1):::::: 4511.9:::::: 4512liters 

83. The volume of inhaled air in the lungs at time t is 

r r 1 ( 21r ) r2.,..t/5 1 ( 5 ) V(t)= 
lo 

f(u)du= lo 2sin 5u du= Jo 
2sinv 21rdv. [substitute v = 25,. u, dv = 2; du] 

=- -cosv =- -cos -t + 1 =- 1-cos -t hters 
5 [ ]2rrt/5 5 [ (211' ) ·] 5 [' (27r )] . 

47r O· 47r 5 . 47r 5 

85. Let u = 2x. Then du = 2 dx, so I� f(2x) dx = I04 f(u)(� du) = � I04 f(u) du = t{lO) = 5. 

87. Let u = -x. Then du = -dx, so 

I: J(-x)dx = r: J(u)(-du) = r:: J(u)du = r: J(x)dx 
From the diagram, we see that the equality follows from the fact that we are 

reflecting the graph of J, and the limits of integration,' about they-axis. 

89. Let u = 1 � x. Then x = 1 - u and dx = -du, so 

xsinx sinx . t . 
91. 1 2 = x 

· 2 . 2 = x f(smx), where f(t) = -2· 2• By Exercise 90, +cosx -sm x . -t · 

y 
y= f(x) y=f(-x) 

1,. xsinx 1,. 
. 1r 1,. . 1r 1" sinx 

1 2 dx = x f(smx) dx = -2 f(smx) dx = -2 2 dx 0 +cosx 0 0 0 1+cosx 
Let u ='= cosx. Then du = -sinxdx. When x = 1r, u = -1 and when x = 0, u = 1. So 

7r (" sinx d 7r r-l du 7r (1 du 11'[ -t ]1 
2 }0 1 + cos2 x x = -2 it 1 + u2 = 2 }_1 1 + u2 = 2 tan u -1 

= _:::[tan-t1- tan-t(�1}] = _::: [_:::- (-_::: )] = 7r
2 

'' '2 2 4 4 . 4 
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5 Review 

CONCEPT CHECK 

1. (a) I:�=l f(xi) f:l.x is an expression for a Riemann sum of a function f. 

x: is a point in the ith subinterval [xi-1, x;] and f:l.x is the length of the subintervals. 

(b) See Figure l in Section 5:2. 

(c) In Section 5.2, see Figure 3 and the paragraph beside it. 

2. (a) See Definition 5.2.2. 

(b) See Figure 2 in Section 5.2. 

(c) In Section 5.2, see Figure 4 and the paragraph by it (contains "net area"). 

3. See the Fundamental Theorem of Calculus on page 393. 

4. (a) See the Net Change Theorem on page 401. 

(b) ftt12 r(t) dt represents the change in the amount of water in the reservoir betwe�n time h and time b 

5. (a) f6�0 v( t) dt represents the change in position ofthe particle from t = 60 to t = 120 seconds. 

(b) f6�0 lv(t)i dt represents the total distance traveled by the particle from t = 60 to 120 seconds. 

(c) f6�0 a(t) dt represents the change in the velocity of the particle from t = 60 to t = 120 seconds. 

6. (a) J f(x) dx is the family offunctions {F IF'= f}. Any two such functions differ by a constant. 

(b) The connection is given by the Net Change Theorem: J: f(x) dx = [f f(x) dx] � if f is continuous. 

7. The precise version of this statement is given by the Fundamental Theorem of Calculus. See the statement of this theorem and 

the paragraph that follows it at the end of Section 5.3. 

8. See the Substitution Rule (5.5.4). This says that it is permissible to operate with the dx after an integral sign as if it were a 

differential. 

1. True by Property 2 of the Integral in Section 5:2. 

3. True by Property 3 of the Integral in Section 5.2. 

TRUE-FALSE QUIZ 

5. False.. For example, let f(x) = x2• Then J; v'x2 dx = J; xdx = �.but J J� x2 dx = /f = �· 

7. True by Comparison Property 7 of the Integral in Section 5.2. 

9. True. The integrand is an odd function that is continuous on [-1, 1], so the result follows from Theorem 5.5.7(b). 
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11. False. For example, the function y = lxl is continuous on R, but has no derivative at x = 0. 

13. True by Property 5 oflntegrals. 

15. False. J: f(x) dx is a constant, so ! (I: f(x) dx) = 0, not f(x) [unless f(x) = 0]. Compare the given statement 

carefully with FTCI, in which the upper limit in the integral is x. 

17. False. The funct!on f(x) = 1/x4 is not bounded on the interval [-2, 1]. It has an infinite 'discontinuity at x =0, so it is 
not integrable on the interval. (If the integral were to exist, a positive value would be expected, by Comparison 
Property 6 of Integrals.) 

1. (a) 

(b) 

EXERCISES 

6 
L6 = 2:: f(xi-1) Ax [Ax= 6 6° = 1] 

i=l 

= f(x�) · 
1 + j(x1) · 1 + j(x2) · 1 + f(xa) · 1 + f(x4) · 1 + f(xs) · 1 . 

::::l2 + 3.5 +4 +2+ (-1) + (-2.5) = 8 

The Riemann sum represents the sum of the areas of the four rectangles 

above the x-axis minus the sum of the areas of the two rectangles below the 

x-axis. 

6 
M6 = :L f(xi)Ax [Ax= 66° = 1] 

i=l 

= j(x1) · 1 + J(x2) · 1 + f(Jia) ·1 + f(x4) · 1 + f(xs) · 1 + f(x6) · 1 

= /(0.5) + /(1.5) + !(2.5) + /(3.5) + !(4.5) + /(5.5) 

::::l 3 + 3.9 + 3.4 + 0.3 + (-2) + (-2.9) = 5.7 
The Riemann sum represents the sum of the areas of the four rectangles 

above the x-axis minus the sum of the areas of the two rectangles below the 

x-axis. 

3. J;(x + Vf=X2)dx = J; xdx+ f01 Vf=X2dx = h +h 

h can be interpreted as the area of the triangle shown in the figure 

and /2 can be interpreted as the area of the quarter-circle. 

y 

Area= H1)(1) + �(7r}(1)2 = � + t· 
I X 

5. J� f(x) dx = I04 f(x) dx +I: f(x) dx => 10 = 7 + f4
6 f(x) dx => I: f(x) dx = 10-7 = 3 

7. First note that either a orb must be the graph ofJ; f(t) dt, since J0° f(t) dt = 0, and c(O) =I= 0. Now notice that b > 0 when c 

is increasing, and that c > 0 when a is increasing. It follows that cis the graph of f(x), b is the graph of f'(x), and a is the 

graph of J; f(t) dt. 
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15. Let u = y2 + 1, so du = 2y dy and y dy = � du. When y = 0, u = 1; when y .= 1, u = 2. Thus, 

I; y (y2 + 1)5 dy =Jt2 us(! du) = Hiu6]� = {2(64 -1) = � = 2}. 

r dt 
d · be th fun · !( ) 1 

h · · ·nfi · · d. 
· · 4 17. }1 (t _ 4)2 oes not extst cause e ct10n t = (t _ 4)2 as an 1 mte tscontmutty att = ; 

that is, f is discontinuous on the interval [1, 5]. 

19. Let u = v3, so du = 3v2 dv. When v = 0, u = 0; when v = 1, u = 1. Thus, 

/7f/4 t4 tan t t4 tan t 
21. 

2 
dt = 0 by Theorem 5.5.7(b), since f(t) = 2 is an odd function. -7f;4 +cost . +cost 

25. Let u = x2 + 4x. Then du = (2x + 4) dx = 2 (x + 2) dx, so 

I x+ 2 dx = l u-112Gdu) =! · 2u1/2 +C = v'U+ C = )x2 +4x +C. 
Jx2 +4x . 

27. Let u = sin1rt. Then du = 1r cos1rtdt , so I sin 1rt cos1rtdt =I u(� du) = � · �u2 + C = 2� (sin 1rt)2 +C. 

:S· Letu = .Ji. Thendu = 2�, so /� dx = 2 I eu.du = 2e" +C = 2efi' +C. 

-sinx 
31. Let u = ln(cosx). Then du = --dx = - tanxdx, so cosx 

I x3 1 I 1 .· 
33. Let u = 1 + x4• Then du = 4x3 dx, so 1 + x4 dx = 4 u du = i ln!ul + C = i ln(1 + x4)+ C. 

35. Let u = 1 +sec 8. then du = sec(} tan(} d(}, so 

I sec(} tan(} I 1 I 1 1 +sec(} d(} 
== 1 + sec(}(sec(} tan8d8) = u du =In lui+ C = ln!1 + sec8! +e. 
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37. Since x2- 4 < 0 for 0 � x < 2 and x2-4 > 0 for 2 < x � 3, we have lx2- 41 = -(x2-4) = 4-x2 fqr 0 S x < 2 and 

lx2- 41 = x2-4for2 < x � 3. Thus, 

3 12 . r 
[ 3 ] 2 [ 3 ] 3 fo 1x2�4ldx= 0(4-x2)dx+J2

(x2-4)dx= 4x - � 0+ �-4x2 
= (8 � �)- 0 + (9- 12)- (�- 8) = ¥-3 + ¥ = 3;- � = 2: 

39. Letu = 1 + sinx. Then du = cosxdx, so 

I cosxdx 
= J u-1/2 du = 2u1/2 + C = 2 v'1 + sinx +C. v'1+smx , 

41. From the graph, it appears that the area un.der the curve y = x fo between x = 0 

and x = 4 is somewhat less than half the area of an 8 x 4 rectangle, so perhaps 

about 13 or 14. To find the exact value, we evaluate 

fo4xfodx = fo4x3f2dx = (�x5/2J : = �(4)5/2 = ¥ = 12.8. 

1x t2 d 1"' t2 x2 43. F(x) = -1 3 dt· => F'(x) = - --dt = --0 + t dx 0 1 + t3 1 + x3 

4 du 3 dg dg du 45. Let u = x . Then dx = 4x . Also, dx = . du dx, so 

d 2 2 u 2 du · 1"'4 d 1'" d g'(x)= dx 0 cos(t )dt= du 0 cos(t )dt· dx =cos(u )dx =4x3cos(x8). 

!"' et , 1
1 et l"' et . l,;x et 1"' et 47. y = -dt = -dt+ -dt =- -dt.+ -dt => ,;xt ,;xt 1 t  1 t 1 t  

dy d ( r..rx et ) d ( {"' et ) 
dx = -dx J 1 t dt + dx. J 1 t dt . Let u = ..JX. Then 

dy efo e"' 2e"'- efo 
so-= -- +-=--.,...--dx 2x x 2x 

49. Ifl � x � 3, then v'F + 3 � v'x2 + 3 � y'3 2 + 3 => 2 � v'x2 + 3 � 2 v'3, so 

2 (3 -1) � f13 v'x2 + 3dx � 2 v'3(3- 1); that is, 4 � f13 v'X2+3dx � 4v'3. 

53. cos x � 1 => e"' cos x � e"' => J; e"' cos x dx � J; e"' dx = [e"'J� = e - 1. 

3 

-2 
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55. 6-x = (3- 0)/6 = %,so the endpoints are 0, t• 1, �. 2, �.and 3, and the midpoints are i. �. �. �. �.and ¥ · 

The Midpoint Rule gives 

57. Note that r(t) = b'(t), where b(t) =the number of barrels of oil consumed up to timet. So, by the Net Change Theorem, 

f08 r(t) dt = b(8) - b(O) represents the number of barrels of oil consumed from Jan. I, 2000,' through Jan. 1, 2008. 

59. We use the Midpoint Rule with n = 6 and 6-t = 24; 0 = 4. The increase in the bee population was 

J:4 r(t)dt;:::;: M6 = 4[r(2) + r(6) + r(10) + r(14) + r(18) + r(22)] 
;:::;: 4[50 + 1000 + 7000 + 8550 + 1350 + 150] = 4(18,100) = 72,400 

61. Let u = 2sin8. Then du = 2cos8d8 and when 8 = 0, u = 0; when 8 = f, u = 2. Thus, 

f0""12 f(2sin8) cos8d8 = J: f(u) (% du) = t J: f(u) du = t J: f(x) dx = t(6) = 3. 

63. Area under the curve y = sinh ex between x = 0 and x = 1 is equal to 1 � 

1 . 1 fo sinhcxdx = 1 =>. �[coshcx]0 = 1 => �(coshc-1) = 1 => 

cosh c- 1 = c => cosh c = c + 1. From the graph, we get c = 0 and 

c;:::;: 1.6161, but c = 0 isn't a solution for this problem since the curve 

y '= sinh ex tiecomes y = 0 and the area under it is 0. Thus, c ;:::;: 1.6161. 

4 

65. Using FTC!, we differentiate both sides of the given equation, Jt f(t) dt = (x- 1)e2"' + Jt e-t f(t) dt, and get 

f(x) = e2"' + -2(x- 1)e2x +e-x f(x) => f(x)(1- e-x) = e2x + 2(x- 1)e2"' => f(x) = e2"'(2x- 1) . 1- e-x . 

67. Let u = f(x) and du = f'(x) dx. So 2 J: f(x)f'(x) dx = 2.J/(�i udu = [u2]���� = [f(b)]2- [f(a)]2. 

69. Let u = 1- x. Then du = -dx, so f�1 /(1- x) dx = f1° f(u)( -du) = f01 f(u) du = J; f(x) dx. 

71. The Shaded region has area J; f (X) dx = 1: The integral f01 r l (y) dy y 

gives the area of the unshaded region, which we know to be 1 - 1 = i. 

0 I x 
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D PROBLEMS PLUS 
. 2 

1. Differentiating both sides of the equation x sin 1rx = J; f(t) dt (using FTCl' and the Chain Rule for the right side) gives 

sin1rx+1rx cos7rx = 2xf(x2). Lettingx = 2 so that f(x2) = f(4), we obtainsin27r+ 21rcos21r = 4f(4), so 

/(4) = �(0+27r·1) = �-

3. For I = J04 xe<x-2)4 dx, let u = x -2 so that x = u + 2 and dx = du. Then 

2 • 2 • 2 4 r4 < 2)4 I= J_2(u + 2)eu du = J_2 ue" du + J_2 2e" du = 0 [by 5.5.7(b)] +2 J o ex- dx = 2k. 

1g(x) 1 1cosx 
5. f(x) = v"f+""t3 dt, where g(x) = [1 + sin(t2)) dt. Using FTCI and the Chain Rule (twice) we have 

0 1 + t 0 

J'(x) = 

1 g'(x) = 
1 [l + sin(cos2 x)](- sinx). Now g(�) = [1 +sin( e)) dt = 0, so 

- 10 
Jl+ [g(x))3 )1 + [g(x))3 o 

!'(�) = � (1 +sin 0)(-1) = 1·1· (-1) = - 1. 
1 + 0 

1. By l'Hospital's Rule and the Fundamental Theorem, using the notation exp(y) = eY, 

. I;(l-tan2t)11tdt H . (1-tan2x)11x ( . ln(1 -tan2x)) hm = hm = exp lim --"'----'-
x-o x x-o 1 x-0 X 

H ( · -2sec2 2x) (-2 -12) = exp !� 
1 - tan 2x = exp 1"=(j""" = e -2 

9. f(x) = 2 + x - x2 = (- x + 2)(x + 1) = 0 <* x = 2or x = -1. f(x) 2': 0 forx E [-1,2] and f(x) < Oeverywhere 

else. The integral I:(z + x- x2) dx has a maximum on the interval where the integrand is positive, which is [-1, 2]. So 

a� - 1 , b = 2. (Any larger interval gives a smaller integral since f(x) < 0 outside [-1, 2]. Any smaller interval also gives a 

smaller integral since f(x) 2:: 0 in [-1, 2).) 

11. (a) We can split the integral Ion [x] dx into the sum f: [IL1 [x) dx] . But on each of the intervals [i- 1,i) of integration, 
. t=l 

[xJ is a constant function, namely i- 1. So the ith integral in the sum is equal to (i- 1)[i- (i - 1)] = (i- 1). So the 

n n-1 ( 1) original integral is equal to i� ( i - 1) = i� i = n � n. 

(b) We can write I:[x) dx =I: [x] dx- Ioa [x] dx. 

Now I: [x) dx = IJbl [x] dx + J1�1 [x) dx. The first of these integrals is equal to �([bJ- 1) [b), 
by part (a), and since [x) = [b] on [[b], b], the second integral is just [b) (b- �b)). So 

I: [x] dx = �([b) - 1) [b)+ [b) (6- [b)) = � [bj (2b- [b) - 1) and similarly Ioa [xJ dx = �[a) (2a- [a] - 1). 

Therefore, I: [x) dx = �[b) (2b- [b) - 1)- t [a) (2a- [a) - 1). 
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274 0 CHAPTER 5 PROBLEMS PLUS 

r [ b c d ]"' b 2 c 3 d 4 13. Let Q(x) = lo P(t) dt = at+ 2t2 + 3t3 + 4t4 0 =ax+ 2x + 3x + '4� . Then Q(O) = 0, and Q(l) = 0 by the 

given condition, a + � + � + � = 0. Also, Q' ( x) = P( x) = a + bx + cx2 + dx3 by FTCl. By Rolle's Theorem, applied to 

Q on [0, 1), there is a number r in (0, 1) such that Q'(r) = 0, that is, such that P(r) = 0. Thus, the equation P(x) = 0 has a 

root between 0 and 1. 

. ( ) 2 n d 'f 
al a2 an 

h h . More generally, 1f P x = ao + a1x + a2x + · · · + anx an 1 ao + 2 + 3 + · · · + n + 1 = 0, t en t e equation 

P ( x) = 0 has a root between 0 and 1. The proof is the same as before: 

1"' a1 a2 an 
Let Q(x) = P(t) dt = aox + -2 x

2 + -3 x3 + · · · + --1 x
n. Then Q(O) = Q(l) = 0 and Q'(x) = P(x). By Rolle's · o n+ 

Theorem applied to Q on [0, 1], there is a number r in (0, 1) such that Q'(r) = 0, that is, such that P(r) = 0. 

15. Note that d� (fox [lu f(t) dt] du) = lx f(t) dt by FTCI, while 

! [lx f(u)(x- u)du] =! [x fox f(u)du] -d� [lx f(u)udu] 
= JC: f(u) du + xf(x)- f(x)x = JC: f(u) du 

Hence, JC: f(u)(x-u) du = JC:Uou f(t) dt] du +C. Setting x = 0 gives C = 0. 

17. lim + + · · · + ...,.·=--== ( 1 1 1 ) ' 
. n�oo fovn+ 1 fovn+2 fovn+n 

=lim.!. ( �+ '-!C+ . . ·+ �) n-oo n V n+-1 V n + 2 V Tl+n 
= }�;;; ( yf1 � 1/n + 

yfl � 2/n + . .
. + v'/+ 1) 

=nl!_.�;t; t(�) [wheref(x)= v/+ x] 
= '( �dx= [2v'l+x]�=2(v'2-1) lo v1 +x . 
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6 D APPLICATIONS OF INTEGRATION 

6.1 Areas Between Curves 

3. A= i:�
1
1 
(xR -XL) dy = j_1

1 
[eY -(y2 -2) J dy = 11/ eY -l + 2) dy 

= [eY- ly3 + 2y)1 = (e1-1 + 2)- (e-1 + 1 _:_ 2) =e-.!-.+ 10 
3 -1 3 3 e 3 

= (e-! + 1)- (e-1 +! - 1) = e- � + � 

7. The curves intersect when (x- 2)2 = x {:} x2 -4x + 4 = x {:} x2 - 5x + 4 = 0 {:} 

(x- 1)(x- 4) = 0 {:} x = 1 or 4. 

A = r [x- (x- 2)2] dx = r ('-x2 + 5x- 4) dx 
. 11 11 

= (-¥ +40-16)- (-! + � -4) 

=� 

9. A= !2 (!- �) dx = [Inx +!] 2 
l X X · X1 

= (In 2 + �) - (In 1 + 1) 
=ln2- � �0.19 

\ 

2 

1>-(•'-11 
l!t.x 
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276 0 CHAPTER 6 APPLICATIONS OF INTEGRATION 

11. The curves intersect when 1 -y2 = y2 - 1 *> 2 = 2y2 *> y2 = 1 *> y = ±1. 
A= f_11 ((1- y2)- (y2-1)] dy 

= /1 
2(1 :_ y2) dy -1 

= 2 ° 2l1 
(1- y2)dy 

= 4[y- h3]� = 4(1- *) = i 

13. 12 -x2 = x2 - 6 *> 2x2 = 18 *> 

x2 = 9 ¢> x = ±3, so 

A= /_3
3 

[(12-x2)- (x2-6)] dx 

=213 (18-2x2)dx [by symmetry] 

= 2(18x-ix3J� = 2 [(54 -18)-o]· 

= 2(36) = 72 

A= l1
(ex -xe"')dx 

= [ex -(xex - e"')]: [use parts with u = x and dv = e"' dx] 

= [ 2e"' -xex J : = ( 2e -e) - ( 2 - 0) = e - 2 
' 

17. 2y2 = 4 + y2 ¢> y2 = 4 ¢> y = ±2, so· 

A=/_: [(4 + y2)-2y2] dy 

= 2l2 ( 4 -y2) dy [by symmetry] 

19. By inspection. the curves intersect at x = ± �. 

A= /112 [cos1rx-(4x2-1)] dx 
-1/2 
t/2 2 . = 2 lo (cos1rx-4x + 1) dx [by symmetry] 

= 2(* sin1rx- �x3 + x]�12 = 2[(*- i + �)- o] 

X 
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SECTION 6.1 AREAS BETWEEN CURVES 0 2n 

21. The curvesintersectwhentanx=2sinx (on[-71"/3,71"/3]) {:} sinx=2sinx cosx {:} 

2sinx cosx-sinx = 0 # sinx ( 2cosx- 1) = 0 

r/3 
A=2 J0 

(2sinx-tanx)dx 

[ ] tr/3 = 2 -2cosx -In /secxj 0 
= 2 [(-1-ln2)-(-2- 0)] 

=2( 1-ln2)=2-2ln2 

[by symmetry] 

{:} sinx·=Oorcosx= � {:} x = Oor.x = ±i. 

X 

23. Notice that cos x = sin 2x = 2 sin x cos x # 2 sin x cos x -cos x = 0 # cos x (2 sin x -l) = 0 # 

2sinx = 1 orcosx = 0 {:} x =�or�· 
1tr/6 11f/2 . 

A= · (cosx:-sin2x)dx+ (sin2x-'cosx)dx 
0 1f� 

= (sinx + � cos2x]�16 + [-�cos 2x -sin x] :�! 
= � + �. �- (0 + �. 1) + (�-1)- ( -�. � - �) = � 

25. �x = y'X ==> ix2 = x ==> x2 - 4x = 0 ==> x(x- 4) = 0 ==> x = 0 or 4, so 

. 4 9 

A= fo (vx- �x)dx+ 1 (�x-vx)dx 

=[(136 - 4) -0) + [(.§}-- 18)-(4-¥)) 

= ¥ + ¥-26 = �� 

27. 1/x =x # 1 = x2 {:} x == ±1 and 1/x = tx {:} 

4 = x2 # x = ±2, so for x > 0, 

A= 11 (x-�x)dx+ [2 (;-�x)dx 

= 11 (�x)dx+ [2 (;-�x)dx 

1' . 2 = (�x2)0 +[In/xi- �x2)1 

= � + (In 2 - �) -( 0 -l) = In 2 
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278 0 CHAPTER 6 APPLICATIONS OF INTEGRATION 

29. An equation of the line through (0, 0) and (3, 1) is y = %x; through (0, 0) and (1, 2) is y = 2x; 
through (3, 1) and (1, 2) is y = -�x + �· 

A= 11( 2x-%x)dx+ 13[(-�x+%)-ix]dx 

= 11 �xdx + 13 (-�x + �) dx 

[ 5 2] 1 [ 5 2 5 ] 3 = 6x o + -nx + 2x 1 X 

- !! + (-ll + ll) -(-� + .2) = .2 . - 6 _4 2 12 2 . 2 

31. The curves intersect when sin x =cos 2x (on [0, 1r /2]) ¢} sin x = 1 - 2 sin2 x ¢} 2 sin2 x +sin x- 1 = 0 ¢} 

33. 

35. 

(2 sinx- 1)(sinx + i) = 0 � sinx = � � 

1
w
/
2 A= !sinx-cos2xl dx 

0 . 

X-lC - 6' 

17<:/
6 

. 1"'/
2 

. = (cos2x-sinx)dx+ (sinx-cos2x)dx 
0 -� 

= (� sin2x + cosx]�16 + [- cosx-� sin2xJ:�� 

= (i J3 + � J3)- (0 + 1) + (0- 0)- (-� J3- i J3) 

=!J3-1 

20 

y=3x2-2x 

From the graph, we see that the curves intersect at x = 0 and x = a � 0.896, with 

x sin(x2) > x4 on (0, a). So the area A ofthe region bounded by the curves is 

A= 1a [x sin(x2)-x4] dx = [-� cos(x2)- ix5]� 

= -� cos(a2)- ia5 + � :::::! 0.037 

From the graph, we see that the curves intersect at 

x =a:::::! -1.11, x = b :::::J 1.25, and x = c:::::! 2.86, with 

y=x'-3x+4 

-3C=ti==±==b=��==73 

x3 - 3x + 4 > 3x2 - 2x on (a, b) and 3x2 -2x > x3 - 3x + 4 
on ( b, c) . So the area of the region bounded by the curves is 

-1 

� = 1b [(x3-3x + 4)-(3x2- 2x)] dx + lc ( (3x2-2x)-(x3 - 3x + 4)] dx 

= 1b (x3-3x2-x + 4) dx + lc ( -x3 + 3x2 + x-4) dx 

-(lx4-x3- lx2 +4x]b + [-lx4 +x3 + lx2-4x]c:::::! 8 38 -4 2 a 4 2 b • 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 



37. 

-I 

39. 

SECTION 6.1 AREAS BETWEEN CURVES 0 279 

GraphY1=2/(l+x-4) andY2=x-2. We see thatY1 >Y2on(-'·1,l),so the 

area is given by /_1

1 
( 

1
: 

x4 :- x2) dx. Evaluate the integral with a 

command such as fn!nt (Y1-Y2, x, -1, 1) to get 2.80123 to five decimal 

places. 

Another method.· Graph f(x) = Y1=2/(l+x- 4) -x- 2 and from the graph 

evaluate J f ( x) dx from -1 to 1. 

The curves intersect at x = 0 and x =a� 0.749363. 

A = loa ( v'x- tan2 x) dx � 0.25142 

41. As the figure illustrates, the curves y = x and y = x5 -6x3 + 4x. 
enclose a four-part region symmetric about the origin (since 

x5 -6x3 + 4x and x are odd functions of x ). The curves i�tersect 

at values of x where x5 -6x3 + 4x = x; that is, where 

x(x4 - 6x2 + 3) = 0. That happens at x =band where 

x2 = 
6 ± � = 3 ± .J6; that is, at x = -J3 + v'6, -J3- .J6, 0, J3- .J6, and J3 + .J6. The exact area is 

rv3+-.!6 
. 

· 

rv3+-.!6 2 Jo 1Cx5- 6x3 + 4x)- xi dx = 2 
Jo 

lx5- 6x3 + 3xl dx 

1V3--./6 1v3+vs 
=2 (x5-6x3+3x)dx +2 (-x5+6x3- 3x)dx 0 V3-VS 
c�s 12¥'6- 9 

43. 1 second = 36
100 hour, so 10 s = 3�0 h. With the given data, we can take n = 5 to use the Midpoint Rule. 

At _ 1/36o-o 
= _1_ so - 5 1800' 

. . r1/36o r1/36o r1/36o 
dtstanceKelly- d1stancechris = Jo VKdt- Jo vcdt = Jo (vK- vc)dt 

� Ms = 18�0 [(vK- vc)(1) + (vK- vc)(3) + (vK- vc)(5) 

+ (vK- vc)(7) + (vK- vc)(9)] 

= 1;00 [(22-20) + (52- 46) + (71 - 62) + (86 - 75) + (98- 86)] 
= 1;00(2 + 6 + 9 + 11 + 12) = 18�0(40) = :f5 mile, or 117� feet 
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280 0 CHAPTER 6 APPLICATIONS OF INTEGRATION 

45. Let h( x) denote the height of the wing at x em from the left end. 

A� Ms 
= 200- 0 [h(20) + h(60) + h{lOO) + h{140) + h(180)] 5 . 

= 40(20.3 + 29.0 + 27.3 + 20.5 + 8.7) = 40(105.8) = 4232 cm2 

47. We know that the area under curve A between t = 0 and t =xis J;' vA(t) dt = BA(x), where VA(t) is the velocity of car A 

49. 

51. 

and SA is its displacement. Similarly, the area under curve B between t = 0 and t =xis J;' va(t) dt = ss(x). 

(a) After one minute, the area under curve A is greater than the area under curve B. So car A is ahead after one minute. 

(b) The area of the shaded region has numerical value sA(l)- ss(l ), which is tht; distance by which A is ahead ofB after 

1 minute. 

(c) After two minutes, car B is traveling faster than car A and has gained some ground, but the area under curve A from t = 0 

tot= 2 is still greater than the corresponding area for curve B, so car A is still ahead . 

(d) From the graph, it appears that the area between curves A and B for 0::; t ::; 1 (when car A is going faster), which 

corresponds to the distance by which car A is ahead, seems to be about 3 squares. Therefore, the cars will be side by side 

at the timex where the area between the curves for 1 ::; t ::; x (when car B is going faster) is the same as the area for 

0 ::; t ::; 1. From the graph, it appears that this time is x � 2.2. So the cars are side by side when t � 2.2 minutes. 

y=-x;-;+3 To graph this function, we must first express it as a combination of explicit 

functions of y; namely, y = ±x J x + 3. We can see from the graph that the loop 

extends from x = -3 to x = 0, and that by symmetry, the area we seek is just 

twice the area under the top half of the curve on this interval, the equation of the 

top half being y = -x ..jx + 3. So the area is A= 2 J�3 ( -x Jx+ 3) dx. We 

substitute u = x + 3, so du = dx and the limits change to 0 and 3, and we get 

A= -2 J: [(u- 3)y'U] du = -2 J:(u312- 3u112) du 

= -2[�u512- 2u312]: = -2[�(32 ..;3)- 2(3 J3)] = ¥ J3 

By the symmetry of the problem, we consider only the first quadrant, where 

y = x2 =? x ::;= /Y. We are .looking for a number b such that 

lab /Ydy = 14 /Ydy =} i [y3/2]: = i [y3/2J: => 

. b3/2 = 43/2 - b3/2 =} 2b3/2 = 8 =} b3/2 = 4 => b = 42/3 � 2.52. 

53. We first assume that c > 0, since c can be replaced by -c in both equations without changing the graphs, and if c = 0 the 

curves do not enclose a region. We see from the graph that the enclosed area A lies between x = -c and x = c, and by 
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symmetry, it is equal to four times the area in the first quadrant The enclosed area is 

A= 4 J; (c2 - x2) dx = 4[c2x- tx3]� = 4(c3-'- tc3) = 4(jc3) = ic3 

So A= 576 {::} ic3 = 576 ¢:? c3 = 216 {::} c = ?'216 = 6. 

Note that c = -6 is another solution, since the graphs are the same. 

55. The curve and the line will determine a region when they intersect at two or 

more points. So we solve the equation x / ( x2 + 1) = mx =* 

x = x(mx2 + m). =} x(mx2 + m)- x = 0 =* 

x(mx2 + m- 1) = 0 :=:> x = 0 or mx2 + m- 1 = 0 =} 

SECTION 6.2 VOLUMES D 28f 

x = 0 or x2 = 1 -:n m 
=} x = 0 or x = ± J � - 1. Note that if m = 1, this has only the solution x = 0, and no region 

is dete
,
rmined. But ifl/m- 1 > 0 {::} I/m > I {::} 0 < m <I, then there are two solutions. [Another way of seeing 

this is to observe that the·slope of the tangent toy = xj(x2 +I) at the origin is y' (0) = I and therefore we must have 

0 < m < 1.] Note that-we cannot just integrate between the positive and negative roots, since the curve and the line cross at 

the origin. Since mx and x/(x2 +I) are both odd functions, the total area is twice the area between the curves on the interval 

[o, .JI/m- 1 J. So the total area enclosed is 

2 Lv'1/m-1 [ x2: I - rrur] dx = 2 [� ln(x2 + 1) - �mx2];h/m-1 = [ln(I/m- 1 + 1) - m(l/m- 1)] - (In 1 - 0) 

= ln(I/m)- I+ m =m-In m- 1 

6.2 Volumes 

1. �cross-section is a disk with radius 2- �x, so its area is A(x) = 71'(2- �xt 

V = 12 A(x)dx = 12 71'(2- �x)2 dx 

=71' [2 (4�2x+ix2)dx 

= '71'[4x- x2 + ..l.x3]2 12 1 
=71'[(8-4+ 182)- (4-1+-i\)] 

= '11'(1 + fi) = �71' 
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282 D CHAPTER 6 APPLICATIONS OF INTEGRATION 

3. A cross-section is a disk with radius Vx=l, so its area is A(x) = 1r( v'X=1)2 = 1r(x- 1). 

y 

5. A cross-section is a disk with radius 2 Jy, so its area is 

A(y) = 1r(2 ../YY. 

V= 1
9 
A(y)dy= 1

9 
1r(2v'YJ dy=411" 1

9
ydy 

= 47r[�y2J: = 211"(81) = 16211" 

7. A cross-section is a washer (annulus) with inner 

radius x3 and outer radius x, so its area is 

9. A cross-section is a washer with inner radius y2 
and outer radius 2y, so its area is 

A(y) = 1r(2y)2 _ 1r(y2)2 = 1r(4y2 _ y4). 

V=12 A(y)dy=11" fo\4y2 -y4)dy 

y 

0 

y 

X 

y 

y 
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SECTlON 8.2 VOLUMES . 0 283 

11. A cross-section is a washer with inner radius 1 - .JX and outer radius 1 - x2, so its area is 

A(x) = 1r [(1- x2)2- (1- vxf] 
, = 1r((l- 2x2 +x4)- (1- 2.jX+x)] 

= 1r(x4- 2x2 + 2./X- x). 

V = J� A(x) dx = J011r(x4- 2x2 + 2x112...,. x) dx 

_ 1r [lx5 _ 1x3 + ix3/2 _ lx2) 1 - 5 3 3 2 0 

= 'lru:... � + �- �) = ��'lr 

y 

13. A cross-section is a washer with inner radius ( 1 + sec x) - 1 = sec x and outer radius 3 - 1 = 2, 'so its area is 

!1f/3 1"/3 
V = . A(x} dx = 1r(4- sec2 x) dx 

-1f/3 -7</3 (-f,3) 

[by symmetry] 

[ 
] 1r /3 

= 21!" 4x- tanx 0 = 21r[(43- va)- o] 

= 21r("; - J3) 

15. A cross-section is a washer with inner radius 2 - 1 and outer radius 2 - W. so its area is 

y 

0 4 X 
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17. From the symmetry of the curves, we see they intersect at x = � and so y2 = � <=> y =±�.A cross-section is a 

washer with inner radius 3 � (1 - y2) and outer radius 3 - y2, so its area is 

A(y) = 11'((3- Y2?- (2 + y2)2] 

= 11'[(9- 6y2 + y4)- (4 + 4y2 + y4)] 

� 11'(5 - 10y2). 

!# V = A(y}dy 
-012 

[by symmetry] 

= um[y- �y3]�12 = 101r( :f}-- -"'if) 

= 1011'( �) = l�J211' 

19. ffi1 about OA (the line y = 0): 

21. ffi1 aboutAB (the line x = 1): 

23. ffi2 about OA (the line y = 0): 

25. ffi2 aboutAB (the line x = 1): 

27. ffia about OA (the line y == 0): 

X 

x=3 

X 

Note: Let ffi == ffi1 U ffi2 U ffi3. If we rotate ffi about any of the segments OA, OC, AB, or BC, we obtain a rightcircular 

cylinder of height 1 and radius 1. Its volume is 1rr2h = 11'(1)2 ·1 = 1r. As a check for Exercises 19, 23, and 27, we can add the 

answers,
_ 
and that sum must equal1r. Thus, �11' + �11' + �11' � 11'. 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in pan. 



SECTION 6.2 VOLUMES 0 285 

29. �3 about AB (the line x = 1): 
V = 1

1 
A(y) dy = 1

1 
7r[(1-y4)2- (1-y)2] dy = 7r 1

1 
[(1- 2y4 + ys)- (1- 2y + y2)] dy 

0 0 0 . 

11 8 4 2 1 9 2 11 1 3 2 1 1 2 1 17 =7r 0 (y -2y -y +2y)dy=7r[9Y --gY -3y +Y]0=7r(9-5-3+1)=457r 

Note: See the note in Exerci�e 27. For Exercises 21, 25, and 29, we have i1r + !� 1r + !� 1r = 1r. 

31. (a) About the x-axis: 

V =  11 1r(e-"'2)2dx = 21r11 
e-2"'2 dx [by symmetry] 

-1 0 

RJ 3.75825 
(b) About y = -1: 

V =  /_1
1 7r { [e-"'2- (-1)]2- [0- (-1)]2} dx 

=27r 11[(e-"'2 +1)2-1]dx=27r 1\e-2"'2 +2e-"'2)dx 
RJ 13.14312 

y=-1 

33. (a) About y = 2: y=2 y 

35. 

x2 + 4y2 = 4 '* 4y2 = 4 - x2 '* y2 = 1 -x2 /4 '* 

y = ±J1-x2/4 

= 21r 12 8 .j1-x2 j4dx RJ 78.9.5684 
(b) About x = 2: 

x2 + 4y2 = 4. '* x2 = 4 -4y2 '* x = ± J 4 - 4y2 

=:= 21r 11 8.j 4 - 4y2 dy RJ 78.95684 

y 

[Notice that this is the same approximation as in part (a). This can be explained by Pappus's Theorem in Section 8.3.] 

y=2+x2�sx 

-2 �-----':0-----' 2 

y = 2 + x2 cos x and y = x4 + x + 1 intersect at 

x =a RJ -1.288 and x = b RJ 0.884. 
V = 1r lb[(2 + x2 cosx)2- (x4 + x + 1)2] dx RJ 23.780 
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CAS 11 2 = s7T 

'tT X 

y=-l 

39. 1r JC: sin x dx = 1r f0.,.. ( J sin x ) 2 dx
. 
describes the volume of solid obtained by rotating the region 

Wt = {(x, y) I 0 ::; x ::; 1r, 0 ::; Y. ::; vfsin x} of the xy-plane about the x-axis. 

41. 1r J; (y4 - y8) dy = 1r f01 [(y2)2 - (y4)2] dy describes the volume of the solid obtained by rotating the region 

\!R. = { (x,'y) I 0::; y::; 1, y4 ::; x ::; y2} of the xy-plane about the y-axis. 

43. There are 10 subintervals over the 15-cm length, so we'll use n :;= 10/2 = 5 for the Midpoint Rule. 

V = f015 A(x) dx � M5 = 155° [A(l.5) + A(4.5) + A(7.5) + A(10.5) + A(13.5)] 
= 3(18 + 79 + 106 + 128 + 39) = 3 · 370 = 1110 cm3 

45. (a) V = f210 1r [f(x)]2 dx � 1r1042 { [!(3)]2 + [!(5)]2 + [f(7)f + [!(9)]2} 

� 21r [(1.5? + (2.2)2 + (3.8? + (3.1?) � 196 units3 

(b) V = J; 1r [(outer radiusi- (inner radius)2] dy 

� 7r 4 4 ° { [ (9.9? - (2.2)2] + [ (9. 7)2 - (3.0?] + [ (9.3)2 - (5.6)2] + [ (8. 7)2 - (6.5)2]} 
� 838 units3 

47, We'll form a right circular cone with height hand base radius r by 
revolving the line y = X x about the x-axis. 

= 7r �: { �h3) = �7Tr2h 

Another solution: Revolve x = - � y + r about the y-axis. 

= 7T [.i:_ya- r2 y2 + r2y] h = 7r(lr2h � r2h + r2h) = l7rr2h 3h2 h 0 3 / 3 

* Or use substitution with u = r· - � y and du = -K dy to get 

{0 
2 ( h ') h [ 1 3] 0 h ( 1 3) 1 2 ·1fjr u --;:du =-7r-;: 3u r =-7T-;: -3r =31rrh. 

y 

y (O,h) 

(h, r) 
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v = 1r l�
h 
e- y2) dy = rr[r2y- y;[_

h 
= 7r { [r3-r;]- [r2(r- h)- (r �h)3]} 

= rr{ fr3 - Hr-h) (3r2 - (r- h)2]} 
= i1r {2r3- (r-h)(3r2- (r2-2rh + h2)]} 
= %1r {2r3 � (r- h)[2r2 + 2rh- h2]} 
= %1r(2r3- 2r3- 2r2h + rh2 + 2r2h + 2rh2- h3) 

= irr(3rh2- h3) = irrh2(3r- h), or, equivalently, 1rh2 (r- �) 

51. For a cross-section at height y, we see fro!ll similar triangles that �:� = 
h � y, so o: = b( 1- *). 

Similarly, for cross-sections having 2b as their base and {3 replacing o:, {3 = 2b( 1 - *). So 

V = foh A(y)dy = foh [b(1- *)][2b(1- *)] dy 

= foh 2b2 ( 1 -'- *) 2 dy = 2b2 foh ( 1 - 2: + �: ) dy 
= 2b2 [y- � + ::2 J: = 2b2 [h-h + th] 

= f b2 h [ = t B h where B is the area of the base, as with any pyramid.] 

X 

53. A cross-section at height z is a triangle similar to the base, so we'll multiply the legs of the base triangle, 3 and 4, by a 

proportionality factor of (5 - z) /5. Thus, the triangle at height z has area 

A(z) =- · 3 --· · 4 -- = 6 1-- so 
1 (5-z) (5-z) ( z)2 
2. 5 5 ' 5 ' 

V � 15 
A(z)dz = 615 

(1- �r dz = 61° 
u2(-5du) 

= -30[%u3]� = -30( -%) = 10 cm3 

55. If l is a leg of the isosceles right triangle and 2y is the hypotenuse, 

then 12 + 12 = (2y )2 => 212 = 4y2 => 12 = 2y2• 

[u = 1- z/5,] 
du = -i dz 

V = I�2 A(x) dx = 2 I: A(x) dx = 2 I: Hl)(l) dx = 2 I: y2 dx 
= 2 I� i(36- 9x2) dx = � I�(4-x2) dx 

- 9 [4 1 3] 2 - 9 (8 8 ) � 24 - 2 X- aX 0 - 2 - 3 -

. z 

X 
y 

typical cross­
section of length 
2y = -/36 - 9x2 

X 
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57. The cross-section.of the base corresponding to the coordinate x has length 

y = 1 -x. The corresponding square with side s has area 

A(x) = s2 = (1-x? = 1- 2x + x2• Therefore, 

V = fo1 A(x) dx = 11 (1- 2x + x2) dx 

= [x-x2 + �x3)� = (1- 1 + �)- 0 = � 

Or: fo\1-x)2 dx = 1° u2( -du) [u = l-x] = (�u3)� = � 

59. The cross-section of the base b corresponding to the coordinate x has length 1 -x2• The· height h also has length 1 -x2, 

so the corresponding isosceles triangle has area A(x) = tbh = t(l-x2)2. Therefore, 

[by symmetry] 

[ 2 3 1 5] 1 (1 2 1) 0 8 = X- aX + 5X 0 
= - 3 + 5 - = I5 

61. (a) The torus is obtained by rotating the circle (x-R)2 + y2 = r2 about 

they-axis. Solving for x, we see that the right half of the circle is given by 

x = R + Jr2-y2 = f(y) and the left half by x = R-Jr2-y2 = g(y). 

So 

y 

= 211" J; [ ( R2 + 2R J r2 -y2 + r2 -y2) - ( R2 - 2R J r2 -y2 + r2 -y2)] dy 

= 211" J; 4R J r2 -y2 dy = 811" R J; J r2 - y2 dy 

(b) Observe that the integral represents a quarter of the area of a circle with radius r, so 

63. (a) Volume(S1) = J0
h A(z) dz = Volume(S2) since the cross-sectional area A(z) at height z is the same for both solids. 

(b) By Cavalieri's Principle, the vol.uine of the cylinder in the figure is the same as that of a right circular cylinder with radius r 

and height h, that is, 1rr2 h. 
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65. The volume is obtained by rotating the area common to two circles· of radius r, as 

shown. The volume' of the right half is 

Vright = 1r J;12 y2 dx = 1r J;12 (r2 - ( �r + x )2] dx 

So by symmetry, the total volume is twice this, or f21rr3• 

Another solution: We observe that the volume is the twice the volume of a cap of a sphere, so we can use the formula from 

67. Take the x-axis to be the axis of the .Cylindrical hole of radius r. 

A quarter of the cross-section through y, perpendicular to the 

y-axis, is the rectangle shown. Using the Pythagorean Theorem 

twice, we see that the dimensions of this rectangle are 

x = y' R2 - y2 and z = y' r2 - y2, so 

�A(y) = xz = y'r2 .,-- y2 y'R2- yz, and 

y 

V = f�r A(y) dy = f�r 4 y'r2- y2 y'R2- y2 dy = 8 J; y'r2- y2 y'R2 _ y2 dy 

69. (a) The radius of the barrel is the same at each end by symmetry, since the 

function y = R - cx2 is even. Since the barrel is obtained by rotating 

the graph of the function y about the x-axis, this radius is equal to the 

value ofy at x = �h, which is R- c{th) 2 = R- d = r. 

y=R-cx2 

R X 

X 

(b) The barrel is symmetric about they-axis, so its volume is twice the volume of that part of the barrel for x > 0. Also, the 

barrel is a volume of rotation, so 

Trying to make this look more like the expression we want, we rewrite it as V = � 1r h [ 2R2 + ( R2 - � Rch 2 + io c2 h 4)] • 

Substituting this back into V, we see that V = i7rh(2R2 + r2 - �d2), as required. 
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6.3 Volumes by Cylindrical Shells 

1. y If we were to use the "washer" method, we would first have to locate the 

local maximum point (a, b) ofy =·x(x- 1)2 using the methods of 

Chapter 4. Then we would have to solve the equation y = x(x- 1)2 

for x in terms ofy to obtain the functions x = 91(y) and x = 92(y) .  

shown in the first figure. This step would be difficult because it involves 

the cubic �ormula. Finally we would find the volume using 

v = 1r I: {(gl(y))2- [g2(Y)]2} dy. 

Using shells, we find that a typical approximating shell has radius x, so its circumference is 21Tx. Its height is y, that is, 

x(x- 1)2• So the total volume is 

1 . 1 

3. V = 1 21Tx*dx = 211' 1 x413 dx 

= 27T[�x713): = 211'(�) = �11' 

V fl _,2 dx Let 2 5. = Jo 27Txe . . u = x • 

Thus, du = 2x dx, so 

y 

- 0 X 

y 

0 I X 

7. x2 = 6x...;. 2x2 ¢:? 3x2- 6x = 0 ¢:? 3x(x- 2) = 0 ¢:? x = 0 or 2. 

V = 12 
21Tx[(6x- 2x2)- x2) dx 

= 211'12 ( -3x3 + 6x2) dx 

= 27T[-£x4 + 2x3)� 

= 211' ( -12 + 16) = 811' 

y y=6x-2x2 

(2,4) 

2 X 
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9.xy=1 =} X= l, SO 
y 

13 
. 3 = 27r dy = 21r[y)1 

1 

= 27r(3- 1) = 47r 

y 

3 

SECTION &.3 VOlUMES BY CYLINDRICAL SHELLS 0 291 

X X 

13. The height ofthe shell is 2- (1 + (y- 2)2] = 1- (y- 2)2 = 1- (y2- 4y + 4) = -y2 + 4y- 3. 

v = 27r Jl3 y( -y2 + 4y - 3) dy 

= 27r Jl\ -y3 + 4y2- 3y) dy 

= 27r(-iY4 + ty3- �y2)� 

= 27r [ (- ¥ + 36 - ¥) - (-i + 1 - �)] 

=27r(�) = ¥7r 

y 

3 

2 

0 

x= 1 + (y- 2)2 

\ 

2 X 
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15. The shell has radius 2- X, circumference 271'(2- x), and height x4. 

V = J; 21r(2- x)x4 dx 

= 27r fol (2x4- xs) dx 

= 271'[�x5- �x6]� 

y 
I 

0 X 0 

17. The shell has radius x- 1, circumference 211'(x- 1), and height (4x- x2)- 3 = -x2 + 4x- 3. 

V= J13 271'(x- 1}( -x2 + 4x- 3) dx 
= 271' J1\ -x3 + 5x2 - 7x + 3} dx 
- 271' [- lx4 + �x3- 1x2 + 3x)3 - 4 3 2 1 

X 

y 

0 

x=2 
I 
I 
I 

x=l 
I 

� 

I X 
I 

19. The shell has radius 1- y, circumference 211'(1- y), and height 1- {Iii [Y = x3 <=> x = {Iii]. 
V= J; 271'(1- y)(l- y113) dy 

= 271' J;(1- y- y1f3 + y4f3) dy 

= 211' [Y- !Yz- h4/3 + h7/3J : 

21. (a) V = 271' 12 x(xe-x) dx = 271' 12 x2e-x dx 
(b) v r:::: 4.06300 

11r/2 
= 411' (1r- x) cos4 xdx -'fr/2 

(b) v r:::: 46.50942 

y 

1T 
2 
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25. (a) V = Io" 211"(4- y) Jsinydy (b) v � 36.57476 

y 
=4 

27. V = I; 21rx v'1 + x3 dx. Let f(x) = x v'1 + x3. 

Then the Midpoint Rule with n = 5 gives 

I01 f(x) dx � 15° [!(0.1) + !(0.3) + !(0.5) + !(0.7) + f(0.9)) 

� 0.2(2.9290) 

Multiplying by 271" gives V R:: 3.68. 

29. I: 21rx5 dx = 271" I: x(x4) dx. The solid is obtained by rotating the region 0:::; Y,:::; x4, 0:::; x:::; 3 about they-axis using 

cylindrical shells. 

31. I; 211"(3- y)(1- y2) dy. The solid is obtained by rotating the region bounded by (i) x = 1- y2, x = 0, andy= 0 or 

(ii) x = y2, x = 1, and y = 0 about the line y = 3 using cylindrical shells. 

33. 

o�--------------JI' 

From the graph, the curves intersect at x = 0 and x = a � 0.56, 

with ...jX + 1 >ex on the interval (0, a). So the volume of the solid 

obtained by rotating the region about the y-axis is 

V = 271" Ioa X [ ( Vx + 1) - ex) dx � 0.13. 

y 

0 

37. Use shells: 

V = I2
4 21rx( -x2 + 6x- 8) dx = 271" I

2
4( -x3 + 6x2 - Bx) dx 

= 271" [-ix4 + 2x3- 4x2J :  

= 27r[( -64 + 128- 64) - ( -4 + 16- 16)] 

= 211"(4) = 87!" 

y=�x2+6x-8 

. 0 
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39. Use washers: y2-x2 = 1 =* · y = ±Jx2 ± 1 
. 

[by symmetry] 

r,/3 
v'3 = 2:rr lo (3- x2) dx = 2:rr [3x- *x3]0 

= 2:rr( 3J3- J3 )  = 4 J3:rr 

41. Use disks: x2 + (y-1)2 =.1 <* x = ±vf1-(y-1)2 

V=:rr 12 [v1-(y-1)2r dy=:rr 12 ( 2y-y2)dy 

43. y + 1 = (y - 1? ¢:} y + 1 = y2 - 2y + 1 ¢:} 0 = y2 -3y {'} 

0 = y(y - 3) {::} y = 0 or 3. 
Use disks: · 

V =:rr 13 {[(y+l)-(�1)]2-[(y-1)2- (-1)]2}dy 

= 7r 13 [(y + 2)2 - (y2 - 2y + 2)2] dy 

= :rr 13[(y2 +4y +4)-(y�-4y3 +8y2- By+ 4)]dy = :rr 1\-y4 + 4y3 -7y2 + 1 2y)dy 

= :rr (-h5 + y4 - iY3 + 6y2] � = :rr (-2�3 -t 81 - 63 + 54) = 1! 7 :rr 

45. Use shells: 

V= 2J;2:rrx�dx = -271" J;(r2-x2)112(-2x)dx 

= [ -2:rr. � (r2 - x2)3/2 J: = -1:rr(O- r3) = 1:rrr3 

h y=--x+h r 

X 
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6.4 Work 

1. (a) The work done by the gorilla in lifting its weight of360 pounds to a height of20 feet 

is W = Fd = (360 lb)(20 ft) = 7200 ft-lb. 

SECTION 6.4 WORK. 0 295 

(b) The amount of time it takes the gorilla to climb the tree doesn't change the amount of work done, so the 

work done is still 7200 ft-lb. 

b 10 [ ] 10 3. w =I" t(x) dx = f1 5x-2 dx = 5 -x-1 
1 = 5( -io + 1) = 4.5 ft-lb 

5. The force function is given by F(x) (in newtons) and the work (in joules) is the area under the curve, given by 

f08 F(x) dx = J04 F(x) dx + J: F(x) dx = �(4)(30) + (4)(30) = 180 J. 

7. According to Hooke's Law, the force required to maintain a spring stretched x units beyond its natural length is proportional 

to x, that is, f(x) = kx. Here, the amount stretched is 4 in. = � ft and th� force is 10 lb. Thus, 10 = k(t) => 

k = 30 lb/ft, and'f(x) = 30x. The work done in stretching the spring from its natural length to 6 in.= � ft beyond its natural 

length is W = J;/2 30x dx = [ 15x2) �12 = lf ft-lb. 

9. (a) If J�"12 kxdx = 2 J, then 2 = [�kx2)�"12 = �k(0.0144) = 0.0072k and k = 0_0�72 = 25�0 � 277.78 Nfm. 

· Thus, the work needed to stretch the spring from 35 em to 40 em is 
f0·10 �

x
d

x = [�x2)1110 = �(....!...- ....!...) = ll ""'1 041 Jo.o:> 9 9 112 0 9 100 400 24 � · · 

(b) f(x) = kx, so 30 = 259°0x and x = 22J� m = 10.8 em 

11. The distance from 20 em to 30 em is 0.1 m, so with f(x) = kx, we get W1 = J�-1 kx dx = k [�x2)�-1 = 2�0 k. 

Now w2 = I�{ kxdx = k[�x2)�:� = k(2�0- 2�0) = 2�0k. Thus, w2 = 3Wl. 

In Exercises 13-20, n is the number of subintervals of length Llx, and xi is a sample point in tl;le ith subinterval [x;-1, xi]. 

13. (a) The portion of the rope from x ft to (x + Llx) ft below the top of the building weighs� Llx lb and must be lifted xi ft, 

so its contribution to the total work is !xi Llx ft-lb. The total work is 

Notice that the exact height of the building does not matter (as long as it is more than 50 ft). 

(b) When half the rope is pulled to the top of the building, the work to lift the top half of the rope is 

W1 = J;5 !x dx = [-!x2) �5 = 6�5 ft-lb. The bottom half of the rope is lifted 25ft and the work needed to accomplish 

that is W2 = f255
° 

t · 25 dx = 225 [X]�� = 6;5 ft-(b. The total WOrk done in pulling half the rope to the top of the building 

is w = W1 + W2 = ill + 625 = l. 625 = 1§.ll ft-lb . 2 4 4 4 . 
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15. The work needed to lift the cable is lim L:�=1 2xi Llx = J�00 2x dx = [x2] 0500 = 250,000 ft:-lb. The work needed to lift 
n-oo 

the coal is 800 lb · 500 ft = 400,000 ft-lb. Thus, the total work required is 250,000 + 400,000 = 650,000. ft .. lb. 

17. At a height of x meters (0 $ x $ 12), the mass of the rope is (0.8 kg/m)(12- x m) = (9.6- 0.8x) kg and the mass of the 

water is(� kg/m)(12- x m) = (36- 3x) kg. The mass of the bucket is 10 kg, so the total mass is 

(9.6- 0.8x) + (36- 3x) + 10 = (55.6- 3.8x) kg, and hence, the total force is 9.8(55.6- 3.8x) N. The work needed to lift 

the bucket Llx m through the ith subinterval of [0, 12) is 9.8{55.6-3.8xi )Llx, so the total work is 
n 12 [ · ] 12 

W = lim 2: 9.8{55.6- 3.8x:) Llx = J
0 

(9.8){55.6- 3.&r) dx = 9.8 55.6x- 1.9x2 = 9.8(393.6) � 3857 J 
n-too i=l 0 

19. A "slice" of water tS.x m thick and lying at a depth of xi m (wh�re 0 $ xi $ t) has volume (2 x 1 x Llx) m3, a mass of 

2000 Llx kg, weighs about (9.8)(2000 .:lx) = 19,600 Ll;c N, and thus requires about 19,600xj Llx J of work for its removal. 

SoW = lim f: 19,600xi Llx = J;12 19,600x dx = [9800x2) �12 = 2450 J. 
n-+oo i=l 

21. A rectangular "slice" of water Llx m thick and lying x m above the bottom has width x m and volume 8x Llx m3. It weighs 

.about (9.8 x 1000)(8x.:lx) N, and must be lifted (5- x) m by the pump, so,the work needed is about 

(9.8 x 103)(5- x)(8x Llx) J. The total work rtl'{uired is 

W � J;(9.8 x, 103)(5- x)8xdx = (9.8 x 103) J;(40x- 8x2) dx = (9.8 x 103) [20x2- ix3]� 

= (9.8 X 103)(180- 72) = (9.8 X 103)(108) = 1058.4 X 103 � 1.06 X 106 J 

· 23. Let x measure depth (in feet) below the spout at the top of the tank. A horizontal 
disk-shaped "slice" of w�ter Llx ft thick and lying at coordinate x has radius 

�(16-x) ft (*) and v01ume7rr2Llx=7r· :4(16-x)2 Llxft3.It weighs 

about (62.5) �� (16- x)2 Llx lb and must be lifted x ft by the pump, so the 

work needed to pump it out is. about {62.5)x �� (16 � x)2 Llx ft-lb. The total 
work required is 

W � J:(62.5)x �� (16- x)2 dx = (62.5) �� J0
8 x(256- 32x + x2) dx 

= (62 5) 9" rB (256x - 32x2 + x3) dx - (62 5) 9" [128x2 - � x3 + l x4] 8 
· 64 Jo - · 64 3 4 o 

= (62.5) :: ( 11•:64) = 33,0007r � 1.04 X 105 ft-lb 

25. If only 4. 7 x 105 J of work is done, then only the water above a certain level (call 

it h) will be pumped out. So we use the same formula as in Exercise 21, except that 

the work is fixed, and we are trying to find the lower limit of integration: 

4.7 x 105 � J:(9.8 x 103)(5- x)8xdx = (9.8 x 103) [20x2- �x3J! <=> 

�:� X 102 � 48 = (20 · 32 - � , 33) -(20h2- �h3) {::> 

3 

(*) FrQm similar triangles, _d_ = �. 8-X 8 
SQ r = 3 + d = 3 + i(8- x) 

3(8) 3 
= -a-+8 (8 - x) 

=i(16-x) 
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2h3 - 15h2 + 45 = 0. To find the solution of this equation, we plot 2h3 - 15h2 + 45 between h = 0 and h = 3. 

We see that the equation is satisfied for h � 2.0. So the depth of water remaining in the tank is about 2.0 m. 

27. V = ?T"T2x, so V is a function of x and P can also be regarded as a function of x. If Vi = 1!'r2x1 and V2 = 1l'r2x2, then 
. 

W = 1�2 F(x) dx = 1�2 1l'r2P(V(x)) dx = 1�2 P(�(x)) dV(x) 

= {v2 P(V) dV by the Substitution Rule. 

[Let V(x) = 1l'r2x, so dV(x) = 1l'r2 dx.] 

lvl 

(b)By part(a), W = GMm(� - R + 1.�0,000 ) where M =mass ofthe earth in kg, R =radius of the earth in m, 

and m =mass of satellite in kg. (Note that 1000 km = 1,000,000 m.) Thus, 

W = (6.67 X 10-ll }(5.98 X 1024){1000) X ( 6.37 � 106 - 7.37 � 106 ) � 8.50 X 109 J 

6.5 Average Value of a Function 

3 1 rb (')dx 1 f8ard -1 [3 4/3)8 3( ) 4.5 .g0ve=b - aJagx =s=-r 1 VX x=7 4X 1=
28

16 - 1 =28 

5. � = _1_ fb f(t) dt = _1_ f " /2 e•in t cost dt = 2 [e•in t]ir /2 �- 2 (e - 1) Jave b-aJa >r/2 -0Jo " 0 " 

7. have = ":. 0 J0
" cos4 X sinx dx = � J1-1 u4{ -=-du) [u = cosx, du = - sinx dx] 

1 4 1 1
4 

. 1 =�f_1u du =�·2f0u du [byTheorem5.5.7(a)] =�(iu5]0= 
5
� 

9. (a) lave = 5 � 2 15 (x- 3)2 dx = � [ � (x- 3)3] : 
= H23- {-1)3] = i{8 + 1) = 1 

(b) l(c) =lave {::} {c - 3)2 = 1 {::} 
c- 3 = ±1 {::} c = 2 or 4 

(c) y 
4 

0 

(5,4) 
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11. (a) lave= -1- r (2sinx -sin2x)dx 
7r - 0 Jo 

= � (-2cosx + t cos2x)� 

(b) f(c) =/ave � 2sinc-sin2c = � <=> 

C! � 1.238 or c2 � 2.808 

(c) 

0 

13. f is continuous on [1, 3], so by the Mean Value Theorem for Integrals there exists a number c in [1, 3] such that 

I13 f(x) dx = f(c)(3- 1) '* . 8 = 2f(c); that is, there is a number c such that f(c) = � = 4. 

15. Use geometric interpretations to find the values of the integrals. 

I: f(x)dx= Io1 f(x)dx+ I12 f(x)dx+ I: f(x)dx+ I3
4 f(x)dx+ I: f(x)dx+ I: f(x)dx+ I: f(x)dx 

=-t+t+t+1+4+�+2=9 

Thus, the average value off on [0, 8] = /ave= 8� 0 I: f(x) dx = H9) = �-

17. Let t = 0 and t = 12 correspond to 9 AM and 9 PM, respectively. 

1 f12 [ 0 4 · 1 ] dt I [5 4 12 1 ] 12 Ta.ve = T2"=0 Jo 5 + 1 SID 12 7rt = 12 O t - 1 · -;;:-COS 121rt 0 

= l [50. 12 + 14. ll + 14. ll] = (50+ �) °F � 59°F 12 1r .,.. .,.. 

'1 18 12 3 18 -1 2 8 19. Pave=-.· r::::-TTdx=-2 (x+1) I dx= [hfx+1]0=9-3=6kg/m 8 0 vx + 1 0 . 

21. Pave= 501__0 I050 P(t) dt = io I�0 2560ebt dt [with b = O.Q17185] 

= 2�� [�ebtJ:o = 2:�bo (e50b- 1) � 4056 million, or about 4 billion people 

23. V.ve = i I: V(t) dt·� t Io5 4� [1- cosa7rt)] dt = 4� I� [1- cos(i7rt)] dt 

= 4� (t- 2� sin{j1rt))� = 4� [(5-0)- 0] = 4� � 0.4 L 

25. Let F(x) =I: f(t) dt for x.in [a, b]. Then F is continuous on [a, b] and differentiable on (a, b), so by the Mean Value 

Theorem there is a number c in (a, b) such that F(b)- F(a) = F'(c)(b- a). BJt F'(x) = f(x) by the Fundamental 

Theorem of Calculus. Therefore, I: f(t) dt- 0 = f(c)(b-a). 
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6 Review 

CONCEPT CHECK 

1. (a) See Section 6.1, Figure 2 and Equations 6.1.1 and 6.1.2. 

(b) Instead of using "top minus bottom" and integrating from left to right, we use "right minus left'' and integrate from bottom 

to top. See Figures II and 12 in Section 6.1. 

2. The numerical value of the area represents the number of meters by which Sue is ahead of Kathy after l minute. 

3. (a) See the discussion in Section 6.2, near Figures 2 and 3, ending in the Definition of Volume: 

(b) See the discussion between Examples 5 and 6 in Section 6.2. lf the cros1>-section is a disk, find the radius in terms of x or y 

and use A = 1r(radius)2• If the cross-section is a washer, find the inner radius Tin and Ol!ter radius r001 and use 

A= 1r(r�) -1r(r�). 

4. (a) V = 21rrh6r = (circumference)(height)(thickness) 

(b) For a typical shell, find the circumference and height in terms of x or y and calculate 

V = J: (circumference) (height)( dx or dy), where a and b are the limits on x or y. 

(c) Sometimes slicing produces washers or disks whose radii are difficult (or impossible) to find explicitly. On other 
occasions, the cylindrical shell method leads to an easier integral than slicing does. 

5: J06 f(x) dx represents the amount of work done. Its units are newton-meters, or joules. 

6. (a) The average value of a function} on an interval [a, b] is !ave= 
b 
�alb f(x) dx. 

(b) The Mean Value Theorem for Integrals says that there is a number c at which the value off is exactly equal to the average 

value of the function, that is, j(c) =!ave· For a geometric interpretation of the Mean Value Theorem for Integrals, see 

Figure 2 in Section 6.5 and the discussion that accompanies it.· 

EXERCISES 

1. The. curves intersect when x2 = 4x - x2 {::> 2x2 - 4x = 0 <=> 

2x(x- 2) = 0 <=> x = 0 or 2. 

A= J: [(4x- x2)- x2] dx = J:(4x- 2x2) dx 

= [2x2 - ix3J� = [(8- ¥)-OJ = � 
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· 3. If x � 0, then I xI = x, and the graphs intersect when x = 1 - 2x2 {=> 2x2 + x- 1 = 0 {=> (2x � 1)(x + 1) = 0 {=> 

x = t or -1, but -1 < 0. By symmetry, we can double the area from x = 0 to x = t. 

A= 2 J0112 [(1- 2x2)- x] dx = 2 J;12( -2�2- x + 1)dx 

= 2[-jx3- tx2 +x]�12 = 2[(-i\-- � + �) -0] 
= 2(-li) = -12 

5. A= 12 [sinC
2
x)- (x2- 2x)] dx 

= [ -� cosC
2
x) _ �x3 + x2 [ 

· 7. Using washers with inner radius x2 and outer radius 2x, we have 

V = 1r J� ((2x)2 - (x2)2) dx = 1r J;(4x2- x4) dx 

= 7r [.!x3 _ 1xs] 2 _ 1r(ll _ ll) 3 5 0- 3 5 

= 327r . ft = �7r 

3 3 . • 
= 21r fo [(10- y2)2- 1] dy = 21r fo (100- 20y2 + y4- 1) dy 

= 21r J�(99- 20y2 + y4) dy = 27r[99y- ¥y3 + h5]� 

= 27r( 297- 180 + 2:3) = 16
5
567r 

x=-1 

y=Jxl 

X 

y=l-2x2 

y=x2-2x 

X 
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11. The graph
.
ot: x2 - y2 = a2 is a hyperbola with right and left branches. 

Solving for y gives us y2 = x2 -a2 => y = ±�. 
We'll use shells and the height of each shell is 

Jx2- a2- ( -�) = 2 �. 

The volume is V = faa+h 2trx · 2 J x2 -a2 dx. To evaluate, let u = x2 - a2, 
so du = 2xdx and xdx = � du. When-x =a, u = 0, and when x =a+ h, 
u =(a+ h)2-a2 = a2 + 2ah + h2- a2 = 2ah + h2• 

13. A shell has radius ]--x, circumference 2tr(]--x), and height cos2 x-i· 
y = cos2 x intersects y = i when cos2 x = i <=> 

cos x = ±� £1xl s; tr/2] <=> x =±f. 
11f/3 7r ( 1) 

V = 21r(-- x) cos2 x-- dx -1f/3 2 4 

15. (a) A cross-section is a washer with inner radius x2 and outer radius x. 
V = foltr[(x)2- (x2?] dx = foltr(x2-x4) dx = tr[ixa-ix s]� = tra- !-] = 12str 

(b) A cross-section is a washer with inner radius y and outer radius ...fij. 

(c) A cross-section is a washer with inner radius 2 - x and outer radius 2 -x2. 

CHAPTER 6 REVIEW D 301 

V = f01tr[(2-x2)2 � (2-x)2) dx = f01tr(x4- 5x2 + 4_a;) dx = tr(tx5- ix3 + 2x2]� = tr[%-i + 2] = -fstr 

17. (a) Using the Midpoint Rule on [0, 1] with f(x) = tan(x2) and n = 4, we estimate 

(b) Using the Midpoint Rule on (0, 1] with f(x) = 1r tan2(x2) (for disks) and n = 4, we estimate 

The solid is obtained by rotating the region ffi = { ( x, y) I 0 s; x s; ]- , 0 s; y s; cos x} about the y-axis. 

21. f01f tr(2- sin x)2 dx 
The solid is obtained by rotating the region ffi = { ( x, y) I 0 s; x s; 1r, 0 s; y s; 2 - sin x} about the x-axis. 
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23. Take the base to be the disk x2 + y2 $ 9. Then V = J�3 A(x) dx, where A(xo) is the area of the isosceles right triangle 

whose hypotenuse lies along the line x = x0 in the xy-plane. The length of the hypotenuse is 2 v'9 - x2 and the length of 

each leg is .J2 Jg- x2. A(x) = H.J2 yf9- x2 )2 = 9- x2, so 

25. Equilateral triangles with sides measuring ix meters have height ix sin 60° = 4-x. Therefore, 

A( ) - 1 1 � - � 2 X - 2 . :a; X. 8 X - 64 X • V _ r2o A(x) dx _ � r2o x2 dx _ � [.!. xa] 20 _ 8ooo 13 _ 12s 13 m3 - Jo - 64 Jo - 64 3 o -· 64· 3 - 3 · 
1 

27. f(x) = kx => 30 N = k(15- 12) em => k = 10 N/cm = 1000 N/m. 20 em- 12 em= 0.08 m => 

W = J�'08 kxdx = 1000 J�·08 xdx = 500[x2]�·08 = 500(0.08)2 ':" 3.2 N·m = 3.2 J. 

29. (a) The parabola has equation y = ax2 with vertex at the origin and passing through 

(4,4). 4=a·42 => a=i ==> y=ix2 => x2=4y ==> 

x = 2 y'Y. Each circular disk has radius 2 yY and is moved 4 - y ft. 

4 ( r.: ) 2 . 4 
W = fo 1r 2 y y 62.5( 4 - y) dy = 2507rJ0 y( 4 - y) dy 

2 
y=t 

X 

(b) In part (a) we knew the final water level (0) but not the amount of work done. Here 1,.7....,....-----.,....---.. 

we use the same equation, except with the work fixed, and the lower limit of 

integration (that is, the final water level-call it h) Unknown: W = 4000 {:} 

2507r [2y2 - h3) �-= 4000 � .!! = [ (32 ,-- ¥) - (2h2 - jh3)] � 

h3 - 6h2 + 32- � = 0. We graph the function f(h) = h3 - 6h2 + 32- � 

on the interval [0, 4] to see where it is 0. From the graph, f (h) = 0 for h � 2.1. 
So the depth of water remaining is about 2.1 ft .. 

-17 

31. lim /ave= lim ( �) f"'+h 
f(t) dt = lim F(x + h�- F(x), where F(x) = J:' f(t) dt. But we recognize this . h--.0 h-+0 X + - X j x h-+0 · a 

limit as being F'(x) by the definition of a derivative. TQ.erefore, lim /ave= F'(x) = f(x) by FTC I. . h-+0 
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1. (a) The. area Wld�r the graph off from 0 tot is equal to I� f(x} dx,so the requirement is that I� f(x) dx = t3 for all t. We 

differentiate both sides of this equation with respect tot (with the help of FTC!) to get f(t) = 3t2. This function is 
positive and continuous, as required. 

(b) The volume generated from x = 0 to x = b is I� 1r[j(x}]2 dx. Hence, we are given that b2 =I� 1r[/(x)]2 dx for all 

b > 0. Differentiating both sides of this equation with respect to b using the FWldamental Theorem of Calculus gives 

2b = 1r[/(b)]2 =} f(b) = J2blif, since f is positive. Therefore, f(x) = J2Xfff. 
3. Let a and b be the x-coordinates of the points where the line intersects the 

curve. From the figure, R1 = R2 =} 

Io
a [c- {8x- 27x3)] dx =I: [{8x- 27x3)- c] dx 

[ 2 27 4] a [ 2 27 4 J b 
ex - 4x + 4X 0 = 4x - 4X - ex a 

2 27 4 {4b2 27b4 be) (4 2 27 4 ) ac- 4a + 4a = - 4 - - a - 4a - ac 

y 
y=8x-27x3 

So for b > 0, b2 = M =} b = l Thus, c = 8b - 27b3 = 8 a) - 27 u2�) = ¥ - �� = �. 
5. (a) V = 1rh2_(r- h/3) = !7rh2(3r- h). See the solution to Exercise 6.2.49. 

(b) The smaller segment has height h = 1 - x and so by part (a) its volume is 

V = �1r(l- x? [3(1}- (1-x}] = !1r(x -1?(x +2}. This volume must bel of the total volume ofthe sphere, 

which is �11"(1}3. So !1r(x- 1}2(x + 2} = t{�1r) =} (x2-2x,+ 1}(x + 2} = � =} x3- 3x + 2 = � =} 

3x3- 9x + 2 = 0. Using Newton's method with f(x) = 3x3- 9x + 2, f(x) = 9x2-9, we get 

3x� -9xn + 2 '-'-' 2 . Xn+l = Xn - 9x� _ 9 . TlUUng X1 = 0, we get X2 � 0.22 2, and X3 � 0.2261 � X4, so, correct to four dectmal 

places, x � 0.2261. 

(c) With r = 0.5 and s = 0.75, the equation x3-3rx2 + 4r3s = 0 becomes x3- 3(0.5)x2 +4(0.5)3(0.75} = 0 * 

x3- �x2 + 4(lH = 0 =} 8x3- 12x2 + 3 = 0. We use Newton's method with f(x) = 8x3-12x2 + 3, 

!'( ) 2 8x� -12x� +3 '-'- Th x = 24x - 24x, so Xn+l = Xn -
24x� _ 24Xn 

. T<u..e X1 = 0.5. en X2 � 0.6667, and X3 � 0.6736 � x4. 

So to four decimal places the depth is 0.6736 m. 
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(d) (i) From part (a) with r = 5 in., the volume of water in the bowl is 

V = i7rh2(3r-h) = i7rh2(15-h)= 57rh2- i1rh3. We are given that : = 0.2•in3/s and we want to find �� 
· dV dh 2dh dh 0.2 

when h = 3. Now dt = l01rh dt - 1rh dt, so dt = 1r (l0h _ h2) . When h = 3, we have· 

dh 
dt 

0.2 1 o oo3. I 7r(l0. 3-32) = 1051r � . ill s. 

(ii) From part (a), the volume of water required to fill the bowl from the instant that the water is 4 in. deep is 

V = � -1�(5)3- t7r (4?(15-4) =· j · l257r - 1; ·111r = z;1r. To find the time required to fill the bowl we divide 

this volume by the rate: Time = 7�"P = 37t' � 387 s � 6.5 min. 

7. We are given that the
. 
rate of change of the volume of water is 

d
d
V = -kA(x), where k is some positive constant and A(x) is . t 

the area of the surface when the water has depth x. Now we are concerned with the rate of change of the depth of the water 

'h 
. h .  dxB b hCh' RI 

dV dVdx 
thfi 

. be .  w1t respect to time, t at 1s, dt . ut y t e am u e, dt = dx dt , so e rst equat10n can wntten 

d
d
V d

d
x = -kA(x) (*).Also, we know that the total vo.lume of water up to a depth xis V(x) = J0"' A(s) ds, where A(s) is 

X t . 
the area of a cross-section of the water at a depths. Differentiating this equation with respect to x, we get dV/dx = A(x). 

Substituting this into equation *• we get A(x)( dx /dt) = -kA(x) => dxjdt = -k, a constant. 

9. We must find expressions for the areas A and B, and then set them equal and see what this says about the. curve C. If 

P = (a, 2 a2) , then area A isjustJ0a(2x2-x2) dx. =faa x2 dx = ia3. To find area B, we use y as the variable of 

integration. So we find the equation of the middle curve as a function of y: y = 2x2 <=} x = ..jY/2, since we are 

concerned with the first quadrant only. We can express area B as 

{2a2 [ G 
] [4 ] 2a2 

{2a2 4 {2a2 
Jo yy/2 - C(y) dy = 3(y/2) 3/ 2 

o 
. - Jo C(y)dy = 3a3-

Jo C(y)dy 

where C(y) is the function with graph C. Setting A = B, we get ia3 = 1a3 -f�a2 C(y) dy <=} f�"2 C(y) dy = a3. 
' 

Now we differentiate this equation with respect to a using the Chain Rule and the Fundamental T heorem: 

C(2 a2)(4a) = 3a2 => C(y) = � �.where y = 2 a2. Now we can solve for y: x = � ..jY/2 => 

Y- �x2 - 9 • 

11. (a) Stacking disks along they-axis gives us V = foh 1r [f(y)]2 dy . 
. . dV dV dh [·2 dh 

(b) Usmg the Cham Rule, dt = dh · dt = 1r f(h)] dt . 
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(c) kA ..;Fi = 1r[/(h)]2 ��.Set �� � C: 1r[f(h)]2 C = kA ..;Fi * [f(h))2 = �� ..;Fi * !(h)= rg h11\ th�t 

is, f(y) = {kA y114. The advantage of having 
d
d
h =C is that the markings on the container are equally spaced. ' y-;c t . 

13. The cubic polynomial passes through the origin, so let its equation be 

/ 

3 2 2 y = px3 + qx2 + rx. The curves intersect when px + qx + rx = x <=? 

px3 + (q- l)x2 + rx = 0. Call the left side f(x). Since f(a) = f(b) = 0, 

another form off is 

f(x) = px(x- a)(x- b)= px[x2- (a+ b)x + ab) 

= p[x3 - (a+ b)x2 + abx] 

Since the two areas are equal, we must have fo
a 
f ( x) dx = - J: f ( x) dx * 

[F(x)]� = [F (x)]� * F(a)- F(O) = F(a)- F(b) * F(O) = F(b), where F is an antiderivative of f. 

Now F(x) =I f(x) dx =I p[x3- (a+ b)x2 + abx] dx = P[ix4- i(a + b)x3 + �abx2] + C, so 

F(O) = F(b) * C = p[�b4- t(a + b)b3 + tab3] + C * 0 = p(�b4- i(a + b)b3 + �ab3) * 

0 = 3b- 4(a +b)+ 6a [multiply by 12/(pb3), b i= 0] * 0 = 3b- 4a- 4b + 6a * b = 2a. 

Hence, b is twice the ·value of a. 
15. We assume that P lies in the regi?n of positive x. Since y = x3 is an odd 

function, this assumption will not affect the result of the calculation. Let 

P = (a, a3). The slope of the tangent to the curve y = x3 at P is 3a2, and so 

the equation of the tangent is y- a3 = 3a2(x -a) . <=? y = 3a2x- 2a3. 

We solve this simultaneously with y = x3 to find the other point of intersection: 

x3 = 3a2x- 2a3 <=? (x- a?(x + 2a) = 0. So Q = ( -2a, -8a3) is 

the other point of intersection. The equation of the tangent at Q is 

y- ( -8a3) = 12a2[x- ( -2a)] <=? y = 12a2x + 16a3. By symmetry, 

this tangent will intersect the curve again at x = -2( -2a) = 4a. The curve lies above the first tangent, and 

below the second, so we are looking for a relationship between A= I�
2
a [x3- (3a?x- 2a3)] dx and 

B = J��a [(12a2x + 16a3)- x3] dx. We calculate A= [ix4- �a2x2 + 2a3x[
2
a = �a4- ( -6a4) =¥a\ and 

B = [6a2x2 + 16a3x- ix4]�
a
2
a = 96a4- ( -12a4) = 108a4. We see that B = 16A = 24 A. This is because our 

calculation of area B was essentially the same as that of area A, with a replaced by -2a, so if we replace a with -2a in our 

expression for A, we get¥< -2a)4 = 108a4 =B. 
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. 7.1 Integration by Parts 

1. Let u = lnx, dv = x2 dx � du = � dx, v = !x3• Then by Equation 2, 

f x2loxdx = (Inx)(!x3)-f (tx3){�) dx = !x3 lox-if x2 dx = !x3 lnx-H!x3) + C 

= !x3 lox- ix3 + C (or ix3(lnx- !) +C) 

Note: A mnemonic device which is helpful for selecting u when using integration by parts is the LIATE principle of precedence for u: 
Logarithmic 

Inverse trigonometric 

Algebraic 

!rigonometric 

fxponential 

If the integrand has several factOIS, then we try to choose among them a u which appears as high as possible on the list. For example, in f xe2"' dx 
the integrand is xe2:r, which is the product of an algebraic function (x) and an exponential function (e2"'). Since Algebraic appears before fxponential, 

we choose u = x. Sometimes the integration turns out to be similar regardless of the selection of u and d"!. but it is advisab!e' to refer to LIATE when in 

doubt. 

3. Let u = x, dv = cos 5x dx => du = dx, v = k sin 5x. Then by Equation 2, 

f xcos5xdx = ixsin5x-f t sio5xdx = txsio5x + -k cos5x +c. 

5. Let u = t, dv = e-.3tdt � du = dt, v =-!e-at . Then by Equation 2, 

J te-3tdt =-!te-at -J -!e-atdt =-!te-at+! J e-atdt =- !te-at - ie-at +C. 

7. First let u = x2 + 2x, dv = cos x dx � du = (2x + 2) dx, v = sin x. Then by Equation 2, 

I= f(x2 + 2x)cosxdx = (x2 + 2x)siox- J(2x + 2)sioxdx. Next let U = 2x + 2, dV = sioxdx => dU = 2dx, 

V = -cosx, so J(2x + 2}sioxdx = -(2x + 2) cosx- J -2cosxdx = -(2x + 2) cosx ·+ 2siox. Thus, 

. I= (x2 + 2x) sinx + (2x + 2) cosx-2sinx +C. 

9. Let u = In {IX, dv = dx => du = .;rx ( �.x-2/3) dx = 3� dx, v = x. Then 

lln {IX dx = x lo {IX -I x · 3� dx = x ln �- �x +C. 

Second solution: Rewrite J In {IX dx = i JInx dx, and apply Example 2. 

Third solution: Substitute y = .erx, to obtain J ln {IX dx = 3 f y2 In y dy, and apply Exercise I. 

4 4 
11. Let u = arctan4t, dv = dt � du = ( )2 

dt = 
2 

dt, v = t. Then 1 + 4t 1 + 16t 

I . I 4t 1 l 32t arctan4t dt = t arctan4t-
2 

dt = t arctan 4t- - dt = t arctan4t- -81 ln(l + 16t2) + C 1 + 16t 8 1 + 16t2 . • 
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13. Let u = t, dv = sec2 2t dt => du = dt, v = � tan 2t. Then 

Itsec2 2tdt = �ttan2t- � Itan2tdt = �t tan2t- i lnlsec2tl +C. 

15. First let u = {ln x )2, dv = dx => du = 2 ln x · � dx, v = x. Then by Equation 2, 

I= I(lnx)2 dx = x(lnx?- 2 I xlnx · � dx = x{lnx)2- 2 Ilnxdx. Next let U = lnx, dV = dx => 

dU = 1/xdx, v = xto get Ilnxdx = x lnx- I X . {1/x}dx = xlnx- I dx = xlnx- X+ c}. Thus, 

I= x(lnx)2- 2(x lnx- x + C1) = x(lnx}2- 2xlnx + 2x + C, where C = -2C1. 

17. First let u = sin 38, dv = e28 dO => du = 3 cos 38 dO, v = �e28. Then 

I= I e28 sine38d8 = �e28 sin38- �I e28 cos38d8. Next letU = cos38, dV = e28 dO => dU = -3sin38d8, 

V = �e28 to get I e28 cos38d8 = �e28 cos38 + � Ie28 sin38d8. Substi�ting in the previous formula gives 

I- le29 sin38- 1e28 cos38- 2 Ie29 sin38d8 = le29 sin38- 1e28 cos38- 2I => -2 . 4 4 2 4 4 

143 I= �e29 sin38- �e29 cos38 + C1. Hence, I= -fae28(2sin38- 3cos38} + C, where C = 1�C1. 

V2 = ez. Then I zez dz = zez - I ez dz = ze"' - ez + c}. Substituting in the expression for I2, we get 

[z = z2e"'- 2(zez- ez + C!) = ;:}ez - 2ze"' + 2ez- 2C1. Substituting the last expression for I2 into h gives 

. e2x 
The answer could be written 

as 4( 2x + 1) 
+ C. 

23. Let u = x-, dv = cos 1rx dx => du = dx, v = � sin 1rx. Then 

11/2 [ 1 ] 1/2 11/2 1 1 1 [ 1 ] 1/2 
XCOS1rXdX = -XSill1rX - -sill7rXdx =- --0-- -- COS1rX 

0 7r 0 0 7r 27r 7r 7r 0 
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25. Let u = t, dv = cosh t dt � du = dt, v = sinh t .  Then 

I: tcosh tdt = [ tsinht]�- I: sinh tdt =(sinh 1-sinhO)- [cosh t]� =sinh 1- (cosh 1-coshO) 

= sinh 1 -cosh 1 + 1. 

We can use the definitions of sinh and cosh to write the answer in terms of e: 

sinh1-cosh1 + 1 = � (e1-e-1)- He1 +e-1) + 1 = -e-1 + 1 = 1-1/e. 

27. Let u = lnr, dv = r3dr � du = � dr, v = ir4. Then 

f3 r3 1nrdr- [lr41nr]3- f3 lr3d;- � ln3-0- l [lr4]3 = � ln3-...!...(81- 1) = 81 ln3- 5 1 - 4 1 1 4 - 4 4 4 1 4 16 4 . 

29. Let u = y, dv = d; = e-2Ydy =? du = dy, v = -�e-2Y . Then e Y 

31. Let u = cos-1 x, dv =
· 
dx � du = dx � ,v = x . Then 

v �- ;c2 11/2 1/2 
11/2 13/4 

I= cos-1 xdx = [xcos-1 x]0 + � = � · f + C1/2 [-�dt], where t = 1- x2 � 0 0 yl-x2 1 

33. Let u = ln (sinx), dv = cosxdx � du = c�x dx, v = sinx. Then srnx 
I= J cosx ln(sin.x) dx = sinx ln(sinx)-I cosx dx = sinx ln(sinx)-sinx +C. 

Another method: Substitute t = sin x, so dt = cos x dx. Then I = J ln t dt = t ln t'-t + C (see Example 2) and so 

I= sinx (lnsinx-1) +C. 

lnx x5 
35. Let u = (lnx)2 , dv = x4 dx � du = 2-dx, v = -. By (6), 

X 5 

. 
x4 

Let U = In x, dV = 5 dx 

Then 12 �
4 

ln X dx = [ �; ln X]: -12 �; dx = �� ln 2 -0 - [ �5]: = * ln 2 -U225 -1�5) · 

So f2 x4(lnx)2 dx - ll(ln 2)2 -2(ll1n 2-..ll.) = ll(ln 2)2 -� ln 2 + .ll. 1 - 5 25 125 5 25 125. 

37. Let y =�.so that dy = �x -112 dx = 1
'-dx = 2

1 dx. Thus, J cos -/Xdx = J cosy (2ydy) = 2 J ycosydy. Now 2yx y 

use parts with u = y, dv = cosydy, du = dy, � = siny to get I ycosydy = ysiny-I sinydy = ysiny +cosy+ C1, 

so I cos Vxdx = 2ysiily + 2cosy + C = 2 Vxsin Vx + 2cosv'x +C. , 
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!.,fo !.,fo 
I 17r 39. Let x = fP, so that dx = 20 dO. Thus, 03 cos(02) dO= 02 cos(02) · tC20 dO) = t x cos x dx.Now use 

. ..;:;i2 ..;:;i2 7r/2 
parts with u = x, dv = cos x dx, du = dx, v = sin x to get 

t r xcosxdx= � ( [xsinx]:,2- r sinxdx) = � [xsinx+cosx]:,2 },-/2 }7rl2 
= � (1rsin 1r + cos1r)-H� sin�+ cos�) = � (1r · 0- 1)- H� · 1 + 0) = -�- � 

41. Let y = 1 + x, so that dy = dx. Thus, I x ln(1 + x) dx = ICY - 1) lny dy. Now use parts with u = lny, dv = (y- 1) dy, 
du = t dy, v = �y2 - y to get 

ICY- 1) lnydy = (h2-y) lny- I (h- 1) dy = h(Y- 2 )  lny- ·h2 + y + C 
= � (1 + x)(x -1) ln(1 + x)- i(l + x? + 1 + x + C, 

which can be written as t(x2- 1) ln(1 + x)-ix2 + �x +�+C. 

43. Let u = x, dv = e-2x dx "* du = dx, v = -�e-2"'. Then 

see from the graph that this is reasonable, since F has a minimum where f 

changes from negative to positive. Also, F. increases where f is positive and 

F decreases where f. is negative. 

45. Letu = �x2, dv = 2x v'1 + x2 dx "* du = xdx, v = �(1 + x2?12. 
Then 

I x3 v'T+X2 dx = �x2[�(1 + x2)3/2] -j"I x(1 � x2)3/2dx 

4 

f = �x2(1 + x2)3/2 _ �. �. � (1 + x2)s12 + C 
= �x2(1 + x2)3/2 _ -fs(l + x2)5/2 + C -4 

We see from the graph that this is reasonable, since F increases where f is positive and F decreases where f is negative. 

Note also that f is an odd function and F is an even function. 

Another method: Use substitution with u = 1 + x2 to get i(l + x2)512 - j (1 + x2)312 +C. 

47. (a) Take n = 2 in Example 6 to get I sin2 xdx = -:-� cosxsinx +�I 1 dx = �- sin
4
2x +C. 

(b) I sin4 xdx = -i cosxsin3 x +�I sin2 x dx = -·i cosxsin3 x + ix :-- 136 sin 2x +C. 

49 ( ) F E I 6 I . n d •1 ·. n-1 n- 1 I . n-2 d U · (6) . a rom xamp e , sin x x = -:;:;: cos x sm x + -
n
- sm x x. smg , 

17r/2 [ cosx sinn-1x] ,.12 n-11,.12 sinn xdx = - + -- sinn-2 xdx 
o n 

o 
n . o  

(0 0) n- 1 1-rr/2 . n-2 d n- 1 1-rr/2 . n-2 d = - + -- Sin X X = -- Sin X X 
n o n o 
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(b) Using n = 3 in part(a), we have I0.,-12 sin3 x dx = i I0.,-12 sin x dx = [ -i cos x] �12 = l 

U . 5 . ( ) h f7r /2 . 5 dx 4 f7r /2 . 3 dx 4 2 8 smg n = m part a, we ave Jo sm x = 5 Jo sm x = 5 · 3 =:::: 15. 

(c) The formula holds for n = 1 (that is, 2n + 1 = 3) by (b). Assume it holds for some k ;::: 1. Then 

r12 . 2k+1 2·4·fi .... ·(2k) 
Jo 

sm xdx = 3 .  5. 7 ..... (2k + 1)' By Example 6, 

sm x dx = -- sm x dx = -- · -------:�----'---:-
11f 12 • 2k+3 2k + 2 11f /2 . 2k+l 2k + 2 2 . 4 . 6 ..... (2k) 

0 2k+3 0 2k+3 3 ·5·7 .... ·(2k+l) 
2 .  4 .  6 ..... (2k)[2 ( k  + 1)] 

3 .  5. 7 ..... (2k + 1)[2 ( k  + 1) + 1 ] ' 

so the formula holds for n = k + 1. By induction, the formula holds for all n ;::: 1. 

51. Let u = (lnx)n, dv = dx => du = n(lnx),..._1(dx/x), v = x. By Equation 2, 

I(Inx)n dx = i(lnx)n-I nx(lnxt-1 (dx/x) = x(lnx)n-n I(lnx)n-1 dx. 

53. Itannxdx= Itann-2 x tan2xdx = Itann-2 x (sec2 x -1)dx = Itann-2x sec2 xdx- Itann-2 xdx 

=I-I tann-2 xdx. 

Let u = tann-2 x, dv = sec2 xdx => du = (n-2) tann-3 x see2 xdx, v = tanx. Then, by Equation 2, 

I= tann-1 x- (n-2) I tann-2 X sec2 xdx 

li = tann-1 X- (n-2)1 

(n- l)I = tann-1 x 

tann-1 X I= ------,-­
n-1 

t n-1 
Returning to the original integral, I tann x dx = an x -I tann-2 x dx. n-1 

55. By repeated applications of the reduction formula in Exercise 51, 

I(Inx)3 dx = x (lnx)3- 3 I(Inx? dx = x(lnx)3- 3[x(lnx?- 2 I(Inx)1 dx] 

= x (Inx)3- 3x(Inx)2 + 6[x(inx)1-1 I(lnx) 0 dx] 

= x (Inx)3- 3x(lnx)2 + 6xlnx- 6 I 1 dx = x (lnx)3- 3x(lnx)2 + 6xinx- 6x + C 

57. The curves y = x2 In x and y = 4ln x intersect when x2 In x = 4In x <* 

x21nx-4lnx=O # (x2-4)1nx=0 <* 

x = 1 or 2 [since x > 0). For 1 < x < 2, 41nx > x2Inx. Thus, 

area= I12(41nx-x21nx) dx = I1
2[ (4-x2) Inx] dx. Let u =In x, 

dv = (4-x2) dx => du = � dx, v = 4x- tx3• Then 
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area= [(lnx) (4x � �x3 ) ) �  - 12 [ (4x- �x3).;] dx = (ln2}(ln- 0- 12 {4- %x2) dx 

-llln2- [4x- lx3)2- liln2- (64 -ll) = 16ln2 _ll! . . - 3 9 1 - 3 9 ' 9 3 9 

59. The curves y = arcsin ( � x) and y = 2 -x2 intersect at 

x =a� -1.751 19 and x = b � 1.17210. From the figure, the area 

bounded by the curves is given by 

A= J:[(2- x2)-arcsin(�x)J dx = (2x- ix3J!-J: arcsin(tx) dx. 

Let u = arcsin(�x), dv = dx => du = 1 · -2
1 dx, v = x. 

' 
J1 - (��2 

Then 

A= [2x- �x3]b
a
- { [xarcsin(�x)]b

- {b x 
1 

dx} a la 2 )1- 4X2 

= (2x- �x3- xarcsin(�x)- 2 )1- �x2 J: � 3.99926 

61. V = J; 27rxcos('rrx/2) dx. Let u = x, dv = c os(1rxj2) dx => du = dx, v = � sin(7rx/2). 

[ 2 . (1r�)]1 2 [1. (1rX) ( 2 ) [ 2 (1rX)]l 8 . 8 V = 21r :;;:xsm 2 0- 21r ·:;;: l
o 

sm 2 dx =·21r :;;: -0 -4 -:;;:cos 2 0 = 4 + :;;:(0- 1) = 4- ;· 

63. Volume = J�1 27r(1 - x)e-x dx. Let u = 1 - x, dv = e-x dx =} du = -dx, v = -e-x. 

V = 21r((l- x)( -e-x)e1 � 21r f�1 e-"' dx = 21r[(x -1)(e-x) + e-"']�1 = 27r(xe-"')�1 = 21r(O +e)= 21re 

1 r 1 ("'14 2 65. /ave= b-a}a f(x)dx= 1r(4-0Jo xsec xdx [ u x dv == sec2 x dx ] 
du : d�, v = tan x 

4 { [ 
] 

"'

I 4 {"'I 4 } 4 { 1r [ 

] 
"'

I 4} 4 ( 1r ) =; xtanx 0 . -lo 
tanxdx =; 4- lnjsec xj 0 =; 4 -ln\1"2 

= 1 - .! ln v'2 or 1 - 1. ln 2 1r 1r 

67. Since v(t) > 0 for all t, the desired distance is s(t) = J� v(w) dw = J� w2e-w dw. 

First letu = w2, dv = e-w dw => du = 2wdw,v = -e-w. Then s(t) == f-w2e-w]� + 2J� we-w dw. 

Next let U = w, dV = e-w dw => dU = dw, V = -e-w. Then 

s(t) = -t2e-t + 2( [-we-w]� + J� e-'w dw) = -t2e-t + 2( -te-t + 0 + (-e-wJ�) 

= -t2e-t + 2 (  -te-t- e-t + 1) = -t2e-t- 2te-t - 2e-t + 2 = 2- e-t(t2 + 2t + 2) meters· 

4 ' 
69. For I= f1 x/"(x) dx, let u = x, dv = f"(x) dx =} du = dx, v = f' (x). Then 

i = [xf'(x)]�- f14 /'(x) dx = 4/'(4)- 1 · /'(1}- [/(4)- /(1)] = 4 · 3-1 · 5- (7-2) = 12-5-5 = 2. 
We used the fact that !" is continuous to guarantee that I exists. 
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71. Using the formula for volumes of rotation and the figure, we see that 

Volume= J0d 1rb2 dy- J; 1ra2 dy- fed 1r[g(y)]2 dy = 1rb2d- 1ra2c- fed 1r[g(y)]2 dy. Let y = f(x), 

·which gives dy = f'(x) dx and g(y) = x, so that V = 1rb2d - 1ra2c- 1r J: x2 f'(x) dx. 

Now integrate by parts with u = x2, and dv = !' ( x) dx * du = 2x dx, v = f ( x ) , and 

J: x2 f'(x) dx = [x2 f(x)]�- J: 2x f(x) dx = b2 f(b)- a2 f(a)- J: 2x f(x) dx, but f(a) = c and f(b) = d * 

V = 1rb2d-1ra2c- 7r [b2d-a2c-J: 2x f(x) dx] =I: 27rx f(x) dx. 

7.2 Trigonometric Integrals 

The symbols� and,;, indicate the use of the substitutions { u =sin x, du =cos x dx} and { u =cos x, du = -sin xdx }, respectively. 

1. I sin2 x cos3 xdx =I sin2 x cos2 x cosxdx =I sin2 x (1- sin2 :t) cosxdx 

�I u2·(1-u2 ) du = I(u2 - u4) du = iu3- iu5 + C = i sin3 x-i sin5 x + C 

3. J0" 12 sin7 9 cos5 9 d9 = Io" 12 sin 7 9 cos4() cos 9 d9 = Io" 12 sin 7 9 (1 - sin2 9)2 cos 9 d9 

� I01 u7(1 - u2? du = Io1 u7(1- 2u2 + u4)du = I01(u7 - 2u9 + u11)du 

=· [.! 8 _ .! 1
0 �u12] 1 = (.! _ .! �) _ 0 = 15- 24 + 10 = _1_ 

8 u 
5 

u + 12 8 5 
+ 12 120 120 0 

5. Let y = 1rx,' so dy = 1r dx and 

I sin2(1rx) crn;5(1rx)dx = � I sin2 y cos5 ydy = � I sin2 y cos4 y cosydy 

= � f sin2 y (1- sin2 Y? cosydy � � f u2(1-u2 )2 du = � J(u2-2u4 + u6) du 

= .1 (1u3 - lu5 + 1u 7 )  + C = -L sin3 y - .1.. sin5 y + -L sin 7 y + C 
7!' 3 5 7 37r 57r 77r 

7. I0"12 cos2 9 d9 = I0"12 � (1 +cos 29) d9 [half-angle identity] 

= H9 + � sin28)�12 = H(� + o) _,_ (0 + o)] = � 

9. fo" cos4(2t) dt = I0"[cos2(2t)f dt = f0" [�(1 + cos(2 · 2t))]2 dt [half-angle identity] 

= t I0"[1 + 2 cos4t + cos2(4t)] dt = t I0"[1 + 2cos4t + �(1 + cos8t)] dt 

= i Io" (! + 2cos4t + � cos8t) dt = � [�t + � sin4t + -?6 sin8t]� = i [a�+ 0 + o)-o] = �7r 

11. f0"12.sin2 x cos2 xdx = I0"12 t(4 sin2 x c�2 x) dx =f0"12 i{2 sinx cosx)2dx = i I0"12 sin2 2x dx 

-1 f"/2 1(1- cos4x) dx- 1 f"/2(1- cos4x) dx- 1 [x- 1 sin4x]"12 - ! (.?!: ) - .2L - 4 Jo 2 - 8 Jo - 8 4 o - 8 2 - 16 

13. I tsin2 tdt =I t[�(l- cos2t)] dt = � I(t- tcos2t)dt =�I tdt- �I tcos2tdt 

[ u = t, dv = cos 2t dt ] 
du = dt, v = � sin 2t 

= 1t2 � ltsin2t + 1 (-1 cos2t) + C- 1t2 - 1tsin2t-! cos2t + C 4 4 2 4 -4 4 8 
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I cos5 a .1� I cos4 a -'�. I (1- sin2 a)2 do: s I (1- u2)2 d 15. ---uu= ---cosauu= cosa = u 
v'sina v'sina v'sina Vu 

2 4 . 
_ J 1- 2u + u d -. /< -1/2 _ 2 3/2 + 11-2 )  d _ 2 112 _ i 5/2 + � 9 /2 + C - . 1/2 

u - 'U 'U u 'U - 'U 5 'U 9 'U 
'U . 

17 I 2 3 d ! sin3x dx· c / (1-u2}(-du) /[-1 · ]
d • COS X tan X X = -- = = - + 'U 'U cosx u 'U 

= -ln lui + �u2 + C = � cos2 x -ln Ieos xi + C 

·j. cos x +sin 2x dx J cos x + 2 sin x cos x d I cos x d I 2 d • I 1 d 2 . 19. . = . X = -.- X + COS X X = - 'U + SID X smx s1nx smx u 
=In lui+ 2 sinx + C =In jsinxl + 2sinx + C 

Or: Use the fonnula J cot x dx = In !sin xi +C. 

21. I tan x sec3 x dx = I tan x sec x sec2 x dx = Ju2 du 
= �u3 + C = t sec3 x + C 

[u =sec x, du =sec x tan x dx] 

23. J tan2 xdx = J(sec2 x- 1)dx = tanx-x + C 

25. Let u = tan x. Then du = sec2 x dx, so 

Alternate solution: 

· J tan4x sec6xdx = J tan4xsec4x (sec2xdx) = J tan4x(1 + tan2x)2 (sec2xdx) 

= I u4(1 + u2 )2 du = J(u8 + 2u6 + u4 )du 

- 1u9 + lu7 + 1u5 + C-1 tan9x + 1 tan7 x + 1 tan5x + C -g 7 5 . -9 7 5 

[u =tan x, du = sec2 x dx] 

J�"13tan5 x sec4 xdx = J0"13 tan4 x sec3 x secx tanxdx = J0..-1\sec2 x-1)2 sec3 x secx tanxdx 

= J1\u2 - 1)2u3 du [u = sec:r, du = secx tanxdx] = J:(u4 :__ 2u2 + 1)u3 du 

= J 2(u7- 2u5 + u3) du = [1u8- lu6 + 1u4]2 = (32- §! + 4) - (1- 1 + 1) -.ill 1 8 3 4 1 3 8 3 4 - 8 

29. J tan3 x secxdx = Jtan2 x secx tanxdx = J(sec2 x- 1) secx tanxdx 

= J(u2 - 1) du [u = secx, du = secx tanxdx]_ = tu3- u + C = i sec3 x- secx + C 

31. J tan5 xdx = I(sec2 x- 1)2 tanxdx = J sec4 x tanxdx- 2 J sec2 x tanxdx + J tanxdx 

=I sec3 x secx tanxdx- 2 Jtanx sec2 xdx + Jtanxdx 

= i sec4 x-tan2 x + ln !sec xi+ C [or i sec4 x- sec2 x +In jsecxl + C] 

33. Let u = x, dv = sec x tan x dx ::::;. du = dx, v = sec x .  Then 

I x secx tanxdx = xsecx- I secxdx = xsecx -ln isecx +tan xi+ C. 
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37. I: j; cot5 ¢ csc3 ¢ d¢ = I: j; cot4 ¢ csc2 ¢ esc¢ cot¢ d¢ = I: j; ( csc2 ¢ -1? csc2 ¢ esc¢ cot¢ d¢ 

= t (u2-1)2u2 (-du) [u=csc<!>,du=-csc<!>cot<l>d¢ ] l.n 

I d l cscx ( cscx-cotx)d �-cscx cotx+csc2xdx Le t 39. I = esc x x = x = . . t u = esc x -co x =} cscx-cotx cscx-cotx . 

du = (- cscx cotx + csc2 x) dx. Then I= I duju = ln lui= ln lcscx-cotxl +C. 

41. I sin8x cos5xdx �I �[sin(8x-5x) +sin(8x + 5x)Jdx =�I sin 3xdx +�I sin 13xdx 

= - t cos 3x- 2� cos 13x + C 

43. I sin 56 sin6d6 �I �[cos(5B-B)-cos(5B+ B)] dB= � I cos46d6- �I cos66dB = � sin46 -112 sin6B + C 

45. I0.,..16 v'1 + cos2xdx = I0.,..16 y'1 + (2 cos2 x- 1) dx = J0.,..16 v'2 cos2 x dx = v'2 Io.,../6 v' cos2 x dx 

= v'2 J0Tr161cosxl dx = v'2 J0Tr/6 cosxdx [sincecos x > o forO::; x::; Tr/6] 

= j2 [sinxJ :16 = v'2 (� -0) = �y'2 

47. I 1 -:e:�: x dx = I ( cos2 x - sin2 x) dx = I cos 2x dx = � sin 2x + C 

49. I x tan2 xdx =I x( sec2 x -1) dx =I x sec2 xdx-I xdx 

= x tanx-I tanxdx-�x2 

= x tanx -In lsecxl- �x2 + C 

[ u = x, dv = sec2 x dx ] 
du = dx, v = tan x 

In Exercises 51-54, let f(x) denote the integrand and F(x) its antiderivative (with C = 0). 

51. Let u = x2, so that du = 2xdx. Then 

I x sin2(x2) dx = J sin2 u (� du) = �I � (1-cos 2u) du 

= i ( u -� sin 2u) + C = iu -t ( � · 2 sin u cos u) + C 

= ix2 - i sin(x2) cos(x2) + C 

We see from the graph that this is reasonable, since F increases where f is positive and F decreases where f is negative. 
Note also that f is an odd function and F is an even function. 
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53. I sin3x sin6xdx =I �[cos(3x- 6x)- cos(3x + 6x)] dx 

= � I(cos3x- cos9x) dx 

=
· 
i sin 3x - 1

18 sin 9x + C 

Notice that f(x) = 0 whenever F has a horizontal tangent. 

l
tr/4 :} l

tr/4 . 57. A= (cos2 x-sin x) dx = cos 2x dx 
--rr/4 -tr/4 

r
/4 = 2 lo cos2xdx = 2a sin2x]�14 = (sin2x]�14 

=1-0=1 

y 

59. It seems from the graph that I;1r cos3 x dx = 0, since the area below the 

x-axis and above the graph looks about equal to the area above the axis and 

below the graph. By E){ample 1, the integral is (sinx- � sin3 x]�11' � 0. 

Note that due to symmetry, the integral of any odd power of sin x or cos x 
. between limits which differ by 2mr (n any integer) is 0. 

61. l!sing disks, V = I;
127r

sin2 xdx = 11' I;
12 

4(1- cos2x) dx = 11'ax- i sin2x]:
12 

= 7r(� - 0- 7 + 0) = 11'42 

63. Using washers, 

V = Io"147r( (1-sinx)2- (1- cosx)2) dx 

= 11' f011'14 [(1- 2sinx + sin2 x)- (1- 2cosx + cos2 x)] dx 

= 11' I0,.14(2cosx-2sinx + sin2 x-cos2 x) dx 

= 11' Io"14(2 cosx- 2 sinx- cos 2x) dx = 11' [2 sin x + 2 cos x- �sin 2x]�14 

=7r[(V2+V2-�) - (0 + 2-0}] =71' (2.12 - �) 

65. s = f(t) = I�sinwu cos2wudu. Lety = coswu =? dy = -wsinwudu. Then 

_ 1 Jcoswt 2d 1 (1 3
]
coswt 1 (1 3 t) s- -;;; 1 y y = -;;; 3y 1 = a;;; -cos w . 

67. Just note thatthe integrand is odd [f( -x) =-f(x)]. 

Or: If m f- n, calculate -

If m = n, then the first term in each set of brackets is zero. 

y 

'IT 
4 
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69. J:., cosmx cosrxdx = J:"' Mcos(m _:__ n)x + cos(m + n)xJ dx. 

� 
h

" . 1. 1 [sin(m-n)x sin(m+n)x]" 0 Ifm -r- n, t ts ts equa to.-
2 

+ = · m-n m+n _., 

7.3 Trigonometric Substitution 

1. Let X = 2 sine, where -7[ /2 :::; 0 :::; 7r /2. Then dx = 2 cos 0 dO and 

v'4-x2 = V4-4sin2e = v'4cos2e = 2 lcosel = 2cose. 

Thus, 
! dx = I 2cos0 dO= .!.·lcsc20d0 x2� 4sin28(2cos8) 4 

1 v'4- x2 · 

= -4 cote+ C =- 4x + C [see figure] 

3. Let X= 2 sec e, where 0 :::; e < � or 7r :::; e < 3;. Then dx = 2 sec 0 tan 0 de and 

v'x2 -4 = v'4sec2 e- 4 = J4(sec2 e- 1) 

= v' 4 tan2 e = 2 ltan el = 2 tan 0 for the relevant values of e 

I� dx =I 2tanB 2sec8 tanOdO = 21tan2 Ode x 2sece 

= 2 I (sec2 e - 1) de = 2 (tan e -8) + c = 2 [ � -sec -1 G)] + c 

= v'x2 - 4- 2sec�1 (�) + C 

5. Lett= sece, so dt = sec8 tan8d0, t = y'2 => e = .;f, and t = 2 => e = i· Then 

1 2 1 1"'/3 
1 

1"'/3 1 1"'/3 --===dt= 3 secO tanOde= --2-de= cos2 ede 
..12 t3 v't2=1 .,14 sec 0 tanO .,14 sec 0 ,14 

=J:/43 �(1 +cos20) de= HO+�sin20]:�! 

= l [(2!: + l �) - (2!: + l . 1)] = l (� + � - l) = � + � - l 2 3 2 2 4 2 2 12 4 2 24 8 4 

7. Let X = a tan e, where a > 0 and -� < e < �. Then dx = a sec2 e de, X = 0 => e = 0, and X = a => e = .;r. 

Thus, 

r dx ("14 asec2 Ode ("14 asec2 Ode 1 f"/4 1 [ ]"/4 
Jo (a2+x2 ) 3/2 = Jo [a2 (1+tan2 0)]3/2·= Jo a3sec3e =a2 }o cos0de=a2 sine o 

= :2 ( � - 0) = � a2 · 
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9. Let x = 4 tan B, where - � < (} < �. Then dx = 4 sec2 (}dB and 

v'x2 + 16 = v'16tan2 (} + 16 = J16(tan2 (} + 1) 

= V16 sec2 (} = 4jsec B! 

= 4 sec B for the relevant values of(). 

I dx 1 4sec2()d(} I lv'x2+16 x i �= . (} =· secBdO=ln!secB+ tanOI+C1=ln 4 +-4 +C1 
. . 4� I . 

= ln jv'x2 + 16 + xj-lnl41 + C1 =In( v'x2 + 16 + x) + C, where C = C1 -ln4. 

(Since v'x2 + 16 + x > 0, we don't need the absolute value.) 

11. Let 2x =sin B, where-� � () � �. Then x = t sin 0, dx = t cos() d(), 

and ..;r::4X2 = J1- (2x)2 =cos B. 

I v'1- 4x2 dx =I cos(} 0 cos B) d(} = � I(l +cos 28) d(} 

= i(O + � sin2B) + C = �(B + sinB cos B)+ C 

= i[sin-1(2x} + 2xv'1- 4x2] + c· 

13. Let x = 3 sec(}, where 0 � () < .� or 1r � () < 32". Then 

dx = 3secB tan()d(} and v'x2- 9 = 3tan0, so 

I v'x2- 9 I 3tan() · 1 1 tan2 (} 
.· 

x3 . dx = 27 sec3 (} 3 sec () tan () d() = 3 sec2 () d(} 

=�I sin2 BdB =�I HI-cos20)d() = iB- 1� sin20 + C = iO- i sinO cosB+ C 

'1 _ 1 (x) 1 v'x2- 9 3 C 1 _ 1 (x) v'x2- 9 C =-sec - - - -+ =-sec - - + 6 3 6 X X 6 3 . 2x2 

15.Letx=asinO,dx=acos0d(),x=O ==> O=Oandx=a ==> O=�.Then 

17. Let u = x2 - 7, so du = 2x dx. Then I � dx = � I Ju du = �. · 2 v'U + C = J x2 - 7 + C. 
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19. Let x = tan fJ, where - � < (} < �. Then dx = sec2 (} dfJ 
and Jl + x2 = secfJ, so 

I � dx =I secfJ �c2 (}d(} =I secfJ (1 + tan2 fJ) d(} x tan(} tan (} 
= I( cscfJ + sec(} tanfJ) d(} 
= lnlcscfJ - cotfJI + secfJ + C [by Exercise 7.2.39] 

=ln � � _.!. 1+ � +C=ln � �-1 l+v1+x2+C X X 1 · X 

21. Let x =�sinO, so dx = � cosfJdfJ, x = 0 => (} = 0, and x = 0.6 => (}=� - Then 

9 f"' /2 1 ( fJ) d(} 9 [0 1 . 0] 7r /2 = 125 Jo 2 1 -.cos 2 = 250 - 2 sm 2 o 

= 2;0 [ ( � - 0) - 0] = 5�0 7r 

23. 5 + 4x-x2 = -(x2 -4x + 4) + 9 = -(x-2? + 9. Let 
x-2 = 3sinfJ, -� ::S: (} ::S: �.so dx == 3cosfJdfJ. Then 

I J5 + 4x-x2 dx =I J9- (x-2) 2 dx =I J9- 9 sin2 fJ3cosfJd(J 
= I V9 cos2 fJ 3 cos(} d(} = I 9 cos2 (} dfJ 
= � IC1 + cos2fJ)dfJ = HO + � sin20) + C 

-.}9- (x-2)2 

=-Js +4x-x2 

= �(} + � sin2fJ + C = �(} + �(2 sinfJ cosO)+ C 
9 . _1 ( x -2 ) · 9 x -2 Js + 4x -x2 C = 2 sm -3- + 2 . -3- . 3 + 

= � sin -1 ( x ; 2 ) + � ( x -2)v5 + 4x -x2 + C 

25. x2 +X+ 1 = (x2 +X+ t) + £ = (x + �)2 + c�r. Let 

x + � = � tanfJ, so dx = � sec2 fJd(} and Jx2 + x + 1 = � secfJ. 
Then 
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. 

.fl . 1 ;:; f x dx j 2 tan(}
. - 2 v3 2 nd8 - -secu V x2 + x + 1 

-
.fl sec(} 2 
2 

= J ( :{} tan (} - �) sec (} d(} = J 4 tan (} sec (} d(} - J � sec (} d(} 

= 4 secO- tJnjsecO + tanOI + Ct 

. 
= vx2 +X+ 1- �In l?avx2 +X+ 1 +?a (x +�) I+ Ct 

= vx2+x+ 1- �lnl-7a (vx2 +x+ 1+ (x+ t)]j +Ct 

= vx2 +X+ 1- tIn ta - � ln ( vx2 +X+ 1 +X + �) + c1 

= v x2 + X + 1 - � In ( v x2 + X + 1 + X + �) + C, where c = c1 - � ln ta 

27. x2 + 2x = (x2 + 2x + 1)- 1 = (x + 1)2- 1. Let x + 1 = 1 sec 0, 

so dx = sec(} tan 0 d(} and v x2 + 2x = tan (}. Then 

J vx2+ 2xdx = J tan9 (secO tan9d9) = J tan2 0 secO d8 

= J ( sec2 0 - 1) sec 0 dO = J sec3 0 d8 - J sec 0 dO 

= t secO tanO + � ln jsecO + tan9j-ln jsec(} + tanOI + C 

v(x + 1)2- 12 

=v'x2+2x 

= t secO tanO- � ln jsecO + tanOI + c = �(x + 1)vx2 + 2x- � ln lx + 1 + vx2 + 2x I+ c 

29. Let u = x2, du = 2x dx. Then 

J X v1 - x4 dx = J v'f"=U2 ( t du) = t J cos 0. cos(} dO [where u =sin 9, du = cos8d8, ] 
and � =cos9 

= � J � (1 +cos 20) dO= t9 + �sin 20 + C = tO+ t sin(} cos 0 + C 

= � sin-1u+ �u v1-u2 +C = � sin�1(x2) + �x2 v1 ,-- x4 + C 

31. (a) Let X= a tan(}, where -t < (} < �-Then vx2 + a2 = asecO and 

dx asec2 0 dO I vfx2+(i2' x I J vfx2+(i2' = J 9 = J sec0d8 = lnjsecfJ + tanOI + Ct = ln . +- + C1 x +a a sec a a 

= In(x + vx2 +a2) +C where C = C1 -ln iai 

(b) Let X.= asinht, so that dx = acoshtdt and vx2 + a2 = acosht. Then f , dx = 
f acoshtdt = t + C = sinh-1 �+C. vx2 +a2 acosht a 

33. The average value of f(x) = �/x on the interval [1, 7] is 

-- dx =- -- · secOtanOd(} 1 17 v x2 -1 1 1"' tan 0 
7- 1 1 x 6 0 secO 

[where X = SeC 8, dx = sec (J tan 8 d(J, ] 
� = tan8,andet = sec-17 

= i J;' tan2 (}dO= i J0"'(sec2 0- 1) d(} = i [tanO- 0]� 

= i(tana- a)= i(v'48- sec-17) 
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35. Area of 6.POQ = � (rcos O)(rsinO) = tr2 sinO cosO. Area of region PQR = I; cosO ../r2- x2 dx. 

Let X = T cos u =} dx = -T sin u du for 0 :::; u :::; �. Then we obtain 

so 

J ../r2- x2 dx = Jrsinu ( -rsinu)du = -r2 I sin2 udu = -�r2(u- sinu cosu) + C 

= -�r2 cos-1(x/r) + �x ../r2-x2 + C 

area of region PQR = � [-r2 cos-1(x/r) + x ../r2-x2 ]�coso 

= Ho- ( -:r20+ r cos Or sinO)] = �r20-�r2 si�O cosO 

and thus, (area of sector POR) = (area of 6.POQ) +(area of region PQR) = �r20. 

37. Use disks about the x-axis: 

V = [3 71"(+-9)
2 

dx = 817r [3 
( 

1 
)2 

dx lo x + lo x2 + 9 

Letx = 3tan 0, so dx = 3sec2 OdO, x = 0 =} 0 = 0 and 

x = 3 => (} = �. Thus, 

r
/4 1 r

/4 
r

/4 1 V=Bh Jo (9sec2 0)2 3sec2 0d6=37r lo cos2 0d6=37r lo 2(1+cos20)d6 

= 32"" [o + � sin2o];14 = 3; [(� + �)- o] = �1r2 + �'Tr 

39. (a)Lett=asinO,dt=acosOd6,t=0 => O=O andt=x => 

0 = sin-1{x/a). Then 

lx • 
1

sin-1(x/a) ' 
1

sin-1(x/a) 
)a2-t2dt= acosO (acos8d 0)=a2 cos2 0d(} 0 0 0 . 

t (or x) 

a2 r·

.

in- 1(xfa) a2 [ . ]sin-1(x/a) a2 [ ]sin-l(xfa). 
=2 Jo (1+cos20)d o=2 O+� sin20 0 =2 O+sinO cosO 0 

(b) The integral f0"' �dt represents the area under the curve y = �between the vertical lines t = 0 and t = x., 

The ngure shows that this area consists of a triangular region �d a sector of the circle e + y2 = a 2 • The triangular region 

has base x and height ../a2-x2, so its area is �x �.The sector has area �a20 = �a2 sin-1(x/a). 

41. We use cylindrical shells and assume that R > r. x2 = r2 - (y-R)2 =} x = ±)r2- (y -R)2, 

so g(y) = 2 .Jr2- (y-R)2 and 

V = I:�; 2Try · 2 .Jr2- (y-R)2 dy = I�r 4Tr (u + R)../r2-u2 du [where
1
u = y - R] 

[where u = rsin(J, du = rcos9d(J ] 
in lhe second integral 
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Another method: Use washers instead of shells, so V = 81rR J; Jr2-y2 dy as in Exercise 6.2.6l(a), but evaluate the 

integral using y = r sin 0. 

43. Let the equation of the large circle be x2 + y2 = R2• Then the equation of 

the small circle is x2 + (y - b) 2 = r2, where b = J R2 -r2 is the distance 

between the centers of the circles. The desired area is 

A= f�r [(b+ �)- JR2- x2] dx 

= 2J;(b+�- JR2 -x2)dx 

= 2 J; bdx + 2 J; � dx- 2 J; J R2- x2 dx 

The first integral' is just 2br =;: 2r J R2 - r2. The second integral represents the area of a quarter-circle of radius r, so its value 

is i1rr::�. To evaluate the other integral, note that 

JJa2- x2 dx =· f a2 cos2 OdO [x =a sinO, dx = acosOdO] = (!a2)f(1 + cos20) dO 

= !a2(0+ ¥sin20) +.C = !a2(0 +.sin0 cosO) +.C 

a2 (x) a2 (x) Ja2- x2 a2 . (x) x =-arcsin - +-- +.C=-arcsin - +-�+C 
2 a .2 a a 2 a 2 

ThtiS,
,
the desired area is 

A = 2r JR2.:... r2 + 2(i-,rr2) - [R2 arcsin(x/ R) + x JR2- x2 ]� 

= 2r JR2- r2 + !1rr2- [R2 arcsin(r/R) + r JR2- r2] = r JR2- r2 + �r2- R2 arcsin(r/ R) . . 
7.4 Integration of Rational Functions by Partial Fractions 

1 (a) 
1 +.6x __ A_ 

__!!_ 
· (4x .,- 3)(2x + 5)  - 4x- 3 + 2x + 5 

(b) 
10 = 10 = .i + B + _Q_ 

. 5x2- 2x3 x2(5 - 2x) x x2 5- 2x 

3. (a) 
x4 + 1 = x4 + 1 = � + B +C + Dx +. E 

x5+.4x3 x3(x2+.4) x x2 x3 x2+4 

(b) 
1 = l = 1 = � + B + _Q_ + D 

(x2 - 9)2 [(x + 3)(x- 3))2 (x + 3)2(x- 3)2 x + 3 (x + 3)2 x- 3 (x- 3)2 
xs 4 2 64 

5. (a) x2 _ 4 = x + 4x + 16 + (x + 2)(x _ 2) [by long division] 

= x4 + 4x2 + 16 + � + _!!_ x+.2 x-2 

(b) 
x4 

= Ax+ B + Cx + D + Ex+ F 
· (x2 - x + 1)(x2 + 2)2 x2 - x + 1 x2 + 2 (x2 + 2)2 

I x4 j (. 3 2 1 ) [ I 1 4 1 3 1 2 1-7. --dx=, x +x +x+1+-- dx bydivision =-x +-x +-x +x+lnx-1I+C x-1 x-1 4 3 2 
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9. 5x � 1 
) =

_A_ +_!!_ , Multiply both sides by {2x + 1)(x- 1) to get 5x + 1 = A(x- 1) + B(2x + 1) => (2x + 1 x - 1 2x + 1 x - 1 . 
5x + 1 =Ax- A+ 2Bx + B => 5x + 1 =(A+ 2B)x + (-A+ B). 
The coefficients of x must be equal and the constant terms are also equal, so A + 2B = 5 and 

-A + B = 1. Adding these equations gives us 3B = 6 � B = 2, and hence, A = 1. Thus, 

I (2x !;�: _ i) dx =I ( 2x � 1 + x: 1 ) dx = � ln l2x +II + 2In lx- II +C. 

Another method: Substituting 1 for x in the equation 5x + 1 = A(x- 1) + B(2x + 1) gives 6 = 3B <=? B = 2. 

Substituting-� for x gives-� =-�A <=?. A= 1. 

11. 2 = 2 = _
A

_ +_!!_ Multiply both sides by {2x + 1)(x + 1) to get 2x2 + 3x + 1 (2x + 1)(x + 1} 2x + 1 x + 1· 
2 = A(x + 1) + B(2x + 1). The coefficients of x must be equal and the constant terms are also equal, so A+ 2B = 0 and 

A + B = 2. Subtracting the second equation from the first gives B = -2, and hence, A = 4. Thus, 

t 2 2 
2 

1 dx= t · (-2 
4 

1- _!_1)dx= [ �2 lnl2x+li-- 2Inlx+ll] 1 
= (2ln3-2ln2)-0=2In� . ]0 x +3x + ]0 x + x + 0 2 

Another method: Substituting -1 for x in the equation 2 = A(x + 1) + B(2x + 1) gives 2 = -B <* 'B = -.2. 

Substituting -� for x gives 2 = �A <* A = 4. 

I ax I ax I a 13. x2 _ bx dx = x(x _b) dx = x _ b dx =a In lx-bl + C 

. x3 - 2x2 - 4 -4 . -4 A B C 
15. xJ _ 2x2 = 1 + x2(x _ 2). Wnte x2(x _ 2) = -; + x2 + x _ 2 . Multiplying both sides by x2(x- 2) gives 

-4 = Ax(x - 2) + B(x - 2) + Cx2• Substituting 0 for x gives -4 = -2B <=? B = 2. Substituting 2 for x gives 

-4 = 4C <* C = -1. Equating coefficients of x2, we get 0 = A + C, so A = 1. Thu�, 

14 
x3 - 2x2 - 4 14 ( 1 . 2 1 ) [ 2 J 4 --::---:--;:--. dx = 1 + -+ - - -- dx = x + In lxl - --In lx - 21 

3 x3 - 2x2 3 x x2 x - 2 x 3 
= [(4 + In4- � -ln2)- (3 + ln3- j- 0)) = i +In j 

11. 4Y2 - 7Y - 12 = .:! + _!!_ + _!2_ => 4y2 - 7y - 12 = A(y + 2)(y - 3) + By(y - 3) + Cy(y +"2), Setting y(y+2)(y- 3) y y+2 y- 3 

y = 0 gives -12 = -6A, so A= 2. Setting y = -2 gives 18 =lOB, soB= l Setting y = 3 gives 3 = 150, so C = t· 

Now 

r 4y2 - 7y- 12 f2 ( 2 9/5 1/5 ) . 2 
1� y(y+2)(y- 3)dy= 11 1J+y+2 +y-'-3 dy=[2lnlyl+�lnly+2l+tlnly- 31L 

=2fu2+fln4+ilnl-2lnl- �ln3-lln2 
= 2ln2 + Jf ln2- i ln 2 -Jln3 = ¥ ln2 -1In3 = IC3In2 -ln3) = 141 � 
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19. ( 
x�t 1 )2 = � + __!!_ + ( 

C 
2)2. Multiply both sides by (x - 3)(x- 2? to get x-3 x-2 x-3 x-2 x-

x2 + 1 = A(x- 2)2 + B(x-3)(x- 2) + C(x-3). Setting x = 2 gives.5 = -C {'} C = -5. Setting x = 3 

gives 10 =A. Equating coefficients·of x2 gives 1 = A+ B, soB= -9. Thus, 

I 
x2 + 1 

I ( 
10 9 5 ) 

· 5 
( )( )2 dx = 

-- ---2- ( 2)2 dx = 10lnlx-31- 9lnlx- 21 + --2 + C 
x-3 x- 2 x-3 x- x- x-

�. X B I d. . . x3 + 4 · -4x + 4 Th y ong IVISIOfi, �4 = X + 2 4. · US, 
x2 + 4j x3 + Ox2 + Ox + 4 X +  X +  

x3 + 4x 
-4x + 4 

��:::�= /(x+ �;x+
+

4
4
)dx= l(x-x2

4
:4+x2!2z)dx 

= �x2- 4. � ln ja;2 + 4j +.4 j tan-1 (�}+ C = �x2- 2ln(x2 + 4) + 2tan-1 (�) + C 

23. ( · )
l
(
O 
2 ) = �l + B� + �. Multiply both sides by (x- 1) (x2 + 9) to get x-1 x +9 x- x +  · 

10 = A(x2 + 9) + (Bx + C)(x- 1) (*).Substituting 1 for x gives 10 =lOA {'} A= 1. Substituting 0 for x gives 
10 = 9A- C => C = 9(1)- 10 = -1. The coefficients of the x2-terms in(*) must be equal, so 0 =A+ B => 

B = -1. Thus, 

I 
10 

I ( 
1 -X - 1) I ( 

1 X 1 ) (x- l){x2 + 9) dx = x- 1 + x2 + 9 dx = x- 1 - x2 + 9 - x2 + 9 dx 

= lnlx -11- � ln{x2 +9)- i tan-1(f) +C 

In the second term we used the substitution u = x2 + 9 and in the last term we used Formula 10. 

� � � A &+C . . . 
25. 3 2 1 = 2( 1) l( 1) = ( 1)( z l) = --1 + 2 1 . Multiply both sides by x +x +x+ x x+ + x+ x+ x + x+ x + 

(x + l)(x2 + 1) to get4x = A(x2 + 1) + (Bx + C)(x + 1) {'} 4x = Ax2+ A+ Bx2 + Bx + Cx + C {'} 

4x = (A+ B)x2 + (B + C)x +(A+ C). Comparing coefficients give us the following system of equations: 
A+ B = 0 (1) B+C=4 (2) A +C = 0 (3) 

Subtracting equation (1) from equation (2) gives us -A + C = 4, and adding that equation to equation (3) gives us 

2C = 4 # C = 2, and hence A = -2 and B = 2. Thus, 

I 
4x d 

I ( 
-2 2x + 2) d I 

( -2 2x 2 
) d x3 + x2 + X + 1 X = X + 1 + X2 + 1 X = X + 1 + X2 + 1 + X2 + 1 X 

= -2 ln lx + 11 + ln{x2 + 1) + 2tan-1 x +C. 

x3 + x2 + 2x + 1 . Ax+ B Cx + D . . 2 2 27. (x2 + l)(x2 + 2) = x2 + 1 + xz + 2 . Multiply both sides by (x + 1) (x + 2). to get 

x3 + x2 + 2x + 1 =(Ax+ B)(x2 + 2) + (Cx + D)(x2 + 1) <=:> 
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x3 + x2 + 2x + 1 = (Ax3 + Bx2 + 2Ax + 2B) + (Cx3 + Dx2 + Cx +D) # 

x3 + x2 + 2x + 1 =(A+ C)x3 + (B + D)x2 + (2A + C)x + (2B +D). Comparing coefficients gives us the following 
system of equations: 

A+ C = 1 (1) 

2A+ C = 2 (3) 

B + D = 1 (2) 

2B +D = 1 (4) 

Subtracting equation (1) from equation (3) gives us A = 1, so C ·= 0. Subtracting equation (2) from equation (4) gives us 
· f x3 + x2 + 2x + 1 · f ( x 1 ) f x 2 B=O�so D=l.Thus,I= ( 2 )( 2 2) dx= -2-- 1+�2 dx.For - 2-- 1dx,let u=x +1 · · X +1 X + X + X + - X + 

f·x 1/1 1 . 1 (2 ) f 1 so du = 2x �and then . x2 + 1 dx = 2 u du = 2ln lui + C = 2 ln x + 1 + C. For x2 + 2 dx, use 

Pormula 10 with a= \1'2. So j � dx = j 1 
2 dx = � tan-1 �+C. x + "' x2 + ( y'2) v 2 v 2 

• X- + X-- . . + 29 J x + 4 d _ 
f x + 1 dx f 3 d _ 1 f (2x + 2) dx f 3 dx 

x2 + 2x + 5 · x2 + 2x + 5 x2 + 2x + 5 2 x2 + 2x + 5 (x + 1)2 + 4 
[where x + 1 = 2u, ] 

anddx = 2du 

31. -1- = · 1. = � + Bx + C 1 A( 2 1) (B C)( I) x3 - 1 (X-1)(x2 +X+ 1) X- 1 x2 +X+ 1 =}. = X +X+ + X+ X- . 

Take x =I to get A= i· Equating coefficients of x2 and then comparing the constant terms, we get 0 = % + B, I= %- C, 

so B=-%, C = -� =:-

f-1-dx=J _j_ dx+j. -tx-i dx=llnjx-11-�/ x+2 dx x3 - 1 x -1 x2 + x + I 3 . 3 x2 + x + 1 

- 1 ln I II 1 f X+ 1/2 d 1 /'' (3/2) dx 
- 3 X- - 3 x2 +X+ 1 X-

3 (X+ 1/2)2 + 3/4 

= lln jx- 1j- lm(:t2 +X+ 1)- l (..3...) tan-1 ( X+� ) + K 3 6 . 2 v'3 v'3/2 
= i ln jx- 11- i ln(x2 + x + 1) -?a tan-1 ( 7a(2x + 1)) + K 

33. Let u = x4 + 4x2 + 3, so that du = ( 4x3 + 8x) dx = 4( x3 + 2x) dx, x = 0 =:- u = 3, and x = 1 =:- u = 8. 

{1 x3 + 2x r I ( 1 ) 1 8 1 1 8 Then Jo x4 + 4x2 + 3 dx = Ja u 4 du = 4 [ln juj Ja = 4(ln8 -ln3) = 4ln 3' 
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35. 1 =�+ Bx+C + Dx+E =? 1=A(x2+4)2+(Bx+C)x(x2+4)+(Dx+E)x.Settingx=O x(x2 + 4)2 x x2 + 4 (x2 + 4)2 

gives 1 = 16A, so A = 1�. Now compare coefficients .. 

1 = #,x4 + 8x2 + 16) + (Bx2 + Cx)(x2 + 4) + Dx2 +Ex 

1 = 1�x4 + �x2 + 1 + Bx4 + Cx3 + 4Bx2 + 4Cx + Dx2 +Ex 

1 = U6 + B)x4 + Cx3 + (� + 4B + D)x2 + (4C + E)x + 1 

SoB+ ft = 0 =? B = -fii, C = 0, � + 4B + D = 0 =? D = - i, and 4C + E = 0 =? E = 0. Thus, 

37.. x2 - 3x + 7 = Ax+ B f Cx + D =? x2 - 3x + 7 = (Ax+ B)(x2 - 4x + 6) + Cx + D =? (x2 - 4x + 6)2 x2 - 4x + 6 (x2 - 4x + 6)2 

x2 -3x + 7 = Ax3 + ( -4A + B)x2 + (6A- 4B + C)x + (6B +D). So A_= 0, -4A + B =· 1 =? B = 1, 

6A - 4B + C = -3 =? C = 1, 6B + D = 7 =? D = 1. Thus, 

1 I x2 -3x + 7 d I ( 1 x + 1 ) dx = (x2 - 4x+ 6)2 x = :t2 - 4x + 6 + (x2 - 4x + 6)2 

-1 1 
. 

dx I x-2 dx I 3 dx - (x-2)2 + 2 + (x2- 4x + 6)2 + .(x2- 4x + 6)2 

=h+lz+h 

Is= 3 I. 1 
2 dx = 3 I [2( 2 � l)]2 v'2sec2 0d0 

[<x-2)2 + ( v'2f] tan + 

=3[2 J::::de=3[2 j cos2 0d0=3[2 ��(1+cos20)d0 

[x- 2 = .,/2tan8, ] dx = .,/2 sec2 8 d8 

3v'2 . 3v'2 _ (x-2) 3v'2 , =-8-(0+�sm20)+C3=-8-tan 1 
v'2 

+-8-(�·2sm�cos 0)+C3 

3v'2 · _1 (x-2 ) 3v'2 x-2 · v'2 C =--tan -- +--· · + 3 8 v'2 8 v'x2- 4x + 6 v'x2 - 4x + 6 
. 3v'2 _1 (x-2 ) 3(x-2) = -8-tan 

.j2 
+ 4(x2- 4x + 6) + Ca 
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So l=h+h+h 

1 _1 (x - 2 ) -1 3J2 _1 (x-2 ) 3(x-2) = 
J2 tan J2 + 2(x2 -4x + 6) + -8-tan 

J2 + 4(x2 - 4x + 6) + C 

(4J2 3J2) _1 (�-2 ) 3.(x-2)-2 +C - 7J2t _1 (x-2 ) 3x-8 C - --+ -- tan -- + - -- an. -- + + 
- 8 8 J2 4(x2-4x + 6) · 8 J2 4(x2 - 4x + 6) 

39. Let u = Jx + 1, so u2 = x + 1 and 2udu = dx. Then 

I v'X+1" I u -1 2u2 I ( 2 ) --x- dx = u2 _ 1 (2udu) = u2 _ 1 du = 2 + u2 _ 1 du. 

2 A B 

-:--:-:-:--� = -- + --
=> 2 = A(u-1) + B(u + 1). Setting u = 1 gives B = 1. (u+1)(u-1) u+1 u-1 

Setting u = -1 gives A � -1. Thus, 

I (2+ u2�1
) du= I (2- u:1 + u�1

) du= 2u-lnJu+ll+�lu- 1J+C 

= 2Jx + 1 -ln ( v'X+T + 1) + ln lv'X+T- 11 +C. 

2 I dx ! 2u du I 2 du I 2 du 41. Let u =...;X, sou = x and 2udu = dx. Then 2 Vx = • -4--3 ;= -3- -2 = 2( )' x +x x u +u u +u u u+l 

2( 
2 

) =�+ � +_Q_ => 2=Au(u+l)+B(u+l)+Cu2.Settingu=OgivesB=2.Settingu=-1 u u+l u u u+1 . . . 

gives C = 2. Equating coefficients of u2, we get 0 = A+ C, so A = -2. Thus, 

I 2du I (-2 2 . 2 ) · . 2 2 · 
2( ) = -+2+--1 du=-2 lnlul-"-+2lnlu+1l+C=-2mvx- r:+2 ln(vx+l)+C. u u+1 u u u+ u vx 

43. Let u = � x2 + 1. Then x2 = u3 - 1, 2x dx = 3u2 du => 

I x3dx =I (u3 -1Hu2du = � �(u4 -u)du 
�x2 + 1 u 2 

_ .l..u5 -.1u2 + C = .l..(x2 + 1)5/3 _ 1(x2 + 1)2/3 + C -10 4 . 10 4 

45. If we were to substitute u = v'X, then the square root would disappear but a cube root would remain. On the other hand, the 

substitution u = �would eliminate the cube root but leave a square root. We can eliminate both roots by means of the 

substitution u = �-(Note that 6 is the least common multiple of2 and 3.) 

Let u = �.Then X= u6.' so dx = 6u5 du and .,;x = u3, � = u2. Thus, 

I dx I 6u5 du 6 I u5 d 6 I u3 d v'X- � 
= u3-u2 = u2(u-1) u = u- 1 u 

= 6 I ( u2 + u + 1 + u �. 1
) du [by long division] 
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· du 47. Let u = e"'. Then x = In u, dx = - ::::} u 

I e2"' dx _ J u2 ( du/u) _ J udu _ J [2 + _2_] du e2"'+3e"'+2 - u2+3u+2 - (u+l)(u+2)- u+l u+2 
(e"' + 2)2 =2 ln/u+21-In!u+li+C= ln 1 +C e"' + 

• 2 I sec2t I 1 I 1 49. Let u = tant, so that du =sec td t. Then tan2 t + 3tant + 2 d t.= u2 + 3u + 2 du = (u + 1)(u + 2) du. 
1 A B 

Now = -- + -- ::::} 1 = A(u+2) +B(u+ 1). (u+1)(u+2) u+1 u+2 
Setting u = -2 gives 1 = -B, soB= -1. Setting u = -1 gives 1 = A. 
Thus,j ( )

l
( ) du = J (-1 -- _!_2) du = lnlu + 1/-ln/u +2/+C = ln itant + 1/-ln/tant + 2/+C. u+1 u+2 u+1 u+ 

· . du · I dx I du 1 A B 51. Let u = e"', so that du =ex dx and dx = --: . Then -1-- = ( 1  ) · 
=- + -- ::::} u · +e"' +uu u(u+l) u u+1 

1 = A( u + 1) + Bu. Setting u = -1 gives B = -1 . Setting u = 0 gives A = 1 .  Thus, 

I ( 
du.) =f( .!. --1 -)du = lnlui -In lu+1 / +C=Ini-In(e"'+1)+C=x-ln(ex+1)+C. uu+1 u u+1 

' 2x - 1  53. Let u = ln(x2 -x + 2), dv = dx. Then du = 2 2 dx, v = x, and (by integration by parts) x -x+ 

55. 

lln(x2-x+2)dx=xln�2-x+2)-l ;x2-x
2 dx=xln(x2-x+2)-1(2 + 2x-4 2)dx x -x+ x -x+ 

0.05 

. 2 I � ( 2x- 1) 71 dx . = x ln(x -x + 2) - 2x- 2 2 dx + -2 ( 1 )2 7 x -x+ . x-2 +4 
[ ·wherex-! = 4u, l 

dx= 4du, 
(x-�)2+f=f(u2+1) 

= (x- �) ln(x2-x + 2) - 2x + v'7tan-1 u + C 
2x -1 '­= (x- �) ln(x2-x + 2)- 2x + v'7tan-1 v'7 + C 

----------------� 
From the graph, we see that the integral will be negative, and we guess 

that the area is about the same as that of a rectangle with width 2 and 

height 0.3, so we estimate the integral to be - ( 2  · 0.3 ) = -0.6. Now 

0�---�----�2 

1 1 A B --,...--- = = -- + -- ¢:} x2- 2x- 3 (x- 3)(x + 1) x- 3 x + 1 . 
1 = ( A+B)x+A- 3 B, so A= -Band A- 3 B  = 1 ¢:> A= t 

and B = -t, so the integral becomes 
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f2 dx = � {2�- � r �=.![Inlx-31-Inlx+11]2=� [tn jx-3 1]2 
}0 x2 -2x-3 4 }0 x-3 4 }0 x + 1 4 o 4 x + 1 0 

= Hln � -ln 3) = -� ln 3:::::: -0.55 

57 = = --! dx J dx J du . x2 -2x (x-1)2 -1 u2 - 1 [put u = x- 1] 

= � ln I � � � I + C [by Equation 6] = � In I x,: 2 1 + C 

59. (a) 1ft= tan(�), then�= tan-1 t. The figure gives 

cos(�)= �and sinG)= m· 
(b) cosx = cos(2 · �) = 2 cos2G) -1 

( 1 )2 2 1- t2 
= 2 .J1 + t2 . - 1 = 1 + t2 - 1 = 1 + t2 

'2 (c) E = arctan t '=} x = 2 arctan t '* dx = -1 2 dt 2 +t 

61. Lett= tan(x/2): Then, using the expressions in-Exercise 59, we have 

I 1 dx- J 1 � -2/ dt -! dt 
3sin x-4 cosx -

3 (_3!_) _4 (1--:-t2 ) 1+t2- 3(2t)- 4(1- t2)- 2t2+3t-2 
1 + t2 1 + t2 

-! dt =/[�-1 __ .!._1- ] dt [ .. 'lfr . 1 -
(2t _ 1)(t + 2) 5 2t _ 1 5 t + 2 usmg partia actions 

[ 
. 

] 
1 12t-1 1 1 12tan (x/2}- 1 1 . = i In l2t- 11 -ln it+ 21 + C = 5ln t+ 2 + C = 5ln tan (x/2) + 2 + C 

63. Lett =tan (x/2). Then, by Exercise 59, 
. 2t 1 - t2 8t(1 -t2) 11f/Z sin2x 11r/2 2sin x cosx 11 2 · 

1 + t2 · 1 + t2 2 11 
(1 + t2)2 --- dx= dx= --dt= dt 2+cosx 0 2+cosx 0 1- t2 1+t2 0 2(1+t2)+(1- t2) 

r1 1-t2 = Jo B
t. (t2 + 3)(t2 + 1)2 dt = I 

2 + 1 + t2 

2- 1-t2 1-u A B C Ifwe nowletu=t ,then (t2+3)(t2+1)2 = (u+3)(u+1)2 = u+3_ + u+1 + (u+1)2. '* / 

1- u = A(u + 1)2 + B(u + 3)(u + 1) + C(u + 3). Set u = -1 to get 2 = 2C, soC= 1. Set u .= -3 to get 4 = 4A , so 

A = 1. Set u = 0 to get 1 = 1 + 3B + 3 ,  so B = -1. So 

t [ 8t 8t 8t ] [ . 4 ]'1 
l= lo t2+3- t2+1 + 

(t2+1)2 dt= 4ln(t2+3)-4ln(t2+1)- t2+1 o 

= (4ln4-4ln2·-2)- (4ln 3- 0- 4) = 8ln2- 4ln2-4ln 3 + 2 = 4lnj + 2 
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5 B I d. . . x2 + 1 1 3x + 1 N 6 . y ong IVISIOn, 3x 2 = - · +·3 2• OW 
-x x-x 

3x+l 3x+1 A B = = -+ -- ==> 3x + 1 = A (3-x) + Bx. Set x = 3 to get 10 = 3B, so B= �0. Set x = 0 to 3x -x2 x (3 -x) x 3 - x 

get 1 = 3A, so A = 1· Thus, the area is 

!2 2 + 1 /2 ( 1 10 ) x 
2 dx = -1 + .i + 3 

3 dx ::; [ -x + i In I xi - � In !3 - xi]� 
1 3x-x 1 x -x _ 

= ( -2 + i ln2-o)- (-1 + o- ¥ ln2) = -1 + 131ln2 

P+S A B · 

67. P((r _ l)P _ S) = p + (r -l)P _ S ==> P + S =A [(r- 1)P- S) + BP = [(r- l)A +B) P-AS ==> 

(r -l)A + B = 1, -A= 1 ==> A= -1, B = r. Now 

I · P+S dP- 1[-1 . r ] dP- l dP r I r-1 dP t = P [(r- l)P- S) -
P + (r-l)P-S -- P + r- 1 (r- l)P- S 

sot= -lnP + _r._lni(r - l)P- Sl +C. Here r = 0.10 and S = 900, so r- 1 

t = -lnP + �;/9lnj-0.9P- 900 J + C = -lnP- t ln(j-lj j0.9P + 9001) = -lnP- t ln(0.9P + 900) +C. 

When t = 0, P = 10,000, so 0 = -In 10,000- ! ln(9900) +C. Thus, C =In 10,000 + ! ln 9900 (;:::: 10.2326], so our 

equation becomes 

1 1 ( ) 10,000 1 9900 t = ln 10,000 -In P + 9 ln 9900 - 91n 0.9P + 900 ::o In -p + 9ln 0.9P + 900 

- l 10,000 ! l 1100 - In 10,000 ! In 11,000 
- n p + 9 °0.1P+l00- P + 9 P+lOOO 

69. (a) In Maple, we define f(x), and then uSe convert ( f, parfrac, x); to obtain 

!(x) = 24,110/4879 _ 668/323 
_ 

9438/80,155 + (22,098:f + 48,935)/260,015 
5x+2 2x + 1 3x-7 x2+x+5 

In Mathematica, we use the command Apart, and in Derive, we use Expand. 

(b) J f(x) & = 24•1 10 • linl5x + 21 - 6 6 8 · linJ2x + 11 - ...l1.1illL · lin j3x - 71 4879 5 323 2 80,155 3 . 

1 I 22,098(x + �) + 37,886 
+ 260,015 (x + �) 2 + Jt 

dx + C 

= 24•110 . llnJ5x + 21 - � · 1InJ2x + II - ...l1.1illL · llnJ3x- 71 . 4879 .5 323 2 80,155 3 

+ 260�015 [22,098 · � ln(x2 + x + 5) + 37,886 · j"!; tan-1 ( 
J1

1
914 (x + �))] + C 

- � lnl5x + 21- � lnJ2x + 11.:_ ....lli.§... ln!3x -71 + 1 1•049 ln {x2 + x + 5) - 4879 323 80,155 260,015 

+ 26��{;)rn tan-1 [� (2x + 1)] + C 
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Using a CAS, we get 

4822 ln(5x + 2) 

4879 

334 ln(2x + 1) 
323 

3146ln(3x- 7) 
80,155 

11,049ln(x2 + x + 5) 3988 vT9 -1 [y19 (2 1)). + 
260,015 

+ 
260,015 

tan 19 x + 

The main difference in this answer is that the absolute value signs and the constant of integration have been omitted. Also, 

the fractions have been reduced and the denominators rationalized. 

71. There are only finitely many values of x. where Q( x) = 0 (assuming that Q is not the zero polynomial). At all other values of 

x, F(x)/Q(x) = G(x)jQ(x), so F(x) = G(x). In other words, the values ofF and G agree at all except perhaps finitely 

many values of x. By continuity ofF and G, the polynomials F and G must agree at those values of x too. 

More explicitly: if a is a value of x such that Q( a) = 0, then Q( x) -f. 0 for all x sufficiently close to a. Thus, 

F(a) = lim F(x) 
x-+a, 

[by continuity ofF] 

=lim G(x) 
x-a 

[whenever Q(x) -f. 0] 

= G(a) [by continuity of G] 

73 If. -4. 0· 
d · · · · th ·!( ) 

1 A1 A2 A.. B 
. a 1 an n 1s a pos1t1ve mteger, en x = 

( ) 
=- + -

2
. + · .. +-+ -- . Multiply both sides by 

xn X - a X X xn X - a 

xn(x- a) to get 1 = A1xn-1 (x- a)+ A2xn-2(x- a)+···+ An(x- a)+ Bxn. Let x =a in the last equation to get 

1 =Ban :=? B = 1/an. So 

J(x) _ .....!!_ = 
1 1 

x- a xn(x- a) an(x-: a) 

1 1 1 1 1 
=- anx 

-
an-lx2 

-
an-2x3 - ... 

- a2xn-l - axn 

1 1 1 1 1 
Thus, f(x) = 

( ) 
= - - - -- - . .  ·--+ 

xn X- a anx an-lx2 axn an(x,- a). 

7.5 Strategy for Integration 

1. Letu = sinx, so thatdu = cosxdx. Then f cos-x(1 +sin2 x)dx = J(l +u2}d u = u + lu3 +C = sinx+ l sin3 x +C. 

I sinx+secx I ( sinx secx ) I · 3. t dx = -- + -- dx = ( cosx + cscx) dx = sinx +In lcscx- cotxl + C 
anx tanx tan x 

5. Let u = t2• Then du = 2t dt :=? 

I t I 1 ( 1 ) 1 1 -1 ( u ) 1 .· 1 ( t2 ) 
t4 + 2 

dt = 
u2 + 2 2 du = 2 J2 tan J2 + C [by Formula 17] = 

2 
J2 tan- J2 + C 
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dy 11 earctany 1"/4 " " 7r/4 rr/4 -rr/4 7.Letu=arctan y.Thendu=-1 2 � -1-- 2 dy= edu=[e]_"14=e -e . +y -1 +y -n/4 

[ u = In r, dv = r4 dr, ] 
dr 1 5 du =- v = 5r 
r 

- [lr5ln r)3 .:_ f3lr4 dr = � ln3- 0- [...l.r5)3 
- 5 1 1 5 5 25 1 
_ 243 In 3 _ ( 243 _ .1..) _ 243 ln 3 "-- 242 - 5 25 25 - 5 . 25 . 

11. j x- 1 
. dx = j (x- 2) + 1 dx = j (-u- + _1_) du x2 - 4x + 5 (x -2)2 + 1 u2 + 1 u2 + 1 [u = x- 2, du = dx] 

= � ln(u2 + 1) + tan-1 u + C = � ln(x2- 4x + 5) + tan-1(x- 2) + C 

13. I sin5 t cos4 t dt = I sin4 t cos4 t sin t dt = I(sin2 t)2 cos4 t sin t dt 

= I(1 - cos2 t)2 cos4 t sin t dt = I(1 - u2)2u4 ( -du) [u =cost, du = -sin t dt] 

= I( - u4 + 2u6- us) du = -iu5 + �u7- iu9 + C = -i cos5 t + � cos7 t- i cos9 t + C 

15. Let x =sin O, where-�� 0 � �· Thendx =cosO dO and (1- x2}Y2 =cos O, 
so 

I dx J cosOdO 1· 
2 x 

(1 _ x2)312 = (cos0)3 = .sec OdO = tanO + C = v'f=X2 +C .. 

17. Iorr t cos2 tdt = Iorr t(Hl +cos2t)) dt = � Io" tdt + � Io" t cos2tdt 
1 [ 1 2] 1r 1 [ 1 . 2 ] 7r 1 f1r 1 . d = 2 2t 0 + 2 2t sm t 0 - 2 Jo 2 sm2t t [ u = t, dv = cos

_
2t dt ] 

du = dt, v = ! sm 2t 

= i1r2 + 0- H-� cos2t)� = i1r2 + �(1-1) = i1r2 

21. Lett = v'x, so that t2 = x and 2t dt = dx. Then I arctan v'x dx = I arctan t (2t dt) = I. Now use parts with 

1 2 u = arctan t, dv = 2tdt � ·du = 1 + t2 dt, v = t . Thus, 

2 I e 2 /( 1 ) 2 I = t arctan t -
1 + t2 dt = t arctan t - 1 - 1 + t2 dt = t arctan t - t + arctan t + C 

= x arctan v'x - Vx + arctan Vx + C [or ( x + 1) arctan JX - v'x + C] 

23. Let u = 1 + v'x. Then x = (u- 1)2, dx = 2(u-1) du => 

fo1 (1 + Jx) s dx-f2 us. 2(u- 1) du- 2f2(u9- us) du = (lu1 o - 2. lu9]2- 1024 - l.Qll- l + � - 4097 Jt - 1 - 1 5 9 1 - 5 9 5 9 - 45 . 
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25 3X2 -2 == 3 + 6x + 22 = 3 + � + _!?_ => 6x + 22 = A(x + 2) + B (x- 4). Setting 
· x2 -2x-8 (x- 4) (x + 2). . x- 4 x + 2 

x = 4 gives .46 = 6A, so A= lf. Setting x = -2 gives 10 = -6B , soB= -i· Now 

I 3x2 -2 I ( 23/3 5/3 ) 
2 dx = 3 + --4 ---2 dx = 3x + ¥ In lx - 41 - i In lx + 21 +C. 

x -2x-8 x- x+ 

I 1 I 1 du I 1 27.Letu=1+ex ,so thatdu=exdx=(u-1)dx.Then -1--dx= -·--1= 
( l) du=l.Now +ex u u- u u-

1 A B . . · 

( ) =
-+--1 => 1=A(u-1)+Bu.Setu=1 toget1=B.Setu=Otogetl=·-A,soA=-l. u u-1 u u- . 

Thus, I= I (-1 + -1-) du =-In lui +lnlu-11 +C = -ln(1 +ex) +lnex +C = x-ln(1 +ex) +C. 
. u u-1 

Another method: Multiply numerator and denominator by e-x and let u = e-x + 1. This gives the an swer in the 

form -In( e-x+ 1) +C. 

29. Use integration by parts with u = ln(x + .,Jx2 - 1 ) , dv = dx => 

du = 
1 

· (1 + x ) dx = 1 ( .JX2=l + x ) dx = 1 dx , v = x. Then 
x + .JX2=l ..j x2 -1 x + .JX2=l .JX2=l 

· ..j x2 -1 

I In( x + J x2- 1 ) dx =
. 
x In ( x + J x2 -1 ) -I � dx = x In( x + J x2 -1 ) - J x2 ...., 1 + C. 

31. As in Example 5, 

IJ1+xdx=I .J1+x . .J1+x dx=l 1+x dx=l dx +I xdx =sin-lx-J1-x2+C. 1-x � v'f+X yf1-x2 � ..j1-x2 

Another method: Substitute u = y'(1 + x)/ (1- x). 

33. 3 -2x -x2 '= -( x2 + 2x + 1) + 4 = 4 - ( x + 1) 2. Let x + 1 = 2 sin 8, 

where -f :S 8 :S f. Then dx = 2 cos8dB and 

I .J3-2x- x2 dx =I )4- (x + 1)2 dx =I )4-4 sin2 82 cos8d8 

= 4 I  cos2 8d8 = 2J(1 + cos2�) dB 

= 28 + sin 28 + C = 28 + 2 sin 8 cos 8 + C 

_2
. _1 (x+1 ) 2 x+1 v'3-2x-x2 C - Sill -2- + . 

-2-. 
2 + 

. 1 (x+l ) x+1 =2 sm- -2- +-2-v3-2x-x2+C 

35. Using product formula 2(c) in Section 7.2, 

�4-(x+l)2 
=�3-2x-x2 

cos 2x cos6x = � [cos(2x- 6x) + cos(2x + 6x)] = �[cos( -4x) + cos8x] = �(cos4� + cos8x). Thus, 

f cos2x cos6xdx = � f(cos4x + cosBx) dx = � (i sin4x + � sin8x) + C = ·� sin4x + ft sin8x +C. 
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. I secf)tanO' I 1 I 1 39. Let u = secfJ, so that du = secO tanOdO. Then 
2 () () dO= -

2
-- du = ( 1) du =I. Now sec -sec u -u u u-

1 . A B · 

( ) =- + -- '* I·= A(u- 1) +Bu. Set u = 1 to get 1 =B. Set u = 0 to get 1 =-A , so A =  -I. u u-1 u. u-I 

Thus, I= .::_ + -- du =-In lui+ ln !u-II+ C = ln !secfJ-Ij-In !secOI + C [or ln II- co sfJI +C). I( I 1 ) ' ' 

u u-I . 

41. Let u = 0, dv = tan2 OdO = (sec2 0 -1) dO '* du =dO andv = tan:B- fJ. So 

I 8tan2 OdO = B(tanO- fJ)- I(tanO- 0) dO= B tanO- 02 -In lsecOI + !02 + C 
· = Otan8-�()2 -In jsecfJI + C 

1 43. Let u = Vx so that du = r,;: dx. Then 2yx . · 

I 
vx 

I u I u2 I I· 
1 +x3 

dx= 1 +u6 (2udu) = 2 1 + (u3 )2 du = 2 1 +t2 
= j tan-1 t + C = j tan-1 u3 + C = j tan-1(x312) + C 

Another method: Le t u · = x312 so that u2 = x3 and du = � x112 dx '* Vx dx = i du. Then 

I 
1::3 dx= I 

1}u2
du= � tan-1 u+C=� tan"'1(x312) +C. 

45. Lett= x3; Then dt = 3x2 dx => I= I x5e-"'3 dx =�I te-t dt . Now integrate by parts with u = t, dv � e-t dt: 

·I= -ite-t + i I e-t d t = -ite-t- ie-t + C = -ie�x3 (x3 + 1) +C. 

47. Let u = x - 1, so that du = dx. Then 

I x3(x-1) -4 dx = I(u + I) 3u-4 du = I(u3 + 3u2 + 3u + 1)u-4 du = I(u-1 + 3u-2 + 3u-3 + u-4) du 

= ln lui- 3u-1- �u-2 -iu-3 + C = ln lx-11- 3(x- 1)-1- �(x- 1) -2-:- iCx- I) -3 + C 

49.Letu=vf4x+1 => �=4x+1 '* 2udu=4 dx '* dX=�udu.So 

I 1 dx- I !udu - 2 I� - 2( 1) ln l u- 1 1 + C xJ4x+1 - l(u2-1) u- u2-�- 2 u+l 

= ln l J4xTI - 1 1 + c J4x+1 + 1 

51. Let2x = tanO => x = � tanO, dx = � sec2 OdO, J4x2 + 1 = secO, so 

1 '2 ' I dx =I 2 sec OdO =I sec() dO= lcscOdO 
x J 4x2 + 1 � tan 0 sec 8 tan 0 

= -ln lcscB + cotB I + C . [or ln icsc8- cotBI +C) 

[by Formula 19] 
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53.1 x2 sinh(mx)dx = � x2 cosh(mx)-! I xcosh(mx) dx [ u = x2, 
du = 2xdx 

dv = sinh(mx) dx, ] 
v = � cosh(mx) 

= ..!.x2 cosh(mx)-� (J..x sinh(mx)-..!.. I sinh(mx) dx) m m "' m 
= l..x2 cosh(mx)--;.xsinh(111X) + � cosh(mx) + C m m m 

[ u = x, 
dU= dx 

dV = cosh(mx) dx, ] 
V = .;;. sinh(mx) 

r · 2 J dx I 2u du I 2 
55. Let u =vx,so thatx= u anddx=2udu.Then_ r=- 2 2 = -(1 )du=I. X +XV X U + U • U U + U 

2 A B . 
Now ( ) =- + -- => 2 = A(1 +u) +Bu. Setu = �1 to-get2 = -B, soB= -2 . Setu = Otoget2 =A. u 1+u u 1+u . 
Thus,!= I (;- 1:u)du=2ln lul- 2lnll+ui+C=2ln..rx-2tn(1+Vx) +C. 

57. Let u = zyx +c. Then x = u3- c => 

59. Letu = sinx, so thatdu = cosxdx. Then 

I cosx cos�(sinx) dx =I cos3 udu =I cos2 u cosudu = I(I- sin2 u) cosudu 
= I(cosu- sin2 u cosu) du =sin u-k sin3 u + C = sin(sinx)- k sin3(sinx) + C 

&1. I de = I ( 1 . 1 -cos e) d8 = I 1 -cos e d8 = I 1 - cos e d8 = I ( _1 _ cos e ) de 1 + cos e 1 + cos e 1 - cos e . 1 - cos2 8 sin2 8 . sin2 8 sin2 8 
= I ( csc2 e - cote esc 8) dO = -cot e + esc e + c 

Another method: Use the substitutions in Exercise 7.4.59. 

I de I 2 /(1+t2)dt I 2dt I (e) 1 +cosO = 1 + (1- t2)/(1 + t2) = (1 + t2) + (1-t2) = ,dt = t + C =tan 2 + C 

63. Let y = ..rx so that dy = 11 dx => dx = 2 ..rx dy = 2y dy. Then 2vx [ u = 2y2, 

du = 4ydy 

dv = eY dy, ] 
v = e11 

= 2y2 eY -14yeY dy [ U = 4y, dV =-eY dy, ] 
dU=4dy V=eY 

= 2y2eY -(4yeY- I 4 eY dy) = 2y2eY- 4yeY+ 4 eY + C 
= 2(y2 -2y + 2 )eY + C = 2 (X- 2 ..rx + 2) eVX + C 

65. Let u = cos2 x, so that du == 2 cos x (- sin x) dx. Then 

I sin2x 12 sinx cosx I 1 _1 -1 2 1 _ 4 
dx= 1 ( 2 )2dx= -1--2(-du)=-tan u+C=-tan (cos x)+C. +cos x + cos x +u 

67. I dx . = I ( 1 · Vx+l-�) dx = I (Jx+1- Fx) dx v'x+ 1 + ._rx v'x+ 1 + JX. Vx+l-..;; · 

= H<x + 1?/2-x3/2] + C 
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69. Let x = tan 9, so that dx = sec 2 9d9, x = J3 =? 9 = -i· and x = 1 =? 9 = "i· Then 

1V3.J1+x2 - [7!"/3 sec(} 2 [7f/3sec (J (tan2(J+1) 11r/3(sec(Jtan20 sec(}) · -'---::2,-dx = --2- sec (Jd(J = 2 d(J = · 
2 + --2- d(J 

1 x Tr/4 tan (J 'lf/4 tan (J 1r;4 tan (J tan (J 

1
-n:/3 

[ 
]Tr/3 = (sec (J+ csc (J co t(J)d(J = lnisec8+ tan{}!- csc8 

�4 � 

71. Let u =ex. Then X= ln u, dx = du/u =} 

! e2x ! u2 du ! u ! ( 1 ) ·--dx= -1--= -1
--du= 1--1- · du=u-Inl1+ui+C=e"'-ln(1+e"')+C. 1+e"' +u u +u +u 

73. Let (J = arcsin X, SO that d(J = � dx and X = sin (J. Then 1-x 

= -.J1-x2 + �( arcsin x)2 + C 

1 A Bx+C 75. (x _ 2)(x2 + 4) = x _ 2 + x2 + 4 =? 1 =A(x2 +4) + (Bx+C)(x-2) = (A+B)x2 + (C- 2B)x+ (4A-2C). 

So 0 = A + B = C - 2B, 1 = 4A - 2C. Setting x = 2 gives A = i :::} B. = - � and C = - �. So 

! 1 j ( i -*x-t ) 1 j dx 1 j 2xdx 1 j dx . 
(x-2)(x2 + 4) dx = x-2 + x2 + 4 dx = 8 x-2 - 16 x2 + 4 -4 x2 + 4 

= * lnlx:..... 21 - 116 ln(x2 + 4)- * tan-1(x/2) + C 

77. Let y = .J1 + e"', so that y2 = 1 + e"', 2y dy =ex dx, ex = y2- 1, and x = ln(y2- 1). Then 

! xex ! In(y2 1) ! �dx= - (2ydy)=2 [In(y+l)+ln(y-1)]dy y 
= 2[(y + �) ln(y + 1)-(y + 1) + (y _:_ 1) ln(y-1)-(y-1)] + c [by Example 7.1.2] 

= 2[y In(y + 1) + ln(y + 1) -y - 1 + y ln(y -1) -ln(y -1) - y + 1] + C 
= 2[y(In(y + 1) + ln(y-l)) + In(y + 1) -In(y-1)- 2y] + C 

= 2 [ y  ln(y2 -1) + In y + 1
1 - 2y] + C p 2[v1 + e"' In( e"') + hi � + 1 -2 .J1 + e"'] + C Y- ·. 1 + e"' -1 

= 2xv1 +e"' +2ln � + 1-4vf1 +e"' +C = 2(x-2)v1 +e"' +2ln � + 1 +C 1+e"'-1 · 1+e"'-1 

79. Let u = x, dv = sin2 xcosx dx =:> du = dx, v = i sin3 x. Then 

J xsin2 x cosxdx = !xsin3 x-J i sin3 xdx = !xsin3 x-i f(1- cos2 x) sin xdx 

[ u = cosx, ] 
du =- sinxdx 

- lxsin3 x + ly-1y3 + C- lxsin3 x + 1 cosx-l cos3 x + C - 3 3 9 -3 3 9 
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81. I v'I-sinxdx =I 

=I 

1 - sin x . 1 + sin x dx = I 1 1 + sinx 
cos2 x dx = I cos x dx 1 + sin x v'I + sin x 

=I� [ 
u = 1 + sin x, ] 

du = cosxdx 

= 2y'u + 0 =-2v'l + �inx + 0 

1- sin2 x d 1 +sinx x 

[assume COS X> 0] 

Another method: Let u = sinx so that duo= cosxdx = Vl- sin2 xdx = v'I- u2 dx. Then 

I v'1-sinxdx= I v'1-u (b)= I v'/+udu=2v'1+u+0=2v'l+sinx+O. 
83. The function y = 2xex2 does have an elementary antiderivative, so we'll use this fact to help evaluate tfie integral. 

J(2x2 + 1) ex dx = f 2x e"' dx + J e"' dx = J x 2xe"' dx + J ex dx 2 2 2 2 ( 2) 2 
2 2 2 = xex - J ex dx +-J ex dx [ 

U =X, 

du = dx 

7.6 Integration Using Tables and Computer Algebra Systems 

Keep in mind that there are several ways to approach many of these exercises, and different methods can lead to different forms of the answer. 

f"r/2 5 2 d � [sin(5- 2)x sin(5 + 2)x]7r/2 1. Jo COS X COS X X- 2(5 _ 2) + 2(5 + 2) O 
[a= 5,] b=2 

[u = 2x, du = 2dx] 

� � [ �Ju2 � (v'3l- (v;)2 ln lu + Ju2-(v'3)21[ 
= � [2 v'13- � ln (4 + vTI)) - � (1-� ln3) = v'13- i ln(4 + vTI)- � + i ln3 

5. f0
7r 18 arctan 2x dx = � J0" 14 arctan u du [u = 2x, du = 2dx] 

7 I cosx d -1 -1-d • X- U sin2 x -9 u2 -9 
[ u=sinx, ] �-�-ln�u - 3 1+0= !.lnlsinx-31+0 du=cosxdx -2(3) u+3 6 sinx+3 
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9. Let u = 2x and. a = 3. Then du = 2 dx and 

I. 
dx =I 

� du � 2 I . 
du 

� -2 � + C 
x2 v'4x2 + 9 u2 .Ju2 + a2 u2 .Ja2 + u2 a2u 

. 4 
v'4x2 + 9 v'4X2 + 9 . = -2 9 · 2x + C = - 9x + C 

11. ro ee-tdt� [� t2e-t]o - � ;·O te-tdt=e+2 r te-1dt�e+.2[�(-t -l)e-t]o 
}_1 1 -1 1 -1 }_1 (-1) -1 

=e+2[-e0+0) =e-2 

15. Let u � e", so that du = e" dx and e2" = u2. Then 

I 2 I 2 (
du

) I g2 u2 + 1 u 
e "' arctan( e") dx = u arctan u -;; = u arctan u du = -

2
- arctan u -2 + C 

= �(e2" + 1) arctan(e"')- �e" + C 

17. Let z = 6 + 4y - 4y2 = 6- ( 4y2 - 4y + 1) + 1 = 7- (2y -1)2, u = 2y - 1, and a = .../7. Then z = a2 - u2, du = 2 dy, 

and 
J y J6 + 4y- 4y2 dy = J y y'Z dy = J �(u + l) v'a2- u2 � du = � Ju .Ja2-.:.. u2 du + � J .Ja2 - u2 du 

= � J .Ja2- u2 du :_ l J(-2u) v'a2- u2 du 

This can be rewritten as. 

30 u �2 a2 • _1 
(
u
) 

1 I � 
= -v a- - u-+ - sm - - - v w dw 8 8 a 8 

= 2Y- 1 J6 + 4y ..c. 4y2 +! sin-1 2Y- 1 
- .!. · �w312 + C 8 .  8 •  ..j7 8 3. 

= 2Y- 1 J6 + 4y- 4y2 +.! sin-1 2Y- 1 -.!.(6 + 4y- 4y2)312+ C 8 8 ..j7 12 
. 

J6 + 4y- 4y2 [.!.(2y- 1) - .!.(6 + 4y- 4y2)] + � sin-1 2Y- 1 + C 
. 8 12 8 ..j7 

19. Let u = sin x. Then du = cos x dx, so 

= (.!.y2- .!.y- �) J6 + 4y- 4y2 +I sin-1 (
2Y - 1) + C 3 12 8 8 ..j7 

= _!:._(8y2- 2y- 15)J6 + 4y- 4]j2 + � sin-1 (
2Y- 1) + C 

24 . . 8 . ..j7 

1 sin2 i cosx ln(sinx) dx = 1 u2lnudu � 
(Z

u:+:)2 [(2 + n lnu _ 1] + c = iu3(3lnu _ 1) + c 

= i sin3 x [3ln(sinx)- 1] + C 

21. Let u = ex and a = .J3. Then du = ex dx and 

f _ex_ dx = �� � _!:._ln lu+a l +C = _1_l n ,
e'x + y'3 1 +C. 3 - e2x a2 - u2 2a u - a 2 y'3 e" - y'3 
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� . = i tanx sec3 x + i tanx secx + i lnJsecx +tan xi+ C 

25. Let u = lnx and a= 2. Then du = dx/x and 

I V4+ ;lnx)2 dx =I Ja2 +u2du � �}a2 +u2 + � tn(u+ Ja2 +u2) +C 

= t{lnx)J4 + (lnx)2 + 2 ln[lnx + J4 + (lnx)2] + C 

[ -2 ] u= x , . 
dv. = -2x-3 dx 

29. Let u =ex. Th�n x = ln u, dx = duju, so 

� i lnlu + vu2 -21 + C = i lnlx5 + vx10 -21 + C 

33. Use disks about the x-axis: 
V= J0"' 1r(sin2 x?dx = 1r J0"' sin4xdx � 7r{[-isin3 x cosx); + � fon: sin2 xdx} 

� 1r {0 + H!x-:l sin 2x];} = 1r [H!1r-0)] = i1r2 

35. (a) d� [b� (a+bu- a�bu -2aln la+bul) +C] = b� [b+ (a��)2-(a�:UJ 
= ..!._ [b (a + bu)2 + lxi2- (a+ bu)2ab ] 

b3 (a+ bu)2 
1 [ b3u2 ] u2 = b3 (a+ bu)2 = (a+ bu)2 

. · t-a 1 (b) Lett= a+ bu => dt = b du. Note that u = -b-and du = b dt. 

I u2du =..!._ j (t-a)2 dt=..!._ Jt2-2at+a2 dt=I. J(l-2a a2)d (a+ bu)2 b3 t2 b3 t2 b3 t + t2 t 

= b� (t-2�ln ltl-�2) + C = � (a+bu-a :
2
bu-2aln Ja+ bul) +C 

37. Maple and Mathematica both give f sec4 x dx = j tan x + � tan x sec2 x, while Derive gives the second 

· sin x 1 sin x 1 1 . 2 . · 

term as -3 3 = -3- ---2- = -3 tanx sec x. Usmg Formula 77, we get 
COS X COSX COS X 

J. sec4 xdx- 1 tanx sec2 x + 1 fsec2 xdx- 1 tanx sec2 x + 1 tanx + C -3 3 -3 3 . 
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39. Derive gives I x2 Jx2 + 4dx = �x(x2 + 2 )  -./x2 + 4- 2ln( vx2 + 4 + x). Maple gives 

ix(x2 +4)3/2- !x-./x2 + 4- 2arcsinh(!x). Applying the commandconvert (%, ln); yields 

ix(x2 + 4)312 - tx Jx2 + 4- 2ln(tx + t Jx2 + 4)  = ix(x2 + 4)112 [ (x2 + 4)- 2] - 2ln[(x + .JX2+4)/2] 

= �x(x2 +2)-./x2 +4-2ln(-./x2 +4+x) +2ln2 

Mathematica gives ix(2 + x2) J3"+X2 - 2 arcsinh(x/2). Applying the TrigToExp and Simplify commands gives 

t [x(2 + x2) -./4 + x2-8log(! (x + -./4 + x2 ))] = ix(x2 + 2 )�- 2ln(x + -./4 + x2) + 2ln2, so all are 

equivalent (without constant). 

Now use Formula 22 to get 

I x2 .j2 2 + x2 dx = � (2 2 + 2x2) -./2 2 + x2- � ln(x + -./22 + x2 ) + C 

= � (2 )(2 +x2)-./4+x2- 2ln(x+v4+x2 ) +C 

= ix(x2 + 2) .JX2+4 - 2ln(� + x) +C. 

. . 
I 4 sinx cos3 x 3sinx cosx 3x . . . 

41. Denve and Maple gtve cos x dx = 
4 

+ 8 + 8, whtle Mathemattca g�ves 

3: + �sin(2x) + ;2 sin(4x) = 3: + � (2sinx cosx) + ;2 (2sin2x cos2x) 

so all are equivalent. 

Using tables, 

= 3: +�sin x cosx + 1
1
6[2 sinx cosx (2 cos2 x- 1)] 

3x 1. 1 .  3 ' 1 .  
= 

8 + 2 sm x cos x + 4 sm x cos x - B sm x cos x, 

I cos4 xdx � t cos3 x sinx +�I cos2 xdx � t cos3 x sinx + � (tx + t sin2x) + C 
= i cos3 x sinx + ix + 136(2sinx cosx) + C = i cos3 x sinx + �x·+ � sinx cosx + C 

43� Maple gives I tans xdx = i tan4 x- t tan2 x + t ln(1 + tan2 x), Mathematica give� 

I tans xdx � t (-1 - 2 �os(2x)] sec 4 x -ln(cosx), and Derive gives I tans x dx = t tan4 x- t tan2 x -ln(cosx). 

These expressions are equivalent, and none includes absolute value bars or a constant of integration. Note that Mathematica's 

and Derive's expressions suggest that the integral is undefined where cos x < 0, which is not the case. Using Formula 75, 

I tans x dx = s � 1 tan 5-1 x - I tan 5-2 x dx = f tan4 x-I tan3 x dx. Using Formula 69, 

J tan3 xdx = � tan2 x +In jcosx! + C, so Jtan5 xdx = i tan4x- t tan2 x -ln !cos xi+ C. 

, 
f has

1
domain {xI X� 0, 1- x2 > o} ={xI X� 0, lxl < 1} = ( -1,0) u (0, 1). F has the �e domain. 
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(b) Derive gives F(x) =:=In( v'1-x2- 1) -lnx and Mathematica gives F(x) = lnx- In( 1 + v'f="X2). 

Both are correct if you take absolute values of the logarithm arguments, and both would then have the 

same domain. Maple gives F(x) = -arctanh( 1/v'1- x2 ). This function has domain 

· { x 1\x\ < 1,- 1 < 1/� < 1} = { x llx\ < 1, 1/� < 1} = { x 1\x\ < 1, v'1-x2 > 1} = 0, 

the empty set! If we apply the command convert(%, ln); to Maple's answer, we get 

--2
1 
In ( h + 1) + .!:. In ( 1 -h), which has the same domain, 0. 

1-x 2 1-x2 
' 

7.7 Approximate Integration 

1. (a) �x = (b- a)/n = (4- 0)/2 = 2 

(b) 

2 
L2 = 'L: f(x;-t) �x = f(xo) · 2 + f(xt) · 2 = 2 (f(O) + /(2)) = 2(0.5 + 2.5) = 6 i=l 

2 . 
R2 = I: f(xi) �x = f(xt,) · 2'+ J(x2) · 2 = 2 [/(2) + /(4)] = 2(2.5 + 3.5) = 12 i=l 

2 
M2 = I: f(xi)�x = f(xt) · 2+ J(x2) · 2 = 2 [/(1) + /(3)) � 2( 1.6 + 3.2) = 9.6 

i=l 

L2 is an underestimate, since the area under the small rectangles is less than 

the.area under the curve, and R2 is an overestimate, since the area under the 

large rectangles is greater than the area under the curve. It appears that M2 
is an overestimate, though it is fairly close to I. See the solution to 

Exercise 47 for a proof of the fact that iff is concave down on (a, b), then 

the Midpoint Rule is an overestimate of J: f(x) dx. 

(c) T2 = (� �x)[f(xo) + 2f(xt) + J(x2)] = �[f(O) + 2/(2) + /(4)] = 0.5 + 2(2.5) +3.5 = 9. 

This approximation is an underestimate, since the graph is concave down. Thus, T2 = 9 < I. See the solution to 

Exercise 47 for a general proof of this conclusion. 

(d) For any n, we will have Ln < Tn < I <  Mn < Rn. 

3. f(x) = cos(x2), �x = 14 ° = i 
(a) T4 = /2 (!(0) + 2f(t) + 2/(t) + 2f(�) + f(i)) � 0.895759 
(b) M4 = i [f(i) + f(�) + f(f) + f(i)J � 0.908907 

The graph shows that f is concave down on (0, 1). So T4 is an 

underestimate and M4 is an overestimate. We can conclude that 

0.895759 < J01 cos(x2) dx < 0.908907. 0 
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x b-a 2 - 0  1 5. (a) f(x) = --, �x = - = -- = -
1 + x2 n 10 5 

Mw = t [f ( 110) + f ( 130) + f ( 150) + · · · + f ( *)] � 0.806598 

(b) Sw = 5�3 [f(O) + 4f(t) + 2f(�) + 4f(�) + 2f(t) + · · · + 4f(t.) + f(2)) � 0.804779 

12 
X 2 Actual: I = -1 -2 dx = a ln II + x

2
1] 0 o +x 

[u = 1 + x2, du = 2x dx} 

= �ln5-�ln1 = tln5�0.804719 

Errors_: EM = actual- Mw = I- Mw � -0.001879 
Es = actual - Sw = I - Sw � -0.000060 

r::::r-:;- b -a 2 - 1 1 
7. f(x) = y ;;;- - .1, .lx = � = lO = 10 

(a) Tw = 1012 [f(t) + 2/(1.1) + 2/(1.2) + 2f(1.3) + 2!(1.4) + 2/(1.5) 
+ 2f(1.6) + 2/(1.7) + 2/(1.8) + 2j(1.9) + /(2)] 

� 1.506361 
(b) Mw = fo[!(l.05) + /(1.15) + !(1.25) + /(1.35) + f(1.45) + f(1.55) + /(1.65) + !(1.75) + /(1.85) + /(1.95)] 

� 1.518362 

(c) Sw = 101 3 [f(l) + 4/(1.1) + 2/(1.2) + 4f(1.3) + 2/(1.4) 
+ 4f(1.5) + 2f(1.6) + 4j(l. 7) + 2f(1.8) + 4/(1.9) + !(2)] 

� 1.511519 
ex b- a 2-0 1 9. f(x)= -- .�x=· - = -- =­

. l +x2 n 10 5 
(a) Tw = 512 [f(O) + 2/(0.2) + 2f(0.4) + 2/(0.6) + 2/{0.8) + 2f(1) 

+ 2j(q) + 2/(1.4) + 2/(1.6) + 2/(1.8) + !(2)] 
� 2.660833 

(b) Mw = k[f(O.l) + /(0.3) + /(0.5) + /(0.7) + /(0.9)+ /(1.1) + f(1.3) + f(1.5) + /(1.7) + /(1.9)] 
::::::2.664377 

(c) Sw = 5 � 3 [f(O) + 4/(0.2) + 2/(0.4) + 4/(0.6) + 2/(0.8) 
+ 4/(1) + 2/(1.2) + 4/(1.4) + 2f(1.6) + 4/(1.8) + !(2)] 

� 2.663244 
. r;--:: 4-1 1 11. f(x) = vlnx, .lx = -6- = 2 

(a) T6 = 2 � 2 [/(1) + 2/(1.5) + 2/(2) + 2/(2.5) + 2f(3) + 2/(3.5) + !(4)] :::::: 2.591334 

(b) M6 = �[/(1.25) + /(1.75) + /(2.25) + /(2.75) + /(3.25) + f(3.7?)J:::::: 2.681046 

(c) 56= 213 [!(1) + 4/(1.5) + 2/(2) + 4/(2.5) + 2/(3) + 4f(3.5) + f(4)]:::::: 2.631976 

13. f(t) = ev't sin t, ilt � 4 8 ° = ! 

(a) Ts = 2\ [f(O) + 2f(!) + 2/(1) + 2f(�) + 2/(2) + 2/(�) + 2/(3) + 2f(�) + f(4)] � 4.513618 
. . ' 

(b) Ms = � [f(i) + !(�) + J(�) +!G)+ tn) + !C¥) + J(li) + !(¥)] � 4.748256 
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(c) S8 = 2 � 3 [f(O) + 4f(�) + 2f(1) + 4f(�) + 2f(2) + 4f(�) + 2j(3) + 4f(�) + !(4) ] � 4.675111 
cosx 5-l 1 15. f(x) = --,ax= -8- = 2 X 

(a) Ts = 2\ [ !(1) + 21a) + 2f(2) + . . .  + 2f(4) + 2f(�) + !( 5)] � -0.495333 

(b) Ms =�[!(�)+!G)+!(�)+ !(141) + J(lf) + !(¥) + J(Jf) + !(-!])] � -0. 543321 

(c) Ss = 2�3 [f(1) + 4f(�) + 2/(2) + 4f(�) + 2f(3) + 4f{t) + 2f(4) + 4f(�) + !(5)] � -0. 526123 

17. f(x) = e•"'' ax= 1-1(0-
1) = k 

(a) T10 = 5 � 2 [f( �1) + 2f( -0.8) + 2/( -0.6) + 2f( -0.4) + 2f{ -0.2) + 2f(O) 
+ 2f{0.2) + 2f{0.4) + 2f{0.6) + 2f(0.8} + f(1)] 

/ 

� 8.363853 
(b) M10 � i[f( -0.9) + f( -0.7) + f( -0. 5) + f( -0.3) + f( -0.1) + !(0 .1) + !(0.3) + j(0. 5) + /{0.7)" + /(0.9)] 

� 8.163298 

(c) slO == 513 [!(-1) + 4/(-0.8) + 2/(-0.6) +4!(�0.4) + 2/(-0.2) 
+ 4f(O) + 2/(0.2) +4f(0.4) + 2f(0.6) + 4j(0.8) + j(1)] 

. � 8.23 5114 

19: f(x) = cos(x2), ax = 
1 
8 ° = fi 

(a) Ts = 8�2{!(0) +2[!(-?i) + !(�) + ... + !(i)] + !(1) } � 0.902333 

Ms = � [f(i\) + f(-fs) + f(t6) + · · · + !(��)] = 0.905620 

(b) f(x) = cos(x2), f' (x) = -2x sin(x2), f" (x) = -2 sin(x2) - 4x2 cos(x2). For 0 ::=; x ::=; 1, sin and cos are positiv�, 

so lf"(x)l = 2 sin(x2) + 4x2 cos(x2) ::=; 2 · 1 + 4 · 1 · 1 = 6 since sin(x2) :::; 1 and cos(x2) :::; 1 for all x, 

and x2 ::=; 1 for 0 ::=; x ::=; 1. So for n = 8, we take K = 6, a = 0, and b = 1 in Theorem 3, to get 

jEri:::; 6 · 13 /(12 · 82) = 1�8 = 0.007812 5 and IEMI ::=; 2�6 = 0.00390625. [A better estimate is obtained by noting 

from a graph off" that lf"(x)l :::; 4for 0 :S x:::; l.] 

(c) Take K = 6 [as in part (b)] in Theorem 3. IErl :::; 
K�2�2a)

3 
:::; 0.0001 <=} 

6 (�2��)3 :::; w-4 <=} 

2!2 ::=; 1�4 <* 2n2 � 10 4 <* n2 � 5000 <* n � 71. Taken = 71 for Tn. For EM, again take K = 6 in 

Theorem 3 to get I EMI :::; 10-4 <=} 4n2 � 104 <=} n2 � 2500 <=} n �50. Taken= 50 for Mn. 

21. f(x):::::; sin�, ax= '\o0 
= fo 

(a) Tw = 101r:2 [f(O) + 2f( fo) + 2f(i�) + · · · + 2f(i�) + j(1r)] � 1.983 524 

M10 = fo(f(fo) + !(��) + !(��) + · · · + J(l:i;)) � 2.008248 

810 = 101r. 3 [f(O) + 4f( �) + 2f(i�) + 4/n�) + . .  · + 4f(i�) + j(1r)] � 2.000110 

Since .li = Jo" sinxdx = [- cosx]� = 1- ( -1) = 2, Er =I- T10 � 0.016476, EM= I- M10 � -0.008248, 

and Es = I - Sw � -0.000110. 
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(b) f(x) = sin x ==> IJ<">(x) l � 1, so take K = 1 for all error estimates. 

IE I < K(b- a)3 = l(7r- o? = ..!C_ � 0.025839. !EM! � IE
2rl = 2. 71"40

3
0 � 0.012919. 

T - 12n2 12(10)2 · 1200 

IE I < K(b- a)s = 1(7r- 0)5 = 7r5 
� 0.000170. 

5 - 180n4 180(10)4 1,800,000 
The actual error is about 64% of the error estimate in all three cases. 

(c) I.Erl � 0.00001 <=> 
71"3 1 -- < -12n2 - 105 <=>· 

10571"3 n � 508.3. Take n = 509 for Tn.. n2>-- ==> - 12 

!EM]� 0.00001 <=> 
71"3 1 -- < -24n2 - 105 <=> 

10571"3 . n2> -- ==> n � 359.4. Take n = 360 for Mn. 
- 24 

IEsl � 0.00001 <=> 
71"5 1 --< -180n4 - 105 <=> 

Take n = 22 for Sn (since n must be even). 

10571"5 4> ==> n - 180 

23. (a) Using a CAS, we differentiate J(x) = ecosx twice, and find that 

· n � 20.3. 

J"(x) = ecosx(sin2 x ·- cosx). From the graph, we see that the maximum 

value of If" (x)! occurs at the endpoints of the interval [0, 21r]. 
Since.!" (0) = -e, we can use K = e or K = 2.8. 

-3 

(b) A CAS gives M10 � 7.954926518. (In Maple, use Student [Calculusl] [RiemannSum] or 

Student [Calculus!] [Approximatelnt].) 

(c) Using Theorem 3 for the Midpoint Rule, with K = e, we get !EM I � e�:. �0°/ � 0.280945995. 

With K = 2.8, we get !EM! � 2
·82�� 1�2

0)3 = 0. 289391916. 

(d) A CAS gives I� 7.954926521. 

(e) The actual error is only about 3 x w-9, much less than the estimate in part (c). 

(f ) We use the CAS to differentiate twice more, and then graph 

J<4l(x) = ecos x(sin4 x'- 6 sin2 x cosx + 3 -7 sin2 x +
,
cosx). 

From the graph, we see that the maximum value of IJ<4l(x) l occurs at the 

endpoints of the interval [0, 21r). Since J<4l(o) = 4e, we can use K = 4e 
or K = 10.9. 

(g) A CAS gives Sw � 7.953789422. (In Maple, use Student [Calculusl] [Approximateint].) 

(h) Using Theorem 4 with K = 4e, we get !Esl � 4���-�0�
5 

� 0.059153618. 

. . 10.9(27r- 0)5 . 
W1th K = 10.9, we get IEsl � 180 . 104 � 0.059299814. 
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(i) The actual error is about 7.954926521 - 7.953789422 � 0.00114. This is quite a bit smaller than the estimate in part (h), 

though the difference is not nearly as great as it was in the case of the Midpoint Rule. 

. 
· 4e(27ri 

(j) To ensure that \Es\ ::::; 0.0001, we use Theorem 4: \Es\ ::::; 180 . n4 ::::; 0.0001 => 
4e(27ri < 4 

180 · 0.0001 -
n => 

n4 � 5,915,362 {'} n � 49.3. So we must taKe n � 50 to ensure that II- Sn I ::::; 0.0001. 

(K = 10.9 leads to the same value of n.) 

25. I= J; xe"'dx = [(x- 1)e"']� [parts or Formula 96] = 0- ( -1) = 1, f(x) = xe"', �x = 1/n 

n = 5: £5 = tff(O) + /(0.2) + /(0.4) + f(0.6) + /(0.8)) � 0.742943 

R5 = t[f(0.2) + f(0.4) + !(0.6) + /(0.8)+ !(1)] � 1.286599 

Ts = 5 � 2 [f(O) + 2/(0.2) + 2/(0.4) + 2/(0.6) + 2/(0.8) + /(1)] � 1.0147.71 

Ms= !(!(0.1) + /(0.3) + !(0.5) + /(0.7) + /(0.9)] � 0.992621 

EL =I- L5 � 1- 0.742943 = 0.257057 
ER � 1 - 1.286599 = -0.286599 
ET � 1 - 1.014771 = -0.014771 

EM � 1 - 0.992621 = 0.007379 

n =; 10: £10 = fo[f(O) + /(0.1) + /(0.2) + · · · + /(0.9)) � 0.867782 

R10 = fo[/(0.1)+ f(0.2) + · · · + f(0.9) + f(1)] � 1.139610 

T1 o = uJ 2 {f(O) + 2[f(0.1)+ f(0.2) + · · · + f(0.9)] + f(1)} � 1.003696 

M1 0= fo[f(0.05) + f(0.15) + · · · + !(0.85) + f(0.95)] � 0.998152 

EL =I- L10 � 1- 0.867782 = 0.132218 

ER � 1- 1.139610 = -0.139610 
ET � 1 - 1.003696 = -0.003696 

EM � 1 - 0.998152 = 0.001848 

n = 20: L2o = f6[f(O) + f(0.05) + /(0.10) + · · · + !(0.95)) � 0.932967 

R2o = 210 [!(0.05) + !(0.10) + · · · + !(0.95) + f(1)] � 1.068881 

T2o = 201.2 {f(O) + 2[!(0.05) + !(0.10)+ · · · + /(0.95)] + f(1)} � 1.000924 

M2o·= 210 [/(0.025) + f(O.OJ5) + /(0.125) + · · · + !(0.975)] � 0.999538 

·n 

5 
10 
20 

EL = I- L2o � 1 - 0.932967 = 0.067033 

ER � 1- 1.068881 = -0.068881 

ET � 1- 1.000924 =: -0.000924 

EM � 1 - 0.999538 = 0.000462 

Ln Rn Tn Mn· 

0.742943 1.286599 1.014771 0.992621 
0.867782 1.139610 1.003696 0.998152 
0.932967 1.068881 1.000924 0.999538 

n EL ER 

5 0.257057 -0.286599 
10 0.132218 -0.139610 
20 0.067033 -0.068881 

ET 

-0.014771 
-0.003696 
-0.000924 

EM 

0.007379 
0.001848 
0.000462 

[continued] 
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Observations: 

l. ELand ER are always opposite in sign, as are ET and EM. 

2. As n is doubled, ELand ER are decreased by about a factor of2, and ET and EM are decreased by a factor of about 4. 
3. The Midpoint approximation is about twice as accurate as the Trapeioidal approximation. 

4. All the approximations become more accurate as the value ofn increases. 

5. The Midpoint and Trapezoidal approximations are much more accurate thari the endpoint approximations. 

27. I= J: x4dx = [tx5J � = ¥- 0.= 6.4, f(x) = x4, Ax= 2�0 = * 

n = 6: Ts = 6
2

2 {f(O) + 2[/(i) + /(�) + !(£) + !(�) + f(i)J + /(2)} � 6.695473 

M6 = j [f(i) + f(�) + J{f) + !(�) + f(�) + f(lf )) � 6.252572 

86 = 6 � 3 [f(O) + 4/{l) + 2/(�) + 4/(i) + 2f(�) + 4/(i) + /(2)) � 6.403292 

ET =I-Ts� 6.4- 6.695473 = -0.295473 

EM� 6.4- 6.252572 = 0.147428 

Es � 6.4 - 6.403292 = -0.003292 

n = 12: T12 = 12
2 

2 {J(O) + 2(f(i}_+ !(�) + f(�) + · · · + f(Jf )] + f(2)} � 6.474023 

M6 =-& [f(ti) + !( 12) + f( 12) + . . .  + f(N)J � 6.363008 

86 = 12
2· 3 [J<o) + 4f(i) + 2f(�) + 4f(�)+ 2f(�) + .. .  + 4jen + f(2)J � 6.400206 

Er =I- T12 � 6.4-6.474023 = -0.074023 

EM� 6.4-6.363008 = 0.036992 

Es � 6.4 -6.400206 = -0.000206 

n Tn Mn 8n 
6 6.695473 6.252572 6.403292 

12 6.474023 6.363008 6.400206 

Observations: 

n ET 

6 -0.295473 
12 -0.074023 

1. ET and EM are opposite in sign and decrease by a factor of about 4 as n is doubled. 

EM Es 

0.147428 -0.003292 
0.036992 -0.000206 

2. The Simpson's approximation is much more accurate than the Midpoint and Trapezoidal approximations, andEs seems to 

decrease by a factor of about 16 as n is doubled. 

29. Ax= (b- a)jn = (6- 0)/6 = 1 

(a) T6 = -;x [f(O) + 2/(1) + 2/(2) + 2/(3) + 2/(4) + 2/(5) + /(6)] 

� �[3 + 2(5) + 2(4) + 2(2) + 2(2.8) + 2(4) + 1] 

= � (39.6) = 19.8 

(b) M6 = Ax[j(0.5) + f(I.5) + /(2.5) + f(3.5) + /(4.5) + /(5.5)] 

� 1[4.5 + 4.7 + 2.6 + 2.2 + 3.4 + 3.2] 

= 20.6. 
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(c) 56= �x [f(O) + 4/(1) + 2/(2) + 4/(3) + 2/(4)+ 4/(5) + !(6)] 

� tl3 + 4(5) + 2(4) + 4(2) + 2(2.8) + 4(4) + 1] 

= H61.6) = 20.53 

SECTION 7.7 APPROXIMATE INTEGRATION D 347 

31. (a) I15 f(x) dx � M4 = 5 :;-1 [/(1.5)+ !(2.5) + f(3.5) + !(4.5)] � 1(2.9 + 3.6 + 4.0 + 3.9) = 14.4 

(b) -2 S !" ( x) S 3 =} I!" ( x) I S 3 * I< = 3, since I!" ( x) I S I<. The error estimate for the Midpoint Rule is 

K(b- a)3 3(5- 1)3 1 
IEMI S 24n2 

= 24(4)2 
= 2· 

33. Tave = 24 � 0 I:4 T(t) dt � 2� 812 = 

2
14 ;�uf (T(O) + 4T(2) + 2T(4) + 4T(6) + 2T(8) + 4T(10) + 2T(12) 

+ 4T(14) + 2T(16) + 4T(18) + 2T(20) + 4T(22) + T(24)] 

� 3 16 [67 + 4(65} + 2(62) +- 4(58) + 2(56) + 4(61) + 2(63) + 4(68) 
+ 2(71) + 4(69) + 2(67) + 4(66) + 64] 

= s 16 (2317) = 64.36T°F. 

The average temperature was about 64.4°F. 

35� By the Net Change Theorem, the increase in velocity is equal to I: a(t) dt. We use Simpson's Rule with n = 6 and 

�t = (6- 0)/6 = 1 to estimate this integral: 

I06 a(t) dt �56 = t[a(O) + 4a(1) + 2a(2) + 4a(3) + 2a(4) + 4a(5) + a(6)] 

� �[0 + 4(0.5) + 2(4.1) + 4(9.8) + 2(12.9) + 4(9.5) +OJ= �(113.2) = 37.73 ft/s 

37. By the Net Change Theorem, the energy used is equal to I: P(t) dt. We use Simpson's Rule with n = 12 and 

�t = 612 ° = � to estimate this integral: 

I: P(t) dt � 512 = ¥-IP(O) + 4P(0.5) + 2P(1) + 4P(l.5) + 2P(2) + 4?(2.5) + 2P(3) 
+ 4P(3.5) + 2P(4) + 4?(4.5) + 2P(5) + 4?(5.5) + P(6)] 

= i [1814 + 4(1735) + 2(1686) + 4(1646) + 2(1637) + 4(1609) + 2(1604) 
+ 4(1611) + 2(1621) + 4(i666) + 2(1745) + 4(1886) + 2052] 

= i(61,064) = 10,177.3megawatt-hours 

· · · rw 2 rw 
39. (a) Let y = f(x) denote the curve. Using disks,V = 3

2 
7r[f(x)] dx = 1r 32 g(x) dx = 1r!r. 

Now use Simpson's Rule to approximate Ir: 

/.1 � 5s = 
1�(;)2 [g(2) + 4g(3) + 2g(4) + 4g(5) + 2g{6) + 4g(7) + g(8)] 

� i[o2 + 4(1.5? + 2(1.9)2 + 4(2.2)2 + 2(3.0)2 + 4(3�8)2 + 2(4.o? + 4(3.1? + o2] 
= �(181.78) 

Thus, V � 1r • �(18!.78) � 190.4 or 190 cubic units. 
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(b) Using cylindrical shells, V = I;o 27txf(x) dx = 21r I;o xf(x) dx =27Th. 
Now use Simpson's Rule to approximate I 1: 

h � 88 = 1�<8)2[2/(2) + 4 · 3/(3) + 2 · 4/(4) + 4 · 5/(5) + 2 · 6/(6) 

+ 4 · 7f(7) + 2 · 8/(8) + 4 · 9/(9) + 10f(10)J 

� � [2(0) + 12(1.5) -f 8(1.9) + 20(2.2) + 12(3.0) + 28(3.8) + 16( 4.0) + 36(3:1) + 10(0)] 

= i(395.2) 

Thus, V � 21r · �(395.2) � 827 .7 or 828 cubic units. 

41. Using disks, V = I151r(e-11"'? dx = 1r It' e-21"' dx = 1rh. Now use Simpson's Rule with f(x) = e-2/"' to approximate 

h. It� S8 = ;(s� [!(1) + 4/(1.5) + 2/(2) + 4/(2.5) + 2/(3) + 4/(3.5) + 2/(4) + 4/(4.5) + f(5)] � i(11.4566) 

Thus, V � 1r • i(11.4566) � 6.0 cubic units. 

N2sin2k 1rNdsin 8 _4 · _9 (104)2sin2k 
43. 1(8) = k2 , where k = 

,\ 
, N = 10,000, d = 10 , and,\= 632.8 x 10 . So /(8) = k2 , 

7r(l04)(10-4) sin(} w-6 - ( -10-6) where k = . Now n = 10 and 6.8 = = 2 X w-7, so 
632.8 x w-9 · 10 

M10 = 2 x 10-7(/( -0.0000009) + I( -0.0000007) + · · · + 1(0.0000009)] � 59.4. 

45. Consider the function f whose �ph is shown. The area Io2 f(x) dx 

is close to 2. The Trapezoidal Rule gives 

T2 = ; -:-; [f(O) + 2f(l) + /(2)] = � [1 + 2 · 1 + 1] = 2. 

The Midpoint Rule gives M2 = 2 2 ° [/(0 . 5) + !(1.5)] =. 1(0 +OJ = 0, 

so the Trapezoidal Rule is more accurate. 

47. Since the Trapezoidal and Midpoint approximations on the interval [a, b] are the sums of the Trapezoidal and Midpoint 

approximations on the subintervals [Xi-1, x;], i = 1, 2, . .. , n, we can focus our attention on one such interval. The condition 

!" ( x) < 0 for a � x � b means that the graph off is concave down as in Figure 5. In that figlire, Tn is the area of the 

trapezoid AQRD, I: f(x)dx is the area of the region AQPRD, and Mn is the area of the trapezoid ABCD, so 

Tn <I: f(x) dx < Mn. In general, the condition!" < 0 implies that the graph off on [a, b) lies above the chord joining the 

points (a, f(a)) and (b, f(b)). Thus, I: f(x) dx > Tn.Since Mn is the area under a tangent to the graph, and since!" < Q 

implies that the tangent lies above the graph, we also have Mn > I: f(x) dx. Thus, Tn <I: f(x) dx < Mn. 

49. Tn = �Ax [f(xo) + 2f(x1) + · · · + 2j(Xn-t} + f(xn)] and 

Mn = tlx [f(xl) + f(x2) + · · · + f(X'n-1) + f(xn)], where X; = �(Xi-1 + x;). Now 

T2n = � (�tlx) [f(xo) + 2f(xl) + 2f(x1) + 2f(x2) + 2f(x2) + · · · + 2/(X'n-1) + 2/(xn-1) + 2f(xn) + f(xn)] so 

1 . 1 1 2(Tn + Mn) = 2Tn + 2Mn 

= illx[f(xo) + 2f(xt) + · · · + 2/(:tn-1) + f(xn)] + illx[2f(xl) + 2f(x2) + · · · + 2/(X'n-1) + 2f(xn)] 
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7.8 · Improper Integrals 

1. (a) Since y = _x_ has an infinite discontinuity at x = 1, {2 _x_ dx is a Type 2 improper integral. 
X -1 11 X -1 

(b) Since 1
00 � dx has an infinite interval of integration, it is an improper integral of Type l. 0 1+x .. 

(c) Since i: x2e-x2 dx has an infinite interval �f integration, it is an improper integral ofType I. 

(d) Since y =cot x ha:s an infinite discontinuity at x = 0, J01r14 cot x dx is a Type 2 improper integral. 

3. The area under the graph of y = 1/ x3 = x -3 between x = 1 and x = t is 

A(t) = J: x-3 dx = [-�x-2]� = -�C2- ( -�) = �- 1/(2t2). So the area for 1 :5 x :5 10 is 

A(10) = 0.5- 0.005 = 0.495, the area for 1 :S x :S 100 is A(lOO) = 0.5- 0.00005 = 0.49995, and the area for 

1 :S x :S 1000 is A(1000) = 0.5 - 0.0000005 = 0.4999995. The total area under the curve for x ?:: 1 is 

lim A(t) = lim a-1/(2t2)] = � · t-t-oo t-oo . , 

5. r= 
( 

.1 
)3/2dx= lim r(x-2)-3/2dx= lim [-2 (x- 2)-1/2]t 13 X- 2 t--+oo 13 t--+oo 3 

. (' -2 2 ) = lim � + r;- = 0 + 2 = 2. 
t--+oo y t -2 y 1 

Convergent 

[ u = x - 2, du = dx] 

1 0 1 /0 1 [ 0 [. 
7. --dx= lim --dx= lim -ilnl3-4x!) = lim -i ln3+ i lnl3-4tl ) =oo. _00 3 -4x t--+-oo t 3 -4x t--+-oo t t--+.-oo , 

Divergent 

9 f00 -sp d _ r ft -sp d _ i· [-l -sp] t 
_ r (-1 -st + 1 -1o) _ 0 + 1 _:1o _ 1 -1o • 2 e p - t�� 2 e p - t�� 5 e 2 - t� 5 e 5 e - ' 5 e - s e . Convergent 

100 2 
1

t 2 [2 . ] t . 
11. �dx= lim �dx= lim .. -3J1+x3 =lim (�V1+t3-�)=oo. 

0 1 + x3 t--+oo 0 ·1 + x3 t--+oo 0 t--+oo Divergent 

• 2 0 2 2 13 J00 -x dx '-- J -x dx + roo -x dx • _00 xe - _00 xe Jo xe . 

. 2 
Therefore, f�oo xe-x dx = -� + � = 0. Convergent 

15. Io"" sin2 ada= lim J; �(1- cos2a) da = lim [Ha- � sin2a)J� = n� [Ht- � sin2t)- oJ = oo. 
. t-+oo t-+oo t-+oo ,. 

Divergent 
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17. r oo -1-dx = lim r 1 dx = lim r (.!.- -1-) dx 
11 x2+x · t-oo11 x(x+1) t-oo11 . x x+1 [partial fractions] 

Convergent 

= lim [ln jxj - ln jx + 11] t = lim [ln 1-x-1 ] t = lim (ln _t_ -ln -2
1) = 0 -ln -2

1 = ln 2. t-oo 1 t-oo X + 1 1 t-oo t + 1 · 

19 J0 ze2' dz = lim f,0 ze2z dz = lim [lze2•- le2•]0 ' -oo t--oo t t--oo 2 4 t 
[integration by parts with ] 

u = z,·dv = e2z dz 

= lim [(0- l) - (lte2t- le2t)) = _l -0 + 0 [by !'Hospital's Rule] = --41. Convergent t--oo 4 2 4 4 . 

21. r
oo lnx dx = lim [(lnx)2]t 

11 X t-oo 2 1 
[by substituti.on with ] 

u = lnx, du = dx/'!' 

. (lnt)2 =lim-- =oo. t-oo 2 Divergent 

.1oo x2 �o x2 1oo x2 1oo x2 
23. . · -9 · 6 dx = -9 6 dx + -9 6 dx = 2 -9 6 dx 

-oo +X -oo + X 0 + X 0 +X [since the integrand is even): 

Now I ldu - 3 - 9+u2 
[ u = 3v ] 
du =._3 dv 

_I t(3dv) _.!_I.-.!!::!__ - 9 + 9v2 - 9 · 1 + v2 
1 _1 1 _1(u) 

C 
1 _1(x3) C = 9 tan . v + C = 9 tan 

3 
+ = 9 tan 3 + , 

S02 r
oo

9
X2 6dx =2lim t�dx=2lim [·.!_tan�1( X3)]

t 
=2 lim.!_tan-1(·t3)=�·�=�. 1o +x t-oo10 9+x6 t-oo 9 3 0 t-oo 9 3 9 2 9 

Convergent 

25. 
100 (� )3 dx = lim i

t 
(l 1 )3 dx = lim tn

t 
u -3du 

. e X X t-a:o e X D X t-too j 1 
[ u = lnx, ] 
�u = dxfx -lim --[ 

1 ] In t 
-t-oo 2 u2. 1 

Convergent 

27. r
1 
�dx= lim 1

1
3 x-5dx= lim [-4

3
4
]1 =--4

3 lim (1- :) =oo. 
1o x t-o+ t t-o+ x t t,-.o+ t 

Divergent 

29. f4 � 
dx = lim /

14 (x + 2)-1 /4 dx = lim [�(x + 2)3/4] 
14 = �. lim [163/4- (t + 2)3/4] 1-2 X+ 2 t--2+ t t�-2+ 3 . t 3 t...., -2+ 

Convergent 

·�· 3 dx �0 dx 13 dx �0 dx . [ x-3] 
t 

• [ 1 1 ] 
31. -= - + . -,but -= hm �- = hm -- - -· = oo. _2 x4 _2 x4 0 x4 _2 x4 t-o- 3 _2 t ..... o- · 3 t3 24 Divergent 

9 1 9 . 

33 . . There is an infinite ruscontinuity at X= 1. r ?' 1 dx = 1 (x- 1)-1/3 dx + r (x- 1)-1 /3 dx. 1o x -1 o 11 
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andf9(x-1)-113dx= lim tCx-1)-113dx= lim [�Cx-1)213]9 =lim ·[6-.�(t-1?13] =6.Thus, 1 t-1+ t t-1+ t t-1+ 

r 1 3 9 
Jo {ix _ 1 dx = 

-2 + 6 = 
2. 

Convergent 

. 35 I - r dx - 1 3 dx = h + Iz = {1 dx + {3 dx 
• - }0 x2- 6x + 5 -. 0 (x -l)(x- 5) }0 (x-l)(x- 5) }1 (x -l)(x- 5)" 

Now · 1 . = � + _!!.__ � 1 = A(x- 5) + B(x-1). 
· (x-l)(x- 5) x-1 x- 5 

Set x = .5 to get 1 = 4B, soB= t· Set x = 1 to get 1 = -4A, so A= -i· Thus 

·= t��� [(-i lnlt -11 + tlnlt- 51)- (-:t ln 1-11 + i lnl-51 n 

= oo, since lim ( -1 ln It- 11) = oo. 
t.-1-

Since h is divergent, I is divergent. 

.37. -- dx = lim -e1/x · - dx = lim ue" ( -du) 
10 e1/x it 1 ' 1 11/t ' 

_1 x3 t-o- _1 x x2 t-o- _1 
[ u = 1/x, ] 
du = -dxjx2 

= ���- [(u -1)eu)�
1
� 

= _ 3. - lim (s- l)e• e s--oo 

[ useparts ] · _ li [ 2 -1 - (1 1) 1/t] 
orFonnula96 - t .... �- - e - t- e 

2 . S-1' H 2 . 1 
[s = 1/t] = -- � hm -- = - -- lim 

e S---1'-00 e-S € s---00 -e-S 

2 2 = ---0 = --. e e Conve;gent 

39. I=J:z2lnzdz= lim ft2z2lnzdz= lim [3z:(3 lnz-1)] 2 
-� -� t 

[ integrate by parts ] 
or use Formula 101 

41. 

= lim [ll(31n2-1)-lt3(3 lnt-l)]=llln2- ll-l lim [t3(31nt-l)]=llln2-ll_l£. t-o+ 9 9 3 9 9 t-o+ a 9 9 

Thus, L = 0 and I=� ln2- �· 

y 

X 

Convergent 

Area= Jt"'.e-x dx = lim J: e-x dx '=.· lim· [-e-x] t t-oo t.-+oo . 1 
= lim (-e-t + e-1) = 0 + e-1 = 1/e t .... oo 
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43. 

45. 

Area= -- dx = l im dx [00 1 [t 1 
1 x3 +x t�oo 1 x(x2 + 1) 

=lim ---- dx ft ( 1 X ) 
t-.oo 1 x x2 + 1 [partial fractions] 

= l im [lnJxJ- -2
1
tnjx2 + 11]t = lim [tn k]t t-.oo . 1 t�oo X + 1 1 

. ( t 1 ) -1/2 1 
= hm In � -ln rn =ln1-ln2 = -ln2 

, t-.oo V t-+ 1 V 2 _ 
2 

Area = Io11" 12 sec2 x dx = lim j� sec2 x dx = lim [tan x] t t-->(11"/2)- t�(7r/2)- 0 

= lim (tant- 0) = oo t-+(11"/2)-
Infinite area 

• 2 
47. (a) 

I1t g(x)dx 
( ) sm x g X = ----;2• 

t 

2 0.447453 
It appears that the integral is convergent. 

5 0.577101 
10 0.621306 

100 0.668479 
1000 0.672957 

10,000 0.673407 

(b)-1:Ssinx$1 � o::;sin2x:S1 => sin2 x 1 · [oo 1 0 ::; --2- ::; 2. Since 2 dx is convergent X X 1 X 

(c) 

[Equation 2 with p = 2 > 1 ], 

I 
/(x)=? 

Sill X • . . 100 • 2 
· --2- dx ts convergent by the Companson Theorem. 1 X 

Since It f(x) dx is finite and the area under g(x) is less than the area under f(x) 
on any interval [1, t], It' g(x) dx must be finite; that is, the integral is convergent. 

����������}0 
-0.1 

49. For x > 0, -3 x < x3 = �. foo � dx is convergent by Equation 2 with p = 2 > 1, so foo -3 x dx is convergent X + 1 X X 11 X 11 X + 1 
· 11 X . 100 X 11 X [oo X . 

by the Comparison Theorem. -3-- 1 dx is a constant, so -3--1 dx = a--1 dx + -3--1 dx is also ox+ . o x+ ox+ 1x+ 
convergent. 
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( ) X+ 1 X+ 1 X 1 1oo 
f( ) d d" b . . 'th 1

oo 1 dx hi h d" 51. For x > 1, f x = r=r-= > r:; > 2 =-,so x x tverges y compartson wt - , w c tverges 
yX4 - X yx4 X X 2 2 X 

by Equation 2 withp = 1 s; 1. Thus, J1= f(x) dx = f12 f(x) dx + f200 f(x) dx also diverges. 

sec2 x 1 53. For 0 < x ::; 1, . r= > 312. Now 
XVX X 

I= t x-312 dx = lim t x-312 dx = li� [- 2x �1
/2] 1 = lim (-2 + �) = oo, so I is divergent, and by 

}0 t->O+ lt t->O+ . t t--+O+ yt 

. 11 sec2 x. . compartson, r ts dtvergent. 
0 xvx . 

1oo dx 11 dx loo dx =. l1
·m [1 dx [t dx 

55. r::: = r::: ) + r::: ( ) r::: ( ) +lim r::: (1 )"Now 
0 yx(1+x) 0 yx(1+x 1 yX 1+ x · t .... o+ t yX 1.+x t-.oo 1 yX +x 

I dx I iudu 
..fi(1+x) = u(1+u�) 

[u=Jx,x=u2,] 
=21 1+

du
u2 =2tan-1u+C=2tan-1vx+C,so dx = 2udu 

roo .rxt. 
) 

= lim [2tan-1..fi]�.+ lim [2tan-\.IXJ: Jo x 1 + x t-o+ t->oo 

= lim [2(�)- 2tan-1Vt] + lim [2tan-1Vt- 2(�)] = �-0 + 2(�) - � = 11". 
t-.o+ t-+ oo .. 

• I . 

57. Ifp = 1, then -= lim - = lim (Inx]� = oo. 11 dx 11 dx 
o xP t->O+ ·t X t->O+ 

Divergent 

11 dx 11 dx. Ifp =f. 1, then - = lim -
0 xP t .... o+ t xP 

[note that the int�l is not improper if p < 0] 

= lim _x__ = lim -- 1 - --
[ -p+ 1 ] 1 1 [ 1 ] 

t .... o+ -p + 1 t t-.o+ 1 - p tP-1 

If p > 1, then p -1 > 0, so t
P

� 1 --+ 00 as t --+ o+' and the integral diverges. 

Ifp<1,thenp-1<0,so---=1--+0 ast--+O+and -=-- hm (1- t1 P) 
=--. 1 11 dx 1 [ . - ] . 1 

tP 0 xP 1 - p t-.o+ 1 - p 

Thus, the integral converges if and only if p < 1, and in that case its value is -1-. 
. 1-p 

59. First suppose p = -1. Then 

txP b:lxdx= tm x dx= lim tmxdx= lim [�(ln x) 2] � =-� lim(lnt)2=_:_oo,so the lo lo . X t--+O+ }� X t->O+ t--+O+ . 

integral diverges. No� suppose p =f. -1. Then integration by parts gives 

I xP+1 I xP xP+1 xP+1 . · · 

xPlnxdx = --1In x - --1 dx = --1 In x-
( 1)2 +C. Ifp < -1, thenp+ 1 < 0, so . p+ p+ p+ p+ 

{1 xP lnxdx = lim [ xP+1 lnx- xP+1 ] 1 = -1 -
·(-1-) lim 

[
tP+1 (mt- -1-)· ] 

- oo lo t-o+ P+ 1 . (p+ 1)2 t (p+ 1)2 p+ 1 t-.o+ p+ 1 - · 

If p > -1, then p + 1 > 0 and 
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fl PJ· dx -1 ( l.)r lnt- 1/(p+1)H -1 ( 1 )r· 1/t Jo x nx = (p + 1)2 - · p + 1 t.!.lft+ t-(p+l) = (p + 1)2 - p + 1 t.!.lft+ -(p + 1)t'-(P+2) 

= -1 + 1 lim tP+l = -1 
(p + 1)2 (p + 1)2 t-o+ (p + 1)2 

Thus, the integral conve�es to (p : 
1 )

2 if p > -1 and diverges otherwise. 

61. (a) I= Joo xdx = t xdx + f.000 xdx, and f000 xdx = lim J� xdx = lim [�x2]0t = lim [�t2- OJ= oo, -oo -oo t--+CXJ t_,.oo t--+oo 
so I is divergent. 

!00 ( 1 ) 2 • !t dx . [' l] t . ( 1') 63. Volume = 1r - · dx = 1r hm ·2 = 1r hm -- = 1r lim 1 - - = 1r < oo. 
_ , 1 X t-->oo 1 X t-->oo X 1 t-->oo t 

1oo F d I 1
t GmM d 1· G M ( 1 1) GmM Th ... I k' . 'd h. k 65. Work = r = im - -2 

- r = 1m m · -R - - = -R . . e tmtta metlc energy provt es t e wor , 
R t__,oo R r t .... oo t . 

1 2 GmM so-mv0 = -- =} Vo = J2�M· 
2 , R 

67. We would expect a small percentage of bulbs to burn out in the first few hundred hours, most of the bulbs to burn out after · 

close to 700 hours, and a few overachievers to burn on and on. 

(a) Y (b) r(t) = F' (t) is the rate at which the fraction F(t) of burnt-out bulbs increases 

as t increases. This could be interpreted as a fractional burnout rate. 

(c) J�"" r(t) dt = lim F(x) = 1, since all of the bulbs will eventually burn out. , .... 00 

0 700 t 
(in hours) 

69. I= -2-1- dx = lim . -2-1-dx = lim [tan-1 xt ='lim (tan-1 t- tan-1 a)= f- tan-1 a. 100 1t 
' 

a ·X + 1 t-->oo a X + 1 t .... oo. · a .t .... oo 

I< 0.001 =} f- tan-1a < 0.001 =} tan-1 a> f- 0.001 =} a::> tan(f - 0.001) � 1000. 

71. (a) F(s) = f(t)e-•t dt = e-•t dt = lim __ e_ = lim _e_ +- . This converges to- only if 8 > 0. 1oo 1' oo [ -st ] n ( -sn 1 ) 1 
0 0 n-oo S 0 n�ex> -8 S S 

Therefore F( 8) = � with domain { 8 I 8 > 0}. 8 

(b) F(s) = {"" f(t)e-•t dt = {.
oo 

ete-•t dt = lim {
n 

et(t-s) dt = lim [-1-et �l-•)] n 
Jo Jo n-ooJo n-oo 1-8 0 

. ( e(l-s)n 1 ) = hm -----­n-oo 1-8 1-8 

This converges only ifl -8 < 0 =} 's > 1, in which case F( 8) = -· -1- with domain { 8 I 8 > 1}. 8-1 . 
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(c) F(s) = Iooo f(t)e-st dt = lim Ion te-st dt. Use integration by parts: let u = t, dv =e-st dt ==? du = dt, n-oo 

Therefore, F(s) = 12 and the domain ofF' is {sIs> 0}. . s 

73. G(s}. = Iooo f'(t)e-•t dt. Integrate by parts with u = e-•t, dv = f'(t) dt => du = -se-•t, v = f(t): 

G(s) = }� [f(t)e-•t]� + s fooo f(t)e-•t dt = ,1� f�n)e-•n- f(O) + sF(s) 

But 0:::; f(t):::; Me"t * 0:::; f(t)e-•t:::; Me"te.-•t and 
t
�� Met(a-s) = 0 for s > a. So by the Squeeze Theorem, 

lim f(t)e-•t = 0 for s >a => G(s) = 0- f(O) + sF(s) = sF(s)- f(O) for s >a. 
t-+oo , 

, . 2 d d 1 -x2 S 75. We use integration by parts: let u = x, dv = xe -x dx * u = x, v = -:- 2 e . o 

1oo 2 -x2 d J' [ 1 -x2] t· 1100 -x2 dx J' [ t ] 1 1"" -x2 dx 1 100 -x2 d x e x = un --2xe +- e · = 1m ---2 + -2 e = -2 e x 
0 t-oo 0 2 0 t-oo - 2et 0 0 

(The limit is 0 by !'Hospital's Rule.) 

n. For the first part of the integral, let X = 2 tan(} * dx = 2 sec2 (}dO. 

Ik dx =I 22 8:::: d(} =I sec8d(} = ln jsecO + tanOj. 
. 

X 
v?+4 From the figure, tan (} = 2, and sec (} = 2 . So 

{"" ( . 1 c ) . [ I v"X2+4 X I ] t 
I
= J o yfx2 + 4 - x + 2 dx = t�� In 

2 
+ 2 -C lnjx + 21 o , 

= lim [1n Jt2"+4 + t-Cln(t + 2)- (In 1 -Cln 2)] 
t-oo 2 

= lim [1n ( Jt2+4 + t) +In 2c] =In ( lim t + Jt2+4) +In 2C-I 
t-oo 2 (t + 2)c t-oo (t + 2)c 

Now L =:::: lim t + Jt2"+4 � lim 
1 + tjJt2"+4 = 2 

t-= (t + 2)c t-oo C (t + 2)C-l C lim (t + 2)C-l · 

If C < 1, L = oo and I diverges. 

· t--+oo 

IfC = 1, L = 2 and I converges to ln2 + ln2° = ln2. 

If C > 1, L = 0 and I diverges to -oo. 

79. No, I= Io"" f(x) dx 
must be divergent. Since lim f(x) = 1, there must exist anN such that if x 2: N, then f(x) 2: �-

. X--+00 

Thus, I
·
= It+ h =IoN f(x) dx +I;' f(x) dx, where his an ordinary definite integral that has a finite value, and I2 is

. 

improper and diverges by comparison with the divergent integral J;' � dx. 
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7 Review 
CONCEPT CHECK 

1. See Formula 7.1.1 or 7.1 .2. We try to choose u �· f ( x) to be a function that t>ecomes simpler when differentiated (or at least 

not more complicated) as long as dv = g' ( x) dx can be readily integrated to give v. 

2. See the Strategy for Evaluating J sinm x cosn x dx on page 473. 

3. If \I a2 - x2 occurs, try x = a sin f:l; if J a2 + x2 occurs, try x = a tan f:l, and if � occurs, try x = a sec {:1, See .the 

Table of Trigonometric SubstiMions on page 478. 

4. See Equation 2 and Expressions 7, 9, and ll in Section 7.4. 

5 .. See the Midpoint Rule, the Trapezoidal Rule, and Simpson's Rule, as well as their associated error bounds, all in Section 7.7. 

We would expect the best estimate to be given by Simpson's Rule. 

6. See Definitions l(a), (b), and (c) in Section 7.8. 

7. See Definitions 3(b), (a), and (c) in Section 7.8. 

8. See the Comparison Theorem after Example 8 in Section 7.8. 

1. False. 

3. False. 

5. False. 

7. False. 

9. (a) True. 

(b) False. 

11. False. 

13. False. 

TAUE.fALSE QUIZ 

x(x2 +4) Bx A B 
Since the numerator has a higher degree than the denominator, · 2 4 = x + �4 = x + -- + --. x - x - x+2 x-2 

It can be put in the form � + �·+ 04. 
X X X-

This is an improper integral, since the denominator vanishes at x = 1. 

14 --/!- dx = 11 --/!-1 dx + t --/!-1 dx and 
0 X - 1 0 X - l1 X -

So the integral diverges. 

See Exercise 61 in Section 7.8. 

See the end of Section 7.5. 

Examples include the functions f ( x) = ex2; g( x) = sin( x2 ), and h( x) = 

sin x. 
x· 

If f(x) = 1/x, then f is continuous and decreasing on [1, oo) with lim f(x) = 0, but J100 f(x) dx is divergent. x-oo 

Take f(x) = 
1 !or all x and g(x) = -1 for all x. Then faoo f(x) dx = oo [divergent] 

and faoo g(x) dx = -oo [divergent], but faoo [f(x) + g(x)J dx = 0 [convergent). 
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EXERCISES 

1. r (x + 1? dx = [2 x2 + 2x + 1 dx = r (x + 2 + .!.) dx ·= [.!.x2 + 2x +In lxl] 
2 

11 X 11 X 11 X 2 1 

= (2 + 4 + In2)- (� + 2 + 0) = � + ln2 

[ u =cos "II, ] 
du =-sinO dO 

CHAPTER 7 REVIEW D 357 

5· I -2t-=- 2_+_
d
�_ t_+_ 1 = I (2t + 1�(t + 1) dt =I (-2t-:- 1 - -t +-

1
-1) dt [partial fractions) :;:::; ln j2t + 11- In It+ 11 + C 

7. J;/2 sin3 8 cos2 8d8 = J0"12(l-cos2 8) cos2'8 sin8dfJ = t{l- u2)u2 ( -du) 

= f1(u2- u4)du = .[1�3 - 1u5)1 = (1--1 )- 0 = .l.. Jo · 3 5 o 3 5 15 

[ u=cos8, ] 
du = -sin8d8 

I. sin(In t) I . ' 

9 . . Letu = lnt, du = dtjt. Then t dt = smudu =-cos u + C = -cos(Int) +C. 

11. Let x =sec 8. Then 

[2 y'X2"=-- 1:rr/3 tan8 i"/3 1"/3 
2 

7f/3 
....:..... __ dx = --8 sec8 tan8dfJ = · tan2 8dfJ = (sec 8- 1) d8 = [tan8- 8]0 = v'3- J· 

1 x 0 sec 0 - 0 

13. Let w = VX-Then w3 = x and 3w2 dw = dx, so J e � dx = Jew · 3u? dw = 3I. To evaluate I, let u = w2, 

dv =ew dw :::? du = 2wdw, v = ew, so I= J w2ew dw = w2ew- J2wew dw. N ow let U = w, dV = ew_dw :::? 

dU = dw, V = ew. Thus, I= w2ew- 2[wew- few dw] = w2ew- 2wew + 2ew + C1 , and hence 

3I = 3ew(w2-:- 2w + 2) + C = 3e �(x213- 2x1 13 + 2) +C. 

x-1 x-1 A·. B 15. ---= =- + -- :::? �- 1 = A(x + 2} + Bx. Set x = -2 to get -3 = -2B, so B= l Set x = 0 x2 + 2x x(x + 2) x x + 2 

I x-1 l(_l l ) toget-1= 2A,so A=-�.Thus, 2 2 dx= -2 +-2- dx=- � Inlxi+�Inlx+2I+C. 
X + X · X x+2 

17. Integrate by parts with u = x, dv = sec x tan x dx :::? du = dx, v = sec x: 
14 . 

' . 

J xsecx tanxdx = xsecx- J secxdx = xsecx - Injsecx + tanxl +C. 

19. I X+ 1 dx = I X+ 1 dx = I X + 1 dx . 9x2+6x+5 (9x2+6x+1)+4 (3x+1)2+4 

=I [Hu -1)] + 1 (.!. du) =.!. . .!.f (u- 1) + 3 du u2 + 4 3 3 3 u2 + 4 

[ u= 3x + 1,] 
du= 3dx 

1/' u 1 1 2 1 1 2 2 1 -1 ( 1 ) =- --du+- ---du = - · -ln(u +4)+- ·-tan -_u +C 9 u2 + 4 9 u2 + 22 9 2 9 2 2 

= 1
18ln(9x2 + 6x + 5) + � tan-1 [�(3x + 1)] + C 
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21· 1 dx = 1· dx =I dx 
· . Jx2-4x J(x2- 4x-:- 4)- 4 J(x _ 2)2 _ 2 2  

= 12sec0 tan(} dO 
· 2tan0 

[ x-2=2secll, ] 
dx = 2 sec II tan II dll 

= I sec(} dO= ln I sec(}+ tan 91 + cl 

=ln -- + +C1 lx-2 · Jx2 -4xl 
2 2 

= In jx - 2 + J x2 -4x I + C, where C = Ct -ln 2 

23. Let x = tan (}, so that dx = sec2 (} dO. Then 
I dx -I sec2 (}dO -I secO dO x.Jx2+ 1- tan(} secO- tanO 

= I esc(} dO = In lese 0 -cot Ol + C 

=ln�� -;j+C=lni��1�+C 

2 

.J(x-2)2-22 
=.Jx2-4x 

3x3 - x2 + 6x - 4 Ax + B Cx + D 3 2 { 2 · ) ( 2 ) 25. ( 2 )( 2 2) = 2 + 2 2 '* 3x -x + 6x- 4 =(Ax+ B) x + 2 + (Cx +D) x + 1 . X +1 X+ X +1 X+ ·. 

Equating the c oefficients gives A + C = 3, B + D = -1, 2A + C = 6, and 2B + D = -4 '* 

A = 3, C = 0, B = -3, an d D = 2. Now 

13x3 - x2 + 6x- 4 I x- 1 I dx 3 { 2 ) -1 r;;. _1 ( x ) (x2+1)(x2+2) dx=3 x2+1 dx+2 x2+2 =2ln x +1 -3tan x+v2tan J2 +C. 

27. I0.,12 cos3 x sin2xdx = I0.,12 cos3 x (2sinx cosx) dx = I0"'12 2cos4 x sinxdx = [-� cos5 x]�12 = � 

29. The inte.grand is an o dd functi on,  so /__3
3 

1 :lxl dx = 0 [by 5.5.7(b)]. 

31. Let u = Jex -1. Then u2 = e"' -1 and 2ud� =ex dx. Also, e"' + 8 = u2 + 9. Thus, 

tn 10 _ex_y''--e_x _-_1 dx = {3 u . 2u du = 2 r _u_2- du = 2 { 3 (1 - _9_) du }0 ex+B }0 u2+9 }0 u2+9 }0 u2+9 

3/2 . 
33. Let x=2sin·O => {4-x2) . =(2cos0)3 ,dx=2cos0dO,so 

I x2 
312 

dx = 1 8
4sin

: � 2cos0d0 = ltan2 O dO =
I (sec2 0 -1) dO ( 4-x2) cos u _ 

=tan0-9+0= n '-sin-1(�) +C 
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35/ 1 dx=j dx =/ dx 
. v'x+ x312 Jx(l+fx) vxv'1+fo 

= 4 ..;u + c = 4 y'1 + Vx + c 

CHAPTER 7 REVIEW D 359 

37. J(cosx + sinx) 2 cos 2xdx = J (cos2 x + 2sinx cosx + sin2 x)  cos 2xdx =I (1 +sin 2x) cos 2xdx 

= I cos 2x dx + � I sin 4x dx = � sin 2x - t cos 4x + C 

Or: I(cosx + sinx? cos2xdx = I(cosx + sinx)2(cos2 x-sin2 x) dx 

=f(cosx + sinx)3(cosx- sinx) dx = i(cosx + sinx)4 + c1 
• r 

I xe2x - dx 39. We'll integrate I= (1 + 2x)Z dx by parts with u = xe2"' and dv = 
(1 + 2x)2• Then du = (x · 2e2"' + e2x · 1) dx 

1 1 
and v=-- · -- so 2 1 + 2x' 

I=_.!_. xe2x -I[-.!.. e2x(2x + 1) ] dx =- xe2x +.!. . .!.ezx + C = e2x ( .!. _:_ _x_ ) + C 2 1 + 2::i: 2 1 + 2x - 4x + 2 2 2 . 4 4x + 2 . . 

11/2 xe2x [ ( 1 x )]112 ( 1 1) ( 1 ) 1 1 
Thus, (} (1 + 2x)2 

dx = e2x 4- 4x + 2 o 
= e 4- 8 - 1 4-0 =Be- 4· 

41. loo 1 
3 dx. =lim It 

(2
, 1 

1)3 dx =lim It 
�(2x+ 1)-3 2dx =lim [-( 

1 
)2

] t 
1 (2x + 1) t�oo 1 X+ t�oo 1 t->oo 4 2x + 1 1 

!-dx 
43. -l n X X 

[ u = In x ] I du 
I I I du=dx/� = -;; =ln ui+C=ln lnx +C,so 

100 
dx

l . = lim 1t d
l
x 

= lim .[In !In xi ] t = lim [ln(ln t) -ln(ln 2)] = oo, so the integral is divergent. 

2 X n X t�oo 2 X n X t->oo 2 t->oo -

14 
lnx 14 lnx. [ ]4 45. 1 dx = lim 1 dx � lim 2 Vx lnx-4 Vx 

o v x t-o+ t v x t-o+ · t 

(**)' 

= lim [(2 · 2ln4- 4 · 2)-(2Vt lnt-4Vt)] � (4ln4- 8)- (0-0) = 4ln4- 8 
t-o+ 

1 1 
Let u = ln x, dv = 1 dx =} du = -dx, v = 2 fo. Then 

VX X 

J inx I dx r r . Vxdx=2vfxlnx-2 v-;=2vx lnx�4vx+C 

lim (2Vtlnt)=; lim 2lnt �lim 2/t =lim (-4Vt)=O t-+o+ t-o+ t-1/2 t-+O+ -�t-3/2 t-+o+ 

47.11 x �1 dx = lim 11 ( � - ;_)dx = lim 11 (x112- x-112) d x = lim [ix3 /2 - 2x1/2] 1 
0 YX t->O+ t VX VX t-+O+ t t->O+ t 

= lim [(a- 2) - (at312- 2t112)] = _i- o ·= _i _ t->o+ 3 3 a 3 
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49. Let u = 2x + 1. Then 

!00 dx !"" t du 1 /0 du 1 {00 du 
-oc 4x2 + 4x + 5 = -oo u2 + 4 = 2 -oo u2 + 4 + 

2 Jo u2 + 4 
= 1 lim (1 tan-1 (1u)]0 + 1 lim [1 tan-1 (1u)]t = 1 [o- (-.!t)] + 1 ('.!!: - oJ = .!t .. 2 t--oo 2 2 t 2 t-->oo 2 2 0 4 2 4 2 4 

51. We first make the substitution t = x + 1, so ln(x2 + 2x + 2) =·ln[(x + 1? + 1] = ln(t2 + 1). Then we use parts 

with u = ln(e + 1), dv = dt: 

Jln{e + 1) dt = t In(t2 + 1) - / tt�� �t = t In(e + 1)- 2j t�
2 :t

1 = t In(t2 + 1)- 2j ( 1- t.2 � �) dt 

= t ln(e +1)- 2t + 2arctan t + C 

= (x + 1) ln(x2 + 2x + 2)- 2x + 2arctan(x + 1) + K, where K = C- 2 

[Alternatively, we could have integrated by parts immediately with . 

u = ln(x2 + 2x + 2).] Notice from the graph that f = 0 wh�re F has a 

horizontal tangent. Also, F is always increasing, and f � 0. 

53. From the graph, it seems as though J;1f cos2 x sin3 x dx is equal to 0. 

To evaluate the integral, we write the integral as 

I= J021f cos2 x (1- cos2 x) sin xdx and let u = cos x =? 

55. J ./4x2- 4x- 3dx = J J(2x- 1)2 _: 4dx [ u = 2x- 1,] 
du = 2dx 

� �(��- �Inlu+�l) +C=·�uv'U2-=4-Inlu+../u2 -41 +C 

= �(2x- 1) ./4x2- 4x- 3 -In l2x- 1 + ../4x2- 4x- 31 + C . 

57. Let u = sin x, so that du = cos x dx. Then 

J cos x J 4 + sin2 x dx = J ../22 + u2 du � i ../22 + u2 + :; In( u + ../22 + u2) + C 

= ! sin x J 4 + sin2 x + 2ln (sin x + J 4 + sin2 x) + C 

© 2012 Cengage Learning: All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website. in wbole or in part. 



CHAPTER 7 "REVIEW 0 361 

(b) Let u = asin9 => du = a cos9d9, a2- u2 = a2 (1-sin2 9) = a2 cos2 9. 

I J(i2=ti2 du = I a2 cos2 9 df} 
=I 1- sin2 9 d(} � l (csc2 (}-1) d(} =-cot(}-(}+ C. u2 a2 sin2 9 · sin2 (} · 

� . �1(u
) = u - sm -;; +C 

improper. By (7.8.2), the second integral diverges if -1 :::; n < 0. By Exercise 7.8.57, the first integral diverges if n :::; -1. 
Thus, J000 xn dx is divergent for all values of n. 

1 b-a 4-2 1 63. f(x) = lnx' D.x =---:;:;,--- = 10 = 5 

(a) T10 = 5 � 2 {!(2) + 2[/(2.2) + /(2.4) + · · · + /(3.8)] + /(4)} � 1.925444 

(b) M10 = k[/(2.1) + /{2.3) + /{2.5) + · · · + /(3.9)] � 1.920915 

(c) 810 = 513 [/(2) + 4/(2.2) + 2/(2.4) + · · · + 2!(3.6) + 4/(3.8) + /(4)] � 1.922470 

) 1 '( ) 1 /"( ) 2 + lnx 2 1 · 65. f(x = lnx => f x = x(lnx)2 => x = x2(lnx)3 = x2(1nx)3 + x2(1nx)2• Note that each termof 

' 

K(b- a)3 · 2 022(4- 2)3 f"(x) decreases on [2,4], so we'll take K = /"(2) � 2.022. \ET
_
\:::; 12n2 � • 12(10)2 = 0.01348 and 

IE \ < K(b- a? = 0 00674 \E \ < 0 00001 2·022(8) < -1- 2 > 1{)!1(2·022)(8) > 367 2 M - 24n2 · • IT - · � 12n2 - 1Q!l · � n - 12 => n - · · 

Taken= 368 for Tn. \EM\ :::; 0.00001 � n2 ;:::: 105(2�;2)(&) => n;:::: 259.6. Taken= 260 for Mn. 

67. Dot= (�- 0)/ 10 = to · . 
Distance traveled = f010 v dt � 810 

= 601.3 [40 + 4(42) + 2(45) + 4(49) + 2(52) + 4(54) + 2(56) + 4(57) + 2(57) + 4(55) +56] 
= 1�0 (1544) = 8.57 mi 

69. (a) f(x) = sin(sinx). A CAS gives 

/(4) (x) = sin(sin x)[cos4 x + 7 cos2 x- 3] 
+ cos(sinx) [6cos2 xsinx + sinx] 

From the graph, �e see tha; jt<4l(x)j < 3.8 for x E [0, 1r]. 
-4 

(b) We use Simpson's Rule with f(x) = sin(sinx) and D.x = J]< 

fo1r f(x)dx � 107<.3 [f(O) + 4/(fo) + 2/(��) + . .  · + 4/(��) + j(1r)] � 1.786721 

From part (a), we know that jt<4l(x)j < 3.8 on [0, 1r], so we use Theorem 7.7.4 with K = 3.8, and estimate the error 

. 
. 3.8(7!' - 0)5 

as \Esl s 180(10)4 � 0.000646. 
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- . 3.87r5 

(c) If we want the error to be less than 0.00001, we must have IEsl $ 180n4 $ 0.00001, 

4 > 3·87r5-
� ·646 041 6 _._ n >_ 28.35. Since n must be even for Simpson's Rule, w. e must haven >_ 30 son - 180(0.00001) ' · __,.. 

to ensure the desired accuracy. 

71. ( a) 
2 +;x ?.-)x forx in [1,oo). 100 )x dx is divergentby(7.8.2) withp = � $ 1. Therefore, 100 2 +:xnx dx is 

divergent by the Comparison Theorem. 

(b) k < � = � for X in (1, oo). r
oo

� dx is convergent by (7.8.2) Withp = 2 > 1. Therefore, 
1 +x4 vx4 x 11 x . 

{"" k dx is convergent by the Comparison Theorem. 11 1+x4 . 

73. For x in [0, �). 0$ cos2 x $ cosx. For x in (�,1r), cosx $0 $ cos2 x. Thus, 

area= f0"12(cosx-cos2 x) dx + J;
12(cos2 x- cosx) dx 

= (sinx- 1x _1sin2x]"12 + (1x+ 1sin2x -sinx)" = ((1- .!!:) - o) + (.!!: -·(.!!: -1)) = 2 2. 4 0 - 2 4 . . 1r /2 4 . . 2 4 

75. Using the formula for disks, the volume is 

V = f0"12 1r [f(xW dx = 1r f0"12(cos2 x? dx = 1r f0"12 (�(1 +cos 2x)]2 dx 

= 'i J0"12{1 + cos2 2x + 2 cos2x) dx = � J;12 (1 + Hl + cos4x) + 2 cos 2x] dx 

- 1!: [�x + 1 (1 sin4x) + 2(1 sin 2x)]"12 - .!!: [(� + 1. 0 + o) - o] - JL7r2 ,- 4 2 2 4 2- 0 - 4 4 8 - 16 

77. By the Fundamental Theorem of Calculus, 

fo"" f'(x) dx = lim J; f'(x) dx = lim [j(t)- f(O)) = lim j(t)- f(O) = 0- f(O) =- f(O). 
t-+oo t-oo t-+oo 

79. Let u = 1/x => x = 1/u => dx = -(1 /u2 ) du . . 
. . 1 ""-Inx dx- fo.I n( l /u) (-du) - r

o-Inu -du - r
o

�du - - {"" �du o 1+x2 -1ool+l/u2 u2 -1oou2 +1( ) -1ocl+u2 - Jo 1+u2 

100 In 100 In . 
Therefore, -1 

x 
2 dx = - -1· 

x 
2 dx = 0. 

o +x . o +x 

. . 
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0 PROBLEMS PLUS 

1. 

X -80 

By symmetry, the problem can be reduced to finding the line x = c such that the shaded area is one-third of the area of the 

quarter-circle. An equation of the semicircle is y = J49- x2, so we require that J; J49- x2 dx = 1 · t7r(7? {=} 

[�xJ49- x2 + � sin-1(x/7)]� = ��7r [byFormula
.
30] {=} �cJ49-c2 + � sin-1(c/7) = fl7r. 

This equatiol) would be difficult to solve exactly, so we plot the left-hand side as a function of c, and find that the equation 

holds for c �- 1.85. So the cuts .should be made at distances of about 1.85 inches from the �enter of the pizza. 

3. The given integral represents the difference of the shaded areas, which appears to y 

be 0. It can be calculated by integrating with respect to either x or y, so we find x 

in terms of y for each curve: y = �1 -x7 => x = �h - y3 and 

y = .VI- x3 => x = {/1- y7, so 

I: ( {/1 - y7- {/1 - y3 ) dy =I: ( .Vl - x3 - �1 -xi) dx. But this 

equation is of the form z = -z. So J01 ( �1 - x7 - .V1 ..,.. x3) dx =:' 0. 

5. The area A of the remaining part of the circle is given by 

A =: 4/ = 41" ( J a2 - x2 - � J a2 - x2) dx = 4 ( 1 - �) 1" J a2 - x2 dx 

=-(a-b) -Ja2-x2+-sm -30 4 [x a2 . _1 x] " 
a 2 , 2 a 0 

which is the area of an ellipse with semiaxes a and a -b. 

0 

Alternate solution: Subtracting the area of the ellipse from the area of the circle gives us 1ra2 - 1rab = 1ra (a-b), 
as calculated above. (The formula for the area of an ellipse was derived in Example 2 in Section 7.3.) 

X 
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7. Recall that cOs A cos B = �[cos( A+ B)+ cos(A- B)]. So 

f(x) � J0"' cos t cos(x- t) d t  = � J; (cos(t + x- t) + cos(t-x + t)] d t  = � f0"' [cosx + cos(2t- x)]dt 

= � [tcosx + t sin(2t- x)]� = � cosx + i sin(27r-x)- i sin( -x) 

= � cosx + i sin( -x)- t sin( -x) = � cosx 

The minimum of cos x on this domain is -1, so the minimum value off ( x) is f ( 1r) = - �. 

9. In accordance with the hint, we let Ik = J;<1--:x2)k dx, and we find ari expression fo� h+1 in terms of Ik. We integrate h+1 . . 

by parts with u = (1- x2)k+l � du = (k + 1)(1- x2)k(-2x), dv = dx � v = x, and then split the remaining 

integral into identifiable quantities: 

Ik+ 1 =; x(1-x2)k+1j� + 2(k + 1) J01 x2(1- x2)k dx � (2k + 2) J01.
(1-x2)k[1 - (1- x2)] dx 

· = (2k + 2)(lk- h+I ) · 

So Ik+1[1 + (2k + 2)) = (2k + 2)Ik � 2k+2 . . 
h+1 = 2k + 3 h. Now to complete the proof, we use induction: 

. 2o(ot)2 Io = 1 = ---d-· so the formula holds for n = 0. Now suppose it holds for n = k. Then 

-
2k + 2 - 2k + 2 [ 22k(k!)2 ] � 2(k + 1)22k(k!)2 = 2(k + 1) . 2(k + 1)22k(k!)2 

h+l- 2k + 31k- 2k + 3 (2k + 1)! . (2k + 3)(2k + 1)! 2k + 2 (2k + 3)(2k + 1)! 

- [2(k + 1))2 22k(k!)2 - 22(k+1) [(k + 1)!]2 
- (2k + 3)(2k + 2)(2k + 1)! - [2(k + 1) + 1]! 

So by induction, the formula holds for all integers n 2: 0. 

11. 0 < a < b. Now 

[ bt+I -at+ I ] 1/t· [ 1 bt+I - at+l ] 
Now let y = E� (t + 1)(b _a) 

. Then lny = E� tIn (t + l)(b _a) 
. This limit is of the form 0/0, 

so we can apply !'Hospital's Rule to get 

. [bt+1lnb-at+1lna 1 ] blnb-a
,
lna blnb alna . · bb/(b-a) 

lny=hm --- = - 1=----. - -lne=ln-....,.,...---,-t-o bt+1 -at+I t + 1 b- a b- a b- a eaa/ (b -a) · 

( bb )1/(b--a) 
Therefore, y = e--1 

aa . 
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. J :tB J 3 xr; . . 3 xo . 13. Wnte I =  (1 + x6)2 dx = x · (1 + x6)2 dx. Integrate by parts w1th u = x , dv = 
(1 + x6)2 dx. Then 

15. 

2 1 . du = 3x dx, v = -6(1 + x6) 
. x3 1 J x2 

d S b . 3 . h' I . gral => I = - ( 6) + -2 --6 x. u stltute t = x m t IS atter mte . 61+x . 1+x 

J x2 1 j dt 1 -1 1 -1 3 --6 dx = - --2 = -tan t + C = -3 tan (x ) +C. Therefore I = 1+x 3 l+t 3 · . 
x3 1 -1( 3) 6(1 +x6) + 6tan x +C. 

Returning to the improper integral, 

00 ( 4 )2 it 8 [ 3 1 ]t ·/_ . -1 
x_ 6 dx = lim (1 

x 6)2 dx = lim -6(1 
x 

6) + -6 tan-1(x3) 
. _1 +.x t-+oo _1 + x t-+oo +X _1 

y 

. ( t3 1 -1( 3) -1 i -1( )) = 
t�� 6(1 + t6) + 6 tan t + 6(1 + 1) - 6 tan -1 

= 
o + � G) - :2 -� (-�) = ;2 - 1

1
2 + � = i - 1� 

An equation of the circle with center (0, c) and radius 1 is x2 + (y-c)2 = 12, so 

an equation of the lower semicircle is y = c- v'l - x2• At the points of tangency, 

the slopes of the line and semicircle must be equal. For x;::: 0, we must have 

y' = 2 i* 
x 

· = 2 => x = 2 v'1 - x2 => x2 = 4(1 - x2) => 
v'f=X2 

5x2=4 => x2=� => x=iv'5and so y=2{iv'5)=�v'5-

The slope of the perpendicular line segment is -�, so an eq�ation of the line segment is y - � J5 = -� ( x - i J5) <=> 

y = -�x + �J5 + �J5 <=> y = -�x + J5. soc= J5 and an equation of the lower semicircle is y = J5- v'1- x2. 

Thus, the shaded area is 
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8 0 FURTHER APPLICATIONS OF INTEGRATION 

8.1 Arc Length 

1. y = 2x- 5 => L = J�1 y'1 + (dyjdx)2 dx = J�1 y'1 + (2)2 dx = J5 [3- (-1)] = 4Js. 
The arc length can be calculated using the distance formula, since the curve is a line segment, so 

L = (distance from ( -1, -7) to'(3, 1)] = y'(3- (-1)]2 + (1- ( -7)]2 = J80 = 4 J5 

3.y=sinx => dyjdx=cosx => 1+(dy/dx)2=l+cos2x.SoL=J0.,..J1+cos2xdx�3.8202. 

5. X= yY- y ,=> dxjdy = 1/ (2JY) -1 => 1 +(dxjdy)2 = c� - l y . 

SoL = 14 J 1 + ( 2 
� - 1 rdy � 3.6095. 

7. y = 1 + 6x312 => dyjdx = 9x112 => 1 + (dyjdx)2 = 1 + 81x. So 

9. 3 

[ u = 1 + 81x,] _ ..L . .a[u3/2) 82 _ ..2... (82 J82 _ 1) du = 81 dx - 81 3 . 1 - 243 

1 y' =X2- - => 4x2 

1 + (y')z = J + ( x4 - � + 16
l
x4) = x4 + � + 16�4 

= ( x2 + 4!2) 
2
. So 

L= 12 
J1+(y')2dx= 12 1xz+ 4!2 1 dx= 12 

(xz+ 4!2 ) dx· 

= [ �x3 
- 4�I = ( � � �) - ( � - �) = � + � = �: 

11. X = tJY (y- 3) = tY3/2 - y1f2 => dxjdy = �yl/2- h-1/2 => 

1 + (dxjdy)2 = 1 + h- � + h-1 = h+ l-i- ty-1 = uy1f2 + h-1/2/-So 

L = J19 ( h1/2 + h-1/2) dy = � [ h3:2 + 2y1/2] : = H (� . 27 + 2. 3) - (i . 1 + 2 .  1)] 

= H24- �) = H634 ) = ¥· 

dy secx tanx 
(

dy) 2 13. y = ln(secx) => -d = = tanx => 1 + dx = 1 + tan2 x = sec2 x, so 
, x secx 

L = f0.,..14 Jsec2 xdx
-;= J0.,..14JsecxJ dx = J0.,..14 secx dx = [tn(secx + tanx)] :14 

= ln(J2 + 1) -ln( l  +0 ) = In(j2 -i-1) 
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1 2 1 15.y=4x-2 lnx 
. 2 1 1 1 2 (1 2 1 1 ) 1 2 1 1 (1 1 ) 

=> y' = 2x- 2x => 1 + (y) = 1 + 4x - 2 + 
4x2 = 4x + 2 + 

4x2 = 2x + 2x · 

So 
L = {2 J1 + (y')2 dx = f2 1.!x + __!:_I dx = {2 (.!x + __!:_) dx 

}1 }1 2 2x }1 2 2x . 

[1 1 ] 2 ( 1 )
. 

(1 ) 3 1 
= -x2+ - ln lxl = 1+ - ln 2 - -+0 = -+ ,- ln 2 

4 2 1 2 4 . 4 2 

2 . 
( 1 + x2) = 1 + x2· 

= 

_1 + _2_ 
1 - x2 1 -x2 1 - x2 

[by division] 
1 1 =-1+--+--1+x 1-x (partial fractions]. 

1112 ( 1 
. 
1 ) [ I I I I] 112 ( 1 1 3 1 ) 1 So L =  -1+--+-- dx= -x+ln 1+x -ln 1-x 0 = -2+ n2-ln2 -'O=ln3-2. 0 1+x 1-x 

19. y = �x2 => dyjdx = x => 1 + (dyjdx)2 = 1 + x2. So 

21. 

L = f�1 J1 + x2 dx ==; 2 J; v'I+X2 dx [by symmetry] � 2[�J1 + x2 + � ln(x + J1 + x2 )]� [or substitute] 
x = tan9 

14 From the figure, the length of the curve is slightly larger than the hypotenuse 

of the triangle formed by the points (1, 2), (1, 12), and (2, 12). This length 

is abOut J102 + 12 � 10, so we might estimate the length to be 10. 

y = x2 + !3 => y' = 2x + 3x2 => 1 + (y')2 = 1 + (2x + 3x2)2• 

So L =  J1
2 J1 + (2x + 3x2)2 dx � 10.0556. 

23. y = xsinx => dyjdx = xcosx + (sinx)(1) � 1 + (dyjdx)2 = 1 + (xcosx + sinx?. Let 

f(x) = J1 + (dyjdx)2 = Jl + (x c/os x +sin x)2. Then L = J:'" f(x) dx. Since n = 10, Ax = 2,.1;;-0 = -K· Now 

L � s10 

= � [/(0) + 4/(�) + 2/(25,.) + 4/(3;) + 2/(4;) + 4/(5;) + 2f(6;) + 4/(1;) + 2f(8;) + 4f(9;) + /(211")] 
� 15.498085 

The value of the integral produced by a calculator is 15.374568 (to six decimal places). 

25. y = ln(1 + x3) => dyjdx = -1 
1 

3 · 3x2 => L = J05 f(x)dx, where f(x) = J1 + 9x4/(1 + x3)2. Since n = 10, +x 
A 5-0 1 N �X= 1Q = "2· OW 

L� s10 

= ¥!/(0) + 4/(0.5) + 2/(1) + 4/(1.5) + 2/(2) + 4/(2.5)+ 2/(3) + 4/(3.5) + 2f(4) + 4f( 4.5) + /(5)] 
·� 7.094570 

The value ofthe integral produced by a calculator is 7.118819 (to six decimal places). 
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27. (a) 

(b) Let f ( x) = y = x {/4 - x. The polygon with one side is just 

the line segment joining the points (0, f(O)) = (0, 0) and 

(4, f(4)) = (4, 0), and its length £1 = 4 . 

.The polygon with two sides joins the points (0, 0), 

,"--------'---------?_ 4 (2, f(2)) = (2, 2 {/2) and (4, 0). Its l�ngth 

L2 = )(2-o)2 + (2 .v2-o/ + J(4 :___ 2)2 + (o - 2 {/2)2 = 2v4 + 28/3 � 6.43 

Similarly, the inscribed polygon with four sides joins the points (0, 0), (1, {/3), (2, 2 {/2), (3, 3), and (4, 0), 

so its length 

(c) Using the arc length f�rmula with : = x [ %(4 - x)-213( -1)] + {/4-x = 3(�2 --x��/3' the length of the curve is 

L= l4 J1+ (zrdx= fo4 
1+ [3(�2-

-
x�/3rdx.-

(d) According to a calculator, the length of the curve is L � 7. 7988. The actual value is larger than any of the approximations 

in part (b). This is always true, since any approximating straight line between two points on the curv() is shorter than the 

length of the curve between the two points. 

29. y = lnx =? dyjdx = 1/x =? 1 + (dy/dx)2 = 1 + 1/x2 = (x2 + 1)jx2 =? 

L= [2 J�}
x:1dx= [2 � dx� [v1+x2-Jn J1+�JJ: 

' (l+v'5 ) . · = v'5 -In -2- - v'2 + ln(l + v'2) 

31. y2/3 ="= 1 _ x2f3 =? Y = (1 _ x2f3)3/2 =? 

: = �(l _ x2f3)1/2 (-�x-1/3) = -x-1/3(l - x2f3)1/2 =? 

(dy)2 = x-2/3(1-x2f3) = x-2/3-1. Thus dx . . 

L = 4 fr1 y'1 + (x-2/3 - 1) dx. = 4 t x-113 dx = 4 lim (-2x213] 1 = 6. 
o o 

t�o+ 2 t 

y 

} X 
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' ; 

33. y = 2x312 ·=* y' = 3x112 '* 1 + (y')2 = 1 + 9x. The arc length function with starting point Po(1, 2) is 

s(x) = g J1 + 9t dt = [ ff(l + 9t)312[ = 2q(l + 9x)312 -10 J10) . 

. -1 � . I 1 X 1 -X 
35. y = Sill X+ V 1 - x- =* y = � - � = � =* 

v 1 - x- v 1 - x- v 1 -x-

1 + ( ')2 = 1 + (1-x? = 1- x2 + 1-2x + x2 = 2-2x = 2(1-x) = _2_ '* 
• Y · 1-x2 1-x2 1-x2 (1+x)(1-x} 1+x 

J1 + (y')2 = J 2 
. Thus, the arc length function with starting point (0, 1) is given by 1+x 

lx -. lxfrft s(x) = v1 + [f'(t))2dt = -dt = J2 [2v'l +t ]� = 2J2 (Jf+X -1). 
0 0 1+t 

37. The prey hits the ground when y = 0 ¢o? 180-15x2 = 0 <=> x2 = 45 · 180 => x = V8100 = 90, 

sinct: x must be positive. y' = - 4� x '* 1 + {y')2 = 1 + �x2, so the distance traveled by the prey is 

[ u = -kx, ] du = -k dx 
� � [%u J1 + u2 + t ln(u + J1 + u2 )]�= �5 [2M+ tln(4 + JI7)] = 45 M + � ln(4 + M) � 209.1 m 

39. The sine wave has amplitude 1 and period 14, since it goes through two periods in a distance of 28 in., so its equation is 

y = 1 sin(�� x) = sin(fx) . The width w of the flat metal sheet needed to make the panel is the arc length of the sine curve 

· · from x = 0 to x = 28. We set up the integral to evaluate w using the arc length formula with � = f cos( fx) : 

L = J;8 J 1 + [ f cos ( f x)) 2 dx = 2 J ;
4 J 1 + [ f cos ( f x)) 2 dx. This integral would be very difficult to evaluate exactly, 

so we use a CAS, and find that L � 29.36 inches. 

41. y = 'g �dt => dy(dx = Jx3 -1 [by FTC!] => 1 + (dyjdx? = 1 + (�)2 = x3 => 

8.2 Area of a Surface of Revolution 

1. (a) (i) y = tanx => dyjdx = sec2 x => ds = J1 + (dyjdx)2 dx = J1 + sec4 xdx. By (7), an integral for the 

area of the surface obtained by rotating the curve about the x-axis is S = J 21ry ds = J0" 13 27r tan xJl + sec4 x dx. 

(ii) By (8), an integral for the area of the surface obtained by rotating the curve about the y-axis is 

S = J 21rx ds = J0" 13 27rx.Jl + sec4 x dx. 
(b) (i) 10.5017 (ii) 7.9353 
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3. (a) (i) y = e-"'2 =} dy/dx = e- "'2 • (-2x) =} ds = )1 + (dyfdx)2 dx = )1 + 4x2e""'"2"'2 dx. By (7), 

S = j21ryds = t1 27r e-"'2 )1 +4x2e-2"'2 dx. 

(ii) By (8); S = J 21rx ds = J01 27rx)l + 4x2e-2"'2 dx [symmetric about they-axis] 

(b) (i) 11.0753 (ii) 3.9603 

[u = 1 + 9x\ du = 36x3 dx] 

[ ] 1 45 - 2;. J1 45 'u du - JL lu3/2 - JL (145 ·'145 - 1 ) - 36 1 Y "' - 18 3 1 - 27 Y Ho� 

7. y = v'l +4x =} y' = HI +4x)-112(4) = � =} Jl + (y')2 = Jl + 
1 
:4x = J� ::.So 

S·= 115 27ry Jl + (y')2 dx = 27r K' v'1 + 4x J�! :: dx = 27r 115 v'4x + 5dx 
[ u = 4x + 5,] 
du = 4dx 

S = 1 01 21ry )1 + (y')2 dx = �h J; sin 1rx )1 + 1r2 cos2(7rx) dx 

r-1r ( 1 ) 2 /_7r . = 27r l1r )1 +u2 - 7r2 du =; -1r )1 +u2du 

= � 11f )1 + u2 du � � [i -/1 + u2 + � m( u + )1 + u2) J: 

[ U = 1rCOS1rX, ] du = -1r2 sin 1rx dx 

= � [ (� � + � ln(rr + v'1 + 7r2)) - o] = 2 v'1 + 7r2 +; ln(7r + v'1 + 7r2) 

11. x = Hy2 + 2)312 =} dx/dy = �(y2 + 2)112(2y) = y Jy2 + 2 =} 1 + (dx/dy? = 1 + y2(y2 + 2) = (y2 + 1)2. 
So S = 21r 112 y (y2 + 1) dy = 27r[ty4 + h2]� � 27r(4 + 2 - i- �) = 2;1r. 

13. y = ?'x =} x = y3 =} 1 + (dxfdy)2 = 1 + 9y4. So 

s = 27r f12 X )1 + (dx/diJ)2 dy = 27r I: y3 Jl + 9y4 dy = �� 112 )1 + 9y4 36y3 dy = Is [ � (1 + 9y4)312]: 
� ¥; (145 yT45 - 10 v'W) 

la/2 a 1a/2 . 
s = 27r)a2- y2 � dy = 27r a dy = 27ra[y ]�12 = 27ra(�2- o) = 7ra2. 

o a2- y2 o · 

Note that this is i the surface area of a sphere of radius a, and the length of the interval y = 0 toy= a/2 is t the length of the 

interval y = -a to y = a. 
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17. y = ix5 '* dyjdx = x4 '* 1 + (dyjdx)2 = 1 + x8 '* S = J; 21r (ix5) v'1 + x8 dx. 

Let f(x) = �1rx5v'1 + x8. Since n = 10, .tlx ==: 510 ° = � -Then 

s� S1o 

= �[j(O) + 4/(0.5) + 2/(1) + 4f(l.p) + 2/(2) + 4/(2.5) + 2/(3) + 4/(3.5) + 2f(4) + 4/(4.5) + /(5)) 
� 1,230,507 

The value of the integral produced by a calculator is approximately 1,227,192. 

19. y = xex '* dyjdx = xe"' + ex '* 1 + (dyjdx)2 = 1 + (xe"' + e"'? 1 ' 
'* s = fo 27rxe"' J1 + (xe"' + ex)2 dx. 

Let f(x) = 21rxe"' J1 + (xe"' + e"')2. Since n = 10, .tlx = \0 ° = to· Then 

s�sw 

= 11310 [f(O) + 4/(0.1) + 2/(0.2) + 4/(0.3) + 2/(0.4) + 4/(0.5) + 2/(0.6) + 4/(0.7) + 2/(0.8)'+ 4/(0.9) + /(1)) 
� 24.145807 

The value of the integral produced by a calculator is 24.144251 (to six decimal places). 

21. y = 1/x '* ds = J1 + (dyjdx)2 dx == J1 + ( -1/x2)2 dx = J1 + 1/x4 dx '* 

12 1 R ·· 12 
R+f 

[4 v'u2 + 1 S = 21r · - 1 + 4 dx = 21r 3 dx = 21r 
2 ( � du) [ u = x2, du = 2x dx] 

l X X 1 X 1 U 

= 7r [4 � du�1r[ � + ln(u + Vl + u2 )[ 
= 1r[-4l + ln(4 + v'i7) + � -ln(1 + v'2)] = � [4ln( v'i7 + 4)- 4ln(v'2 + 1)- v'i7 + 4v'2] 

23. y = x3 and 0 ::=:; y ::=:; 1 '* y' =: 3x2 and 0 ::=:; x ::=:; 1. 

[ u = 3x2, ] 
du = 6xdx 

3 .� · = 1L f v 1 + u2 du 3 Jo . 

25. S = 21r [oo y 1 � ( :�) 2 dx = 21r [oo � J 1 + :4 dx = 27r 100 � dx. Rather than trying to e;aluate this 

integral, note that vx4 + 1 > # = x2 for x > 0. Thus, if the area is finite, [oo v'x4 + 1 [oo x2 ["" l 
. -

S = 21r 3 dx > 21r 3 dx = 21r · - dx. But we know that this integral diverges, so the area S 
1 x l x . l x . 

is infinite. 

27. Since a > 0, the curve 3ay2 = x( a - x? only has poin� with x 2: 0. · 
[3ay2 2: 0 '* x(a- x? 2: 0 '* x 2: 0.] 
The curve is symmetric about the x-axis (since the equation is unchanged 

when y is replaced by -y). y = 0 when x = 0 or a, so the curve's loop . . 
extends from x = 0 to x = a. 

y 
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=> 6ay dy =x·2(a-x)(-1)+(a-x)2 => dy = (a-x)[-2x+a-x] => 
dx dx 6ay. . . 

(dy)2 = (a-x?(a-3x? = (a-x?(a- 3x)2 . . 3a 
dx 36a2y2 36a2 x(a-x)2 

[the fast. fraction ] = (a -3x) 2 => 
is 1/y� 12ax 

1+(dy)2 =1+a2-6ax+.9x2 =12ax +a2-6ax+9x2 =a2+6ax+9x2 =(a+3x)2 
forx:f:.O. dx 12ax · �2ax 1 2ax 1 2ax 1 2ax 

.
(a)S= r 27ryds=27r r Vx(a-x). a+3x dx=2tr r (a-x)(a+3x) dx lx=O Jo V3a v'12ax Jo 6a 

7r 1a 2 2 · 7r [ 2 · 2 3] a 7r 3 3 3 7r 3 1ra2 =- (a +2ax -3x )dx.=- a x+ax -x 0=-3 (a +a -a )=-3 ·a =-3
. 3a 0 3a. a a . 

Note that we have rotated the top half of the loop about the x-axis. This generates the full surface. 

(b) We must rotate the full loop about the y-axis, so we get double the area obtained by rotating the top half of the loop: 

1a . 1a a + 3x 47r 1a 1/2 
. 27r la. 1/2 3/2 S = 2 · 27r x ds = 47r x � dx = . r.>:: x (a+ 3x) dx = r.>:: (ax + 3x ) dx x=O 0 V 12ax 2 V 3a 0 V 3a 0 

� � [�ax3/2 + �x5/2] a = 27r v'3 (�a5/2 + �a5/2) = 27r v'3 (� + �) a2 = 27r v'3 ( 28) a2 V3a 3 5 0 3 v'a 3 5 3 3 5 . 3 15 
567r v'3a2 

4 5  
x2 y2 y (dyjdx) . x dy b2x 

29. (a) a2 + b2 = 1 
=> . b2 = -a2 => dx = -a2y => 

(dy)2 b4x2 . b4x2 +a4y2 b4x2 +a4b2(1-
. 

x2ja2) 1 + - = 1 + --= = --.,..,-;:-:-:--'---::-:--::7--'-dx a4y2 a4Jj2 . a4b2 ( 1- x2ja2) 

- a4 + b2x2-a2x2 - a4-(a2 � b2)x2 
- a4- a2x2 - a2(a2-x2) 

The ellipsoid's surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the x-axis. 

Thus, 

1+ ...J!.. dx=47r -)a2-x2 · dx=-2 .Ja4-(il2-b2)x2dx (d )2 la b yfa4-(a2-b2)x2 47rb la 

dx 0 a a� a 0 ' 
4 blav'a2._b2 d · 4 b [ 4 ] ay'a2-b2 1r u Jo 1r u a . _1 u =- )a4-u2 [u=�x] = ·

.
-)a4-u2+-srn (-) a2 o v' a2 -b2 a2 v' a2 - b2 2 2 a2 o 

= 7r ava--
u- .Ja4-a2(a2-b2) + � sin-1 va- -u- = 27r b2 + a 4 b [ . '-2"fj2 . 4 

. 
'-2"fj2] ' [ a2bsiri-1 � l 

a2Ja2-b2 2 . 2 a � 
(b) 

x2 y2 _ 1 . x (dxjdy) __ ]L dx __ a2y 
a2 + b2 - => a2 - b2 => dy - b2x => 

1 + (dx)2 ='1 + a4y2 = b4x2 +a4y2 = b4a2(1-y2/b2) + a4y2 = a2b4-a2b2y2 + a4y2 
dy b4x2 b4x2 b4a2(1-y2jb2) a2b4-a2b2y2 

� b4 __ b2y2 + a2y2 _ b4 _ (b2 _ a2)y2 - b4 -b2y2 - b2(b2 -y2) 
The oblate spheroid's surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the 
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374 D CHAPTER 8 FURTHER APPLICATIONS OF INTEGRATION 

y-axis. Thus, 

S = 2l
b 

2?rX (dx)2 1b a -� Jb4- (b2- a2)y2 1 + - dy = 471" - y b2 - y2 dy dy 0 b b Jbz _ y2 

4 
1
b 

4 
1bJb2 -a2 d = � Jb4 - (bz - a2)y2 dy = � . Vb4 -u2 

u 
b2 o b2 o -./b2 - a2 

4 ]bJb2-a2 30 4?ra [u �4 2 + b . _1(
u

) = -yu·-u- -s1n -
b2 Jb2 _ a2 2 2 b2 0 

Notice that this result can be obtained from the answer in part (a) by interchanging a and b. 

31. The analogue of f(xi) in the derivation of(4) is now c-f(xi), so 
n b S = lim I: 21r[c-f(xi)] y'l + [f'(xi))Z �x =fa 2?r[c-f(x)] y'1 + [f'(x)]Z dx. n�ooi=l 

33. For the upper semicircle, f ( x) = J r2 � x2, f' ( x) = -x / J r2 - x2• The surface area generated is 

. 81 = 1-r 2?r(r- Jr2- x2 ) /1 + +-z d� = 4� r (r - Jr2- x2 ) � dx 
-r . Y r - x Jo r2 - x2 

= 4?r rr ( h - r) dx Jo r2- x2 

x 1r ( r2 ) For the lower semicircle,f(x)=-Jr2-x2 andf'(x}= �,soS2=41r 
�

+r dx. . r2 - x2 o r2 - x2 

35. In the derivation of(4), we computed a typical contribution to the surface area to be 21r Yi-1 + '!); 
jP;-d�!. ' ' 2 

'· 

the area of a frustum of a cone. When f(x) is not necessarily positive, the approximations y; = f(x;) � f(xi) and 
Yi-1 = f(x,;-!) � f(xi) must be replaced by y; = if(x;)l � If( xi) I and Yi-1 = !f(xi-1)1 � lf(xi)l. Thus, 

21r Yi-12
+ y; IP;_1P;! � 21r !f(xi)! y'1 +[!'(xi)]; �x. Continuing with the rest of the derivation as before, 

we obtainS= t 2?r !f(x)l y'1 + [j'(x)F dx. 
• 

a 

8.3 Applications to Physics and Engine�rhig 

1. The weight density of water is 6 = 62.5lb/ft3. 
(a) P = 6d � (62.5lb/ft3)(3 ft) = .187.5 Ib/ft2 

(b) F = PA � (187.5lb/ft2)(5 ft)(2 ft) = 1875lb. (A is the area of the bottom of the tank.) 

(c) As in Example I, the area of the ith strip is 2 (�x) and the pressure is 6d = 6x;. Thus, 

3. 3 . 3 F = fo 6x · 
2dx � (62.5)(2)!0 x dx = 125ax2]0 = 125(!) = 562.5Ib. 
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In Exercises 3-9, n is the number of subintervals of length D.x and xi is a sample point in the ith subinterval [xi-1, x;]. 

0 3. Set up a vertical x-axis as shown, with x = 0 at the water's surface and x increasing in the 

downward direction. Then the area of the ith rectangular strip is 6 D.x and the pressure on 

the strip is r5xi (where r5 � 62.5lb/ft3). Thus, the hydrostatic force on the strip is 

6ft 

··EJ 
2 
xT 

n 
r5xi · 6 D.x and the total hydrostatic force � 2.:: r5xi · 6 D.x. The total force . i=l 

n 6 6 6 F = lim 2.:: r5xi · 6D.x = j2 r5x · 6dx = 68 f2 xdx =;: 68[�x2L = 68(18-2) = 968 � 6000 lb n----HXli=l . 

5. Set up a vertical x-axis as .shown. The base of the triangle shown in the figure 

has length J32-(x;)2, so Wi = 2 J9- (x;)2, and the area of the ith 

rectangular strip is 2 J9- (xi)2 D.x. The ith rectangular strip is (xi - 1) m 

below the surface level of the water, so the pressure on the strip is pg(xi - 1). 

The hydrostatic force on the strip is pg(xi - 1) · 2J9-(xi)2 .D.x and the total 

force on the plate� f: pg(xi -1) · 2 J9-(xiF D.x. The total force 
i=l 

F =lim f: pg(xi -1) · 2 J9- (x;)2 D.x = 2pg f13(x- 1) y'g __:_ x2 dx 
i=l 

6 
X 

X 

= 2pg J3 x ylg- x2 dx- 2pg J3 v'9-x2 dx � 2pg [-1(9-x2)312] 3 - 2pg [:E. y'g- x2 +.!!. sin-1 (:E.)] 3 1 1 3 1 2' 2 3 1 

= 2pg[O + � (8 v'B}].- 2pg[(O + �. �}- (� v'B + � sin-1 (!))] 

= ¥../2pg- 9211" pg + 2../2pg+ 9(sin-1(�)] pg = (¥ ../2- 9211" + 9sin-1(1)) pg 

� 6.835. 1000.9.8 � 6.7 X 104 N 

Note: If you set up a typical coordinate system with the water level at y = -1, then F = f�
3
1 pg( - 1 - y )2 y'9 -y 2  dy. 

7. Set up a vertical x-axis as shown. Then the area of the ith rectangular strip is 0 

0 

x* I 

3 

(2 2 ·) " [s . .1 . 1 wi · v'3- xi 2 2 • J - v'3 Xi L.J.X. y Slffil ar trtang es, 2 = v'3 , SO Wi = - v'3 Xi. g Lm

V
Lm x* I 

The pressure on the strip is pgxi, so the hydrostatic force on the strip is 

pgxi (2- � x:) D.x-and the hydrostatic force on the plate� f: pgxi ·(2- � xi) .D.x. 
v3 •=1 . ·  v3 

The total force 

n ( 2 ) 1...13 ( 2 ) 1...13 ( . 2 ) F = lim 2.:: pgxi' 2 - r.; xi .D.x = pgx 2 - · r.; x dx = pg 2x - r.; x2 dx n�00i=1 v3 0 v3 0 v3 

[ ] ...13 

: 
= pg :t2 -

3
� x3 0 = pg [(3- 2) -- 0] = pg � 1000 · 9.8 = 9.8 x 103 N 
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9. Set up coordinate axes as shown in the figure. The length of the ith strip is 

2 .j25- (yi)2 and its area is 2.)25- (yi)2 t:iy. The pressure on this strip is 

approximately &di = 62.5(7 -_ yi) and so the force on the strip is approximately 

62.5(7 - yi)2 J25 - (yi)2 t:iy. The total force 

F = lim E 62.5(7- yi)2 .J25- (y;)2 t:iy.= 125 I:(7- y) .j25- y2 dy 
n,-..,.oo i=l , 

y 
7 

= 125 {I: 7 .J25- y2 dy- I:Y .J25- y2 dy} = 125 { 7 I: .j25- y2dy- [-i(25- y2?12] :} 
= 125 {7(;trr. 52)+ t<o- 125)} = 125C7!" - 1�5) � 11,972 � 1.2 x 104lb 

11. Set up a vertical x-axis as shown. Then the area of the ith rectangular strip is 

X (2h � xi) t:ix. [By similar triangles, 2h u:_i xi = ��, so Wi = � (2h - xi).] 
The pressure on the strip ·is &xi, so the hydrostatic force on the plate 

n a � i� &xi h (2h - xi) t:ix. The total force 

F = 2� i� t5xi �(2h- xi) t:ix = t5 * Ioh :t(2h- x) dx = � Ioh (2hx- x2) dx 

= ao [hx2- lxa] h = at5 (ha- lh3) = at5 (f.h3) = 'doah2 h 3 0 h 3 h 3 3 

13 B . ., . I 8 w( 2xi 
Th f th 'th . y s1m1 ar tr1ang es, fi> = - => Wi = fi>3 . e area o e t 4v3 x; yo> 

rectangular s�ip is � Ax and the pressure on it is pg ( 4·v'3- xi). 

r../3 . . . 2x . t../3 2 r../3 F = 10 pg ( 4 v'3 - x) v'3 dx = Bpg 10 x dx - Js 10 x2 dx 

= 4pg [ x2] �../3 - 2P� [ x3] �../3 = 192pg .:_ 
2P� 64 · 3 v'3 = !92pg - 128pg = 64pg 3v3 3v3 · 

� 64{840)(9.8) � 5.27 x 105 N 

15. (a) The top of the cube has depth d = 1m- 20 em= 80 em = 0.8 m. 

X� I 

0 

F = pgdA � (1000)(9.8)(0.8)(0.2? = 313.6 � 314 N 

(b) The area of a strip is 0.2 Ax and the pressure on it is pgxi. 

Sm 

~ 

F = I�.s pgx(0.2) dx = 0.2pg[�x2]�.s = (0.2pg)(0.18) = 0.036pg = 0,036(1000)(9.8) = 352.8 � 353 N 
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17. (a) The area of a strip is 20 Ax and the pressure on it is ox;. 

F = I; ox20dx = 208(!x2]� = 208 . � = 908 

= 90(62.5) = 5625lb ::::::.5.63 X 103lb 

(b) F =I: ox20dx = 20o[�x2]� = 208 . 82
1 = 8108 = 810(62.5) = 50,625lb:::::: 5.06 X 104lb. 

40ft 

9ft 

(c) For the first 3ft, the length ,of the side is constant at 40ft. For 3 < x :::;: 9, we can use similar triangles to find the length a: 
a 9-x 9-x -=-- '* a=40·--. 40 6 6 

F = Io3 8x40dx +I: ox(40) 9 �X dx = 40o[�x2]� + 23°8 I:(9x- x2) dx = 1800 + ¥o[�x2-ix3J: 
' 

= 1808 + ¥8((7�9-243)- (82
1-9)] = 1808 + 6008 = 7808 = 780(62.5) = 48,750 Ib:::::: 4.88 x 104Ib 

(d) For any right triangle with hypotenuse on the bottom, 

. (} 
t.x 

sm = => hypotenuse 

..; 402 + 62 .J409 hypotenuse= t.xcsc6 =Ax 6 = -.-3- Ax. 

F - f9 8x20 i4ii9 dx - l {20 "409) 8 [l x2] 9 - 3 3 - 3 V'iV::I 2 3 

= t · 10 ..j409 8(81 - 9) ;::::: 303,356 lb :::::: 3.03 X 105 lb 

0 

X 

X 

19. From Exercise 18, we have F = I: pgxw(x) dx = I:.�4 64xw(x) dx: From the table, we see that· Ax= 0.4, so using 

Simpson's Rule to estimate F, we get 

F:::::: 64 °34 [7.0w(7.0) + 4(7.4)w(7.4) + 2(7.8)w(7.8) + 4(8.2)w(8.2) + 2(8.6)w(8.6) + 4(9.0)w(9.0) + 9.4w(9.4)] 

= 2;·6 [7(1.2) + 29.6(1.8) + 15.6(2.9) + 32.8(3.8) + 17.2(3.6) + 36(4.2) + 9.4(4.4)] 

= 2;·6(486.04):::::: 4148lb 

2· 
21. The moment M of the system about the origin isM= 2: m;x; = m 1x 1 + m2x2 = 6 · 10 + 9 · 30 = 330. 

i=l 

2 The mass m ofthe system ism= 2: m; = m 1 + m2 = 6 + 9 = 15. 
i=l 

The center of mass of the system is x = M/m = 3135° � 22. 

� . 3 
23. The mass ism= 2: m; = 4 + 2 + 4 = 10. The moment abo.ut the x-axis is Mx = 2: m;y; = 4( -3) + 2(1) + 4(5) = 10. 

i=l . ' i=l 

3 The moment about they-axis is My = 2: m;xi = 4(2) + 2( -3) + 4(3) = 14. The center of mass is 
i=l 

(- _) (My Mx ) (14 10) ( ) x,y = m'm = 10'10 = 1.4•1· 
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25. The region in the figure is "right-heavy" and "bottom-heavy," so we know that 

x > 0.5 andy < 1, and we might guess that x = 0. 7 andy = 0. 7, 

A = f1 2x dx = [x2) 1 = 1 - 0 = 1. Jo - ' o 

x- 1. f1 x(2x) dx- l [1x3] 1 - 1 
- A Jo - 1 3 o - 3 · 

- 1 r1 1 (2 )2 dx 1 r 1 2 2 d [ 2 3] 1 2 Y=A.Jo2 x = 1Jo x _x= 3x o=a· 
Thus, the centroid is (x,Y) = (j, �). 

27. The region in the figure is "right-heavy" and "bOttom-heavy," so we know 

x > 0.5 andy < 1, and we might guess that x = 0.6 andy = 0.9. 
A = I: e"' dx = [e"'J� = e - 1. 

x = -!r I01 xe"' dx = e.: 1 (xe"' - e"'J� 
= e�1[0- (-1)] = e.:l. 

[by parts] 

-y = 1. r 1l(e"')2 dx = _1_. l(e2"']1 = _1_( e2 -1) = � .  
A Jo 2 e- 1 4 · o 4(e-1) 4 

Thus, the centroid is (x, Y:) = (e.: 1, e! 1) � (0.58, 0.93). 

29. A= Io\xl/2- x2) dx = [ix3/2- ix3J: = G- n- 0 = �­

X= 1 I: x(xl/2- x2) dx = 3 Io1(x3/2- x3) dx 

_ 3 [1a;5/2 _ lx4] 1 _ 3(1 _ l) _ 3(2) - .2. _- 5 4 0- 5 4 - . 20 - 20" 

y = 1 I: -� [<x1f2)2- (x2)2) dx = 3(�) I:<x- x4) dx 

- 3 [ 1 2 1 5] 1 - 3 ( 1 1) - 3 ( 3 ) - 9 
- 2 2x - 5x o- 2 2- 5 - 2 1o - 2o· 

Thus, the centroid is (x r Y) = (fa, fa). 

31. A= Io11"14(cosx- sinx) dx = [ sini + cosxJ:14 = v'2- 1. 

x = k:-1 Io11"14 x(cosx- sinx) dx 

-= A-1 [x(sinx + cosx) + cosx- sinx]:14 [integration by parts] 

y 

- A-1 f11"/4 1 ( 2 . 2 ) d 1 f 11"/4 d 1 ( . ]71"/4 
1 1 

y = Jo 2 cos x - sm x x = 2A J� cos 2x x = 4A sm 2x 0 . = 4A = 4 ( v'2 
_ 

1) . 

Thus, the centroid is (x, Y) = ( 4( � � :) , 4( � _ 1)) � (0.27, 0.60). 

x=l 

y=sinx 

X 
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33. The curves intersect when 2 -y = y2 <=> 0 = y2 + y -2 <=> 

0 = (y + Z)(y-1) <=> y = -2 or y = 1. 

A= f�2(2 -y-yz)dy = (2y-hz-!Y3]�2 = i- (-13
o) = �­

x = * f�z �[(2-y)z-(y2)2] dy = � . � J�2(4-4y + yz-y4) dy 
-1 [4y- 2y2 + 1y3 -1y5]1 -1 [ 32- (-184) ] = .§. 
- !! 3 5 -2 - 9 1� 15 5. 

·
Thus, the centroid is (x, y) = ( �' -:-� ). 

35. The line has equation y = �x. A= �(4)(3) = 6, so m = pA = 10 (6) = 60 . 

r4 1 ( 3 ) 2 dx 0 r4 9 2 dx. 45 [ 1 3] 4 45 ( 64) M, = p Jo 2 4x = 1 Jo 32x = 16 3x o = 16 3 = 60 

Mv 160 8 d _ Mx 60 1 Th h "d · c--) (8 1) x =--:;;;: = 60 = 3 an y =--:;;;: = 60 = . us, t e centrm ts x, y = 3, . 

37. A= t1[(x3 -.x)- (x2 -1)]dx = f�1(I-x2)dx 

= 2f01(1-x2)dx = 2[x -lx3]� = 2(i) = �­

[odd-degree tenns] 
drop out . 

x= * f�1 x(x3 -x -x2 + 1)dx = � J�1(x4- x2 -x3 +x)dx 
= � f�1(x4-x2)dx = � · 2J;(x4 -x2)dx 

y= 1f J�1 �[(x3-x)2-(x2-1)2] dx = � · � J�1 (x6- 2x4 -t- x2- x4 -t- 2x2-1) dx 
-.2 · 2 f1(x6-3x4 + 3x2- 1) dx-.2 (1x7- 2x5 -t- x3-x] 1 -.2 (-.!&) - -11 - 8 Jo - 4 7 

5 

o - 4 35 - 35 · 

Thus, the centroid is (x, Y) = (-i , -�; ) . 

39. Choose x- and y-axes so that the base (one side of the triangle) lies along 

the x-axis with the other vertex along the positive y-axis as shown. From 

geometry, we know the medians intersect at a point j of the way from each 

vertex (along the median) to the opposite side. The median from B goes to 

·the midpoint {�(a+ c), 0) of side AC, so the point of intersection ofthe 

medians is (j · Ha +c), lb) = (t(a +c), lb). 

y 

B (O,b) 
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This can also be verified by finding the equations of two medians, and solving them simultaneously to find their point o( 

intersection. Now let us compute the location of the centroid of the triangle. The area is A= � (c-a)b. 

and 

X=- X·-(a-x)dx+ X·-(c-x)dx =-- (ax-x2)dx+- (cx-x2)dx 1 [10 b lc b ] 1 [ b 10 b lc ] 
A a a 0 C A aa c0 

= .!!...[.!ax2- .!xa]o 
+ ..£..[.!cx2- .!xa]c = _l!_[_.!aa + .!aa] + £[.!c3- .!c3] Aa2 3 a Ac 2 3 0 Aa 2 3 Ac2 3 

2 -a3 2 c3 1 ( 2 2) a + c =a(c-a)·-6-+c(c - a) ·6=3(c-a) c -a =-3-

1 [ f0 1 ( b )2 r 1 (b )2 · J y=A la 2 -;;:(a-x) dx+Jo 2 �(e-x) dx 

= !(�( -aa + a3 _ laa) + !C.(ca _ ca + lc3)] = .!_[b2 (-a+ c)] = 2 . (c- a)b2 
A 2a2 3 2c2 3 A 6 ( c - a) � 6 

Thus, the centroid is (x, Y) = (a ; c, �), as claimed. 

b 
3 

Remarks: Actually the computation ofy is all that is needed. By considering each side of the triangle in tum to be the base, 

we see that the centroid is i of the way from each side to the opposite vertex and must therefore be the intersection of the 

medians. 
The computation ofy in this problem (and many others) can be 

simplified by using horizontal rather than vertical approximating �ectangles . 

. If the length of a thin rectangle at coordinate y is f(y), then its area is 

f(y) !::J.y, its mass is pf(y) !::J.y, and its moment about the x-axis is 

l:l.Mx = pyf(y) l::J.y. Thus, 

y 

Mx = J pyf(y) dy and 
y = J pyf(y) dy =..!. J yf(y) dy pA A 

In this problem, f(y) = c �a (b-y) by similar triangles, so 

_ 1 rb c- a ( ) 
2 rb(by 2) 2 [ 1 2 1 3] b 2 b3 b y = A Jo -b- y b - y dy = b2 Jo -y dy = b2 2by - aY 0 = b2 . 6 = 3 

Notice that only one integral is needed when this method is used. 

41. Divide the lamina into two triangles and one rectangle with respective masses of2, 2 and 4, so that the total mass is 8. Using 

the result ofExercise 39, the triangles have centroids ( -1, i) and (1, i). The centroid ofthe rectangle (its center) is (0, -�). 

So, using Formulas 5 and 7, we have y = 
Mx = _!_ t mi Yi = H2(i) + 2(i) + 4(-�)) =Hi) =� . and x = 0, 

. m m i=l 

since the lamina is symmetric about the line x = 0. Thus, the centroid is (x, Y) = (0, f2). 
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43. I:(cx +d) f(x) dx =I: ex f(x) dx +I: df{x) dx =e.£: x f(x) _dx + d I: f(x) dx = exA + d I: f(x) dx [by (8)] 

=ex I: f(x) dx + d I: f(x) dx =(ex+ d) I: f(x) dx 

45. A cone of height h and radius r can be generated by rotating a right triangle 

about one of its legs as sh?Wn. By Exercise 39, x = ir, so by the Theorem of 

Pappus, the volume of the cone is 

V = Ad= ( � ·base· height) · (21rx) = �rh · 21r ( ir) = i1rr2 h. 

y 

X 

47. Suppose the region lies between two curves y = f(x) andy= g(x) where f(x) 2: g(x), as illustrated in Figure 13. 

Choose points x; with a = x0 < x1 < · · · < Xn = b and choose xi to be the midpoint ofthe ith subinterval; that is, 

xi= x; = �(x;-1 + x;). Th�n the centroid of the ith approximating rectangle R; is its center C; = (x;, �[f(x;) + g(x;)]) . 
Its area is [f(x;) - g(x;)] �x. so its mass is 

p[f(x;)- g(x;)] �x. Thus, My(R;) = p[f(x�)- g(x;)] �x · x; = px; [f(x;)- g(x;)] �x and 

M,(R;) = p[f(x;) - g(x;)) �x · � [f(x;) + g.(x;)] = p · � [f(x;f- g(x;)2] �x .. Swuming over i and taking the limit 

as n--+ oo, we get My = lim 2:; px; [f(x;)- g(x;)] �x = p t ;z;[f(x)- g(x)]"dx and n---+oo a 

Mx = nl�� 2:; p. � [J(x;)2- g(x;)2] �X =pI:� [fCx?- g(x)2] dx. 

M M 1 fb M M 1 fb 
Thus, x = ;: = pl = Ala x[f(x)- g(x)] dx and y = :. = p� = Ala � [f(x)2- g(x)2] dx. 

8.4 Applications to Economics and Biology 

1. By the Net Change Theorem, C(4000)- C(O) = I0400° C'(x) dx · => 

C( 4000) = 18,000 + Io4000 (0.82 - 0.000 o3x + 0.000 000 003x2) dx 

= 18,000 + [0.82x ..:_ 0.000015x2 + 0.000 000 001x3]�000 = 18,000 + 3104 = $21,104 

3. By the Net Change Theore�, C(50)- C(O) = I:0(0.6 + 0.008x) dx => 

C(50) = 100 + [0.6x + 0.004x2]�0 = 100 + (40- 0) = $140,000. Similarly, 

C(100)- C(50) = {0.6x + 0.004x2)��0 = 100- 40 = $60,000. 

5. p(x) = 10 => 450 . --= 10 :::> X+ 8 = 45 => X = 37. x+8 
I {37 . . {37 ( 450 ) 

Consumer surplus= Jo fp(x)- 10) dx = Jo x + 8 - 10 dx 
. 

37 = [450Jn (x + 8)- 10x]
0 

= (450 ln45- 370)- 450 ln8 

= 450 ln ( �5) - 370 � $407.25 . lO 20 30 40 
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7. P = Ps(x) => 400 = 200 + 0.2x3/2 => 200 = 0.2x312 => 1000 = x312 => x = 10002/3 = 100. 

Producer surplus= J0100[P- ps(x)] dx = J0
100[400- (200 + 0.2x312)] dx = J

0
100 ( 200 ·_ �x312) dx 

[ ] 100 
= 200x- fsx512 0 = 20,000 � 8,000 = $12,000 

800,000e -xI 5000 
9. p(x) = = 16 => X= X1 � 3727.04. 

. X+ 20,000 

Consumer surplus= J0x1 [p(x)- 16] dx � $37,753 

o'---�-�----"4000 

11. f(8)- j(4) = J48 f'(t) dt = J: v't dt = [ �t312J: = j (16 J2 ..,.- 8) � $9.75 million 

13. N = Ax-" dx =A _x__ = -- (b1-k- a1-k). lb [ -lc+l] 
b 

A 
a -k + 1 a 1- k 

Similarly, lb Ax1-k dx = A [ ;:: J: = 
2 
� k (b2-k - a2-"). 

- 1 {b 1-k [A/(2- k)](b2-k- a2
-

k) (1- k)(b2-k- a2-k) 
Thus, x = N., la Ax dx = [A/(1-;- k)](bl-k - al-k) = (2 � k)(bl-k- al-:k). 

1
5 F = 7rPR4 = 7r(4000)(0.008)4 

� 1.19 X w-4 cm3/s . 
8TJl 8(0.027)(2) 

A 6 17. From (3), F = T = 201, where . . fo c (t) dt 

/' 

I= {w te-o.6t dt = .[ __ 1_
2 

( -0.6t- 1) e-o.6t] lo [integrating] = _1_(-7e- s + 1) }0 ( 0 6) byparts .0.36 0 - . . 0 
Thus, F = 

20
(�(���-6

) 
= 

1 
����6 � 0.1099 L/s or 6.594 L/min. 

19. As in Example 2, we will estimate the cardiac output using Simpson's Rule with t::..t = (16- 0)/8 = 2. 

J016 c(t) dt � llc(O) + 4c(2) + 2c(4) + 4c(6) + 2c(8) + 4c(10) + 2c(12) + 4c(14) + c(16)] 

� � [0 + 4(6.1) + 2(7.4) + 4(6.7) + 2(5.4) + 4(4.1) + 2(3.0) + 4(2.1) +1.5] 

= �(109.1) = 72.73 mg· s/L 

Therefore, F � 
A

_ = � � 0.0962 L/s or 5. 77 L/min. 
72.73 72.73' 

8.5 Probability 

1. (a) J3
�0°�� f(x) dx is the probability that a randomly chosen tire will have a lifetime between 30,000 and 40,000 miles. 

(b) J2";,000 f ( x) dx is the probability that a randomly chosen tire will have a lifetime of at least 25,000 miles. 

© 20
.
12 Cengage Learning. All Rights Rc:served. May not be scanned, copied. or duplicated, or posted to a publicly accessible website, in whole or in part. 



SECTION 8.5 PROBABILITY 0 383 

. 3. (a) In general, we must satisfY the two conditions that are mentioned before Example 1- namely, (1) f(x) 2: 0 for all x, and 

(2) J::'00f(x)dx = 1. ForO� x � 1, f(x) = 30x2(1-x)2 2: Oand f(x) = Ofor all other values of:t, so f(x) 2: Ofor 

all x. Also, 

J.:C, f(x) dx = J; 30x2(1- x)2 dx = J; 30x2(1 ..:_ 2x + x2) dx = J;(30x2- 60x3 + 30x4) dx 

= [10x3- 15x4 + f?x5]� = 10-15 + 6 = 1 

Therefore, f is a probability density function. 

(b) P(X < 1) - J113 f(x) dx- f1/3 3ox2(1- x)2 d:J; = [10x3- 15x4 + 6x5) 113 = !Q -ll + -L = ll - 3 - -oo - Jo o 27 81 243 81 

5. (a) In general, we must satisfY the two conditions that are mentioned before Example 1-namely, (I) f(x) 2: 0 for all x, 

and (2) f�oo f(x) dx = 1. Ifc 2: 0, then f(x) 2: 0, so con.dition (1) is satisfied. For CQndition (2), we see that 

!00 !00 c f(x)dx= i?dxand 
-oo -oo + 

Similarly, 

100 c . 1t c . . -1 t . -1 
( 

7r ) --2dx= hm -1 2
dx=chm [tan x)0=chmtan t=c -2 · 0 1 + X t�oo 0 + X t�oo t�oo . 

10 c (11;) /00 c 
(7r) -co 1 + x2 dx = c 2 , so -� 1_ 

+ x2 dx = 2c 2. = c1r. 

Since C7r must equal1, we must have c = 1/7r so that f is a probability density function. 

! 1 1/7r 2 11 1 2 [ -1 ]1 2 (7r ) 1 (b) P ( -1 <X< 1) = --dx = - -- dx = - tan x =; - - - 0 = -

_1 1 + x2 1r 0 1 + x2 . 1r . 0 1r 4 2 

7. (a) In general, we must satisfy the two conditions that are mentioned before Example .1-namely, �I) f ( x) 2: 0 for all x, 

and (2) f::'oo f(x) dx == 1. Since f(x) = 0 or f(x) = 0�1, condition (1) is satisfied. For condition (2), we see that 

f::'oo f(x) dx = f010 0.1 dx = [ fax]�0 
= 1. Thus, f(x) is a probability density function for the spinner's values. 

(b) Since all the numbers between 0 and 10 are equally likely to be selected, we expect the me!m to be halfway between the 

endpoints of the interval; that is, x = 5. 

p, = J:X, xf(x) dx = f0
10 x(0.1) dx = [2 10x2]�0 = ;�o = 5, as expected. 

9. We need tofindmso thatf: f(t)dt.= � 

(-1)(0-e-m/5) = � :;. e-m/5 = � 
:;. lim rx 1e-tf5dt = 1 :;. lim [1(-5)e-t/5]x � 1 :;. 

X-t<:XJ Jm 5 2 x�oo 5 fn 2 
:;. -m/5 =In� :;. m = -5ln � = 5ln2 � 3.47 min. 

-
11. We use an exponential density function with p, = 2.5 min. 

(a) P(X > 4) = roo f(t) dt == lim rx ..Le-t/2·5 dt = lim [-e-tf2·5]x = 0 + e-412·5 � 0. 20 2 14 X-tiXl J4 2.5 x-oo 4 
(b) P(O � X � 2) = J: f(t) dt = [ -e-t/2·5]: � -e-212·5 + 1 � 0.551 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated. or posted to a publicly accessible website. in whole or in part. 



384 0 CHAPTER.& FURTHER APPLICATIONS OF INTEGRA�ION 

(c) We need to find a value a so that P(X � a) = 0.02, or, equivalently, P(O ::; X ::; a) = 0.98 ¢? 

Ioa J(t) dt = o.98 ¢} ( -e-t;2.s]: = o.98 ¢} -e-a/2·5 + 1 = o.98 ¢} e-a;2.s = o.o2 ¢} 

-a/2.5 = In 0.02 ¢? a= -2.5ln fa- = 2.5ln 50� 9. 78 min� 10 min. The ad should say that if you aren't served 

within 10 minutes, you get a free hamburger. 

13. P(X ·� 10} = r= � exp (- (x- 9·;)2) dx. To avoid the improper integral we approximate it by the integral from }10 4.2 27T 2. 4.2 . 
11 oo 1 ( (x- 9 4)2) 10 to 100. Thus, P(X �- 10} � "'- exp - 2. 4 2' 2 dx � 0.443 (using a calculator or computer to estimate . 10 4.2y 27T . 

the integral), so about 44 percent of the households throw out at least 10 lb of paper a week. 

Note: We can't evaluate 1 - P(O � X � 10) for this problem since a significant amount of area lies to the left of X = 0. 

[100 1 ( (x- 112}2) 15. (a) P(O :::; X � 100} = Jo 8 
vf2i exp 2. 82 . dx � 0.0668 (using a calculator or computer to estimate the 

integral), so there is about.a 6.68% chance that a randomly chosen vehicle is traveling at a legal speed. , 
100 1 ( (x -112)2) 1= . 

· 

(b) P(X � i25) = "'- exp 2 dx = f(x)dx. In this case, we could use a calculator or computer 125 8 y 27T 2 . 8 . 125 
to estimate either f13;5° f(x) dx or 1- J;·u; f(x) dx. Both are approximately 0.0521, so about 5.21% of the motorists are 

targeted. 

11'+217 1 ( (x - )2) X - · 
. 1 

17. P(f..L- 2u �X� f..L + 2u) = "'- exp 2 r dx. Substituting t =�and dt =- dx gives us p.-2u O'V 21T 0' . 0' 0' 

f2 �e-t2/2(u�t) = �- {2 e-t2/2 dt � 0.9545. }_2 O'V 27T . Y 27T }_2 
4 

19. (a) Firstp(r) = 3r2e-2rfao � 0 for r � 0. Next, ao /00 ( } 
d 100 4 2 -2rja0 d 4 }' 1t 2 -2r/ ao d p r r = 3r e r = 3 1m r e r -oo 0 ao ao t-oo 0 

By using parts, tables, or a CAS, we find that J x2ebx dx = (eb"'/b3)(b2x'4- 2bx + 2}. (*) 

Next, we use(*) (with b = -2/ao) and !'Hospital's Rule to get :� [ �� C-2}] = 1. This satisfies the sec�md condition for 

a function to be a probability density function. 

(b
. 
) U . I'H . I' R I 

4 l' r2 4 l' 2r smg osp1ta s u e, -3 1m -2 1 = 3 1m (2/ ) 2 1 . ao r-oo e r ao ao r-oc ao e r ao 
To find the maximum of p, we differentiate: 

= 2 lim 
2 = 0. 

aij r-oo (2/ao)e2r/ao 

p'(r)=O ¢? r=Oor1=.!:... ¢? r=ao [ao�5.59x10-11m]. ao 
p' ( r) changes from positive to negative at r = a0, sop( r) has its maXimum value at r = a0. 
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(c) It is fairly difficult to find a viewing rectangle, but knowing the maximum 1 x,.to_'"=--------.. 

value from part (b) helps. 

p(ao) = ; a�e-2ao/ao = _! e-2 :::::: 9,684,098,979 a0 ao 
With a maximum of nearly 10 billion and a total area under the curve of 1, 
we know that the "hump" in the graph must be extremely narrow. 

(d) P(r) = 1r ; s2e-2•/ao ds => P(4ao) = tao ; s2e-2•/ao ds. Using(*) from part (a) [with b = -2/ao], 
o ao Jo ao 

4 [ -2•/ao ( 4 4 )] 4a0 4 '( a3 ) . . · 

P(4ao) = 3 
e_81 3 2s2 + -s + 2 = 3 _0

8 (e-8(64 + 16 + 2) - 1(2)] = -�(82e-8- 2) a0 a0 a0 ao 0 a0 . 

= 1 - 41e-8 :::::: 0.986 

(e) 11- = !oo rp(r) dr = ; lim r r3e-2r/ao dr. Integrating by parts three times or using a CAS, we find that 
-oo ao t--.r:>o Jo 

J � 
. 

2 x3ebx dx = 1)4 (b3x3- 3b2x2 + 6bx- 6). So with b =- ao, we use !'Hospital's Rule, �d get 

4 [ a� ( )] 3 . 

1-L = ag ·� 16 -6 = 2ao. 

8 Review 

CONCEPT CHECK 

1. (a) The length of a curve is defined to be the limit of the lengths of the inscribed PQlygons, as described near Figure 3 in 

Section 8.1. 

(b) See Equation 8.1.2. 

(c) See Equation 8.1.4. 

2. (a) S = J: 21rj(x).jl + [f'(x)j2 dx 

(b) If x = g(y), c S y S d, then S =fed 21ry .Jl+ [g'(y)j2 dy. 

(c) S = J: 27rx .Jt + (f.'(x)J2 dx or S =fed 27rg(y) .Jt + (g'(y)J2 dy 

3. Let c(x) be the cross-sectional length of the wall (measured parallel to the surface of the fluid) at depth x. Then the hydrostatic 

force against the wall is given by F = J: c5xc(x) dx, where a and bare the lower and upper limits for x at points of the wall 

and c5 is the weight density of the fluid. 

4. (a) The center of mass is the point at which the plate balances horizontally. 

(b) See Equations 8.3.8. 
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5. If a plane region ell, that lies entirely on one side of a line £ in its plane is rotated about £, then the volume of the resulting solid 

is the product of the area ofeJI, and the distance traveled by the centroid offfi. 

6. See Figure 3 in Section 8.4, and the discussion which precedes it. 

7. (a) See the definition in the first paragraph of the subsection Cardiac Output in Section 8.4. 

(b) See the discussion in the sec�md paragraph of the subsection Cardiac Output in Section 8.4. 

8. A probability density function f is a function on the domain of a continuous random variable. X such that I: f ( x) dx 
measures the probability that X lies between a and b. Such a function f has nonnegative values and satisfies the relation 

Iv j(x) dx = 1, where D is the domain of the corresp6nding random variable X. If D = JR, or if we define f(x) = 0 for real 

numbers x fJ. D, then I�oo f(x) dx = 1. (Of course, to work with fin this way, we must assume that the integrals off exist.) 

9. (a) I;30 f(x) dx represents the probability that the weight of a randomly chosen female college student is less than 

130 pounds. 

(b) J-! = I�oo xj(x) dx = f;' xf(x) dx 

(c) The median off is the number m such that I: f ( x) dx = �. 

10. See the discussion near Equation 3 in Section 8.5. 

EXERCISES 

1. y = t(x2 +4)312 :::} dy/dx = t (x2 + 4)112(2x) '* 

1 + (dy/dx? = 1 + [ �x(x2 + 4)112r = 1 + tx2(x2 + 4) = tx4 + x2 + 1 = (�x2 +It 

Thus, L = Io\f( �x2 + 1) 2 dx =I: Gx2 + 1) dx = [ix3 + x]� = 1;. • 

x4 1 1 1 dy 1 
3. (a) y = - + -- = -x4 + -x-2 '* - = -x3 - x-3 :::} 

16 2x2 16 2 dx 4 

1 + (dy/dx)2 = 1 + (1x3- x-3)2 = 1 + ..l.x6- 1 + x-6 - ..l.x6 + 1 + x-6- (lx3 + x-3)2 4 16 2 ' - 16 2 - 4 . 

Th L-J2(1 3 -3)dx-[ 1 4 1 -2]2-( 1 ) ( 1 1 ) 21 
US, - 1 4X +X - WX - 2X 1- l- S - Tii- 2 = 16' 

(b) S = I12 21rx(tx3 + x-3) dx = 21r J12 (tx4 + x-2) dx = 21r[fcix5- �)� 
= 21r[.(��- � )- Uo- 1)] = 211'(�- � - fa + 1) = 21r (�) = {i1r 

5. y = sinx '* y' = cosx '* 1 + (y'? = 1 + cos2 x. Let f(x) = v'L+ cos2 x. Then 

L=I;f(x)dx�Sw 

= (1r-�)/to [f(O) +4/(�) +2!(��) +4/(��) +2!(��) 

+ 4tn�) + 2f(��) + 4/( i�) + 2/(��) + 4f(��) + j(1r)J 
;:,j 3.820188 

® 2012 Cengage Learning. All Rights Reserved. May not be SI'8JUied, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 



CHAPTER 8 REVIEW D 387 

7. y=J1x v\lt- 1 dt =;. dyjdx=VVx-1 =? 1+(dyjdx)2=1+(v'x-1)=v'x. 

9. As in Example I of Section 8.3, 2 � x = � =;. 2a = 2- x and w = 2(1.5 +a)= 3 +2a = 3 + 2- x = 5- x. 

Thus, F = Iti pgx(5- x) dx = pg[¥x2- �x3]� = pg(10-�) = 2a2a [pg =a] � ¥. 62.5 � 458Jb. 

11 A- f4 ( 'x - lx) dx- [1x312 � lx2]4 = �- 4- i 
· - Jo v"'" 2 - 3 4 0 

a - 3 
y 

-y � .l. f41 [(v'x)2- (lx)2] dx- � f41 (x- lx2) dx- 2.[lx2-..l.x3]4 =· � (8- .!§) = �.(�) = 1. 
- A Jo 2 2 - 4 Jo 2 4 - 8 2 12 o 8 3 8 a 

Thus, the centroid is (x, Y) = ( f, 1). 

13. An equation of the line passing through (0, 0) and (3, 2) is y = fx. A= � 0 3 · 2 = 3. Therefore, using Equations 8.3.8, 

x = � J; x(fx) dx = f.r [x3]� = 2 andy=� J; � (fx)2dx = lr_{x3]� =f. Thus, the centroid is (x,Y) = (2, f). 

· 15. The centroid of this circle, (1, 0), travels a distance 27r(1) when the lamina is rotated about they-axis. The area of the circle 

is 1r(1)2• So by the Theorem of Pappus, V = A(21rx) = 7r(1)227r(1) = 21r2 0 

17. X = 100 =? p = 2000- 0.1(100) - 0001(100? = 1890 

Consumer surplus= J;00[p(x)- R]dx = f0100(2000- .Oo1x-O.Olx2 - 1890) dx · 

19. f(x) = {;sin(ffix) 

= [ llOx -Oo05x2 - 0�1 x3) �00 = 11,000 - 500 - 10·Ji00 � $7166.67 

ifO:<:;x$10 
if x < 0 or x > 10 

(a) f(x) � 0 for all real numbers x and . 

Therefore, f is a probability density function. 

(b) P(X < 4) = f�ocJ(x) dx = f04 fa sin(ffix) dx = H- cos(ffix)]: = H -cos 2; +cosO) 

� �( -0.309017 + 1) � 003455 
I 
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(C)f-L = f�oo xf(x) dx = J;0 {ox sin( f0x) dx 
= J0-.r ;0 · 

�u(sin u)(l�) du [u = flix,du =I& dx] 

= � J0-.r usinudu � � [sinu-ucosu]� = �[0 -11'(-1)) = 5 

This answer is expected because the graph off is symmetric about the 

linex = 5. 

. {0 
21. (a) The probability density function is f(t) = 1 -t/8 se 

if t < 0 

if t � 0 

P(O � X � 3)' = J03 ie-t/8 dt = [ -e-t/8]: = -e-318 + 1 � 0.3127 

0.3 . 

'II' • .("X) 
y=2o8m1lf 

-0.1 

(b) P(X > 10) = J00 le-t/8 dt = lim [-e-t/8]"' = lim (-e-"'18 + e-1018) = 0 + e-5/4 � 0.2865 10 8 x-oo 10 x�oo 

(c) We need to find m �uch that P(X � m) = t =* J: ie-tfB dt = t 
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1. x2 + y2 $ 4y <=> x2 + (y - 2)2 $ 4, so S is part of i'l circle, as shown 

in the diagram. The area of S is 

J; y'4y- y2 dy 1£ [ �y'4y- y2 + 2cos-1 (�) J: [a= 2] 

= -tv'3 + Zcos-1 (t)- 2cos-11 

=-:if. + 2(�)- 2(0) = ¥ - :if. 

Another method (without calculus): Note that(}= LCAB = i• so the area is 

y 

(area of sectorOAB)- (area of 6ABC) = H22)i '- H1)..;3 = 2;- :If. 

3. (a) The two spherical zones, whose surface areas we will call St and 82, are 

generated by rotation about the y-axis of circular arcs, as indicated in the figure. 

The arcs are the upper and lower portions of the circle x2 + y2 = r2 that are 

obtained-when the circle is cut with the line y =d. The portion of the upper arc 

in the first quadrant is sufficient to generate the upper spherical zone. That 

portion of the arc can be described by the relation x = y'r2 - y2 for 

d $ y $ r. Thus, dxjdy = -yjy'r2- y2 and-

x=J4y-y2 

y 

ds = 
(dx)2 J y2 [7;2 _ rdy 1 + -

d dy = 1 + -2-- 2 dy = . -2- -2 dy = � y r - y r - y V r2 _ y2 

From Formula 8.2.8 we have 

(dx)2 1r rdy 1r 1 + -d _ dy = _ 21r y'r2- y2 � = 21rrdy = 21rr(r- d) 
Y d r2- y2 d 

X 

Similarly, we can compute Sz = f�r 21Tx y'l + (dxjdy)2 dy = f�r 21rrdy = 21rr(r +d). Note that 81 + 82 = 47rr2, 

the surface area of the entire sphere. 

(b) r = 3960 mi and d = r (sin 75°) � 3825 mi, y 

so the surface area of the Arctic Ocean is about 

X 
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(c) The area on the sphere lies between planes y = Yl andy= y2, where y2- Yl = h. Thus, we compute the surface-area on 

(d )2 fY2 1 + d: dy = 
J 

y, 27rr dy = 21rr(y2 - y1) = 21rrh. 
lY2 

the sphere to be S = 21rx 
Yl 

This equals the lateral area of a cylinder of radius r and height h, since such 
a cylinder is obtained by rotating the line X = T about the y-axis, SO the 
surface area of the cylinder between the planes y = Yl and y = Y2 is 

lY2 Ri)dx)2 lY2 
A = 27rx 1 + d dy = 21rr v"i"+Q2 dy 

Yl y Yl . 

y x=r 

(d) h = 2r sin 23.45° � 3152 mi, so the surface area of the 

Torrid Zone is 21rrh � 27r(3960) (3152) � 7.84 x 107 mi2. 

5. (a) Choose a vertical x-axis pointing downward with its origin at the surface. In order to calculate the pressure at depth z, 

consider n subintervals of the interval [0, z] by points Xi and choose a point xi E [xi -1 , Xi] for each i. The thin layer of 

water lying between depth Xi-1 and depth Xi has a density of approximately p(xi), so the weight of a piece of that layer . 

with unit cross-sectional area is p(xi)g �x. The total weight of a column of water extending from th,e surface to.depth z 

(b) 

(with unit cross-sectional area) would be approximately :f: p(xi)g �x. The estimate becomes exact if we take the limit 
i=l 

n 

�n-> oo;weight(or force)per unit area at depthz is W = lim E p(xi)g�x. In other words, P(z) = J; p(x)gdx. 
n---t-oo i=l 

More generally, if we make no assumptions about the. location of the origin, then P(z) =Po+ J; p(x)gdx, where Po is· 

the pressure at x = 0. Differentiating, we get dP/dz = p(z)g. 

F = f�rP(L +x) · 2../r2- x2dx 

= f�r (Po+ foL +x �oezfH gdz) · 2 ../r2- x2 dx 

=Po f�r2../r2-x2 dx + p0gH f�r(e<L+x)/H -1) · 2 �dx 
=(Po- Po9H)f�r 2 � rh + Po9H f�r e(L+x)/H · 2 ../r2 � x2 dx 

=(Po- p0gH)(7rr2) + p0gHeL/H f�r ex/H · 2 ../r2- x2 dx 
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7. To find the height of the pyramid, we use similar triangles. The first figure shows a cross-section of the pyramid passing 

through the top and through two opposite comers of the square base. Now IBDI = b, since it is a radius of the sphere, which 

has diameter 2b since it is tangent to the opposite sides of the square base. Also, I AD I = b since .6AD B is isosceles. So .the 

height is lAB I = ../b2 + b2 = ../2 b. 

A 

B c 

A 

B b C 

We first observe that the shared volume is equal to half the volume of the sphere, minus the sum of the four equal volumes 

(caps of the sphere) cut off by the triangular faces of the pyramid. See Exercise 6.2.49 for a derivation of the formula for the . . 
volume of a cap of a sphere. To use the formula, we need to find the perpendicufar distance h of each triangular face from the 

surface of the sphere. We first find the distince d from the center of the sphere to one of the triangular faces. The third figure 

shows a cross-section of the pyramid through the top and through the midpoints of opposite sides of the square base. From 

similar triangles we find that 

d- IABI - ../2b 
b IACI Jb2+(../2b)2 

So h = b - d = b - 1 b = 3 -3 v'6 b. So, using the formula V = 1rh 2 ( r - h /3) from Exercise 6.2.49 with r = b, we find that 

the volume of each of the caps is 1r( 3 -3v'6b r (b- 3 3.fb) = 15 -96,(6 · ¥1rb3 = (�- 277.J6)1rb3• So, using our first 

observation, the shared volume is V = t (�1rb3)- 4G- {:r.J6)1rb3 = (�.J6- 2)1rb3• 

9. We can assume that the cut is made along a vertical line x = b > 0, that the 

disk's boundary is the circle x2 + y2 = 1, and that the center of mass of the 

smaller piece (to the right of x = b) is ( t, 0) . We wish to find b to tWo 

. 1 .f/ X • 2 Vl- X2 dx 
decimal places. We have - = x = 

b 1 v"f=X2 . Evaluating the 
2 fb 2 1- x2 dx 

. numerator gives us- .fb1(1- x2?12( -2x) dx = -� [ (1- x2)312]: = -� [o- (1- b2)3/2] = �{1- b2?12. 
Using Formula 30 in the table of integrals, we find that the denominator is 
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�quivalently, �(1- b2)312 = "i- �b\l"f=b2- � sin-1b. Solving this equation numerically with a calculator or CAS, we 

obtain b � 0.138173, orb= 0.14 m to two decimal places. 

area undery=LsinO f0"Lsin8d8 [-cosO]� -(-1)+1' 2 
11 . .If h = L then P = = = = ---'-"----, area of rectangle 1r L . 1r 1r 1r 

I 
. area under y = �LsinO f0" �LsinBdB [-cosO]� 

If h = L 2 then P = = = .:..._-,----=. 
' area of rectangle 1r L 21r 

2 1 
27r 7r 

13. Solve for y: x2 + (x + y + 1? = 1 => (x + y + 1)2 = 1- f2 => x + y + 1 = ±v'1-x2 => 

y = �x - 1 ± v'1 - x2. 

A= .f1 [(-x-1+ V1-x2 )- ( -x- 1- �)] dx 

=11 2V1- x2dx=2(�) 
-1 

[ area of ] 
semicircle 

x = ..!_ { 1 x · 2 Ji-=-;2 dx = 0 [odd integrand] 
A }_1 

=7r 

y 

(-1, 0) X 

x'+(x+ y+ 1)2= l 

211 211 21. 1 
= -- . (x�+� )dx= -- xV1-x2 dx-- V1-x2 dx 7r -1 7r -1 7r -1 

[ area of ] 
semicircle = -1 

Thus, as expected, the centroid is (x, Y) = (0, -1 ) . We might expect this result since the centroid of an ellipse is 

located at its center. 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, .COpied, or duplicated. or posted to a publicly accessible website; in wbole or in part. 



9 0 DIFFERENTIAL EQUATIONS 

9.1 Modeling with Differential Equations 

1. y = �e"' + e-2"' =? y' = �e"' - 2e-2"'. To show that y is a solution of the differential equation, we will substitute the 

expressions for y andy' in the left-hand side of the equation and show that the left-hand side. is equal to the right-hand side. 

LHS = y' + 2y = �e"'- 2e-2"' + 2(fe"' + e-2"') = je"'- 2e-2"' + �e"' + 2e-2"' 

= ie"' = 2e"' = RHS 

3. (a) y = erx =? y' = rerx =? y" = r2erx. Substituting these expressions into the differential equation 

2y" + y'- y = 0, we get 2r2erx + rerx- erx = 0 =? (2r2 + r-'- 1)erx = 0 =? 

(2r- 1)(r + 1) = 0 [sine� erx is never zero] =? r = � or -1. 

(b) Let r1 = � and r2 = -1, so we need to show that every member of the family of functions y = ae"'l2 +be-'" is a 

solution of the differential equation 2y" + y'- y = 0. 

y = aex/2_ +be-'" =? y' = �aex/2- be-x =? i/' = iae"'/2 +be-'". 

LHS = 2y" + y'- y = 2( iae"'/2 + be-x) + ( �ae"'/2- be-x) - (ae"'/2 +be-"') 

= lae"'l2 + 2be-x + lae"'l2 - be-x - ae"'l2 - be-x 
2 

. 
2 

= (�a+ �a- a)e"'/2 + (2b- b- b)e-x 

=O=RHS 

S. (a) y =sinx =? y'=cosx =? y"=-sinx. 
LHS = y" + y = -sin x + sin x = 0 =f; sin x, so y = sin x is not a solution of the differential equation. 

' (b) y = cosx =? y' =-sinx =? y" = -cosx. 
LHS = y" + y = - cos x + cos x = 0 =f; sin x, so y = cos _x is not a solution of the differential equation. 

(c) y = �xsinx =? y' = �(xcosx + sinx) =? y" = �(-xsinx + cosx + cosx). 

LHS = y" + y = �( -xsinx +2cosx) + �xsinx = cosx =f; sinx, soy= �xsinx is not a solution of the 

differential equation. · 

(d) y = -�xcosx =? y' = -�( -xsinx + cosx) =? y" = -�( -xcosx -sinx -sinx). 

LHS = y" + y = -�(-xcosx- 2sinx) + ( -�xcosx) = sinx = RHS, soy = -�xcosx is a solution of the 

differential equation. 

7. (a) Since the derivative y' = -y2 is always negative (or 0 if y = 0), the function y must be decreasing (or equal to 0) on any 

interval on which it is defined. 

(b) y = _1_ * y' = x+C 
1 LHS = y' == -

1 
2 = - (-1-)

2 
= -y2 = RHS 

(x + C)2 • (x +C) . x + C · 
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(c) y = 0 is a solution of y' = -y2 that is not a member of the family in part (b). 

1 1 1 . 1 1 
(<l) lfy(x) = X+ C' then y(O) = 

0 + c = c· Stnce y(O) = 0.5, c = 2 =} 1 c = 2, soy == --
2

. 
x+ 

dP ( P ) dP P 
9. (a) dt = 1.2P 1 - 4200 . Now dt > 0 =} 1 - 4200 

> 0 [assuming that P > 0] =} p 
4200 < 1 =} 

P < 4200 =} the population is increasing for 0 < P < 4200. 

(b) dP < 0 =} P > 4200 
dt 

dP (c) dt = 0 =} P = 4200 or P = 0 

11. (a) This function is increasing and also decreasing. But dyldt = e1(y- 1)2 ::;:: 0 for all t, implying that the graph of the 

solution of the differential equation cannot be decreasing on any intervaL 

(b) When y = 1, dy I dt = 0, but the graph does not have a horizontal tangent line. 

13. (a) y' = 1 + x2 + y2 ::;:: 1 andy' --+ oo as x -> oo. The only, curve satisfying these conditions is labeled III. 

(b) y' = xe-"'
2
-Y

2 
> 0 if x > 0 andy' < 0 if x < 0. The only curve with negative tangent slopes when x < 0 and positive 

tangent slopes when x > 0 is labeled I. 

(c) y' = 
1 + e

:2+Y2 > 0 andy'--+ 0 as x-> oo. The only curve satisfying these conditions is labeled IV. 

(d) y' == sin(xy) cos(xy) = 0 ify = 0, which is the solution graph labeled II. 

15. (a) P increases most rapidly at the beginning, since there are us_ually many simple, easily-learned sub-skills associated with 

learning a skill. As t increases, we would expect dP I dt to remain positive, but decrease. This is because as time 

progresses, the only points left to learn are. the more difficult ones. 

(b) � = k(M-P) is always positive, so the level of performance P (c) 
P(t) 

M ·-···-·······-···-···---·-·-·-·-

is increasing. AsP gets close toM, dPidt gets close to 0; that is, 

the perforn'lance levels off, as explained in part (a). 
P(O) 

oL-�--------------

9.2 Direction Fields and Euler's Method 

1. (a) y ,(b) It appears that the constant functions y = 0.5 andy = 1.5 are 

equilibrium solutions. Note that these two values of y satisfy the 

given differential equation y' = x cos 1ry. 
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3. y' = 2 - y. The slopes at each point are independent of x, so the slopes are the same along each line parallel to the x-axis . 

. Thus, III is the direction field for this equation. Note that for y = 2, y' = 0. 

5. y' = x + y- 1 = 0 on the line y = -x + 1. Direction field IV satisfies this condition. Notice also that on the line y = -x we 

have y' = -1, which is true in IV. 

7. (a) y(O) = 1 

(b) y(O) = 2 

(c) y(O) = -1 

9. 
X y 

0 0 

0 1 
0 2 

0 -3 

0 -2 

11. 
X y 

-2 -2 

-2 2 
2 2 

2 -2 

y' = �y 

. 0 

0.5 
1 

-1.5 

-1 

y'=y-2x 

2 

6 

-2 

-6 

Note that for y = 0, y' = 0. The three solution curves sketched go 

through (0, 0), (0, 1), and (0, -1) . 

y 

' 1 1 1 1 13 / I I II I  
'///// ///(/// 
/ / / // / //- // / 

-------3 X 
.......................................... 
"� --..,-, '' 
"" ""' 
'\'\'\ilo.'\' \. \. \. \ \ ' 

Note that y' = 0 for any point on the line y = 2x. The slopes are 

positive to the left of the line and negative to the right of the line. The 

solution curve in the graph passes through (1, 0). 

I I� 1/-"-\ 
I I I,....._\ \ 
I I /-"-\ \ 

I I I I I I 

-1! I 

I I I 
I I I 
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13. 
X y y' =y+xy 

0 ±2 ±2 

1 ±2 ±4 

-3 ±2 =t=4 

Note that y' = y( x + 1) = 0 for any point on y = 0 or on x = - 1 . 

The slopes are positive when the factors y and x + 1 have the same 

sign and negative when they have opposite sigfis. The solution curve 

in the graph passes through (0, 1). 

-.a/.;---
///.;- ........ 
Ill/-' 

11/----
I I I-\ 
I I I - -'-3 

I I 
I I 
I 
I 

I I I I 

''-\\\�X 
\ \ \ I I 
\ I I I 
\ I I I 
I I I I 
I I I I 

15. In Maple, we can use either directionfield (in Maple's share library) or 

DEtools [ DEplot] to plot the direction field. To plot the solution, we can· 

17. 

either use the initial�value option in directionfield, or actually solve the 

equation. 

In Mathematica, we use PlotVectorField for the direction field, and the 

Plot [Evaluate[ .. . ]] construction to plot the solution, which is 

y = 2 arctan ( ex3 13 · tan �). 

In Derive, use Direction_Field (in utility file ODE�APPR) to plot the direction field. Then use 

DSOLVE1 ( -x'2* SIN (y) , 1, x, y, 0, 1) (in utility file ODE1) to solve the equation. Simplify each result. 

Y ·_...c=3 
I I I I I I I I I I II I I I 

I I I I I I I I I I I I I I I 
I I I I I I I I 

I I I I II I I 

'''''''" 
\\\\\\\\ ,,,,,,,, 

------��+-�------\ \ \ \ \ \ \ \ 
I I I I I I I I 
I I I I I I I I 
I I I I I I I I 

1 I I I \ I I I 
I I I I I 1·1 I 
I I I I I I I I 
I I I I I I I I 

'c=-3 

c=l 

t 
c=-1 

The direction field is for the differential equation y' = y3 - 4y. 

L = lim y(t) exists for -2 � c � 2; 
t�oo 

L = ±2 for c = ±2 and L = 0 for -2 < c < 2. 

For other values of c, L does not exist. 

19. (a) y' = F(x, y) = y and y(O) = 1 => Xo = 0, Yo = 1. 

(i) h = 0.4 and Y1 =Yo + hF(xo, Yo) => Y1 = 1 + 0.4 · 1 = 1.4. X1 = Xo + h = 0 + 0.4 = 0.4, 

so Yl = y (0.4) = 1.4. 
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(ii) h = 0.2 .� x1 = 0.2 and x2 = 0.4, so we need to find Y2· 
Y1 =Yo+ hF(xo,Yo) = 1 + 0.2yo = 1 + 0.2 · 1 = 1.2, 

Y2 = Y1 + hF(x1, YI) = 1.2 + 0.2yl = 1.2 + 0.2 · 1.2 = 1.44. 

(iii) h = 0.1 � X4 = 0.4, so we need to find Y4· YI =Yo+ hF(xo, yo) = 1 + 0.1yo = 1 + 0.1 · 1 = 1.1, 

Y2 = Yl + hF(x1, Yl) = 1.1 + 0,1yl = 1.1 + 0.1 · 1.1 = 1.21, 

Y3 = Y2 + hF(x2, Y2) = 1.21 + 0.1y2 = 1.21 + 0.1 · 1.21 = 1.331, 

Y4 = Y3 + hF(xa, Y3) = 1.331 + 0.1y3 = 1.331 + 0.1 · 1.331 = 1.4641. 

y 
1.5 
1.4 
1.3 
1.2 
l.l 
1.0 

ot 

y=ex 
,:::::::h = 0.1· 

d.� -h=0.2 
'-.....h=0.4 

I I I I > 
0.1 0.2 0.3 0.4 X 

We see that the estimates are underestimates since 

they are all below the graph of y = ex. 

(c) (i) For h = 0.4: (exact value)- (approximate value)= e0·4- 1.4 � 0.0918 

(ii) For h = 0.2: (exact value)- (approximate value) = e0·4- 1.44 � 0.0518 

(iii) For h = 0.1: (exact value)- (approximate value) = e0·4- 1.4641 � 0.0277 

Each time the step size is halved, the error estimate also appears to be halved (approximately). 

21. h = 0.5, xo = 1, yo= 0, and F(x, y) = y- 2x. 

Note that x1 = x0 + h = 1 + 0.5 = 1.5, X2 = 2, and xa = 2.5. 

Y1 =Yo+ hF(xo, Yo)= 0 + 0.5F(l, 0) = 0.5[0-;- 2(1)] = -1. 

Y2 = Yl + hF(x1, y!) = -1 + 0.5F(1.5, -1) = -1 + 0.5[-1 - 2(1.5)] = -3. 

Y3 = Y2 + hF(x2, Y2) =: -3 + 0.5F(2, -3) = -3 + 0.5[-3- 2(2)] = -6.5. 

Y4 = Y3 + hF(x3, Y3) = -6.5 + 0.5F(2.5, -6.5) = -6.5 + 0.5[-6.5- 2(2.5)] = -,12.25. 

23. h = 0.1, xo= 0, Yo= 1, and F(x, y) = y + xy. 

Note that Xl = Xo + h = 0 + 0.1 = 0.1, X2 = 0.2, X3 = 0.3, and X4 = 0.4. 

Yl =Yo+ hF(xo, Yo)= 1 + 0.1F(O, 1) = 1 + 0.1[1 + (0)(1)] = 1.1. 

y2 = Yl + hF(xl,·y1) =.1.1 + 0.1F(0.1, 1.1) = L1 + 0.1[1.1 + (0.1)(1.1)]:: 1.221. 

Y3 = Y'i + hF(x2, y2) = 1.221 + 0.1F(0.2, 1.221) = 1.221 + 0.1[1.221 + (0.2)(1.221)] = 1.36752. 

Y4 = Y3 + hF(x3, ya) = 1.36752 + 0.1F(0.3, 1.36752) = 1.36752 + 0.1[1.36752 + (0.3)(1.36752)] 

= 1.5452976. 

Y5 = Y4 + hF(x4, Y4) = 1.5452976 .+ 0.1F(0.4, 1.5452976) 

= 1.5452976 + 0.1[1.5452976 + (0.4)(1.5452976)] = 1.761639264. 

Thus, y(0.5) � 1. 7616. 
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25. (a) dy/dx + 3x2y = 6x2 =} y' = 6x2- 3x2y. Store this expression in Y1 and use the following simple program to 

evaluate y(1) for each part, using H = h = 1 and N = 1 for part (i), H = 0.1 and.N = 10 for part (ii), and so forth. 

h -+ H: 0 -+ X: 3 -+ Y: 

For(l, 1, N): Y + H x Y 1 -+ Y: X + H -+ X: 

End(loop): 

Display Y. [To see all iterations, include this statement in the loop.] 

(i)H=1,N=1 =} y(1)=3 

(ii) H = 0.1, N = 10 =} y(1) � 2.3928 

(iii) H =0.01, N = 100 =} y(1) � 2.3701 

(iv) H = 0.001, N = 1000 =} y(1) � 2.3681 

(b) y = 2 + e-"'3 =} y' = -3x2e-"'
3 

LHS = y' + 3x2y = -3x2e-x
3 

+ 3x2 ( 2 + e-x3) = -3x2e-'-"'3 + 6x2 + 3x2e-x3 = 6x2 = RHS 

y(O) = 2 + e-0 = 2 + 1 = 3 

(c) The exact value of y(1) is 2 + e-13 = 2 + e-1. 

(i) For h = 1: (exact value)- (approxinlate value) = 2 + e-1 - 3 � -0.6321 

(ii) For h = 0.1: (exact value)- (approxinlate value)= 2 + e-1 - 2.3928 � -0.0249 

(iii) For h = 0.01: (exact value)- (approximate value) = 2 + e-1 - 2.3701 � -0.0022 

(iv) For h = 0.001: (exact value)- (approximate value)= 2 + e-1- 2.3681 � -0.0002 

In (ii)-(iv), it seems that when the step size is divided by 10, the error estimate is also divided by 10 (approximately), 

dQ 1 1 
27. (a) R dt + 0Q = E(t) becomes 5Q' + 

0.05 
Q = 60 (b) From the graph, it appears that the limiting value of the 

or Q' + 4Q = 12. charge Q is about 3. 

(c) IfQ' = 0, then 4Q = 12 =} Q=3is an 
Q 
6 I I I I I I I I equilibrium solution. 

I I I I I I 
I I I I I I. (d) Q 
I I I I I I I 6 I I I I I I I I 

4 \ \ \ \ \ \ \ I I I I I I I 
' ' ' ' ' ' ' ' I I I I \ I I 

- ---- - -- I \ I I I I I 
/ / / / / / / / 4 \ \ I \ I \ \ 

2 I I I I I I I I ' ' ' ' ' ' ' ' 
I I I I I I I I 
I I I I I I I I I I / / I / / 
I I I I I I I I 2 I I I I I I I 

0 2 4 t 
I I I I I I I 
I I I I I I I 
I I I I I I I 

0 2 4 t 
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(e) Q' + 4Q = 12 :::} Q' = 12 -.4Q. Now Q(O) = 0, so to= 0 and Qo = 0. 

Q1 = Qo + hF(to, Qo) = 0 +0.1(12- 4 · 0) = 1.2 

Q2 = Q1 + hF(t1, Qi) = 1.2 + 0.1(12- 4 · 1.2) = 1.92 

Q3 = Q2 + hF(t2, Q2) = 1.92 + 0.1(12- 4 · 1.92) = 2.352 

Q4 = Q3 + hF(t3, Q3)·= 2.352 + 0.1(12- 4 · 2.352) = 2.6112 

Q5 = Q4 + hF(t4, Q4) = 2.6112 + 0.1(12- 4 · 2.6112) = 2. 76672 

Thus, Q5 = Q(0.5):::::: 2.77 C. 

9.3 Separable Equations 

.! = -�x2- C =? y = 1 ! C = K 
2 

2, where K = -2C. y = 0 is also a solution. 
y -2x - -x 

ty3 = x + In lxl + C =? y3 � 3x + 3ln lxl + 3C =? y = {13x + 3ln lxl + K, where K = 3C. 

h2 -cosy = �x2 + ix4 +C. We cannot solye explicitly for y. 

7. d
d

y = _t_
2 

= _t_
2 

=? yeY dy = te-t2 dt =? J yeY dy = j te -t2 dt =? 
t yeY+t yeY et . 

yeY- eY [by parts] = -�e-t2 +C. The solution is given implicitly by the equation eY(y- 1) = C- �e-t2• 

We cannot solve explicitly for y. 

dp . . 
1 9. 

dt 
= t2p- P + e ·- 1 = p(t2- t) + 1ce- t) = CP + 1) (t2 -1) :::} 

P + 1 
dp = ce- 1) dt :::} 

p = K et3! 3-t - 1, where K = ±e0. Since p = -1 is also a solution, K can equal 0, and hence, K can be any real number. 

dy X 
11.-=- =? ydy=xdx =? Jydy=Jxdx =? h2=�x2+C. y(0)=-3 =? dx y 
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13. du 
= 

2t + sec2 t , u(O) = -5. I2udu = I(2t + sec2 t) dt =:;. u2 = t2 +tant + C, dt 2u 
where [u(O)J2 = 02 +tan 0 + C =:;. C = ( -5? = 25 . Therefore, u2 = t2 +tan t + 25, sou= ±Jt2 +tan t + 25. 

Since u(O) = -5, we must have u = -Jt2 +tan t + 25. 

15. xln.x = y (1 +J3+y2) y', y(1) = 1. I xlnxdx = I(y+yJ3+y2) dy =:;. lx2ln x-I lx dx 2 2 
[ use parts with u = lnx, dv = xdx] = h2 + i(3 + y2?12 =:;. �x2 ln x -· ix2 + C = h2 + i(3 + y2)312• 

Now y(l) = 1 =:;. 0- i + C = � + i(4)3/2 =:;. C � � + � + i = *·so 

17. y' tan x = a + y, 0 < x < 1r /2 dy a+y =:;. -= --dx tanx =:;. � = cotxdx a+y [a+y # O] =:;. 

-- = -.-dx => In ja + yj = ln jsm xj + C I dy I cosx · . 
a+y smx . => ja + yj = elnlsinxi+C = elnlsinxl . eC = ec jsinxj => 

a+ y = K si n x, where K = ±ec. (In our derivation, K was nonzero, but we can restore the excluded case 

y = -a by allowing K to be zero.) y(7r/3) =a => a +a= Ksin(i) => 2a = K v; => 

Th 4a. d 4a .  us, a + y = y'3 sm x an so y = y'3 sm x - a. 

4a · K = y'3' 

19.Ifthe slope at the point(x,y)isxy,then we have ��=xy =>- �=xdx [y # O] =? ��= lxdx
. 

=:;. 

since y(O) = 1 > 0. Note that y = 0 is not a solution because it doesn't satisfy the initial condition y(O) = 1. 

d d du dy dy du• 21.u=x+y => dx (u)=dx (x+y) =? dx�1+dx'butdx=x+y=u,sodx=1+u =? 

du --= dx [u # -1] 1+u =? ��=ldx => lnjl+uj=x+C => jl+uj=ex+C => 1+u 
1 + u = ±ec ex => u =· ±ec ex - 1 =? X + y =. ±ec ex - 1 =? y = K ex - X - 1, where K = ±ec # 0. 

If u = -1, then -1 = x + y =? y = -x - 1, which is just y = K ex - x - 1 with K = 0. Thus, the general solution 
is y = K e"' - x - 1, where K E R 

23. (a) y' = 2x y'l='Y2 =? : = 2x y'1 � y2 => dy . 
�=2xdx y.t - y2 =? I dy = 12xdx =? 

y'l='Y2 . . 
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(b) y(O) = 0 => sin-1 0 = 02 + C => C = 0, 

so sin-1 y = x2 andy= sin(x2) for -J1r72 � x � J1rl2. 

(c) For y'1-y2 to be a real number, we must have -1 � y � 1; that is, -1 � y(O) � 1. Thus, the initial-value problem 
y1 = 2x y'1-y2, y(O) = 2 does not have a solution. 

25. dy = sinx , y(O) = �
2
. So I sinydy =I sinxdx <=> dx siny 

-cosy=-cosx + C <=> cosy= cosx- C .  From the initial condition, 
we need cos % = cos 0 - C => 0 = 1 - C => C = 1, so the solution is 

cosy = cos x - 1. Note that we cannot take cos-1 of both sides, since that would 
unnecessarily restrict the solution to the case where -1 � cos x - 1 <=> 0 � cos x ,  
as cos-1 is defined only on l-1, 1]. Instead we plot the graph using Maple's 
plots [ irnplici tplot] or Mathematica's Plot [Evaluate [ · · · ]]. 

27. (a) , (c) y (b) yl = y2 => �� = y2 => I y -2 dy =I dx => 

-1 c 1 -y = X+ => -= -X - C => y 
X y = -K 

1 , where K = -C . y = 0 is also a solution. - x  

29. The curves x2 + 2y2 = k2 form a family of ellipses with major axis on the x-axis. Differentiating gives 
d 2 2 · 

d 2 
. -x . 

dx (x + 2y ) = dx (k ) => 2x + 4yy1 = 0 => 4yy1 = - 2x => y' = 2; · Thus, the slope of the tangent line 

at any point ( x, y) on one of the ellipses is y1 = ;: , so the orthogonal trajectories 

must satisfy y' = 2Y <=> dy = 2Y <=> dy = 
2 = dx <=?. 

X dx X y X 

I dy = 2 1 dx ¢} In ,y,· = 2ln ,X, + c1 ¢} In ,y, = In ]x/2 + C1 ¢} y X . 

/y/ = elnx2+0t <=> y = ± x2 • e01 = Cx2. This is a family of parabolas. 
-4 

31. The curves y = k/x foon a family of hyperbolas with asymptotes x = 0 andy= 0. Differentiating gives 
d d (k ) 

dx (y) = dx ·;; 
I k => y = -- => x2 

I xy y =-­x2 [since y = k/x => xy = k] => y1 = _Jf_. Thus, the slope X 
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of the tangent line at any point (x, y) on one of the hyperbolas is y' = -yjx, 

so the orthogonal trajectories must satisfy y' = x/y � d
dy = :: �-

. X y 

ydy = x.dx � Jydy = Jxdx � h2 = �x2 +C1 � 

y2 = x2 + c2 � x2 .:._ y2 = c. This is a family of hyperbolas with 

asymptotes y = ±x. 
-4 

'33. y(x) = 2 + 1x [t- ty(t)] dt o9 y'(x) = x- xy(x) [by FTC 1] 
dy \ 

'* dx = x(1- y) '* 

I ...!!1!_ = I x dx => - In 11 -Yi = �x2 + C. Letting x = 2 in the original integral equation 1-y . 

gives us y(2) = 2 + 0 = 2. Thus, -In 11 � 21 = �(2)2 + C '* 0 = 2 + C o9 C = -2. 

Thus,-lnj1-yl= �x2-2 => lnl1-yj=2- �x2 => jl-yj=e2-x2/2 => 

1 - y = ±e2- x2 /2 => y = 1 + e2- x2 /2 [y(2) = 2). 

35. y(x) = 4 + fox 2tv'Y(t) dt => y'(x) = 2xV1i(X} => :� = 2xyy => I Jy = I 2xdx => 

2yy = x2 +C. Letting x = 0 in the original integral equation gives us y(O) = 4 + 0 = 4. 
'Thus,2v'4=02+C => C= 4. 2.jY=x2+ 4 => .jY=�x2+2 => y= (�x2+2t 

37. From Exercise 9.2.27, �� = 12- 4Q � I 12 �
Q

4Q =I dt � -t lnj12- 4QI = t + C � 

lnj12- 4Qj = -4t- 4C � j12- 4QI = e-4t-4c ¢.::> 12- 4Q = Ke-4t [K = ±e-4c] � 

4Q = 12- Ke-4t � Q = 3- Ae-4t [A= K/ 4]. Q{O) = 0 � 0 = 3- A � A= 3 � 

Q(t) = 3- 3e-4t. As t � oo, Q(t)--+ 3- 0 = 3 (the limiting value). 

39 . . ::; =k(M- P) � I P�M= 1(-k)dt � lnJP-MI=-kt+C � jP-Mj= e-kt+C � 

P-M= Ae-kt [A= ±ec] -� P = M + Ae-kt. If we assume thatperformance is at level 0 when t = 0, then 

P(O)=O � O=M+A � A=-M � P(t)=M-Me-kt. limP(t)=M-M·O=M. , t-oo 

4 4 2 4 r:: 0 = a - 02 
=> 02 

= a. => C = -;:; => C = 2/ v a 

' 4 . 
Thus, x(t) =a-

2 • · (kt + 2/va) 

[Cis positive since kt + C = 2(a � x)-1 12 > 0]. 
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(b) dx = k(a-x)(b-x?l2 dt � d� = kdt � 1 � = lkdt (*). 
(a-x) b-x · (a-x) b-x . 

From the hint, u = ..;7J=X � u2 = b - x => 2u du = -dx, so 

I dx _ I -2u du · � _ 2 I du __ 2 I du . 
(a-x)Jb-x- [a- (b-u2)]u- a-b+u2- (Ja-b)2+ u2 

g -2(-1-tan- l_u_ ) 
· Ja-b v'a-b 

-2 .jb- X 
So(*) becomes ;:--;: tan-1 ;:--;: = kt +C. Now x(O) = 0 

va-b va-b 
-2 v'b => C = ;:--;: tan -1 ;:--;: and we have 

va-b va-b 

-2 , Vb- X 2 -1 v'iJ --tan-· --- = kt--- tan --
Ja-b v'a-b Ja-b · v'a-b 

2 ( -1 �b -1JS-x) t(x) = tan - - -tan -- · .. 
kv'a-b a-b a - b 

dC dC ldC I 43. (a) dt = r-�C => dt =-(kG- r) => kG_ r = -dt => (llk) lnjkC- rl = -t + M1 => 

lnjkC-ri = -kt + M2 � jkC- rj = e-kt+M2 => kG-r = M3e-kt => kG = M3e-kt + r � 

C(t) = M4e-kt + rjk. C(O) =Co => Co= M4 + rlk � M4 =Co- rlk � 

C(t) = (Co- r/k)e-kt + r/k. 

cb) If Co< rlk; then Co- rlk < 0 and the formula for C(t) shows that C(t) increases and lim C(t) = rlk. . t---+oo 

As t increases, the formula for C( t) shows how the role of Co steadily diminishes as that of r I k increases. 

45. (a) Let y(t) be the amount of salt (in kg) after t min utes. Then y(O) = 15. The amount of liquid in the tank is 1000 L at all 

times, so the concentration at tim� t (in minutes) is y( t) I 1000 kg/L and �; = - [ i��� �] ( 10 n!;
n) = -��� !�n. 

I� 1 1 t . t 
-y=-100 dt � Iny=-

100
+C,andy(0)=15 => ln15= C,solny=ln15-100

. 

It follows that 1n(JL) = __ t_ and JL = e-t/lOO soy= 15e-tf100 kg 
15 100 15 ' . 

(b) After 20 minutes, y = 15e-201100 = 15e-0·2 � 1 2.3 kg. 

47. Let y(t) be the amount of alcohol in the vat after t minutes. Theny(O) = 0.04(500) = 20 gal. The amount of beer in the vat 

is 500 gallons at all times, so the percentage at time t (in minutes) is y ( t) 1500 x 100, and the change in the amount of alcohol 

with respect to time t is ddy � rate in - rate out = 0.06 (s g�l ) '- y(t) (5 gal ) = 0.3 _ .JL = 30- Y gal . 
t mm 500 min . 100 100 min 

I d l dt . 
Hence, -0 

y = -00 and -In 130- Yl = 1�0 
t +C. Because y(O) = 20, we have -In 10 = C, so 

3 -y 1 . . . 
-In 130-Yl = 1�t -In 10 => In 130-Yl = -tl100 +In 10 => ln 130- Yl = lne-t/100 +In 10 � 
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In j30-yj = ln(lOe-tfwo) � j30- yj = lOe-t/100. Since y is continuous, y(O) = 20, and the right-hand sid� is 

never zero, �e deduce that 30 -·y is always positive. Thus, 30-y = lOe-t/100 � y = 30-lOe-t/100. The 

percentage of alcohol is p(t) = y(t)/500 x 100 = y(t)/5 = 6- 2e-t/100. The percentage of alcohol after one hour is 

p(60) =·6- 2e-601100:::::! 4.9.' 

49. Assume that the raindrop begins at rest, so that v(O) = 0. dmjdt = km and (mv)' = gm � mv' + vm' = gm � 

mv'+v( km)=gm � v'+v k=g � ��=g-kv � j9�v
kv =fdt � 

-(1/k)lnjg-kvi=t+C � lnjg-kvl=-kt-kC � g-kv= Ae-kt.v(O)=O � A=·g. 

So kv = g-ge-kt � v = (gjk)(l-e-H). Since k > 0, as t-. oo, e-kt -. 0 and therefore, lim v(t) = gjk. 
t--+00 

d . d -(ln£1) = -( k ln£2) dt dt 

ln£1 = lnL� + C � £1 = elnL� +C = e1nL�ec � L1 = KL� , where K = ec. 
(b) From part (a) with £1.= B, L2 = V, and k ='0.0794, we have B == KV0·0794• 

53. (a) The rate of growth of the area is jointly proportional to y'A(t) and M -A ( t); that is, the rate is proportional to the 

product of �hose two quantities. So for some constant k, dA/ dt = k v'A ( M -A). We are interested in the maximum of 

the function dA/dt (when the tissue grows the fastest), so we differentiate, using the Chain Rule and then substituting for 

dA/ dt from the differential equation: 

.!!._ (dA)_= k[.JA (-1) dA + (M-A) . lA-112 dA] = lkA-112dA [-2A + (M- A)] dt dt dt 2 dt 2 dt 

;, tkA:-1/2 [kVA(M-A)] [M-3A] = tk2(M-A)(M- 3A) 

This is 0 whenM- A= 0 [this situation never actually occurs, since the graph of A(t) is asymptotic. to the line y = M, 
as in the logistic model] and when M-3A = 0 ¢> A(t) = M/3. This represents a maximum by the First Derivative 

Test, since ! ( �) goes from positive to negative when A(t) = M/3. 
, 

(b) From the CAS, we get A(t) = M (Ce-;kt- 1 )
2
• To get C in te�s of the initial area Ao and the maximum area M, 

Ce Mkt + 1 
. . 

(c � 1)2 · 

we substitute t = 0 and A= Ao = A(O): Ao = M C + 1 
¢> (C + 1) JAo' = (C -1) .../M ¢> 

c yA;;" + JAo' = c JM -.../M {:} .../M + JAo' = c .../M -c v'i1o {:} 

C = -� + �· [Notice that if A0 = 0, then C = 1.] M- Ao 
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9.4 Models for Population Growth 

1. (a) dP/dt = 0.05P- 0.0005P2 = 0.05P(1- 0.01P) = 0.05P(1- P/100). Comparing to Equation4, 

dP 1 dt = kP(1 - P / M), we see that the carrying capacity is M = 100 and the value of k is 0.05. 

(b) The slopes close to 0 occur where P is· near 0 or 100. The largest slopes appear to be on the line P =50. The solutions 

are increasing for 0 < Po < 100 and decreasing for Po > 100. 

(c) ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ........................................................................ 
All of the solutions approach P = 100 as t increases. As in 

part (b), the solutions differ since for 0 < Po < 100 they are 

increasing, an� for Po > 100 they are decreasing. Also, some 

have an IP and some don't. It appears that the sotutions which 

have Po = 20 and Po = 40 have ii:lflection points at P = 50. 0 20 6()1 

(d) The equilibrium solutions are P = 0 (trivial solution) and P = 100. The increasing solutions move away from P = 0 and 

all nonzero solutions approach P = 100 as t--+ oo. 

dy ( y ) M . M -y(O) . . 7 
3. (a) dt = ky 1-

M =? y(t) = 1 + Ae-kt w1th A= y(O) . W1th M = 8 x 10 , k = 0. 71, and 

7 8 X 107 8 X 107 7 y(lJ)=2x 10 , we get the modely(t)= 1+3e_0_71t, soy(1)= 1+3e_0_71 :::::;3.2 3x10 kg. 

(b) y(t) = 4 X 107 ::} 
8 X 107 7 4 x 10 =? 2 = 1 + 3e-0·71t 

_..._ 1 + 3e-0· 71t = -..-

ln3 �o. 71t = ln � =? t = O. 71 :::::; 1.55 years 

5 U . (7) A = M - Po = 10,000 - 1000 = 9 P(t) = 10,000 P(1) = 2500 ' smg ' Po 1000 'so 1 + 9e-kt 2500 = 10,000 =? 
1 + 9e-k ( l) · 

1 + 9e-k = 4 ::} 9e-k = 3 =? e-k = � =? -k � ln � =? k = ln 3. After anothei"three years, t = 4, 

and P(4) = 10,000 = 10,000 = 10,000 = 10,000 = 10,000 = 9000 1 + 9e-(ln3)4 1 + 9 (eln3) 4 1 + 9( 3)-4 1 + � Jf 
. 

7. (a) We will assume that the difference in the birth and death rates is 20 million/year. Let t = 0 correspond to the year 1990 

and use a unit of 1 billion for all calculations. k :::::; � � = 5�3 (0.02} = 
2
!5 , so 

aP = kP(1- �) = -1-P (1 - �) 
dt - M 265 100 ' 

(b) A= M �Po = 100
5
� 5. 3 = 95

4
3
7:::::; 1 7.86 79. P(t)- M 

- 1 + Ae-kt 

P in billions 

-
94!00

(1126 J , so P(10) :::::; 5.49 billion. 1 + 53e- 5 t 
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(c) P(llO) � 7.81, and P(510) � 27. 72. The predictions are 7.81 billion in the year 2100 and 27.72 billion in 2500. 

(d) If M =50, then P(t) = 447 
50 

( 1 6 ) . So P(lO) � 5.48, P(llO) � 7.61, and P(510) � 22.41. The predictions 1 + 
53e- 1 2 s t . . 

become 5.48 billion in the year 2000, 7.61 billion in 2100, and 22.41 billion· in the year 2500. 

9. (a) Our assumption is that d y  = ky(1-y), where y is the fraction of the population that has heard the rumor. dt 

(b)Using the logistic equation(4), � =k P(1 - �).we substitutey= � ,P=My,and � =M �; . 

to obtain M d
d
y = k(My)(1-y) ¢:} d

d
y = ky(1-y), our equation in part (a). t . t .. 

Now the solution to (4) is P(t) = 1 + t;{e-kt, where A= M _;
0 
Po . 

M We use the same substitution to obtain My = . M _ M 0 
__._ Yo � y-1 + . y e-kt . Myo 

- Yo + (1 - Yo)e-kt · 

Alternatively, we could use the same steps as outlined in the solution of Equation 4. 

(c) Lett be the number of hours since 8 AM. Then Yo = y(O) = 1�go = 0.08 and y(4) = �.so 

1 ( ) 0.08 h 8 2 -4k - 6 -4k - 0.08 2 d -k ( 2 ) 1/4 2 = y 4 = 0.08 + 0.92e 4k: T us, 0.0 + 0.9 e - 0.1 , e - 0.92 = 23• an e = 23 ' 

0.08 2 S I . h' . ., soy= 114 = 114• o vmg t IS equatiOn ,or t, we get 
0.08 + 0.92(2/23) 2 + 23(2/23) 

( 2 
)
t/4 2y + 23y 23 = 2 => (.3..)1

/4 = 2- 2y => 
23 • 23y 

It follows that!- i = In[(l-{)jy], sot= 4 [1 + ln((l-{)jy)] . 
4 ln23 In23 

When y = 0.9; 1- y =�.sot= 4(1- In; ) �.7 .. 6 h or 7 h 36 min. Thus, 90% of the population will have heard y . ln23 . 

the rumor by 3:36PM. 

dP ( P) 11. (a) dt = kP 1 - M 
d 2 P = k [P(-_.!.. dP) + (t _ �) dP ] = k dP (- P + 1 _ �) dt2 M dt M dt dt M M 

(b) P grows fastest when P' has a maximum, that is, when P" = 0. From part (a), P" = 0 ¢:} P = 0, P = M, 

or P = M/2. Since 0 < P < M, we see that P" = 0 ¢:} P == M/2. 
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13. Following the hint, we choose't = 0 to correspond to 1960 and subtract 

94,000 from each of the population figures. We then use a calculator to 

130,000 

. obtain the models and add 94,000 to get the exponential function p 
(in thousands) 

PE(t) = 1578.3{1.0933)t + 94,000 and the logistic function 

0 '--..___.__...._�-'----'-�--L.....J 45 
( ) 32,658.5 94 0 0 p . abl PL t = 1+12_75e_0.1706t + , 0 .  L1Sa reason yaccurate 90,000 

1960 1980 
t(year)' 

2000 

model, while PE is not, since an exponential model would only be used 

for the first few data points. 

15. (a) � = kP- m = k(P- ; ) : Let y = P- ; , so �� = :� and the differential equation becomes �� = ky. 

The solution isy=y0ekt => P- ; = (Po- 7) ekt => P(t)= ; + (Po- 7) eJot_ 

. (b) Since k > 0, there will be an exponential expansion {o} Po- 7 > 0 {o} m < kP0. 

(c) The population will be constant if Po - 7 = 0 � m = kPo. It will decline if Po - 7 < 0 {o} m > kP0. 

(d) Po= 8,000,000, k =a:- f3 = 0.016, m = 210,000 => m > kPo (= 128,000), so by part (c), the population was 

declining. 

17. (a) The term -15 represents a harvesting offish at a constant rate-in this case, 15 fish/week. This is the rate at which fish 

are caught. 

(b) 

(d) 

p 
1200 

40 

p 
1200 

P0=1000-

40 80 120 t 

\ \ ' \ \ \ \ \ \ ' ' ' 
' ' \ ' ' ' \ \ \ ' \ ' 
' \ ' \ \ \ ' ' ' ' \ ' 
' ' ' \ ' \ \ \ ' \ \ \ 

' ' ' \ ' \ \ \ \ \ \ ' 
' ' ' ' ' ' ' ' \ \ ' ' ' ' ' ' ' ' ' ' ' ' ' 

----------
--------

80 12 0 I 

(c) From the graph in part (b), it appears that P(t) = 250 and P(t) = 750 

are the equilibrium solutions. We confirm this analytically by solving the 

equation dP/dt = 0 as follows: 0.08P(1-P/1000)- 15 = 0 => 

0.08P - 0.00008P2 - 15 = 0 => · 

�0.00008(P2 -lOOOP + 187,500) = 0 => 

(P- 250)(P- 750) = 0 => P = 250 or 750. 

For 0 < Po < 250, P(t) decreases to 0. For Po= 250, P(t) remains 

constant. For 250 < Po < 750, P(t) increases and approaches 750. 

For Po = 750, P(t) remains constant. For Po > 750, P(t) decreases 

· and approaches 750. 

(e) � = 0.08P ( 1- 1:00) - 15 ¢'} -100
8°

00 
· � = (0.08P � o.00008P2 - 15). (-

100
8°

00) ¢'} 

-12,500 � = P2 - 1000P + 187,500 {o} 
dP 1 

(P- 250)(P- 750) 
= -12,500 dt ¢'} 
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/
(-1/500 1/500 )dP=--1-dt I( 1 1 )dP 1 d p - 250 + p- 750 12,500 . {:} . p - 250 

-p -750 = 25 t {:} 

. 
1 I p - 250 I 1 I p -250 I t/25+C t/25 lniP-2501 - lniP- 7501 = 25t + C <=> In p _ 750 

= 25t + C <=> p _ 750 
= e = ke <=> 

p- 250 = k t/25 ¢:> P -250 = Pketf25 -750ket/25 <=> P -Pket/25 = 250 -750ket/25 <=> P -750 
e 

P(t) = 250
1 
� 

7:��: :
125

. Ift = 0 and P = 200, then 200 = 250
1 � 

7:0k <=> 200-200k = 250-750k <=> 

550k = 50 <=> k = fr. Similarly, if t = 0 and P = 300, then 

k = -�. Simplifying P with these two values of k gives us 

250(3et/,25- 11) 750(et/25 + 3) P(t) = et/25 - 1 1  
and P(t) = et/25 + 9 

Plzroo�------�----� 

19. (a) � = (kP) ( 1- �) (1-;). lfm < P < M, thim dP/dt = (+)(+)(+) = + =>. Pis increasing. 

(b) 

If 0 < P < m, then dP / dt = ( + )( +) (-) = - => P is decreasing. 

k = 0.08, M = 1000, and m = 200 => 

dP = o.osP(l-_!__) ( 1-
20

0) at 1000 · P 
For 0 < Po < 200, the population dies out. For Po = 200, the population 
is steady. For 200 < Po < 1000, the population increases and approaches 
1000. For Po > 1000, the population decreases and approaches 1000. 

The equilibrium solutions are P(t) = 200 and P(t) = 1000. 

(c)� =kP(1-�)(1� ;) =kP(M�P)(P;m) = �(M-P)(P-m) <=> .  

I dP I k d B .
. lfr . 1 A B 

(M-P)(P-m) = M t. y part!a actiOns, (M-P)(P-m) = M- p + p- m' 
so 

A(P-m) + B(M-P) = 1. 

IfP=m,B=-Ml ;ifP=M,A=-M1 , so -Ml /(-Ml + -p
1 )dP=f.!:_dt =? -m -m -m -P -m M 

1 · k 1 �P-ml k 
M-m (-lniM-PJ+lniP-ml)= Mt+C => M-mln M-P = Mt+C => 

ln.! p- m I= (M-m).!5_t + c1 ¢? p- m = De(M-m)(k/M)t [D =±eel). M-P M M-P · 

. . 

Lett= 0: 
Po-m =D. So p- m = Po-m e<M-m}(k/M)t. M-Po M-P M-Po 

. m(M-Po)+ M(Po-m)e<M-m)(k/M)t 
Solvmg for P, we get P(t) = M _Po+ (Po_ m)e<M-m)(k/M)t 
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(d) If Po < m, then Po- m < 0. Let N(t) be th" numerator of the expression for P(t) in part (c). Then 

N{O) = Po(M- m) > 0, and Po- m < 0 ¢:> lim M(Po- m)e<M-m)(kfM)t= -oo * lim N(t) = -oo. t-oo t-oo 

Since N is continu�us, there is a number t such that N(t) = 0 and thus P(t) = 0. So the species will become extinct. 

21. (a)dP/dt=kPcos(rt-¢) * (dP)/P=kcos(rt-¢) dt � J(dP)/P=kfcos(rt-¢) dt �. 

lnP = (k/r) sin(rt- ¢)+C. (Since this is a growth model, P > 0 imd we can write lnP instead of lniPI.) Since 

P(O) =Po, we obtain lnPo = (k/r)sin(-¢) + C =- (k/r) sin¢+ C => C =In Po+ (k/r)sin¢. Thus, 

In P = (k/r) sin(rt-¢)+In Po + (k/r) sin¢, which we can rewrite as !n(P/ Po) = (k/r)[sin(rt-¢)+sin¢] or, 

after exponentiation, P(t) = Poe(k/r)[sin(rt-<l>)+sin <I>]. 

(b) Ask increases, the amplitude 
increases, but the minimum value 
stays the same. 

p 4r---------.. 

Comparing values of k with 
P0 = 1, r = 2, and t/> = 1r/2 

As r increases, the amplitude and 
the period decrease. 

p 4:...--------

Comparing values of r with 
P0 = 1, k = 1, and tf> = 1r/2 

A change in ¢ produces slight 
adjustments in the phase shift and 
amplitude. 

p 4;..---------.. 

Comparing values of t/> with 
P0 = 1, k = 1, and r = 2 

P(t) oscillates between P0e(k/r)(l+sin<l>) and Poe(k/r)( -I+sin <I>) (the extreme values are attained when rt
.
-'-- ¢is an odd 

multiple of�), so lim P( t) does not exist. t-oo 

23. By Equation 7, P(t) 
= 1 + �e-kt. By comparison, if c = (In A)/k and u = �k(t- c),. then 

1 K K 2 K K 
2K[1+tanh(-21k(t-c)))=-2[1+tanhu]=-· 2 = 2 = k =P(t). 

9.5 Linear Equations 

2 1 + e- u 1 + e- " 1 + Ae- t 

1. x- y' = xy {=> y' + xy =xis linear �ince it can be put into the standard linear form (l), y' + P(x) y = Q(x). 

3. y' = .!:. + .!:. is not linear since it cannot be put into the standard linear form (1), y' + P(x) y = Q(x). 
X y . 

5. Comparing the �iven equation, y' + y = 1, with the general form, y' + P(x) y = Q(x), we.see that P(x) = 1 and the 

integrating factor is I ( x) . = e f P("') dx = e f 1 dx = e"'. Multiplying the differential equation by I ( x) gives 
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e"'y = f e"' dx e"' y = e"' + c :::} 

7. y' = x-y :::> y' + y = x (*). I(x) = e f P(z) dz = e f,l dx = e". Multiplying the differential equation(*) by I(x) gives 

9. Since P(x) is the derivative of the coefficient ofy' [P(x) = 1 and the coefficietit is x ], we can write the differential equation 

xy' + y = Vx in the easily integrable form (xy)' = Vx ==> xy = fx312 + C ==> y = fVx + Cjx. 

11. sin x :k +(cos x) y = sin(x2) ==> (( sinx) y]' = sin(x2) (. ) J. ( 2)dx Jsin(x2)dx+C :::} Sill X y = Sill X :::} y = . . Sill X 

· du. du 1 13. (1 + t) -d + u = 1 + t, t > 0 [divide by 1 + t] ==> -d + -1- u = 1 (*),which has the 
. t . t + t 

f�rm u' + P(t) u ·= Q(t). The integrating factor is I(t) = e I P(t) dt = ef[l/(l+t)J dt = e'n(l+t) = 1 + t. 

Multiplying(*) by I(t) gives us our original equation back. We rewrite it as [(1 + t)u]' = 1 + t. Thus, 

(1 + t)u = J(1 + t) dt = t + �e + c 
t + lt2 + C t2 + 2t + 2C 

==> u = --';�+-t- or u = 2(t + 1) 

15. x2y'+2xy=lnx ==> (x2y)'=lnx ==> x 2y =J lnxdx ==> x2y=xlnx-x+C.[by parts].Sincey (l)=2, 

2 2 l . 1 1 3  1 (2)=1ln1-L+C ==> 2=-1+C ==> C=3,sox y=x nx-x+3,ory=-lnx --+2. X X X 

17.tdu=t?+3u ==> u'-�u=t (*). I(t)=ef-a/tdt=e-31nltl=(e1nltl)-3=r3 [t>O] =t
13.Multiplying(�) � t . 

�y I(t) gives � u' -t: u = t� :::} c� u )' = t� :::} t� u = I t� dt :::} t� u = -� +c. Since u(2) = 4, 

1 1 1 . 1 
23 (4) = -2 + c :::} c = 1, so t3 u = .-t; + 1, or u = -t2 +e. 

19. xy' = y +x2 s inx ==> y'-.! y = x sinx. I(x) = ef(-1/x)dx = e-lnx = elnx-1 = .!. X X 

M l. I . b 1 . 1 I 1 . (1 )' . 1 u ttpymg y-gtves-y -2y=slllx ==> -y =slllx ==> -y=-cosx+C ==> y=-xcosx+Cx. X X X X X 

y(1r)�O ==> -7r·(-1)+C7r=0 ==> C=-1,soy=-x cosx -x . 
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2 e"' 
21. xy'+2y=e"' => y'+-y=-. 

X X 

I(x) = ef(2/x)dx = e2tnlxl = (elnlxlr = jxj2 = x2. 

Multiplying by /(x) gives x2 y' + 2xy = xe"' => (x2y)' = xe"' => 

x2y = J xe"' dx = (x -1)e"' + C [by parts] => 

y = [(x- l)e"' + C]/x2• The graphs for C = -5, -3, -1, 1, 3, 5, and 7 are 

shown. C = 1. is a transitional value. For C < 1, there is an inflection point and 

for C > 1, there is a local minimum. As 101 gets larger, the "branches" get 

further from the origin. 

du dy dy yn du un/(l-n) du 23. Setting u = y1-n, dx = (1- n) y-n.dx or dx = 1 _ n dx = 1 � n dx, Then the Bernoulli differential equation 

un/(1-n) du du 
becomes + P(x)u1/(1-n) = Q(x)un/(1-n) or- + (1- n)P(x)u = Q(x)(1- n). 1-n dx 

1 
dx . 

3 
. 

25. Here y' + :!_ y == Y 2, son= 3, P(x) = :!_ and Q(x) = �-Setting u = y-2, u satisfies .u'- 4u =- 2
2. 

X X X X . X X 

Then I(x) = ef<-4/x)dx = x-4 andu = x4(f -2. dx +c) = x4 (� +c) = Cx4 + _3.._ x6 5x5 5x 

( 2 )-1/2 
Thus, y = ± Cx4 + 5x . 

27. (a) 2 d
dl + 10/ = 40 or 

d
d
l + 51 = 20. Then the integrating factor is e f 5 dt = e5t� Multiplying the differential equation . t t . 

by the integrating factor gives e5t · �! + 5I e5t = 20e5t => ( e5t I)' = 20e5t => 

I(t) =e-st (J 20e5� dt +C) = 4 + Ce-5t. But 0 = 1(0) = 4+ C, so J(t) = 4- 4e-5t. 

(b) /(0.1) = 4-4e-0·5 � 1.57 A 

29. 5 �� + 20 Q ;= 60 with Q(O) = 0 C. Then the integrating factor is e f 4 dt = e4t, and multiplying the differential 

equation by the integrating factor gives e4t d
d
Q + 4e4tQ = 12e4t => (e4t Q)' = f2e4t => 

t ' ' 

Q(t) = e-4t (J 12e4t dt + CJ = 3 + Ce-4t. But 0 = Q(O) = 3 + C so Q(t) = 3(1- e-4t) is the charge at timet 

and! = d Q  / dt = 12e -4t is the current at time t. 

31. -·� + kP = kM, so I(t) = e f k dt = ekt. Multiplying the differential equation 

by I(t) gives eki dP + kPekt = kMekt => (ekt P)' = kMekt => dt 
P(t) = e-kt (f kMektdt +C)= M + Ce-kt, k > 0. Furthermore, it i� 

reasonable to assume that 0 :::; P(O) :::; M, so - M :::; C :::; 0. 

P(t) 
M -------------------------------------· 

P(O) 
o�-----------------
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' 

33. y(O) = 0 kg. Salt is added at a rate of (o.4 k
L
g) (5 �) = 2 k� . Since solution is drained from the tank at a rate of mm mm 

3 L/min, but salt solution is added at a rate of5 L/min, the tank, which starts out with 100 L of water, contains (100 + 2t) L 

of liquid after t min. Thus, the salt concentration at timet is �
(t) 

2 
k

L
g. Salt therefore leaves the tank at a rate of . 10 + t 

( y( t) 
2 

kg) (3 �) = 
100

3Y 
2 

k� . Combining the rates at which salt enters and leaves the tank, we get 100 + t L mm + t mm 

dy 3y R . . h. . dy . ( 3 ) 2 th . . I' dt = 2 - 100 + 2t . ewntmg t 1s equat1on 
as dt + 100 + 2t y = , we see at 1t 1s mear. 

I{t) = exp(/ 10�� 2t) = exp(� ln{lOO + 2t)) = (100 + 2t)312 

Multiplying the differential equation by I(t) gives {100 + 2t?l2 d
d
y + 3{100 + 2t)112y = 2{100 + 2t)312 => t . 

[{100 + 2t)312y]' = 2{100 + 2t?l2 => {100 + 2t)312y = �{100 + 2t)512 + c => 

y = �{100 + 2t) + C{lOO + 2t)-312. Now o = y(O) = �{100) + c · wo-312 = 40 + 10�0C => c = -40,000, so 

y = [ � (100 + 2t) - 40,000(100 + 2t) -a/2] kg. From thls solution (no pun intended), we calculate the salt concentration 

. y(t) [ -40 000 2] kg . -40,000 2 kg at ttme t to be C(t) = 100 + 2t = 
(100 +

, 
2t)512 + 

5 T· 
In particular, C{i!O) = 

140512 
+ 

5 � 0.2275 L 

and y{20) = �(140)- 40,000(140)-312 � 3 1 .85 kg. 

35. (a) d
d
v + �v = g and I(t) = .ef<cfin) dt = e<cfm)t, and multiplyi�g the differential equation by 
t m 

dv vce<cfm)t 
[ ] ' · 

I(t) gives e<cfm)t- + = ge<cfm)t => e<cfm)tv = ge<cfm)t. Hence, dt m . 

v(t) = e-(c/m)t [J ge<cfm)t dt + K] = mgjc + Ke-<cfm)t. But the object is dropped from rest, �o v(O) = 0 and 

K = -mgjc. Thus, the velocity at timet is v(t) = (mg/c) [ 1 - e-(c/m)t]. 

(b) lim v(t) = mgjc 
t�oo 

(c) s(t) = J v(t) dt = (mgjc)[t + (m/c)e-(c/m)t] + Ct where c1 � s(O)- m2gjc2. 

s(O) is the initial position, so s(O) = 0 and s(t) = (mgjc)[t + (m/c)e-(c/m)t] - m2gjc2. 

37. (a) z = -p1 => P = -z
1 => P' = - ;Z�. SubstitUting into P' = kP(1 - P / M) gives us -

z2' = k .!  ( 1 - -1-) => z z . z zM 

z'=-kz ( 1-z�) => z'=-kz+ � => z'+kz= � (*). 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in port. 



SECTION 9.6 PREDATOR-PREY SYSTEMS 0 413 

(b) The integrating factor is ef kdt = e"t. Multiplying(*) by ekt gives e"tz' + ke"tz = 
k�t 

z = M
l + ce-kt. Since P =�.we have 

z 
' 

P = 1 . 1 =? P � 1 + ::Ce-kt, which agrees with Equation 9.4. 7, P = 1 + �e-kt, when MC = A. 
- +Ce-kt M 

9.6 Predator-Prey Systems 

1. (a) dx/dt = -0.05x + 0.0001xy. lfy = 0 ,  we have dx/dt = -0.05x , which indicates that in the absence ofy , x declines at 

a rate proportional to itself. So x represents the predator population and y represents the prey population. The growth of 

the prey population, 0.1y (from dy/dt = O.ly- 0.005xy ) ,  is restricted only by encounters with predators (the term 

-0.005xy ). The predator population increases only through the term 0.0001xy; that is, by encounters with the prey and 

not through additional food sources. 

(b) dy/dt = -0.015y + 0.00008xy. If x = 0, we have dyjdt = -0.015y, which indicates that in the absence of x, y would 

decline at a rate proportional to itself. So y represents the predator population and x represents the prey population. The 

growth of the prey population, 0.2x (from dx/dt = 0.2x- 0.0002x2-0.006xy = 0.2x(1- 0.001x)-0.006xy ), is 

restricted by a carrying capacity of 1000 [from the term 1- 0.001x = 1-x/1000] and by encounters with predators (the 

term -0.006xy ). The predator population increases only through the term 0.00008xy; that is, by encounters with the prey 

and not th.rough additional food sources. 

3. (a) dx/dt = 0.5x- 0.004x�- O.OOl:ty = 0.5x(l- x/125)- O.OOlxy. 
dy/dt = 0.4y-0.001y2- 0.002xy = 0.4y(1-y/400)-0.002xy. 

The system shows that x and y have carrying capacities of 125 and 400. An increase in x reduces the growth rate of y due 

to the negative term -0.002xy. An increase in y reduces the growth rate of x due to the negative term -0.001xy. Hence 

the system describes a competition model. 

(b) dxjdt = 0 =? x(0.5-0.004x--' O.OOly) = 0 =? x(500- 4x- y) = 0, (1) and dy/dt = 0 =? 

y(0.4-0.001y-0.002x) = 0 => y(400-y-2x) = 0 (2). 

From (1) and(2), we get four equilibrium solutions. 
(i) x = 0 and y = 0: Ifthe populations are zero, there is no change. 

(ii) x = 0 and 400 -y - 2x = 0 =>. x = 0 andy = 400: In the absence of an x-population, they-population 
stabilizes at 400. 

(iii) 500 - 4x -y = 0 andy = 0 => x = 125 andy = 0: In the absence of y-population, the x-population stabilizes 
at 125. 

(iv) 500- 4x-y = 0 and 400- y- 2x = 0 => y = 500- 4x andy= 400- 2x => 500- 4x = 400- 2x => 
100 =:= 2x => x = 50 and y = 300: A y-population of 300 is just enough to support a constant x-population of 50. 

© 20 I i Cengage Learning. All Rights Reserved. May not be scarmed, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 



414 0 CHAPTER 9 DIFFERENTIAL EQUATIONS 

5. (a) At t = 0, there are about 300 rabbits and 100 foxes. At t = h, the number 

of foxes reaches a minimum of about 20 while the number of rabbits is 

about 1000. At t = t2, the number of rabbits reaches a maximum of about 

2400, while the number of foxes rebounds to 100. At t = h, the number of 

rabbits decreases to about 1000 and the number of foxes reaches a 

maximum of abouf315. As t increases, the number of foxes decreases 

greatly to 100, and the number of rabbits decreases to 300 (the initial 

�opulations), and the cycle starts again. 

F 

300 

200 

100 

0 

t=t, 

400 800 1200 1600 2000 R 

(b) R F 

2500 
300 

2000 

1500 200 

1000 
100 

500 

0 ,1 ,,2,3 

7. Species2 

200 1=2 

150 

100 r=l 

50 t=0,5 
0 50 100 15(} 200 250 Species 1 

9 dW = -0.02W+0.00002RW � (0.08-0.001W)RdW=(-0.02+0.0000_2R)WdR � . 
dR 0.08R- O.OOIRW 

o.o8 -:om w 
dW = -0.02 + �.oooo2R 

dR � I (o�8 
- o.om) dW = I (-

0�2 + o.oooo2) dR � 

0.08 In! WI- 0.001 W = -0.02 In!RI + 0.00002R + K � 0.08 In W + 0.02 In R c= 0.001 W + 0.00002R + K � 

ln(Wo
.
os Rom) = 0.00002R + 0.001 W + K � wo.os Rom = eo.oooo2R+o.ooiW+K � 

Romwo.os . dy -ry + bxy xryk . 
�=;;-;;-;:::-;:-=";-;";" = C. In general, 1f- = k , then C = -b-.-. e0.00002ReO.OOlW dx x _ axy e xeay 

11. (a) Letting W = 0 gives us dR/dt'= 0.08R(l- 0.0002R). dRjdt = 0 � R = 0 or 5000. Since dRjdt > 0 for 

0 < R < 5000, we would expect the rabbit population to increase to 5000 for these values of R. Since dR/ dt < 0 for 

R > 5000, we would expect the rabbit population to decrease to 5000 for these values of R. Hence, in the absence of. 

wolves, we would expect the rabbit population to stabilize at 5000. 

(b) Rand Ware constant :::}- R' = 0 and W' = 0 :::}-

{0 = 0.08R(l - 0.0002R) - O.OOIRW } 
:::}-

0 = �0.02W+ 0.00002RW 

{0 = R[0.08(1 - 0.0002R) - 0.001 W] 

0 = W( -0.02 + 0.00002R) . 
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The second equation is true if W = 0 or R = o.���0
2 

= . 1000. If W = 0 in the first equation, then either R = 0 or 

R = 0_0�02 = 5000 [as in part (a)]. If R = 1000, then 0 = 1000[0.08(1 - 0.0002 · 1000) - 0.001 W J <=? 

0 = 80(1 - 0.2) -; w <=} w = 64. 

Case (i): W = 0, R = 0: both populations are zero 

Caie (ii): W = 0, R = 5000: see part (a) 

Case (iii): R ·= 1000, W = 64: the predator/prey interaction balances and the populations are stable. 

.(c) The populations of wolves and rabbits fluctuate around (d) R 

64 and 1000, res�ctively, and eventually stabilize at 1500 w 

1000 those values. R 
500 

0 

9 Review 

CONCEPT CHECK 

·1. (a) A differential equation is an equation that contains an unknown function and one or more of its derivatives. 

(b) The order of a differential equation is the order of the highest derivative that occurs in the equation. 

(c) An initial condition is a condition of the form y(to) =yo. 

w 
80 

60 

40 

.20 

2. y' = $2 + y2 2: 0 for all x andy. y' = 0 only at the origin, so there is a horizontal tangent at (0, 0), but nowhere else .. The 

. graph of the solution is increasing on every interval. 

3. See the paragraph preceding Example 1 in Section 9.2. 

4. See the paragraph following Figure 14 in Section 9.2. 

5. A separable equation is a first-�rder differential equation in which the expression for dy / dx can be factored as a function of x 

times a function ofy, that is, dy/dx = g(x)f(y). We can solve the equation by integrating both sides of the equation 

dy/ f(y) = g(x)dx and solving for y. 

6. A first-order linear differential equation is a differential equation that can be put in the form :� + P (x) y = Q(x), where P 

and Q are continuous functions on a given interval. To solve such an equation, multiply it by the integrating factor 

I(x) == efP(x)dx to put it in the form [I(x) y]' = I(x) Q(x) and then integrate both sides to get I(x) y =I I(x) Q(x) dx, 

that is, efP(x) dxy =I efP(x) dxQ(x) dx. Solving for y gives us y = e- fP(x) dx I efP(x) dxQ(x) dx. 

7. (a) 
d
d
y 

= ky; the relative growftl rate, � d
d
y

., is constant. 
t y t . 
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(b) The equation in part (a) is an appropriate model for population growth, assuming that there is enough room and nutrition to 

support the growth. 

(c) If y(O) = y0, then the solution is y(t) = y0ekt. 

8. (a) dPjdt = kP(l- P/M), where M is the carrying capacity. 

(b) The equation in part (a) is an appropriate model for population growth, assuming that the population grows at a rate 

proportional to the size of the population in the beginning, but eventually levels off and approaches its carrying capacity 

because of limited resources. 

9. (a) dFjdt = kF- aFS and dSjdt = -rS + bFS. 

(b) In tbe absence of sharks, an ample food supply would support exponential growth of the fish population, that is, 

dF f dt = kF, where k is a positive constant. In the absence of fish, we assume that the shark population would decline at a 

rate proportional to itself, that is, dS/dt = -rS, where r is a positive constant. 

1. True. 

3. False. 

5. True. 

· 7. True. 

1. (a) 

TRUE-FALSE QUIZ 

Since y4 2: 0, y' 
= -1 - y4 < 0 and the solutions are decreasing functions. 

x + y cannot be :-vritten in the form g(x)f(y). 

exy' = y ==:> y
' 

= e-xy => y
' 

+ { -e-x)y = 0, which is of the form y' + P(x) y = Q(x), so the 

equation is linear. 

By comparing !� = 

.
2y( 1- �) with the logistic dHferential equation (9.4.4), we see that the carrying 

capacity is 5; that is, lim y = 5. 
t->oo 

y 
6 

-0.3 0 
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(i) 

EXERCISES 

(b) t�� y(t) appears to"be finite for 0 :S c :S 4. In fact 

lim y(t) = 4 fore= 4, lim y(t) = 2 for 0 < c < 4, and t 
__. 00 t--+ (X) 

lim y(t) = 0 for c = 0. The equilibrium solutions are 
t->oo 

y(t) = 0, y(t) = 2, and y(t) = 4. 
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CHAPTER 9 REVIEW D 417 

3. (a) y We estimate that when x = 0.3, y = 0.8, so y(0.3) � 0.8. 
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(b) h = 0.1, Xo = 0, Yo= 1 and F(x,y) = x2- y2. So Yn = Yn-1 + 0.1(x�-1- Y�-1)· Thus, 

y1 = 1 + 0.1(02- 12) = 0.9, Y2 = 0.9 + 0.1(0.12- 0.92) = 0.82, ya = 0.82 + 0.1(0.22- 0.822) = 0.75676. 

This is close to our graphical estimate of y(0.3) � 0.8. 

(c) The centers of the horizontal line segments of the direction field are located on the lines y = x andy= -x. 
When a solution CUIVe crosses one of these lines, it lias a local maximum or minimum. 

5. y1 = xe- sin x - y cos x =} y1 + (cos x) y = xe- sin x ( * ). This is a linear equation and the integrating factor is 

I(x) = efcosx dx = e•in x. Multiplying(*) by e•inx gives e•in:r y1 + e•in:r(cos x) y = X =} (e•in:i y)1 = x =} 

2 1 r 1. 2yeY y = 2x + 3 v x :::> 2yeY2 �� = 2x + 3 Vx =} 2yeY
2 dy = ( 2X + 3 vx) dx =} 

I 2yeY
2 

dy =I ( 2x + 3 vx) dx =} eY
2 

= x2 + 2x3/2 + c =} y2 = ln(x2 + 2x312+ C) =} 

y = ±Jin(x2 + 2x3/2 +C) 

9. �: + 2tr = r =} �: = r- 2tr = r{l - 2t) =} I � = I (1 - 2t) dt =} ln lrl = t- t2 + C =} 

lrl = et-t2+C = ket-t2• Since r(O) = 5, 5 = ke0 = k. Thus, r(t) = 5et-t2• 

11. XY1- y = x lnx =} Y1- � y = lnx. I(x) = ef(-1/x) dx = e-lnlxl = ( e1"'"'') -1 
= lx l-1 = 1/x since the condition 

y(1) = 2 implies that we want a solution with x > 0. Multiplying the last differential equation by I(x) gives 

1 1 1 1 -y--y=-lnx :::> X x2 X 
( 1 )I 1 

;Y = ;Inx :::> � y � � lnx dx :::> 
X X . 

y = �x(lnx)2 + Cx. Now y(1) = 2 :::> 2 = 0 + C =} C = 2, soy= �x(lnx)2 + 2x. 

d d 
13. dx (y) = 

dx (ke"'
) :::> . y1 = ke"' = y, so the orthogonal trajectories must have y1 ·= -� 

y 
dy 1 
dx = -;y 

y dy = -dx :::> I y dy = - I dx :::> h2 = -x + C =} x = C- h2, which are parabolas with a horizontal axis. 
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418 0 CHAPTER 9 'DIFFERENTIAL EQUATIONS 

15. (a) Using (4) and(7) in Section 9.4, we see that for � = 0.1P( 1-·.2:00) with P(O) = wq, we have k = 0.1, · 

D 0 d A 2000 - 100 19 Th h I . f h 
.

. . I I bl . M = 2000, .-0 = 1 0, an . = 100 = . us, t e so ut10n o t e m1t1a -va ue pro em IS 

2000 2000 P(t)::;:: 1 + 19e-0. 1 t and P(20) = 1 + 19e-2 :::::::560. 

2000 
(b) P = 1200 <=? 1200 = 1 + 19e-0.1t 

<=? 1 + 19e-O. lt = 2000 <=? 1200 19e-o.It = � - 1 • <=? 3 
e-Olt=(j)/19 <=? -0.1t=lnff? <=? t=-10lnf,;::::::33.5. 

dL dL / dL I 17. (a) dt <X Leo -L :::} dt = k(Leo - L) :::} Leo _ L =;: kdt :::} -lniLoo-LI = kt+C :::} 

In ILoo-Ll = -kt- C :::} IL0:- Ll = e-kt-c :::} Loo -L = Ae- A0t :::} L = Loo- Ae-kt. 

At t = 0, L = L(O) = Loo- A :::} A= Loo -L(O). :::} L(t) = Loo- (Loo- L(O)Je-kt. 

(b) Loo =.53 em, L(O) = 10 em, and k = 0.2 :::} L(t) =53- (53 - 10)e-0·2.t = 53- 43e-0·2t. 

19. Let P represent the population and I the number of infected people. The rate of spread di / dt is jointly proportional to I and 

di toP- I, so for some constant k, dt = kl(P- I) 

growth in Section 9.4]. 

:::} I(t) = [, (P
lo� ) -kPt [from the discussion of logistic 

o+ - o e . .  

Now, measuring t in days, we substitute t = 7, P = 5000, Io = 160 and /(7) = 1200 to find k: 

1200 = 160 · 5000 <=? 3 2000 <=? 480 + 14,520e-35·000k = 2000 <=? 160 + (5000 -160)e-5000·7·k = 160 +4840e-35.oook 

-35.000k - 2000 - 480 e - 14,5'20 
38 -35,000k = ln 363 

-1 38 . 
k = 35,000 ln 363 ::::::: 0.00006448. Next, let 

160 . 5000 I = 5000 x 80% = 4000, and solve fort: 4000 = 160 + {SOOO _ 160)e-k·SOOO·t 
{'} 1 = 200 {'} 

160 + 4840e-5000kt 

160 + 4840e-soookt = 200 <=? e- soook t = 200- 160 <=? -5000kt = ln -1- <=? 
4840 121 

-1 1 · 1 1 ln 121 . . t = SOOOk ln 121 = t ln ;:3 · ln 121 = 7 · ln 33�3 ::::::: 14.875. So 1t takes about 15 days for 80% of the population 

to be infected. 

21. :=-v( k�h) :::} 1 k
�

hdh= J(-�)dt:::} !(1+�)dh=-�!1dt:::} 

h + k ln h = -?,t +C. This equation gives a relat;onship between hand t,.but it is not possible to isolate hand express it in 

terms oft. 

23. (a) dxfdt = 0.4x(l- 0.000005x)- 0.002xy, dyfdt = .:...o.2y + 0.000008xy. If y = 0, then 

dx/dt = 0.4x{1- 0.000005x), so dx/dt = 0 <=? x = 0 or x = 200,000, which shQws that the insect population 
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CHAPTER 9 REVIEW 0 419 

increases logistically with a carrying capacity of 200,000. Since dx I dt > 0 for 0 < x < 200,000 and dx I dt < 0 for 

x > 200,000, we expect the insect population to stabilize at 200,000. 

(b) x and y are constant => x' = 0 and y' = 0 => 

{0 = 0.4x{l- 0.000005x)- 0.002xy } 
0 = -0.2y + O.OOOOOBxy 

{0 = 0.4x[(1- 0.000005x)- 0.005y] 
=> . 

0 = y( -0.2 + O.OOOOOBx) 

The second equation is true if y = 0 or x = 0_0�;008 = 25,000. If y = 0 in the first equation, then either x = 0 

or x = 0_00�005 = 200,000. If x = 25,000, then 0 = 0.4(25,000)[(1'-0.000005 · 25,000) -0.005y] => 

0 = 10,000[(1.,.-- 0.125)-0.005y] => 0 = 8750- 50y => y = 175. 

ease (i): y = 0, X= 0: Zero populations 

Case (ii): y = 0, x = 200,000: In the absence of birds, the insect population is always 200,000. 
Case (iii): x = 25,000, y = 175: The predator/prey interaction balances and the populations are stable. 

(c) The populations of the birds and insects fluctuate (d) 

around 175 and 25,000, respectively, and 

eventually stabilize at those values. 

X (insects) 
4.5,000 

35,000 

25,000 

15,000 

5,000 
0 

(birds) y 
250 

200 
150 
100 
50 

25. (a) �� = k J 1 + (:) 2. Setting z = ��,we get �� = k vr+z! => . � = k dx. Using Formula 25 gives 

ln(z + v'l + z2) = kx + c => z + v'1 + z2 = Cek"' [where C = ec] => v'l + z2 = Cekx - z => 

· dy C 
kx · 1 -kx C 

kx 1 -kx C' . th
' · · ( ) dx = 2e - 20e => Y = 2k e + 2Ck e + . From e diagram m the text, we see that y 0 =a 

and y(±b) =h. a= y(O) = C + -1- + C' => C '  =a- C -- -1- => 2k 2Ck 2k 2Ck : 

c 1 - c 1 y = 2k (ek"'- 1) + 2Ck (e kx- 1) +a. From h = y(±b), we find h � 2k (ek�.....: 1) + 2Ck (e-kb- 1) +a 

and h = ; (e-kb- 1) + 2�k (ekb- 1) +a. Subtracting the second equation from the first, we get 

_ C ekb _ e-kb _ _ 1_ ekb _ e-kb _ .!. ( _ .!.) . 0 - k 2 C k 2 - k C C smh kb. 

Now k > 0 and b > 0, so sinhkb > 0 and C = ±1. IfC = l, then 

1 ( kx ) 1 ( kx ) 1 ekx + e-kx 1 1 
Y=2k e -1 +2k e- -1 +a=k 2 -k+a=a +k(coshkx-1).IfC=-1, 
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420 0 CHAPTER 9 DIFFERENTIAL EQUATIONS 

1 1 -1ekx+e-kx 1 . 1 
then y = -

2k 
( ekx - 1) -

2k 
( e-kx - 1) + a = k 2 

+ k + a = a - k (cosh kx - 1 ). 

1 . 
Since k > 0, cosh kx 2: 1, and y 2: a, we conclude that C = 1 and y = a + k (cosh kx - 1 ), where 

h = y(b) =a+ I (cosh kb- 1). Since cosh(kb) =cosh( --'-kb), there is no further information to extract from the 

condition that y(b) = y (  -b). However, we could replace a'with the expression h- I (cosh kb- 1), obtaining 

y = h + � (cosh kx - cosh kb). It would be better still to keep a in the expression for y, and use the expression for h to 

solve for k in terms of a, b, and h. That would enable us to express y in terms of x and the given parameters a, b, and h. 

Sadly, it is not possible to solve for k in closed.form. That would have to be done by numerical methods when specific 

parameter values are given. 

(b) The length of the cable is 

L = J�b J1 + (dy/dx)2 dx = J�b J1 + sinh2 kx dx = J�b cosh kx dx = 2 J; cosh kx dx 

= 2 [ (1/k)sinhkxJ : = (2/k)sinhkb 
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1. We use the Fundamental Theorem of Calculus to differentiate the given equation: 

[f(x)]2 = 100 + I; { ff(t)]2 + [f'(t)J2} dt =? 2f(x)j'(x) = [f(x)]2 + (f'(x)]2 ==> 

[f(x)J2 + [!' (x)f - 2f(x)f' (x) = 0 =? [f(x) - f' (x)]2 = 0 {::} f(x) = j' (x). We can solve this as a separable 

equation. or else use Theorem 9.4.2 with k = 1, which says that the solutions are f(x) = Cex. Now [!(0)]2 = 100, so 

f ( 0) = C = ± 10, and hence f ( x) = ± lO ex are the only functions satisfying the given equation. 

3. f'(x) =lim f(x +h)-f(x) = lim f(x) [!(h)- 1] [since f(x +h)= f(x)f(h)] h-->0 h h-->0 h 

= f(x) lim f(h)-1 = f(x) lim f(h)- f(O) = f(x)j'(O) = f(x) . h-->0 h . h-->0 h -0 

Therefore, j'(x) = f(x) for all x and from Theorem 9.4.2 we get f(x) = Ae"'. 

Now /(0) = 1 =? A= 1 ==> f(x) =ex. 

5. "The area under the graph off from 0 to xis proportional to the (n + l)st power of f(x)" translates to 

· d r d I; f(t) dt = k[f(x)t+1 for some constant k. By FTCI, dx lo f(t) dt = dx { k[f(x)t+1} =? 

f(x) = k(n + 1)[f(x)t f'(x) ==> 1 = k(n + 1)[/(x)t-'-1 j'(x) ==> 1 = k(n + 1)yn-l � =? , 

k(n + l)yn-l dy = dx ==> I k(n + l)yn-1 dy =I dx ==> k(n + l).!yn = x +C . . n . 

1 n Now f(O) = 0 '==> 0 = 0 + C =? C = 0 and then /(1) = 1 =? k(n + 1); = 1 
=? 

k = n + 1, 
so yn = x andy= f(x) = x11n. 

7. Let y(t) denote the temperature of the peach pie t minutes after 5:00PM and R the temperature of the room7 Newton's Law of 

Cooling gives us dyjdi = k(y- R). Solving for y we get -.!!:JL_ = kdt ==> lnly-Rl = kt + C ==> . . y-R . 

IY- Rl = ekt+C =? y- R = ±ekt · e0 =? · y = Mekt + R, where M is a nonzero constant. We are given 

temperatures at three times. 

y(O) = 100 * 100 = M + R ==> R = 100 - M 

y(lO) = 80 * 80 = Me10k + R (1) 
y(20) = 65 * 65 = M e20k + R 

Substituting 100 - M for R in (1) and (2) gives us 

-20 = Me10k- M (3) and --35 = Me20k- M (4) 

(2) 
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422 D · CHAPTER 9 PROBLEMS PLUS 

. . . . -20 M(elOk � 1) D1v1dmg (3) by (4) gtVes us _35 = M(e20k _ 1) 
4 elok - 1 * 7 = e20k -1 

4e201c - 7e101c + 3 = 0. This is a quadratic equation in e10". ( 4e101c - 3) ( e1 0" - 1) = 0 :;. e10" = � or 1 :;. 

10k = ln � or ln 1 :;. k = 110 ln � since k is .a nonzero constant of proportionality. Substituting � for e10" in (3) gives us 

-20 = M · � - M :;. -20 = -tM :;. M = 80. Now R =100-M so R = 20°C. 

•9. (a) While running from (L, 0) to (x, y), the dog travels a distance 

s = fxL .j1 + (dyjdx)2 dx = -J: Jt + (dyjdx)2 dx , so 

y 
(0, s) 

Slope of tangent line 
s-y 

= 0-x 

ds · 
dx = -}.1 + ( dy / dx )2. The dog and rabbit run at the same speed, so the 

rabbit's position when the dog has traveled a distances is (0, s) . Since the 

dog runs straight for the rabbit, d
dy = 

·
O
s - Y (see the figure). x -x 

(L, 0) X 

dy ds dy · ( d2y dy) · d2y . . . d s 
Thus, s = y - x dx * dx 

= 
dx - x dx2 +

 1 dx = -x dx2 • Equatmg the two expressiOns for dx 

d2 �(d )2 
gives us x dx; = V 1 + \ -;l} , as claimed. 

(b) L . dy b . th d'ffi . . I . dz � dz dx I . ettmg z = -d , we o tam e 1 erentm equation x -d = v .1 + z-, or � = - . ntegratmg: 
X . X y1 + z2 X 

lnx = / � � 1n (z +�)+C. When x = L, z � dyjdx = 0, so lnL = ln 1 +C. Therefore, 

C=InL,solnx=ln(v'1+z2+z)+lnL=ln[L(v'l+z2+z)) =} x=L(v'1+z2+z) :;. 

. � x 2 ( x ) 2 2xz 2 v .. -r z- = £ - z * . 1 + z = z .,... £ + z * (if - 2z ( i) - 1 = o * 

(x/£)2-1 x2-L2 x L1 . dy x2 L 
z= 2(x/L) = 2Lx = 2£ -2� [forx>O].Smce z= dx'y= 4L -2lnx+C1. 

. L L L L Smce y = 0 when x = L, 0 = 4.-2 In L + C1 :;. C1 = 
2ln L - 4. Thus, 

x2 L L L x2 - £2 L ( x ) Y = 4L - 2 In x + 2 In L - 4 = 4L -2 ln L · 

(c) As x -> o+, y -> oo, so the dog never catches the rabbit. 

11. (a) We are given that V = %1rr2h, dV/dt = 60,0001!' ft3/h, and r = 1.5h =�h. So V = %1r(�h)2 h = �1rh3 :;. 

dV _ .2 . 3h2 dh _ g h2 dh Th fi dh _ 4(dVjdt) _ 240,00011' _ 80,000 ( ) . 
dt - 411' dt - 411' dt · ere ore, dt - 91rh2 - 97rh2 - 3h2 * * 

f3h2 dh = J80,000 dt :;. h3 = 80,000t + C. When t = 0, h = 60. Thus, C = 603 = 216,000, so 

h3 = 80,000t + 216,000. Let h = 100. Then 1003 = 1,000,000 = 80,000t + 216,000 :;. 
80,000t = 784,000 :;. t = 9.8, so the time required is 9.8 hours. 
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(b) The floor area of the silo is F = 1r · 2002 = 40,0001!" ft2, and the area of the base of the pile is 

A = 1rr2 = 1r (�h) 2 = 94" h2. So the area of the floor which is not covered when h = 60 is 

F-A= 40,0001!"-81001r = 31,9007r R: 100,217tt2. Now A= 9:h2 =? dA/dt = 9: • 2h(dh/dt), 

and from(*) in part (a) we know that when h = 60, dh/dt = :�6��g = 2�� ft/ h. Therefore, 

dA/dt = 9: (2)(60) (2�n = 20001r R: 6283 ft2/h. 

(�)At h =90ft, r!V/dt = (i0,0001r- 20,0001!" = 40,0001!" ft�/ h. From(*) in part (a), 

�� = 4C�:��t) = 4(4g�o�201r) = 16gh� =? f9h2 dh = fl60,000dt =? 3h3 = 160,000t + C: When t = 0, 

h = 90; therefore, C = 3 · 729,000 = 2,187,000. So 3h3 = 160,000t + 2,187,000. At the top, h = 100 =? 

3(100)3 = 160,000t + 2,187,000 
=? 

t = ��g·ggg R: 5.1. The pile reaches the top after about 5.1 h. 
! • . 

13. Let P(a, b) be aity point on the curve. Ifm is the slope of the tangent line at P, then m = y'(a), and an equation of the 

normal line at Pis y-b = _...!_(x-a) , or equivalently, y = _...!_x + b +!!:.__The y-intercept is always 6, so m m m 

b + � = 6 =} � = 6.-b =? m = 6 
a 

b
. We will solve the equivalent differential equation d

dy = _x_ =? m m - x. 6-y 

(6.,-y)dy=xdx =? 1(6-y)dy= j xdx =? 6y-h2=�x2+C =? 12y-y2=x2+K. 

Since (3, 2) is on the curve, 12(2) :-- 22 = .32 + K =? K = 11. So the curve is given by 12y- y2 = x2 + 11 =? 

x2 + y2 - 12y + 36 = -11 + 36 =? x2 + (y - 6)2 = 25, a circle with center (0, 6) and radius 5. 

15. From the figure, slope OA = '!!...If triangle OAB is isosceles, then slope 
X 

AB must be-'!!.., the negative of slope OA. This slope is also equal to j'(x), 
X 

so we have :� = -� 
=? I ; = -I� =? 

In IYI = -In I xi + C =? IYI = e-lni�I+C =? 
K =? y:::;: -, K:/= 0. 
X 
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10 D PARAMETRIC EQUATIONS AND POLAR COORDINATES 

10.1 Curves Defined by Parametric Equations 

t -2 -1 0 1 2 

X 2 0 0 2 6 

y 6 2 0 0 2 

3. x = cos2 t, y = 1 - sin t, 0 -::; t -::; 1r /2 

t 0 7r/6 7r/3 7r/2 

x .  1 3/4 1/4 0 

y 1 1/2 1-::1/- ::::::0;13 0 

5. X = 3 - 4t, y = 2 - 3t 

(a) 
t -1 0 1 2 

X 7 3 -1 -5 

y 5 2 -1 -4 

(b) X= 3- 4t . ::} 4t =-X+ 3 ::} t =-�X+�' SO 

y = 2- 3t = 2- 3( -�X+�) = 2+ �X-� => y = �X- � 

7. X= 1- t2, y = t -·2, -2::.:: t::.:: 2 

(a) 
t -2 -1 0 1 2 

X -3 0 1 0 -3 

y -4 -3 -2 -1 0 

(b) y = t- 2 ::} t = y + 2, SO X = 1 - t2 = 1 - (y + 2)2 ::} 

x = -(y + 2)2 + 1, or x = -y2- 4y -.3, with -4-::; y-::; 0 

\ 

y 

(-3,0) 
t= 2 

X 

y 

X 

X 

(1, -2) 
t=O 
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9, X = Vt, y = 1 - t 
(a) 

t 0 1 2 3 4 

X 0 1 1.414 1.732. 2 
y 1 0 -1 - 2  -3 

y 
(0,1) 1�0 

X 

(b) x =Vi => t = x2 => y = 1-t = 1-x2• Since t � 0; x � 0. 
(2, -3) t= 4 

So the curve is the right half of the parabola y = 1 - x2• 

11. (a) x = sin !B, y = cos !B, -1r ::::; B ::::; 1r. 

x2 + y2 = sin2 tB + cos2 tB = 1. For -1r ::::; B ::::; 0, we have 

-1 ::::; x::::; 0 and 0::::; y::::; 1. For 0 < fJ::::; 11", we have 0 < x::::; 1 

and 1 > y � 0. The graph is a semicircle. 

13. (a) x. = sin t, y = esc t, 0 < t < �. y = esc t = �
t 

= .! . 
SlD X 

For 0 < t < �.we have 0 < x < 1 andy> 1. Thus, the curve is the 

portion of the hyperbola y = 1/x withy> 1. 

15. (a) X = e2t => 2t = ln X => t = � ln X. 

y = t + 1 =! lnx + 1. 

17. (a) x = sinh t, y = cosh t => y2 - x2 == cosh2 t - sinh2 t = 1. Since 

y =cosh t � 1, we have the upper branch of the hyperbola y2 -x2 = 1. 

(b) 

(b) 

y 

(b) 

0 X 

(b) y 

y 

0 X 

19. x = 3 + 2 cost, y = 1 + 2 sin t, 1r /2 ::::; t ::::; 311" /2. By Example 4 with r = 2, h = 3, and k = 1, the motion of the particle 

takes place on a circle centered at (3, 1) with a radius of2. As t goes from � to 3;, the particle starts at the point (3, 3) and 

moves counterclockwise along the circle (x-3? + (y- 1? = 4 to (3, -1) [one-half of a circle] . 

. 21. x = 5sint, y = 2c�t. => sint = �·cost= � - sin2 t + cos2 t = 1 => (�f + (�f -= 1. The motion ofthe 

particle takes place on an ellipse centered at (0, 0). As t goes from -11" to 511", the particle starts at the point (0, -2) and moves 

clockwise around the ellipse 3 times. 

23. We must have 1 ::::; x ::::; 4 and 2 ::::; y ::::; 3. So the graph of the curve must be contained in the rectangle [1, 4] by [2, 3]. 
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25. W hen t = -1, (x, y) = (0, - 1 ) . As t increases to 0, x decreases to -1 andy 

increases to 0. As t increases from 0 to 1, x increases to 0 andy increases to 1. 

As t increases beyond 1, both x and y increase. Fort < - 1 , x is positive and 

decreasing and y is negative and increasing. We could achieve greater accuracy 

by estimating x- and y-values for selected values oft from the given graphs and 

plotting the corresponding points. 

27. When t = 0 we see that x = 0 andy = 0, so the curve starts at thel()rigin. As t 

increases from 0 to �, the graphs show that y increases from 0 to 1 while x 

increases from 0 to 1, decreases to 0 and to -1, then increases back to 0, so we 

arrive at the point (0, 1). Similarly, as t increases from � to 1, y decreases from 1 

{-1,0) 
t=O 

to 0 while x repeats-its pattern, and we arrive back at the origin. We could achieve greater accuracy by estimating x- and 

y-values for selected values oft from the given graphs and plotting the corresponding points. 

29. Use y = t and x = t - 2 sin 1rt with a t-interval of [ -7r, 1r]. 

31. (a) x = Xt + (x2 -Xt)t, y = Yt + (y2 - Yt)t, 0 ::; t ::; 1. Clearly the curve passes through Pt (xt, Yt) when t = Oand 

through P2(x2, y2) when t = 1. For 0 < t < 1, xis strictly between Xt and xz andy is strictly between Yt and Y2· For 

every value oft, x andy satisfY the relation y- Yt = y2 - Yl (x- x1), which is the equation of the line through 
X2 -Xl 

H(xt, Yt) and P2(x2, y2 ) . 

Finally , any point (x;y) on that line satisfies 
Y- Yt = 

x-Xt ; if we call that common value t, then the given . Y2 - Yt X2 -Xt . · 

parametric equations yield the point (x, y); and any (x, y) on the line between Pt(Xt , Yt) and P2(x2, y2)·yields a value of 

tin [0, 1]. So the given parametric equations exactly specifY the line segment from P1 (x1, Yt) to P2(x2, Yz). 

(b) x 
= -2 + [3- ( -2)Jt = -,-2 + 5t andy = 7 + ( -1 -'- 7)t = 7 :- 8tfor 0 ::; t ::; 1. 

33. The circle x2 
+ (y - 1 )2 = 4 has center (0, 1) and radius 2, so by Example 4 it can be represented by x = 2 cost, 

y :;= 1 + 2 sin t, 0 ::; t ::; 27r. T his representation gives us the circle with a counterclockwise orientation starting at (2, 1). 

(a) To get a clockwise orientation , we could change the equations to x = 2 cos t, y = 1 - 2 sin t, 0 ::; t ::; 27r. 

(b) To get three times around in the counterclockwise direction , we use the original equations x = 2 cos t, y = 1 + 2 sin t with 

the domain expanded to 0 ::; t ::; 61r. 
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428 0 CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 

(c) To start at (0, 3) using the original equations, we must have X1 = 0; that is, 2 cost= 0. Hence, t = �- So we use 

x = 2 cos t, y = 1 + 2 sin t, � :::; t :::; 32,. • 

Alternatively, if we want t to start at 0, we could change the equations of the curve. For example, we could use 

x = -2 sin t, y = 1 + 2 cos t, 0 :::; t :::; 1r. 

35. Big circle: It's centered at (2, 2) with a radius of 2, so by Example 4, parametric equations are 

x = 2 + 2 cost, . y = 2 + 2 sin t,' 0 :::; t :::; 271" 

Small circles: They are centered at (l, 3) and (3, 3) with a radius ofO.l. By Example 4, parametric equations are 

and 
(left) 

(right) 

x = 1 +0.1cost, 

X = 3 + 0.1 COSt, 

y = 3 + 0.1 sin t, 

y= 3+0.1sint, 

0 :::; t :::; 271" 

0 :::; t :::; 271" 

Semicircle: It's the lower half of a circle centered at (2, 2) with radius 1. By Example 4, parametric equations are 

x = 2 + lcost, y = 2 + 1sint, 

To get all four graphs on the same screen with a typical.graphing calculator, we need to change the last t-interval to[O, 211"] in 

order to match the other$. We can do this by changing t to 0.5t. This change gives us the upper half. There are several ways to 

get the lower half--one is to change the"+" to a"-" in they-assignment, giving us 

x = 2 + 1 cos(0.5t), y = 2- 1 sin(0.5t), 

37. (a) x = t3 => t = x113, soy= t2 = x213. 

We get the entire curve y = x213 traversed in a left to 

right direction. 

(b) x = t6 => t = x116, soy= t4 = x416 = x213• 

Since x = t6 2:: 0, we only get the right half of the 

curve' y = x213. 

y 

(c) x = e-3 t = (e-t)3 [so e-t = x113], 

y = e-2t = (e-t)2 = (xl/3)2 = x2/3. 

If t < 0, then x and y are both larger than 1. If t > 0, then x and y 

are between 0 and 1. Since x > 0 and y > 0, the curve never quite 

reaches the origin. 

39. The case� < () < 7r is illustrated. C has coordinates (r6, r) as in Example 7, 

and Q has coordinates (rO, r + r cos(7r- 0)) = (rO, r(1 -cos O)) 

[since cos(7r- a) =cos 71" cos a+ sin 71" sin a= -cos a], soP has 
coordinates (rO- rsin(7r- O),r(l- cosO))= (r(O -sin O),r(1-cos 0)) 

[since sin( 71" - a) = sin 71" cos a - cos 71" sin a = sin a]. Again we have the 
parametric equations x = r( (}-sin 0), y = r(l - cos 0), 

X= 16, 

y= r• 

y 

y 

t>O 
..-0 
Y,<o 

0 X 
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41. It is apparent that x = jOQj andy = IQPI = jSTj. From the diagram, y 

x = jOQj = acosB andy= jSTj = bsinO. Thus, the parametric equations are 

x = a cos 0 and y = b sin B. To eliminate 0 we rearrange: sin 0 = y / b =? 

equations: sin2 0 + cos2 0 � 1 = x2 /a2 + y2 /b2. Thus, we have an ellipse. 

X 

43. C = (2acot0, 2a), so the x-coordinate of P is x = 2acot 0. Let B = (0, 2a). 

Then .LOAB is a rightangle and .LOBA = B, so jOAj = 2asin0 and 

A = ((2asin 0) cos 0, (2a sin 0) sin 0). Thus, they-coordinate of P 

is y = 2asin2 0. �· 0 X 

45. (a) 4 There are 2 points of intersection: 

( -3, 0) and approximately ( -2.1, 1.4). 

-4 

(�) A collision point occurs when X1 = X2 and Yl = y2 for the same t. So solve the equations: 

3sint=-3+cost (1) 

2 cos t = 1 + sin t · (2) 

From (2), sin t = 2 cost- 1. Substituting into (1), we get 3{2 cost- 1) = -3 +cost =? 5 cost = 0 (*) · =? 

cost ;== 0 =* t = ]- or 3;. We check that t = 3271" satisfies (1) and (2) but t = ]" does not. So the only collision point 

occurs when t = 3271", and this gives the point ( -3, 0). [We couid check our work by graphing xr and x2 together as 

functions oft and, on another plot, Yl and y2 as functions oft. If we do so, we see that the only value oft for which both 

pairs of graphs intersect is t = 3; .) · 

(c) The cirCle is centered at (3, 1) instead of ( -3, 1). There are sti112 intersection points: (3, 0) and (2.1, 1.4), but there are 

no collision points, since(*) in part (b) becomes 5 cost = 6 =? cost = � > 1. 

47. x = t2, y = t3 - 'ct. We use a graphing device to produce the graphs for various values of c with �1r s; t s; 1r. Note that all 

the members of the family are symmetric about the x-axis. For c < 0, the graph does not cross itself, but for c = 0 it has a 

cusp at (0, 0) and for c > 0 the graph crosses itself at x = c, so the loop grow:; larger as c increases. 
I 

3 

-3 - 1  
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49. x = t +a cost, y = t +a sin t, a > 0. From the first figure, we see that 

curves roughly follow the line y = x, and they start having loops when a 

is between L4 and 1.6. The loops increase in size as a increases .. 

While not required, the following is a solution to determine the exact values for which the curve has a loop, 

that is, we seek the values of a for which there exist parameter values t and u such that t < u and 

(t +a cost, t + �sint) = (u + acosu, u + asinu). 

y In the diagram at the left, T denotes the point (t, t), U the point ( u, u), 

and P the po_int (t +a cost, t + asint) = (u + acosu, u + asinu). 

Since PT = PU ;:::: a, the triangle PTU is isosceles. Therefore its base 

angles, a = L.PTU and j3 = L.PUT are equal. Since a = t - f and 

1T 

4 
X 

j3 = 21r - 3_; - u = 5; -u, the relation a = j3 implies that 

u + t = 32"' (1). 

Since TU = distance( (t,-t), (u, u)) = y'2(u-t)2 = J2 (u-t), we see that 

lTU (u-t)/J2 l<l · cosa= 2 = ,so u-t=v2acosa,thatis, 
PT a 

p 

X 

u- t = V2acos(t- f) (2). Now cos(t- %) = sin[i- (t- %)] �sine;-t), 

so we can rewrite (2) as u -t = J2 a sin ( 3_; -t) (2). Subtracting (2') from (1) and T u-t u-t U 
.,fi .,fi 

dividing by 2, we obtain t = 3_; - 4asine; -t), or 3_; -t =:�sine; -t) (3). 1-- .,fi(u- I) -------1 

Since a > 0 and t < u, it follows from (2') that sin( 3_; -t) > 0. Thus from (3) we see that t < 3_;. [We have 

implicitly assumed that 0 < t < n by the way we drew our diagram, but we lost no generality by doing so since replacing t 

by t + 2n merely increases x andy by 211'. The curve's basic shape repeats every time we change t by 21r.] Solving for a in 

J2 e,.. -t) J2z 
(3), we get a = . ( 3 

4 
) 

. Write z = 3_; - t. Then a = -.-,where z > 0. Now sin z < z for z > 0, so a > J2. sm ; -t smz . 
· 

51. Note that all the Lissajous figures are symmetric about the x-axis. The parameters a and b simply stretch the graph in the 

x- andy-directions respectively. For a = b = n = 1 the graph is simply a circle with radius 1. For n = 2 the graph crosses 
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itself at the origin and there are loops above and below the x-axis. In general, the figures have n - 1 points of intersection, 

all of which are on the y-axis, and a total of n closed loops. 

J.l 

-J.l 

- l . l 
a=b=1 

n=3 
n=2 
n:l 

-2.1 

2.1 

\---+-(a, b)= (L 2) 

-2.1 

n=2 

(a, b)= (2, 1) 

3.1 

-3.1 

-3.1 

n=3 

10.2 Calculus with Parametric Curves 

1. x = t sin t, y = t2 + t ==> dy dx . . · dy dy I dt 2t + 1 -
d = 2t + 1, -d = t cost + s1� t, and dx = d ld = . . t t x t tcost+smt 

dy 2 dx dy dyldt -3t2 
3. x = 1 + 4t- t2, y = 2- t3; t = 1. dt = -3t , dt = 4- 2t, and dx = dxldt = 4 _ 2t. When t = 1, 

(a, b)'"' (2, 3) 
(a, b)= (3, 2) 

(x, y) = (4, 1) and dyldx = -�, so an equation of the tangent to the curve at the point corresponding tot= 1 is 

y � 1 = -�(x- 4), or y = -�x + 7. 

. dy . dx . dy dy I dt t cos t + sin t 5. x.=tcost, y=tsmt; t=1r. -d =tcost+smt,-d =t(-smt)+cost,and-d = d ld = . . · t t x x t -tsmt+cost 

When t = 7T, ( x, y) = ( -7T, 0) and dy I dx = -7T I ( -1) = 7T, so an equation of the tangent to the cur\re at the point 

corresponding tot= 7T is y- 0 = 1T[x- ( -7r)], or 'y = 1TX + 7T2• 

2 dy dx 1 dy dy I dt 2t 2 7. (a) x=1+ lnt, y=t + 2; (1,3). dt =2t, dt = .t ,
an

d dx = dxldt = 1lt =2t .At(1,3�, 

x = 1 + lnt = 1 ==> In t = 0 ==> t = 1 and � = 2, so an equatio� of the tangent is y- 3 = 2(x- 1), 

ory=2x+l. 

(b) X= 1 + lnt ==> lnt �X- 1 ==> t = ex-1� SOy= t2 + 2 = (ex-1)2 + 2 = e2x-2 + 2, andy'= e2x-2 .. 2. 

At (1, 3), y' = e2(l)-2 · 2 = 2, so an equation of the tangent is y- 3 = 2(x- 1), or y = 2x + 1. 

9. x = 6sint, y = t2 + t; (0, 0). 

dy dy 1 dt 2t + 1 . -d = d ld =:' -6--. The pomt (0, 0) corresponds tot = 0, so the x x t cost · 

slope of the tangent at that point is i. An equation of the tangent is therefore 

y- 0 = i (x- 0), or y = ix. 
-2 
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. ·  2 2 11. X = t + 1, y = t + t => 
dy=dyjdt = 2t+1 =1 __!_ d2y �(�) -1/(2t2) 1 
dx dxjdt 2t + 2t => . dx2 = dxjdt = 2t =- 4t3 · 

The curve is CU when �:� > 0, that is, when t < 0. 

t t dy _. dyjdt -te-t + e-t = e-t(1
t
-:--t) = e-2t(1 _ t) 13. x = e ' y = te- => dx 

= dxjdt 
= et e => 

e-2t(-1)+(1 - t)(-2e-2t) c2t(-1- 2+2t) -3t(2t 3) Th -· CU .h = = =e - . e curve1s w en et et 

d2y 0 th . . h t 3 dx2 > , at 1s, w en > 2. 

15. x =:= 2sint, y = 3cost; 0 < t < 271'. 

dy = dyjdt = -3sin t. =_:!tan t, so

. d2y = ! ( ��) 
dx dxjdt 2cost 2 dx2 dxjdt · 

-� sec2 t 3 2 - 3t 2 ---4 sec . cost 

The curve is CU when sec3 t < 0 => sect·< 0 => cos t < 0 => 

17. X = t3 - 3t, y = t2 - 3. �� = 2t, SO �� = 0 � t = 0 � 

dx 2 dx (x, y) = (0, -3). dt = 3t - 3 = 3(t + 1)(t - 1), so dt = 0 <=} 

t = -1 or 1 � (x, y) = (2, -2) or ( -2, -2). The curve has a horizontal 

tangent at.(O, �3) and vertical tangents at (2, -2) and ( -2, -2). 

19. x =cos B, y =cos 3B. The whole curve is traced out for 0 S: B S: 71'. · 

dy . . dy 
dB = -3sm3B, so dB= 0 � sin3B = 0 � 3B = 0, 71', 271', or37r � 

B = 0, 'i· 2;' or 71' � (x, y) = (1, 1), a. -1), (-!, 1), or ( -1, -1). 

dx . dx 
dB =-smB,so dB =0 <=} sinB=O <=} B=,Oor7r <=} 

. -dy . dx. (x, y) = (1� 1) or ( -1, -1). Both dB and dB equal 0 when B = 0 and 71'. 

-4 

2 

H.t) 
(}= 2trf3 

(-!,-!) 
(}= 1T 

-2 

(!,I) 
fJ=O 

(}= tr/3 

.,.. fi d th I h B
. 

0 fi d l' dy 1· -3 sin 3B H 1· _g cos 3B 9 h' h . th I h B 10 n e s ope w en. = , we n rm -d = 1m 'B = 1m B = , w IC IS e same s ope w en = 71'. 
8-+0 X 8-+0 - SID 8-+0 - COS 

Thus, the curve has horizontal tangents at (! , -1) and (-! , 1), and there are no vertical tangents. 

© 2012 Cengage Learning. All Rights_Reserved. May not be scanned, oopicd, 0< duplicated, 0< posted to a publicly accessible website, in whole or in part. 



SECTION 10.2 CALCULUS WITH PARAMETRIC CURVES 0 433. 

21. From the graph, it appears that the rightmost point on the curve x = t- t6, y = et 

is about (0.6, 2). To find the exact coordinates, we find the value oft for which the 

graph has a vertical tangent, that is, 0 = dxldt = 1 - 6t11 � t � 11 W. 
Hence, the rightmost point is 

0 

23. We graph the curve x = t4- 2t3- 2t2, y = t3- tin the viewing rectangle [-2, 1.1] by [-0.5, 0.5]. This rectangle 

corresponds approximately totE [-1, 0.8]. 

We estimate that the curve has horizontal tangents at about ( -1, -0.4) and( -0.17, 0.39) and vertical tangents at 

dy dyldt 3t2- 1 . 
about (0, 0) and ( -0.19, 0.37). We calculate dx = dxldt = 

4t3 _ 6t2 _ 4t
. The honzontal tangents occur when 

dy I dt = 3t2 - 1 = 0 <:::} t = ± �, so both horizontal-tangents are shown in our graph. The vertical tangents occur when 

dxldt = 2t(2t2- 3t- 2) = 0 <:::} 2t(2t + 1)(t- 2) = 0 <:::} t = 0 ,  -�or 2. It seems that we have missed one vertical 

tangent, and indeed if we plot the curve on the t-interval [-1.2, 2.2] we see that there is another vertical tangeflt at ( -8, 6). 

25. x =cost, y = sint cost. dxldt = -sin t, dyldt = -sin2 t + cos2 t =cos 2t. 

(x;y) = (0,0) <* cost= 0 <* tis an odd multiple of�- When t ·= �. 

dxldt = -1 and dyldt = �1 , so dyldx = 1. When t = 3;, dxldt = 1 and 

dy I dt = -1. So dy I dx = -1. Thus, y = x .and y = -x are both tangent to the 

curve at (0, 0). 

27. x=rB-dsinB, y=r-.dcosB. 

dx dy . dy dsinB 
(a) d(} =· r-dcosB, dB = dsmB, so dx = 

r _ dcosO' 

(b) IfO < d < r, then ldcos Bl :::; d < r, so r-dcos (} � r-d > 0. This shows that dxldB never vanishes, 

so the trochoid can have no vertical tangent if d < r. 

3 . dy dy 1 dt 4 - 2t dy 4 - 2t 29. x = 2t , y = 1 + 4t- t2 => 
dx = 

dxldt =
 ""'fu2' Now solve 

dx = 1 <:::} '"'"'6t2 = 1 <* 

6t2+2t- 4 =0 <* 2(3t- 2)(t+1) =0 <* t= j ort= -l.Ift= j ,the point is (�,2:} ,and ift=-;-1 , 

the point is ( -2, �4). 
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31. By symmetry of the ellipse about the x- and y-axes, 

A= 4I0aydx = 4I:
12 

bsin8 (-asin8)d8 = 4ab Io1r12sin28d8 = 4ab I;12 � (1-cos28)d8 

= 2ab[O- �sin 20]�12 = 2ab (%) = trab 

33. The curve x = 1 + et, y = t - t2 = t(1 - t) intersects the x-axis when y = 0, 

that is, when t = · 0 and t = 1. The corresponding values of x are 2 and .1 + e. 

The shaded area is given by 

1::1+e(YT - yB)dx= 1::
1
[y(t) -O]x'(t)dt = J:(t- t2)etdt 

y 

0 
-I 

= I01 tet dt-I: t2et dt = I01 tet dt- [t2e t]� + 2 Io1 tet dt [Formula 97 or parts] 

= 3 I: tet dt- (e-0) = 3 [ (t- 1)et]�-e. [Formula 96 or parts] 

=3[0-(-1)]-e=3-e 

35. x = rO- dsinO, y = r- dcosO . 

. A =  I02"r ydx =I:" (r- dcos/J)(r :- dcosO) dO= I:" (r2- 2drcos/J + � cos2
.
B) d() 

= [r28 - 2dr sin()+ �d 2 ( () + t sin 28)] �" = 2trr2 + trd 2 

37. x = t + e-t, y = t- e- t, 0 S t S 2. dxjdt = 1-e- t and dyjdt = .i + e-t, so 

(dxjdt)2 + (dyjdt)2 = (1- e-t)2 + (1 + e-t )2 = 1- 2e-t + e-2t + 1 + 2e- t + e- 2t = 2 + 2 e-2t. 

Thus, L =I: J(dxjdt)2 + {dyjdt)2 dt =I: J2 + 2 e  2t dt � 3.1416. 

39. x = t- 2sint, y = 1-2cost, 0 S t S 4tr. dxjdt = 1 � 2cost and dyjdt = 2sint, so 

(dxjdt? + (dyjdt? = (1-2cost? + (2sint? = 1-4cost + 4cos2 t + 4sin2 t = 5- 4cost. 

Thus, L =I: y(dxjdt)2 + (dyjdt)2 dt = I04" J5- 4costdt � 26.7298: · 

41. x = .1 + 3t2, y = 4 + 2t3, 0 S t S 1. dxjdt = 6t and dyjdt = 6t2, so (dxjdt)2 + (dyjdt)2 = 36t2 + 36t4 
1 1 . 

2 
Thus, L = 1 y36t2 + 36t4 dt = 1 6t y'i"+t2 dt = 61 y'u (tdu) [u = 1+ t2, du ;= 2tdt] 

= 3 [�u31 2J : = 2 (2 3/2 -1) = 2 (2v'2- 1) 

43. x � t sin t, y = t cost, 0 S t S 1. :!; = t cost + sin t and �� = -t sin t + cost, so 

( �; r + { �� y = t2 cos2 t + 2t sin t cost+ sin2 t + t2 sin2 t - 2t sin1 cost+ cos2t 

= t2(cos2 t + sin2 t) + sin2 t + cos2 t = t2 + 1. 

Thus, L =I: Jt2 + ldt;,!, atvt2 +1 + � !n(t + Jt2 + 1 )]� = �12 + t ln(l + v'2) .. 
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45. 

47. 

8 · 

1.4 
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x = et cost, y = �t sint, 0 � t � 7!". 

(��)2 + (!!td = [et (cost-sint)J 2 + [et (sin t + costW 

= (et?(cos2 t- 2 cost sin t + sin2 t) 

+ (et)2(sin2 t + 2sint cost+ cos2 t 

= e2t (2 cos� t + 2sin2 t) = 2e2t 

Thus, L = fo" v"i£2i dt = f0" J2 et dt = J2 [ et )� = J2 (e"- 1). 

The, figure shows the curve x = sin t +sin 1.5t, y = cost for 0 � t � 471". 

dxjdt =cost+ 1.5 cos 1.5t and dyjdt = -sint, so 

-2.1 J--->o.c----7"-�c----7"'-i 2.1 (dxjdt)2 + (dyjdt? = co82 t + 3 cost cos 1.5t + 2.25 cos21.5t + sin2 t. 

Thus, L = Jt' v'1 + 3 cost cos 1.5t + 2.25 cos2 1.5t dt � 16.7102. 

49. x = t - et, y = t + et, -6 � t � 6. 

(��)2 + (1jff == (1- et)2 + (1 + et)2 = (1- 2et + e2t) + (1 + 2et + e2t) = 2 + 2e2t, soL= f�
6 

v'2 + 2e2t dt. 

Set f.(t) = y'2 + 2e2t. Then by Simpson's Rule with n = 6 and �t = 6-�-6) = 2, we get 

L � �[!( -6) + 4j( -4) + 2f(-2) + 4f.(O) + 2j{2) + 4/(4) + /(6)] � 612.3053. 

51. x = sin2t, y = cos2t, 0 � t � 371". 
(dxjdt)2 + (dyjdt)2 = {2sin t cost)2 + ( -2costsint? = 8sin2 t cos2 t = 2sin2 2t => 

Disumce = f�" v'2!sin 2tl dt = 6 v'2 f0"12 sin 2t dt [by symmetry] = -3 v'2 [cOs 2tJ :12 = -:-3 v'2 ( -
·
1 -:-- 1) = 6 J2. 

The full C�e is traversed as t goes from 0 to �, because the curve is the segment Of X + y = 1 that lies in the first quadrant 

(since x, y :2: 0), and this segment is completely traversed as t goes from 0 to �. Thus, L = f0" 12· sin 2t dt = J2, as above. 

53. x =a sinO, y = bcosO, 0 � 0 � 271". 
(��)2 + (-��f =(a-cosO?+ ( -bsin0)2 = a2 cos2 0 + b2 sin2 0 = a2(1-sin2 0) + b2 sin2 0 

= a2 - (a2- b2) sin2 0 = a2- c2 sin2 0 = a2 ( 1- � sin2 0) = a2{1- e2 sin2 0) 

SoL= 4 f0"12 J a2 (1- e2 sin2 B) dB (by symmetry] = 4a J;;'12 ,/1 - e2 sin2 B dB. 

55. (a) x = 11 cost- 4 cos(ilt/2), y = 11 sin t- 4 sin(llt/2). 

Notice that 0 � t ::; 271" does not give the complete curve because 

x(O) # x (27r). In fact, we must take t E [0, 411"] in order to obtain the · 

complete curve, since the first term in each of the parametric equations has 

period 271" and the second has period rl72 = 17. and the least common 

integer multiple of these two numbers is 471". 
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(b) We use the CAS to find the derivatives dx I dt and dy I dt, and then use Theorem 6 to find the arc length. Recent versions 

ofMaple express the integral J;;, .j(dxldt)2 + (dyldt)2 dt as 8 8E(2 v'2i), where E(x) is the elliptic integral 

11 yl - x2t2 d d 
. . th . . be r-11 . � t an tIS e 1magmary num r v - ... 

o v1- � . 
Some earlier versions of Maple (as well as Mathematica) cannot do the integral exactly, so we use the command 

evalf (Int (sqrt (diff (x, t)- 2+ctiff (y, t)- 2), t=O .. 4 *Pi)); to estimate the length, and find that the arc 

length is approximately 294.03. Derive's Para_arc_length function in the utility file Int_apps simplifies the 

integral to 11 J041r J-4cost cos(l�t)- 4 sint sin(l�t) + 5 dt. 

57. x = tsint, y = tcost, 0 � t � il2. dxldt = tcost + sint and dyldt =:= -tsin t +cost, so. 

(dxldt)2 + (dyldt? = t2 cos2 t + 2t sin t cost+ sin2 t + t2 sin2 t- 2tsin t cost+ cos2 t 
= t2(cos2 t + sin2 t) + sin2 t + cos2 t = t2 + 1 

S = J 27ry ds = J0"' 12 27rt cos tvft2+1 dt � 4 .  7394. 

59. x = 1 +tet, y = (t2 + l)et, 0 � t � 1. 

(��)2 + (!flt)2 = (tet + et)2 + [(t2 + 1)il + et{2tW = [et(t + 1)]2 + [et(e +2t + 1)]2 
= e2t(t + 1)2 + e2t(t + 1)4 = e2t(�+ 1)2[1 + (t + l?J, so 

S = J 27ryds = J0127r (t2 + 1)et Je2t(t + 1)2(t2 + 2t+ 2 )dt = f0127r (t2 + 1)e2t(t + 1) y't2 + 2t+2 dt � 103.5999. 

s1. x = t3, Y =e. o � t � 1. (�)2 + (�)2 = (3t2)2 + (2t)2 = 9t4 + 4t2. 

s = r1 21ry (��)2 + (�)2 dt = 11 21reJ9t4 + 4t2 dt = 21r 11 eJt2(9t2 + 4)  dt 
� o o· 

. {13 (u- 4 ) 1 =211' 14 -9- Vu(TBdu) [ u = 9t2 + 4, t2 = (u- 4)/9, ] = � {13 (u3/2 _ 4u1/2) du du � 18t dt, so t dt = n du . 9 . 18 14 
' 

_ .2L �u5f2 _ .!!u3/2 _ .2L , 2. 3us;2 _ 20u3/2 [ ] 13 [ . ] 13 
- 81 5 . 3 4 - 81 15 4. 
= ���5 [(3 . 132 v'I3- 20. 13 v'I3)- (3 . 32 - 20 . 8)] ·= 1��5 (247 v'I3 + 64) 

63. x = a cos3 9, y = a sin3 9, 0 � (} � i. ( �; )2 + ( � / = ( -3a cos2 (} sin 9)2 + (3a sin2 9 cos 9)2 ,;, 9a2 sin2 (} cos2 9. 

S == f0"'12 211' · asin3 8 · 3asin8 cos8d8 = 67ra2 J0"'12sin4 8 cos9d8 = �1ra2 [sin5 9];12 = �1ra2 

65. x=3t2, y=2t3, O � t � 5 => (-��f+ (�)2=(6t)2+(6t2)2=36t2( 1+t2) => 

S= f0527rx .j(dxldt)2 + (dyldt)2dt = J:27r (3t2)6t..;'1 +t2dt = 187r J05t2v"f+122tdt 

26 . 
= 1_811' J1 (u- 1) y'Udu 

= 187r[(�. 676 v'26- �. 26 ..;'26)- (�- �) ] = ¥11'(949 v'26 + 1) 
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67. Iff' is continuous and J'(t) i= 0 for a :S t s b, then either f'(t) > 0 for all t in [a, b] or f'(t) < 0 for all tin [a, b]. Thus,f 

is monotonic (in fact, strictly increasing or strictly decreasing) on [a, b). It follows that f has an inverse. Set F =go f-1, 

that is, define F by F(x) = g(r1(x)). Then x = f(t) =?- r1(x)
. 
= t, so y= [J(t) = g(r1(x)) = F(x). 

==} d¢ = � tan_1 ( dy) = 1 [� (dy) ] But dy = dyfdt '== f!. ==> 
dt dt dx 1 + (dyfdx)2 dt dx · dx dx fdt :i; 

� ( dy) = � (i!.) = jj±-xiJ 
dt dx dt x :i;2 

d¢ 1 (ii±- xiJ) ±ii-xiJ . . · · 
* -d = 1 ( · ; · )2 . 2 = . 2 • 2 . Usmg the Cham Rule, and the t .+yx x x +y 

fact that s 
= ·fot (!J£.)2 + (!bl.)2 dt ==} !k = dt dt dt 

(b) d f( ) . 1 .. 0 d . dy .. d2y 
X = X an .Y = X => X = , X = an Y = dx, Y = 

dx2 • 

j1 · (d2yfdx2) � 0 · (dyfdx)j jd2y/dx2j 
So"'= [1 + (dyfdx)2J3f2 = [1 + (dyfdx)2]312 · 

71.x=B-sinl1 ==> ±=1-cosB ==> x =sinB,and y= 1-cosB ==> iJ=sin8 =?- ii=cos8.Therefore, 

jcosl1-cos211-sin2 8j jcosl1-(cos211 + sin211)i JcosB- 11 . . . 
"' = . . = = . . The top of the arch 1s [(1 -cos 8)2 + sm211J312 (1 - 2 cos 11 + cos211 + sin2 8)3/2 (2- 2 cos 11)312 

characterized by a horizontal tangent, and from Example 2(b) in Section 10.2, the tangent is horizontal when 8 = (2n- 1)1r, 
· . . . jcos 1r- 1j J-1 -11 1 so taken= 1 and substitute 8 = 1r mto the express1on for/'-: "'= (2 2 )312 = [ . ( )]3/2 = -. 

- COS7r 2 - 2 -1 4 

73. The coordinates ofT are ( r cos(), r sin 11). Since T P was unwound from. 
arc TA, TP has length rB. Also L.PTQ = L.PTR- L.QTR = �7r- 8, 

soP has coordinates x = r cos8 + r8cosa1r- 8): r(cos8 +8sin8), 

y = r sinl1- r8sin(�1r- 8) :r(sinB- Bcos11). 

10.3 Polar Coordinates 

X 

1. (a) (2, f) 
(2. f) 

By adding 21r to�. we obtain the point (2, 7;). The direction 

opposite f is 4; , so { -2, 4;) is a point that satisfies the r < 0 

requirement. 
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438 D CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 

(bJ (1,-3;) 

(t. _3:) 

(c) (-1,�) 

3. (a) 

(1, ?T) 
0 

(b) 

(c) 

0 

1T 
2 

r > 0: (1,-3: + 211-) = (1, 5:) 

r < 0: (-1,-3: +1r) = (-1,-i) 

r > 0: (-(-1),� +1r) = (1, 3;) 

r < 0: ( -,-1, � + 27r) = ( -1, 5;) 

(-t,f) 

x = 1cos?r = 1(-1) = -1 and 

y = 1 sin 1r = 1(0) = 0 give us 

the Cartesian coordinates ( -1, 0). 

x = 2cos( -2;) = 2( -�) = -1 and 

y = 2sin(-2;) = 2 ( -4) = -J3 

give us ( -1, -J3). 

X= -2cos 3: = .:....2 ( -4) = J2 and 

y = -2sin 3: = -2( 4) = -J2 

gives us ( J2, -J2). 

5. (a) x = 2 andy= -2 '* r = )22 + ( -2)2 = 2 J2 and(}= tan-1 ( -;2) =-�.Since (2, -2) is in the fourth 

quadrant, the polar coordinates are (i) ( 2 J2, 7:) and (ii) (- 2 J2, 3:). 

(b) x = -1 andy= J3 '* r = V( -1)2 + ( J3)2 = 2 and(}= tan-1 ( �) = 2; . Since ( -1, J3) is in the second 

quadrant, the polar coordinates are (i) (2, 2;) and (ii) ( -2, 5;) . 
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7. r 2: 1. The curve r = 1 represents a circle with center 
0 and radius 1. So r 2: 1 represents the region on or 
outside the circle. Note that fJ can tak'e on any value. 

11. 2 < r < 3, 5; S (} s 7; 

r=2 

9- 11T 
- 3 

9- 51T 
- 3 

SECTION 10.3 POLAR COORDINATES 0 439 

9. r 2: o, 1r I 4 s e s 37r I 4. 
(} = k represents a line through 0. 

'13. Con�erting the polar coordinates (2,7rl3) and (4, 27rl3) to Cartesian coordinates gives us, (2cos �, 2sin �) = (1, v'J)and 

( 4 cos 2; , 4 sin 2;) = (- 2, 2 .j3). Now use the distance formula. 

15. r2 = 5 <=> x2 + y2 = 5, a circle of radius v'5 centered at the origin. 

17.r=2cos0 => r2=2rcos0 <=> x2+y2= 2x <=> x2-2x+1+y2=1 <=> (x-1)2+y2=1,a circle of 

radius 1 centered at (1, 0). The first two equations are actually equivalent since r2 = 2r cos() => r(r- 2 cos 0) = 0 => 

r = 0 or r = 2 cos e. But r = 2 cos() gives the point r = 0 (the pole) when(} = 0. Thus, the equation r = 2 cos B is 

equivalent to the compound condition (r = 0 or r = 2 cos e). 

19. r2 cos 20 = 1 <=> r2 ( cos2 (} -sin2 0) = 1 <=> (r cos 0)2 - ( r sin 8)2 = 1 ¢:> x2 - y2 = 1, a hyperbola cente�ed at 

the origin with foci on the x-axis. 

21. y = 2 <=> rsin() = 2 <=> r = -2- <=> r = 2csc() 
sin() 

23. y = 1 + 3x ¢:> r sin(} = 1 + 3r cos() <=> r sin(} - 3r cos() = 1 . ¢:> r(sin () - 3 cos e} = 1 ¢:> 

1 r = -,-�----=-
sinO- 3cos() 

25.x2+y2=2cx <=> r2=2crcos0 <=> r2-2crcos()=O <=> r(r-2ccos0)=0 <=> r=Oorr=2ccos0. 

r = 0 is included in r = 2c cos () when 8 = � + n1r, so the curve is represented by the single equation r = 2c cos (). 
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27. (a) The description leads immediately to the polar equation 0 = i• and the Cartesian equation y =tan(%) x = '7s xis 

slightly more difficult to derive. · 

(b) The easier description here is the Cartesian equation x = 3. 

29. r = -2sin8 

r 

(2, 31r{l) 

31. r = 2(1 + �os 0) 

(4,0) 

33. r = 0, 0 2: 0 

(211", 21r) 

35. r = 4sin38 r 

4 

(J 

-4 

37 . . r = 2cos48 r 
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39. r = 1 - 2 sin 9 

41. r2 = 9sin28 

43. r = 2 + sin 39 

45. r = 1 + 2cos29 

3 

-3 

3 

2 

r 

31T 
6 

1T 21T 9 

71r 
6 

ll1T 9 
6 

.9 

(3, 1T) 

SECTION 10.3 POLAR COORDINATES 0 441 

9=:!!. . . 6 

__ _...---
----· 

... 

\(-l�f) 
\ 

47 .. For 9 = 0, 1r, and 27r, r has its minimum value of about 0.5. For 9 = � and 32", r attains its maximum value of2. 

We see that the graph has a similar shape for 0 :::; 9 :::; 1r and 1r :::; 9 :::; 21r. 

r 

2 

1T 21T 9 

2 
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49. x = r cos 0 = ( 4 + 2 sec 0) cos(! = 4 cos 0 + 2. Now, r --> oo => 

( 4 + 2 sec 0) --> 00 => 0 --> ( �)- or 0 --> en+ [since we need orily 

consider ·o :S 0 < 271" ], so lim x = lim ( 4 cos 0 + 2) = 2. Also, 
T-+(X) 8--+'lf' /2.-

r-->-00 => (4 + 2sec8) --> - oo => 8-->(�)+or8-.(3;)-, so 

lim x = lim ( 4 cos 8 + 2) = 2. Therefore,. lim x = 2 => x = 2 is a vertical asymptote. r--oo o-w�+ ' ' r-±oo 

51. To show that x = 1 is an asymptote we must prove lim x = 1. r-+±oo 

x = (r) cosfJ = (sinfJ tanO) cosfJ = sin2 0. Now, r--+ oo => sinfJ tanO--+ oo => 

f) --+ ( �)-, so lim x = lim · 'sin2 f) = 1. Also, r --+ �oo => sin(} tan.(} --+ -oo => 
. r-+oo 8-+7rj2-

(} --+ ( �) +, so lim x = lim sin2 0 = 1. Therefore, lim x = 1 => x = 1 is r-+-oo 6-+'1f'j2+ r-+±oo ' 

(6,0) 

x=l' 

a vertical asymptote. Also notice that x = sin2 f) 2: 0 for all fJ, and x = sin2 fJ :S 1 for all 0. And x # 1, since the curve is not 

defined at odd multiples of �. Therefore, the curve lies entirely within the vertical strip 0 :S x < 1. 

53. (a) We see that the curve r ='= 1 + c sin f) crosses itself at the origin, where r = 0 (in fact the inner loop corresponds to 

negative r-values,) so we solve the equation of the limayon for r = 0 ¢:> . csin (} = -1 ¢:> sinO= -1lc. Now if 
\ 

lei < 1, then this equation has no solution and hence there is no inner loop. But if c < -1, then on the interval (0, 21r) 

the equation has the two solutions (} = sin -1 ( -1 I c) and 0 = 7r - sin -1 (-1 I c), and if c > 1, the solutions are 

(} = 7r + sin -1 ( 1 I c) and f) = 271" -sin -1 ( 1 I c). In each case, r < 0 for 8 between the two solutions, indicating a loop. 

(b) For 0 < c < 1, the dimple (if it exists) is characterized by the fact that y has a local maximum at 8 = 3;'. So we 

det�rmine for what c-values �� is negative at 0 = 3;', since by the second Derivative Test this indicates a maximum: 

y = r sin 0 =sin f)+ csin2 0 => .:� =cos(}+ 2csin 0 cos(} =cos(}+ csin 28 => d 2y 
d(}2

. = - sin(}+ 2ccos 20. 

At 0 = 3
2

" , this is equal to -( -1) + 2c( -1) = 1 - 2c, which is negative only for c > � . A simi far argument shows that 

for -1 < c < 0, y only has a local minimum at 0 = � (indicating a dimple) for c < -�. 

55. r = 2sin 0 => x � rcosO = 2sinfJcosO = sin28, y = rsinO = 2sin2 (} => 

dy 
= 

dyldO 
= 

2 · 2sin 8 cosfJ = sin28 
= tan2fJ 

dx dx I dO cos 20 · 2 cos 28 

7r dy ( 7r) 7r r.; · When 8 = 6' 
dx 

=tan 2 · 6 =tan 3 = v 3. [Another method: Use EquatiOn 3.] 

51.r=1IO => x=rcosO= (cosO)IO,y=rsinO= (sinfJ)IO => 

dy dy/ dO sin 8( -1102) + (118) cos 0 02 - sin 8 + (}cos 8 
dx 

= 
dx/dO 

= 
cos 8( -1102) - (1/0) sin(} 

. 
02 

= 
- cos 0- 8 sin 8 

dy -0 + 7r( -1) -71" WhenfJ=7r, 
dx 

= 
-(-1) -1r(O) = T = 

-71". 
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59. r = cos 20 ==> x = r cos 0 = cos 20 cos 0, y = r sin 0 = cos 20 sin 0 ==> 

SECTION 10.3 POI,AR COORDINATES 0 443 

dy dyjdO cos20 cosO +sinO ( -2sin 20) 
d x  - dx/dO 

-
cos20 (-sinO)+ cosO ( -2sin 20) 

1r dy o(v'2/2 ) + (v'2/2 ) (-2) -V2 When O=- -= . =--=1 
4' d x  o(-v'2/2) + (v'2/2 ) (-2) -V2 · 

61. r = 3cos0 ==> x = rcosO =:= 3cos0 cosO, y = rsinO = 3cos0 sinO ==> 

� = -3sin2 0 + 3cos2 0 = 3cos20 = 0 ==> 28 = � or 3; # 0 = 'i or 34". 

So the tangent is horizontal at ( �, 7) and (-"32, 3;) [same as ( �, -7)]. 

�� = -6sin0cos8 = -3sin 28 = 0 ==> 20 = 0 or 1r # 0 = 0 or � - So the tangent is vertical at {3 , 0) and (0, �). 

63. r=.l+cosO ==> x=rcos0=cosO (l+cos8), y=rsinO="'sinO{l+cosfJ) ==> 

� = (1 +cosO) cosO -sin2 0 = 2cos2 0 +cosO- 1 = (2cos0- 1) (cos8 + 1) = 0 ==> cosO=� or -1 ==> 

0 = f, 7r, or 5; ==> horizontal tangent at (�, f), (0, 7r ), and ( �, 5;). 

�;=-(l+cos8)sin0 -cos0sin0=-sin0 (1+2cos8)=0 ==> sin0=0orcos0=-� ==> 

8 = 0, rr, 2;, or t ==> vertical tangent at (2, 0) , G, 2; ) , and (� , 4;). 

Note that the tangent is horizontal, not vertical when 0 = 1r, since � �� �: = 0. 

65. r = asin8 + bcosO ==> r 2  = arsinO + brcosO_ ==> x2 + y2 = ay + bx ==> 

x2 - bx + (�b)2 + y 2  - ay + (�al = ( tb)2 +
.
(ta)2 ==> ( x- �b)2 + (y - �a)2 = i:(a2 + b2), and this is a circle 

with center (�b, �a) and radius t../a2 + b2• 

67. r = 1 + 2 sin(8 /2). The parameter interval is (0, 4rr]. 

-2.6 

71. r = 1 + cos999 0. The parameter interval is [0, 2rr] . 

. 1.1 ' 

69. r = e•in 11 - 2 cos( 40). 

lpe parameter interval is (0, 2rr]. 
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73. It appears that the graph of r = l + sin ( 8 - 'if) is the same shape as 

the graph of r· = 1 +sin 8, but rotated counterclockwise about the 

origin by �. Similarly, the graph of r = 1 +sin ((} - j) is rotated by 

j. In general, the graph of r = f ( 8 - a) is the same shape as that of 

r = f(B), but rotated counterclockwise through a about the origin. 

That is, for any point (ro, 8o) on the curve r = f(O), the point 

(ro, 80 +a) is on the curve r = f(O- a), since ro = f(Bo) = f((Bo +a)- a). 
-0.9 

r = 1 + sin6 
r = 1 + sin(e- �) · 
r = 1 + sin(6 - �) 

75. Consider curves with polar equation r = 1 + c cos 8, where cis a real number. If c = 0, we get a circle of radius 1 centered at 

the pole. For 0 < c � 0.5, the curve gets slightly larger, moves right, and flattens out a bit on the left side; For 0.5 < c < 1, 
the left side bas a dimple shape. For c = 1, the dimple becomes a cusp. For c > 1, there is an internal loop. For c 2: 0, the 

rightmost point on the curve is (1 + c, 0). For c < 0, the curves are reflections through the vertical axis of the curves 

with c > 0. 

c = 0.25 c = 0.75 c=1 

tan¢>-tanO n. tan'lj; =tan(¢>- 0) = 
¢> 0 1 +tan tan 

dy dyjdO 
dx _ tan f) 'dXjdi -tan (} 

1 + dy tan 0 - 1 + d
dyf/

df) tan() dx X dO 

c=2 

dy dx -- -tanO 
-

d8 d(;l 
(� sin f)+ r cos(} ) -tan f)(�. cos 0 - r sin(}) r cos(} + r . _si_n_

2 _ B 
= -----�cos�(}"'-

- dx dy df) + d8 tan f) ( dr ) ( dr ) dr dr sin2 8 
d(;l cos 8 - r sin 0 + tan 8 dB sin 8 + r cos B d8 cos B + dO · -c-os-8-

r cos2 (} + r sin2 (} r 
dr 2(} dr . 20 = drjd(} d8 cos + d(} sm 

10.4 Areas and Lengths in Polar Coordinates 

1. r = e-914, 1rj2 � (} � 1r. 

A= (" �r2 dB= (" �(e-9/4)2 d(} = (" �e-012 d8 = � [-2e-o;2] " = _1(e-"12 _ e-"/4) = e-7r/4 _ e-"12 
�/2 }7r/2 . }7r/2 7r/2 
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3. r2 = 9sin28, r 2': 0, 0 S: 9 S: 1f/2. 

l'lr 
/2 

l" 
/2 /2 A= �r2d8= �(9sin29) d8=H-�cos28)� =-t(-1-1)=� 

0 0 
. 

7. r = 4 + 3sin9, -� S: 9 S: �-

[by Theorem 5.5.7(a)] 

[by Theorem 5.5.7(a)] 

9. The area is bo\mded by r = 2 sin 9 for 9 = 0 to 8 = 1r. 

A= 1"" !r2 d(} = � 1 ""  (2sin9)2 d8 = � 1"" 4sin2 8 d8 

= 21� �(1-cos29)d8 = [8 - � sin29J: = 1r 
·
Also, note that this is a circle with radius 1, so its area is 1r(1? = 1r. 

11. A= 
{

2"" �r2 d(} = r" �(3 + 2 cos 9? d9 = � r"" (9 + 12 cos 0 + 4 cos2 9) d8 Jo · · Jo Jo 
= � 12"" [9 + 12cos9 + 4 · �(1 + cos28)] d8 

{2"" 
= ! Jo 

(11 + 12cos 9 + 2cos 28) d(} = !(119 + 12sin9+ sin 29 ]�"" 

= �(2211") = 1111" 

13. A= 12"" �r2d9� 12-rrH2+sin48)2d9=!12i(4+4sin40+sin249)'-d9 

2tr . 
'= t 1 [4 + 4sin49 + t(l-cos89)] d9 

{2"" 
= � Jo 

(� + 4sin49- t cos88) d9 = ![�8 -cos48- .ft sin89 ]�"" 

= ![(911"- 1)- (-1)] = �11" 

(2, '11",/2) 

r=2sin 6. 

-3 
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=! 12"'(1 + cos2 58) dB=! 12"' [1 + !(1 +cos lOB)] dB 

= ! [�6 + 210 sin 106]�"' = !(311-) = �71" 

1.4 

17. The curve passes through the pole when r = 0 =? 4 cos 38 = 0 :=;. cos 36 = 0 :=;. 38 = � + 1rn :=;. 

B = � + �n. The part of the shaded loop above the polar axis is traced out for 

B = 0 to B = 1r /6, so we'll use -1r /6 and 1r /6 as our limits of integration. 

,�6 . 6 
= 16 Jo !(1 + cos6B) dB= 8 [B + i sin6B]�1 · = 8 (�) = 171" 

r=4cos3fJ 

19. r= 0 =? sin4B = 0 =? 48 = 1rn =? 6 = in. r =sin 48 

21. 
r= 1 + 2sin fJ(rect.) 

This is a lima9on, with inner loop traced 

out between 6 = 7; and 1�"' [found by 

solving r = 0]. 

1 37r/2 1 31r/2 1 31r/2 
A= 2 !(1 � 2sin6) 2 dB= (1 + 4sin6 + 4sin2 6) dB= [1 + 4sin6 + 4 · !(1-cos2B)] dB 

77r/6 71r/6 71r/6 
= [6- 4cos6 + 26-sin26]3,.12 = ( 9"' ) - ( 7,. + 2 y'3 _ .il) = 7r _ b2 71r /6 2 2 2 2 

23. 2 cos 6 = 1 :=;. cos B = ! :=;. 6 = � or 5; . 

A= 2 f0,.13 ![(2cos B?- 12] dB= f01[13(4cos2 B- 1) dB 

= f0,.13 {4 [!(1 + cos2B)]- 1} dB= f0,.13(1 + 2cos2B) dB 

_ [a + · 2/l] ,. /3 _ 2!: + � - u s1n u 0. - 3 2 r=2cos9 
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25. To find the area inside the leminiscaie r2 = 8 cos 28 and outside the circle r = 2, 

we first note that the two curves intersect when r2 = 8 cos 2e and r = 2, 

that is, when cos 28 = t- For -11' < 8 � 11', cos 20 = � ¢'> 20 = ±11'/3 

or ±511' /3 ¢'> . 0 = ±11' /6 or ±511' /6. The figure shows that the desired area is 
I 

4 times the area between the curves from 0 to 11' /6. Thus, 

A= 4 I0.,..16 [�(8cos 28)-�(2)2] d8 = BI0,..16(2 cos 20- 1) dO 

. [ ] 7r/6 = 8 sin28- 8 0 = 8(v'3/2 -11'/6) = 4 v'3 � 411'/3 

27. 3cos0 = 1 +cosO ¢o> .cosO=� � 0 =-§-or- -§- . 

A= 2 I0"'13 �((3oos6)2- (1 +cos O?J dO 

= Io ... 13(8 cos2 8- 2 cos 0·- 1) dfJ = Io"'13(4(1 +cos 20) - 2 cos 0- 1] d8 

= I0,..13(3 + 4cos 20- 2 cos 0) d(} = [38 + 2 sin 20- 2 sin 8]�13 

=1l'+v'3- v '3=rr 

"' · . 
· . 10 sin 8 

29. y..:>cosO = smO � v 3 = --11 cosu � tan o = v'3 � o = i. 

A= Io"' 13 �(sin 0)2 dO + I;/: � ( v'3 cos 0)2 d8 

= I0"'13! · !(1-cos20) dO+ I:/:�· 3 · �(1 + cos20) dO 

1 [8 1 . 8] 1r /3 3 [
ll 1 . ll] 1r /2 = 4 - 2 sm 2 0 + 4 u + 2 sm 2u .,.. 

13 
= i [ ( i- 4) -o] + H (� + o)- ( i + �)] 
_.J!.__.,/3+2!:-�-�-� 
- 12 16 8 16 . - 24 4 

31. sin 20 = cos 20 � 

8=i � 

sin 28 = 1 � tan 20 = 1 � 20 = .:!!:4 cos 28 

A= 8 · 2 I0"'18! sin 228d8 = 8 I0,..18 �(1-cos48) dB 

= 4(0- t sin40)�18 = 4(i-t · 1) = �- 1 

33. sin28 = cos20 � tan28 = 1 � 28 = � 
A = 4 fo" 18 � sin 20 d8 [since r2 = sin 28] 

= I0,..182sin20d8.= [-cos20]�18 

= -� v'2- (-1) = 1 - � v'2 

r=2 

r=J3cos(J 

.... -··8=f 
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. 35. The darker shaded region (from B = 0 to (;) = 271" /3) represents � of the desired area plus � of the area of the inner loop. 

From this area, we'll subtract t of the area of the inner loop (the lighter shaded region from B = 271" /3 to 8 = 7r ), and then· 

double that difference to obtain the desired area. 

A= 2 (J;,..;a H� + cosB)2 d(;J- J2:13 H� + cosB)2 dB] 

= J:,..;a (t +cosO+ cos2 0) dO- J;,..
13 

(t +cosO+ cos2 0) dO 
= g"13 [t +cosO+ �(1 + cos20)] dO 

- J2:;a [t +cosO + �(1 + cos20)] dB 

[0 . 0 sin 20] 2,..13 [0 . 8 sin 20]',.. = - +l)m0+- +-- - - +sm0 +-+--
4 2 4 0 4 2 4 2rr/3 

. = (i+ � + *- 4)- (% + �) + (i + � + t- 4) 

=7 +�V'3=H7r +3V'3)' 

37. The pole is a point of intersection. 

1 +sin 0 = 3 sin 0 =} 1 = 2 sin(}. "=} sin B = .� =} 

The other two points of intersection are ( �, i ) and ( �, 5;). 

By symmetry, the eight points of intersection are given by 

(1, 0), where 0 = �. �;, 1{;, and 1{2,.., and 

( -1, 0), where 0 = i;, 1{;, 1:;, and 2{;. 

[There are many ways to describe these points.] 

41. The pole is a point of intersection. sin 0 = sin 28 = 2 sin 0 cos 0 {::} 

sin0(1-2cos0)=0 {::} sinB=OorcosO=r� => 

(} = 0, 71", f, or -f =} the �ther intersection points are (�.f) 

and ( Yf , 2;) [by sy�metry). 

(}= 

r=l+sinfJ 

r=2sin28 

r= sin28 
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43. 

r = 2(} 

r = 1 +sin(} 

-0.3 

SECTION 10.4 AREAS AND LENGTHS IN POLAR COORDINATES 0 449 

y= 2x 

From the first graph, we see that the pole is one point of intersection. By zooming in or using the cursor, we find the 0-values 

of the intersection points to be a� 0.88786 � 0.89 and 1l' .- a �  2.2 5. (The first of these values may be more ea;;ily 
' . \ . 

es�imated by plotting y. = 1 + sinx andy= 2x in rectangular coordinates; see the second graph.) By symmetry, the total 

area contained is twice the area contained in the first quadrant, that is, 

= [�03]� + [0- 2cos0 +(to- i sin20)]:12 = tet3 + [U + i)- (a-" 2cow + ta- i sin2a)] � 3.4645 

45. L= 1b Jr2+ (dr/d0)2d�= Lrr J (2cos0)2+(--,-2 sin0)2d0 

= h'lr V4(cos2B+sin20)d0= h'lr ..f4d0= [20]� =21!' 

As a check, note that the curve is a circle of radius 1, so its circumference is 21!'( 1) = 21l'. 

47. L= 1b Jr2+(dr/dB)2dO= 12" Jco2)2+(28)2d8= fo27r 
VB4+402dB 

= h27r Jo2(02 + 4) dB= l27r 
8V02 + 4dO 

NGw let u = 82 + 4, so that du = 20 d8 ( 8 dB = t du) and 

49. The curve r = cos4(8/4) is completely traced with 0:::; 0:::; 41!'. 

r2 + (dr/dB? = [cos4(B/4)]2 + (4cos3(B/4) · (-sin(B/4)) · i) 2 

= cos8(B/4) + cos6(8/4)sin2(8/4) 

= cos6(0 /4)[cos2(B /4) + sin2(B /4)] = cos6(B /4) 

L = J041r Jcos6(0/4)dB = Jt icos3(B/4)1 dB 

= 2J;1rcos3(B/4)'dB [sincecos3(8/4) � OforO:::; B:::; 21!'] - 8 f1r 12 cos3 u du - Jo 

= 8 f07r12(1- sin2 u) cosudu = 8 J01(1-x2) dx 
[ x =sin ti, ] 
dx = cosudu 

= 8[x- �x3]� = 8(1- �) = 1j 

[u = �8] 
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51. One loop of the curve r = cos 28 is traced with -1r /4 � 8 � 1r /4. 

r2 + (: Y = cos228 + (-2sin28? = cos2 28+4sin2 28 = 1 +3si�2 28 

53. The.curve r = sin(6sin8) is completely traced with 0 � 8 � 1r. r = sm(6sin8) ==> -� = cos(6sin8) · 6cos8, so 

r2+ (:Y =sin2.(6sin8)+36cos28cos2(6sin8) ==> L 1" Jsin2(6sin8)+36ms28 cos2(6sin8)d8�8.0091. 

55. (a) From (10.2.6), 
s =I: 21ry.j(dx/d8)2 + (dy/dfJ)2 d8 

[from the derivation of Equation 10 .4.5] 

=I: 27rrsin0J r2 + (dr/d8)2 d8 

(b) The curve r2 = cos 20 goes through the pole when cos 28 = 0 � 

28 :;= � ==> 8 = 'i· We'll rotate the curve from 8 = 0 to 8 = i and double 

this value to obtain the total surface area generated. 

2 dr . (dr) 2 sin2 28 sin2 28 r = cos28 � 2r d8 = -2sm20 ==> d8 = --;:2 = cos28 · 

. . 

(o, {) ,.l=cos28 

(1,0) 

("I 4 · 
;·--------

(" 14 · . / cos2 28 + sin2 28 
S = 2 lo 27r v'cos 28sin8 y cos 28 + (sin2 28) /cos 28 d8 = 47r lo v'cos 28 sin 8 y cos 28 d8 

l'Tr/4 1 1
1f/4 

( ) ( ) =47r v'cos28sin8 �d8=47r . sin8d8=47r(-cos8]�14=-47r �-1 = 27r 2-v'2 
0 v�w 0 . 

. 

10.5 Conic Sections 

1. x2 =_6yand;r;2 =4JYY ==> 4p=6 � p= �· 

The vertex is (0, 0), the focus is (O, � ).and the directrix 

is y = -�. 

6 X 

y= -� 

3. 2x = -y2 ==> y2 = -2x. 4p = -2 ==> p = - � . 

The vertex is (0,0), the focus is ( -!,0), and the 

directrix is x = �. 

x=! 

X 
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5. (x + 2)2 =:= 8 (y - 3). 4p = 8, sop = 2. The vertex is 

( -2, 3), the focus is ( -2, 5), and the directrix is y = 1. 

y 

·------------------------- __ ;r_�-�-

X 

SECTION 10.5 CONIC SECTIONS 0 451 

7. y2 + 2y + 12x + 25 = 0 =} 

y2 + 2y + 1 = -12x- 24 =} 

(y + 1)2 = -12(x + 2). 4p = -12, sop= -3. 

The vertex is ( -2, -1), the focus is ( - 5, -1), and the 

directrix is x = 1. 

y 
l 

i 
0 

! . 
!x=l 

9. The equation has the form y2 = 4px, where p < 0. ·Since the parabola passes through ( -1, 1 ), we have 12 = 4p( -1 ), so 

4p = � 1 and an equation is y2 = -x or x = -y2• 4p = -1, so p =: - � and the focus is (- � , 0) while the directrix 
. 1 
!SX = 4· 

x2 y2 
11. 2 + 4 = 1 =} a= V4 = 2, b = v-'2, c = � = J4 - 2 = v-'2. The 

ellipse is centered at (0, 0), with vertices at (0, ±2). The foci are (0, ±v-'2 ). 

y 
2 

-2 

x2 y2 
13. x2 + 9y2 = 9 <=? - + - = 1 ==> a = J9 = 3, 

9 1 

b = v'I = 1, c = � = v'9=1 = J8 = 2v'2. 

The ellipse is centered at (0, 0), with vertices (±3, 0). 

15. 9x2 - 18x + 4y2 = 27 <=? 

9(x2-2x+1)+4y2=27+9 <=? 

9(x- 1)2 + 4y2 = 36 

The foci are (±2v'2, 0). 

y 
I 

a= 3, b = 2, c = v'5 =} center (1, 0), 

vertices (1, ±3), foci (1, ±JS) 

-3 0 3 X 
y (1,3) 

-I 

3 JC 

(1,-3) 
.• 

2 2 . 
17. The center is (0, 0), a= 3, and b = 2, so an equation is � + �. = 1. c = � = v'5, so the foci are (0, ± v'5). 
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y2 x2 
19. 25 - g = 1' =? a = 5, b = 3, c = v'25 + 9 = J34 =? 

center (0, 0), vertices (0, ±5), foci (0, ±VM), asymptotes y = ±�x. 
Note: It is helpful to draw a 2a-by-2b rectangle whose center is the center of 

the hyperbola. The asymptotes are the extended diagonals of the rectangle. 

x2 y2 
21. x2- y2 = 100' ¢? -- - = 1 =? a= b = 10, 100 100 

c = y'100 + 100 = 10v'2 =? center (0, 0), vertices (±10, 0), 
foci (±10 v'2, o), asymptotes y = ±-Hlx = ±x 

23. 4x2 -y2- 24x- 4y + 28 = 0 ¢? 

4(x2 - 6x + 9) - (y2 + 4y + 4) = -28 + 36- 4 ¢? 

4(x- 3? - (y + 2? = 4 ¢? 
(x- 3)2 - (y + 2? = 1 =? 1 4 

a = v'I = 1, b = J4 = 2, c = v'fTI = J5 =? 

center (3, -2), vertices (4, -2) and (2, -2), foci (3 ± J5, -2), 
asymptotes y + 2 = ±2(x- 3). 

X 

25. x2 = y + 1 ¢? x2 = 1(y + 1). This is an equation of a parabola with 4p = 1, sop= i· The vertex is (0, -1) and the 

focus is (0, -�). 

27. x2 = 4y- 2y2 ¢? x2 + 2y2- 4y = 0 ¢? x2 + 2(y2- 2y + 1) = 2 ¢? x2 + 2(y- 1? = 2 ¢? 

�2 
+ 

(y � 1? = 1. This is an equation of an ellipse with vertices at (±v'2, 1). The foci are at (±v'2"=1; 1) = (±1, 1). 

29. y2 + 2y = 4x2 + 3 {::} y2 + 2y + 1 = 4x2 + 4 {::} (y + 1?- 4x2 = 4 {::} 
(y :'1? - x2 = 1. This is an equation 

of a hyperbola with vertices (0, -1 ± 2) = (0, 1) and (0, -3). The foci are at (0, -1 ± y'4 + 1) = (0, -1 ± v'5). 

31. The parabola with vertex (0, 0) and focus (1, 0) opens to the right and hasp= 1, so its equation is y2 = 4px, or y2 = 4x. 

33. The distance from the focus ( -4, 0) to the directrix x = 2 is 2- ( -4) = 6, so the distance from the focus to the vertex is 

�(6) = 3 and the vertex is ( -1, 0). Since the focus is to the left of the vertex, p = -3. An equation is y2 = 4p(x + 1) =? 

y2 = -12(x + 1). 
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35. A parabola with vertical axis and vertex (2, 3) has equation y- 3 = a(x- 2)2. Since it passes through (1, 5), we have 

5-3= a(l- 2? => a= 2, so an equ�tion is y- 3 = 2(x- 2)2. 

37. The ellipse with foci (±2, 0) and vertices (±5, 0) has center (0, 0) and a horizontal m�jor axis, with a= 5 and c = 2, 
. ' 

2 2 so:b2 = a2 - c2 = 25 - 4 = 21. An equation is ;5 + �1 = 1. 

39. Since the vertices are (0, 0) and (0, 8), the ellipse has center (0, 4)-with a vertical axis and a= 4. The foci at (0, 2) and (0, 6) 
· � � r;r; (x- 0)2 (y-4? · 

are 2 units from the center, so c = 2 and b = v a-- c-= v 4- - 2-= v 12. An equation is b2 + a2 = 1 => 

x2 (y- 4)2 
12 + 16 = 1. 

41. An equation of an ellipse with center ( -1, 4) and vertex ( -1, 0) is 
(x ;2

1)2 
+ (y 

�2 
4)2 

= 1. The focus ( -1, 6) is 2 units 

. ( + 1)2 ( - 4)2 . 
from the center, SOC = 2. Thus, b2 + 22 = 42. => b2 = 12, and the equation is 

X 12 + y 
16 = r 

2 2 
43. An equation of a hyperboia with vertices (±3, 0) is �2 - � = 1. Foci (±5, 0) => c = 5 and 32 + b2 =52 => 

. 2 2 b2 = 25 - 9 = 16, so the equation is � - i6 = 1. 

45. The center of a hyperbola with vertices ( -3, -4) and ( -3, 6) is ( -3, 1 ), so a = 5 and an equation is 

(y-1)2 (x+3? . 
52 - b2 c= 1. FOCI ( -3, -7) and ( -3, 9) => c = 8, SO 52+ b2 = 82 => b2 = 64- 25 � 39 and the 

equation is (y- 1)2 -
(x + 3? = 1 

25 39 . 

2 2 
47. The center of a hyperbola with vertices (±3, 0) is (0, 0), so a= 3 and an equation is �2 - �2 = 1. 

b . 2 2 
Asymptotes y = ±2x => -= 2 => b = 2(3) = 6 and the equation is::._ - '!L = 1. a 9 36 

49. In Figure 8, we see that the point on the ellipse closest to a focus is the closer vertex (which is a distance 

a- c from it) while the farthest point is the other vertex (at a distance of a+ c). So for this lunar orbit, 

(a- c)+ (a +c)= 2a = (1728 + 110) + {1728 + 314), ora= 1940; and (a+ c)- (a- c)= 2c = 314-110, 

x2 2 
or c = 102. Thus, b2 = a2- c2 = 3,753,196, and the equation is 3,763,600 + 3,7i3,196 = 1. 

51. (a) Set up the coordinate system so that A is ( -200, 0) and B is (200, 0). 

IP AI - IP Bl = (1200)(980) = 1,176,000 ft = 2��0 mi = 2a => a = 1�i5, and c = 200 so 

b2 _ 2 _ 2 _ 3,339;375 => 12lx2 _ 121y2 
= 1 - c a - 121 1,500,625 3,339,375 · 
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. 

. (121)(200)2 121y2 
(b) Due north of B => x = 200 => 1,500,625 - 3,33!),375 = 1 => 

= 133,575 
� 248 . y 539 ffil 

53. The function whose graph is the upper branch of this hyperbola is concave upward. The function is 

y = f( x) =a g = 1 v'b2 + x�, soy'= -Ex(b2 + x2)-112 and 

y" = � [(b2 + i2)-112- x2(b2 + x2)-312) = ab(b2 + x2)-312 > 0 for all x, and so f is concave upward. b . 
. 2 . 2 

55. (a) If k > 16: then k- 16 > 0, and 
x

k + k � 16 = 1 is an ellipse since it is the sum of two squares on the left side. 

. 
2 2 

(b) IfO < k < 16, then k- 16 < 0, and 
x

k + -k Y = 1 is a hyperbola since it is the difference of two squares on the -16 
left side. 

(c) If k < 0, then k- 16 < 0, and there is no curve since the left side is the sum of two negative terms, which carmot equal I. 

(d) In case (a), a2 = k, b2 = k- 16, and c2 = a2- b2 = 16, so the foci are at (±4 , 0). In case (b), k :_ 16 < 0, so a2 = k, 

b2 = 16- k, and c2 = a2 + b2 = 16, and so again the foci are at (±4 , 0). 

57. x2 = 4py => 2 x  = 4py' => y' = �, so the tangent line at ( xo, yo) is 

2 . 
y-4

Xo = Xo ( x- Xo). This line passes through the po. jnt(a, -p) Oll the p . 2p . . 
. . X� Xo · 2 2 2 d1rectnx, so-p - 4 = 2 (a- xo) => -4p · - x0 = 2axo- 2 x0 ¢> p p . 

x5 - 2axo -4p2 = 0 ¢> x� - 2ax0 + a2 = a2 + 4p2 ¢> 

y 

(a,-p) 

( xo- a)2 = a2 + 4p2 ¢> x0 =a± ,ja2 + 4p2. The slopes of the tangent lines at x =a± ,ja2 + 4p2 

a±yla2+4p2 
are . 2 , so the product of the two slopes 1s p . 

a+ ,ja2 + 4p2 a- ,ja2 + 4p2 a2.,... (a2 + 4p2) -4p2 
2p . 2p = 4p2 ·= 4p2 = -1• 

showing that the tangent lines are perpendicular. 

y=-p 

2 2 . 
59. 9x2 + 4y2 = 36 ¢> : + � = 1. We use the parametrization x = 2 cost, y = 3 sin t, 0 � t � 21r. The circumference 

is given by 

L = f02" ,j(dxjdt)2 + (d yfdW· dt = J::rr ,j( -2 sin t)2. + (3cost)2 dt = J�" J 4sin2 t + 9cos2 t dt 

= f021r v' 4 + 5 cos2 t dt 

Now use Simpson's Rule with n = 8, D.t = 27r 8- 0 = %• and j(t) = v'4 + 5cos2 t to get 

L ::::! ss = � [J(o) + 4J(�) + 2J(�) + 4Jen + 21(1r) + 4J(S;) + 21e;) + 4JC:) + J(2 7r)J � 15.9. 
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� y = ±� JX2=(i2. 
a 

A= 2 r � Jx2 -az dx g 2b [E Jx2- a2- a2 ln Jx + Jxz-azJ ]c Ja a a 2 2 a 

= !!.[cJcz -a2 -,-a2lnjc+�l �a2ln\a!] a 
Since a2 + b2 = c2, c2 -a2 = b2, and � = b . 

. b . . b = - [cb-a2ln(c +b)+ a2ln a] = - [cb + a2(1na -ln(b +c))] a · a 

xz yz 
63. 9x2 + 4y2 = 36 *> 4 + g = 1 � a= 3, b = 2. By symmetry, x = 0. By Example 2 in Section 7.3, the area of the 

top half of the ellipse is � ( 1rab) = 371'. Solve 9x2 + 4y2 = 36 for y to get an equation for the top half of the ellipse: 

9x2 + 4y2 = 36 *> 4y2 = 36- 9x2 *> y2 = �(4-x2) � y = �J'4='X2. No� 

y=- -[f(x)]2dx=- - -,)4-x2 dx=·- (4-x2)dx 1 lb 1 1 /2 1 ( 3 )2 3 
!

2 
A a 2 37!' -2 2 2 , 87!' -2 
3 12 2 3 [ 1 3] 2 3 (16) 4 =-·2 (4-x )dx=- 4x--x =- - =-

87!' 0 471' 3 0 471' 3 7l' 

so the centroid is (0, 4/71'). 

2 2 

y 

X 

65. Differentiating implicitly, :2 + �2 = 1 � 2x 2yy' · , b2x 
- + --= 0 � y = -- [y =F 0]. Thus, the slope of the tan.gent · a2 b2 a2y 

line at P is - b:xt . The slope of Ft P is __lL2_ and of Fz P is �. By the formula in Problem 19 on text page 271, a Yt Xt + c Xt - c · 

we have 

and 

� + b2Xt 
Xt + c a2yt tana= 

1 _ b2XtYt 
a2yt(Xt +c) 

_ a2yi + b2xt(Xt +c) . _ a2b2 + b2c:r1 
- a2yt(Zt +c)-b2XtY1 - C2XtY1 + a2cy1 

. b2(cx1 + a2) b2 = cyt(at + a2) = cy1 
b2Xt Yl 

-�- � -a2yi- b2x1(x1-c) -a2b2 + b2cx1 b2(cx1- a2) b2 tan ,8 = 
1 

_ b�x1y1 = a2y1 (x1 -c) -b2x1y1 = c2XtY1 -a2cy1 = cy1 (ext -a2) = cy1 
a2y1 (x1 -c) 

l_'hus, a= (3. 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in Whole or in part 



456 D CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 

10.6 Conic Sections in Polar Coordinates 

1. The directrix X'= 4 is tO the right of the focus at the origin, SO We use the form with"+ e COS (J" in the denominator. 

ed l.4 4 (See Theorem 6 and Figure 2.) An equation is r = 
1 8 = 

21 = 2 . 9. 
+ ecos 1 + 2 cos(} +cos 

3. The directrix y = 2 is above the focus at the origin, so we use the form with "+ e sin (J" in the denominator. An eqUation is 

ed 1.5(2) 6 r = 1 + e sin (J = 1 + 1.5 sin 9 = 2 + 3 sin 9 · 

5. The vertex ( 4, 37r /2) is 4 units below the focus at the origin, so the directrix is 8 units below the focus (d = 8), and we 

use the form with "- e sin (J " in the denominator. e = 1 for a parabola, so an equation is 

ed 1(8). 8 r= 1-esinfJ = 1-1sin9 = 
1-sinfJ' 

7. The directrix r = 4 sec (J (equivalent tor cos (J = 4 or x = 4) is to the right of the focus at the origin, so we will use the form 

with "+ e cos (J" in tht; denominator. The distance from the focus to the directrix is d = 4, so an equation is 

ed �(4) 2 4 r= = ·-=�----:: 1 + ecosfJ 1+ � cosfJ. 2 2 + cosfJ' 

4 1/5 4/5 9. r = 
· 115 = 4 • , where e 

= 
� and ed = � � d = 1. 5 - 4 sin (J 1 - 5 sm (J · 

(a) Eccentricity= e = � 
(b) Since�= � < 1, the conic is an ellipse. 

(c) Since "- e sin (J" appears in the denominator, the directrix is below the focus 

at the origin, d = IFll = 1, so an equation of the directrix is y = -1. 

(d) The vertices are ( 4, �) and ( �, 3;). 

11 
2 1/3 2/3 h d d 2 d 2 . 

. 
r=

3+3sin9
.

1/3
=1 +1 sin9'w eree=1an e =a � =a· 

(a) Eccentricity= e = 1 

(b) Since e ·= 1, the conic is a parabola. 

(c) Since"+ esin (J" appearS in the denominator, the directrix is above the focus 

at the origin. d = jFll = j, so an equation of the directrix is y = j. 
(d) The vertex is at(�,�). midway between the focus and directrix. 

y 
(4, 1T/2) 

(�.o) 
X -------1- ---------· 

(�.�) y=-1 

y 
y= 2/3 ------------- G��)�-------· 

X 
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9 1/6 3/2 1 d 3 13. r = · 116 = 1 , where e = 3 and e = 2 6+2cosB 1+3cosB 

(a) Eccentricity= e = t 

(b) Since e = � < 1, the conic is an ellipse. 

=> d = �-

(c) Since "+e cos B" appears in the denominator, the directrix is to the right of 

the focus at the origin. d = jFl! = �.so an equation of the directrix is 

X=�· 

(d) The vertices are ( �, ()) and ( �, 1r), so the center is midway between them, 

that is, (fB-,n). 

3 1/4 3/4 3 3 15' r = 4 - 8 cos B · 1/4 = 1 - 2 cos B' where e = 2 and ed = 4 => d = 8 · 

(a) Eccentricity= e = 2 
(b) Since e = 2 > 1, the conic is a hyperbola. 

(c) Since "-e cos B" appears in the denominator, the directrix is to the left of 

the focus at the origin. d = !Fl! = £,so an equation of the directrix is 

x=-l 
(d) The vertices are (-% , 0) and ( i, 1r) , so the center is midway between them, 

that is, (!, 1r) . 

17. (a) r = 1 
. ()'where e = 2 and ed = 1 · => d = !·The eccentricity 1- 2sm 

e = 2 > 1, so the conic is a hyperbola. Since "-esin()" appears in the 

denominator, the directrix is below the focus at the origin. d = I Fl! = ! , 

so an equation of the directrix is y = -!. The vertices are ( -1, �) and 

( t, 3; ) , so the center is midway between them, that is, ( �, 3; ) . 

(b) By the discussion that precedes Example 4, the equation 

. 1 ISr=. 
( 3 ) . l-2siri 8-; 

-3 

-2 
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19. For e < 1 the curve is an ellipse. It is nearly circular when e is close to 0. As e 

increases, the graph is stretched out to the right, and grows larger (that is, its 

right-hand focus moves to the right while its left-hand focus remains at the 

origin.) Ate = 1, the curve becomes a parabola with focus at the origin. 

21. IP Fl = e \Pll => r = e[d- rcos(7r- 0)] = e(d + rcosO) => 

r{1- ecosO) = ed ed 
=> r= 1- ecosO 

23. IPFI = e IPll => r = e[d-:- rsin(O- 7r)] = e(d + rsinO) => 

r{1- esinO) = ed ed 
=> r= 1- esinO 

25. We ¥e given e = 0.093 and a= 2.28 x 108. By (7), we have 

x=-d 

a(l- e2) 2.28 x 108[1- (0.093?] 2.26 x 108 
r = 1 + e cos 0 = 1 + 0.093 cos 0 � 

1 + 0.093 cos() 

X 

y 

y=-d 

27. Here 2a =length of major axis= 36.18 AU => a= 18.09 AU and e = 0.97. By (7), the equation of the orbit is 

18.09[1 - {0.97)2] 1.01 B. (B) th . d
. fr th th · r = 1 + 0_97 cos 0 

� 1 + 0.97 cos 0 · Y , e max�mwn 1stance om e comet to e sun IS 

18.09{1 + 0.97) � 35.64 AU or about 3.314 billion miles. 

29. The minimum distance is at perihelion, where 4.6 x 107 = r = a(1 -e) = a{1- 0.206) = a(O. 794) => 

a= 4.6 x 107/0.794. So the maximum distan<;e, which is at aphelion, is 

r = a{1 +e)= (4.6 x 107/0.794){1.206) � 7.0 x 107 krn. 

31. From Exercise 29, we have e = 0.206 and a{1- e)= 4.6 x 107 krn. Thus, a= 4.6 x 107/0.794. From (7), we can write the 

. 
fM ' b' . 1 - � 

S · equation o ercury s or It as r = a 11 • o smce 1 + ecosu 
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the length of the orbit is 

L = 12" )r2 +(dr jd())2 dB = a(l - e?) 12" v'\7 �2e :��)�s () dB ;::J 3.6 X 108 km 

This seems reasonable, since �ercury's orbit is nearly circular, and the circumference of a circle of radius a 

is 27ra ;::J 3.6 x 108 km. 

10 Review 
CONCEPT CHECK 

1. (a) A parametric curve is a set of points of the form (x, y) = (J(t),g(t)), where f and g are continuous functions of a 

variable t. 
(b) Sketching a parametric curve, like sketching the graph of a function, is difficult to do in general. We can plot points on the 

curve by finding f(t) and g(t) for various values oft, either by hand or �ith a calculator or computer. Sometimes, when 

f and g are given by formulas, we can eliminate t from the equations x = f(t) andy= g(t) to get a Cartesian equation 

relating x andy. It may be easier to graph that equation than to work with the original formulas for x andy in terms oft. 

2. (a) You c� find :; as a function oft by calculating :; = :;�:! [if dxjdt f. 0]. 

(b) Calculate the area as I: y dx = I: g(t) f' (t)dt [or I; g(t) f' (t)dt if the lefullost point is (!(.B), g(.B)) rather 

than (!(a), g(a))]. 

3. (a) L =I: J(dxjdt)2 + (dyjdt)2 dt =I: v[f'(t)j2 + [g'(t)j2 dt 

(b) s =I: 21ry.J(dxfdt)2 + (dyfdt)2 dt =I: 21fg(t)J[f'(t)J2 + [9'(t)]2dt 

4. (a) See Figure 5 in Section 10.3. 

(b) X= rcos(), y = rsin() 

(c) To find a polar representation ( r, ()) with r 2:: 0 and 0 :::; 0 < 21f, first calculate r = J x2 + y2. Then 0 is specified by 

cosO= xjr and sinO= yjr. 

d . dy 3:..(y) j;_(�sin()) (�)sin()+rcos() . 5. (a) Calculate Jc = � = � = dJ = 
(dr) 

. 
. 

, where r = j(()). 

dB d() (x) dO (rcos()) dB cosO- rsm() 

(b) Calculate A =I: tr2 dB= I: t[f(eW dB 

(c) L =I: ..j(dxjd())2 + (dyjd())2 dO= I: Jr2 + (drjdfJ)2 dB= I: J[j(())]2 + [!'(())]2 d() 

6. (a) A parabola is a set of points in a plane whose distances from a fixed point F (the focus) and a fixed line l (the directrix) 

are equal. 

(b) x2 = 4py; y2 = 4px 
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7. (a) An ellipse is a set of points in a plane the sum of whose distances from two fixed points (the foci) is a constant. 

x2 y2 
(b) 2 + -2--2 

= 1. a a - c 

8. (a) A hyperbola is a set of points in a plane the difference of whose distances from two fixed points (the foci) is a constant. 

This difference should be interpreted as the larger distance minus the smaller distance. 

. 
Jc2- a2 (c) y = ± x 

a 

9. (a) If a conic section has focus F and corresponding directrix l, then the eccentricity e is the fixed ratio jPFj / jPll for points 

P of the conic section. 

(b) e < 1 for an ellipse; e > 1 for a hyperbola; e = 1 for a parabola. 

- ed ed ed ed 
(c) x = d: r = . x = - d: r = . y = d: r = y- d· r - -:----:---::: 

l+ecos8 1-ecos8 1+esin8· -- · -1-esin8" 

1. False. 

3. False. 

5. True. 

7. False. 

9. True. 

TRUE-FALSE QUIZ 

Consider the curve defined by x = f(t) = (t- 1? andy= g(t) = (t- 1)2• Then g'(t) = 2(t- 1), so g'(l) = 0, 

but its graph has a vertical tangent when t = 1. Note: The statement is true if!' (1) =I= 0 when g' (1) = 0. 

For example, if f(t) =cost and g(t) =sin t for 0 ::; t ::; 47r, then the curve is a circle of radius I, hence its length 

is 21r, but J;1r J[f'(t))2 + [g'(t))2 dt = J041r .j(- sin t)2 +(cos t)2 dt = J041r 1 dt = 47r, since as t increases 

from 0 to 47r, the circle is traversed twice. 

The curve r = 1- sin 28 is unchanged if we rotate it through 180° about 0 because 

1- sin 2(8 + 1r) = 1- sin(28 + 27r)· = 1- sin 28. So it's unchanged if we replacer by -r. (See the discussion 

after Example 8 in Section I 0.3.) In other words, it's the same curve as r = -(1 - sin 28) = sin 28 - 1. 

The first pair of equations gives the portion of the parabola y = x2 with x ;:=:: 0, whereas the second pair of equations 

traces out the whole parabola y = x2• 

By rotating and translating the parabola, we can assume it has an equation of the form y = cx2, where c > 0. 

The tangent at the point (a,ca2) is the liney- ca2 = 2ca(x- a); 'i.e., y = 2cax- ca2. This tangent meets 

the parabola at the points ( x, cx2) where cx2 = 2cax .,.. ca2. This equation is equivalent to x2 = 2ax - a2 

[since c > 0]. But x� = 2ax- a2 ¢? x2 - 2ax + a2 = 0 ¢? (x- a)2 = 0 ¢? x =a ¢? 

( x, cx2) = (a, ca2). This shows that each tangent meets the·parabola at exactly one point. 
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EXERCISES 

1. X = t2 + 4t, y = 2- t, -4 �. t � 1. t = 2- y, SO 

X,= (2- y)2 + 4(2- y) = 4- 4y + y2 + 8- 4y = y2- 8y + 12 ¢} 

X + 4 = y2 - 8y + 16 = (y - 4)2• This is part of a parabola with vertex 

( -4, 4), opening to the right. 

3. y = sec(} = �(} = .!. . Since 0 � (} � 1F /2, 0 < x � 1 and y :?: 1. 
COS X 

This is part of the hyperbola y = 1/x. 

5. Three different sets of parainetric equations for the curve y = Vx are 

(i) X = t, y = Vt 
(ii) X = t\ y = t2 

(iii) x = tan2 t, y = tant, 0 � t < 1rj2 
There are many other sets of equations that also give this curve. 

CHAPTER 10 REVIEW 0 461 

y 

y 

0 

7. (a) The Cartesian coordinates are x = 4 cos 2; = � (-�) = -2 and 

y = 4 sin 2; = 4 ( 4) = 2 v3, that is, the polnt (-2, 2 v3). 

(b) Given x = -3 andy= 3, we haver= y'( -3)2 + 32 =JiB= 3 J2. Also, tan(}= Y.. ==> tan(}= !3, and since , X 

( -3, 3) is in the second quadrant, (J = 3; . Thus, one set of polar coordinates for ( -3, 3) is (3 J2, 3; ) , and two others are 

(3v'2, 1�") and (-3J2, 7;). 

9. r = 1 - cos e. This cardioid is 

symmetric about the polar axis; 

r 

(2,11') 
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11. r = cos 38. This is a 

three-leaved rose. The curve is 

traced twice. 

13. r = 1 +cos 28. The curve is 

symmetric about the pole and 

both the horizontal and vertical 

axes. 

r 

2 

7T 
2 

37T 
2 1T 

21T (J 

3 15. r = 1 2 . 
(} 

=> e = 2 > 1, so the conic is a hyperbola. de = 3 :;. 
+ sm 

d.= ! and the form "+ 2 sin (}",imply that the directrix is above the focus at · 

the origin and has .tzquation y = !-The vertices are (1, t) and ( -3, 3;). 

(2,1T) 

2 
17.x+ y=2 ¢} rcosB+rsin8=2 ¢} r(cosB+sinB)=2 ¢} r= ----­cos (} + sin (} 

19. r =(sin B)/B. As(}-> ±oo, r-> 0. 

As (} -> 0, r -> 1. In the first figure, 

there are an infinite number of 

x-intercepts at x = 1rn, n a nonzero 

integer. These correspond to pole 

points in the second figure. 
-0.25 

2 dy dx 1 dy dy / dt 2t 2 
21. x =In t, y = 1 + t ; t = 1. 

dt 
= 2t and dt 

= t' so 
dx 

= 
dxjdt 

= 
1/t 

= 2t . 

When t = 1, ( x, y) = (0, 2) and dy/dx = 2. 

23. r = e-9 => y = rsinB = e-9 sin8 and x = rcosB = e-9 cos(} => 

dy dy/d8 "*sinB+rcosB -e-9sin8+ e-9cosB -e9 s,inB-cosB 
dx 

= 
dx/d8 

= 
��cos8-rsin8 

= 
-e-9cosB- e-9sinB · -e9 

= 
cosB+sin(J" 

. dy 0-:- ( -1) 1 
When e = 1!",- = =- = -1. 

dx -1+0 -1 

(2,0) 

-1 

-0.75 
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25. x = t + sin t, y = t -cost � 
dy dyfdt 1 +sin t 

dx = dx/dt = 1 +cost 

(1 +cost) cost- (1 + sint)(-sint) 
(1 +cos t)2 

1 +cost 
cost + cos2 t + s1n t + sin2 t 

(1 +cost)3 

27. We graph the curve X= t3 - 3t, y = e + t + 1 for -2.2 ::; t::; 1.2. 

By zooming in or using a cursor, we find that the lowest point is about 

(1.4, 0. 75). To find the exact values, we find the t-value at which 

dy/dt=2t+ 1=0 ¢? t = -� ¢? (x,y)=(181,!). 

29. x = 2acost- acos2t � �� = -2asint + 2asin2t = 2asint(2cost - 1) = 0 ¢? 

sin t = 0 or cos t = � � t = 0, i, 1r, or 5; . 

l+cost+sint 
(1 + cost)3 

y = 2a sin t- a sin 2t � �� = 2a cost- 2a cos 2t = 2a (l +cost..:... 2 cos2 t) = 2a (l -cos t)(l + 2 cost) = 0 � 

t = 0, 23" , or 4; • 

Thus the graph has vertical tangents where t = i, 1r and 5;, ·and horizontal tangents where t = 2; and �. To determine 

what the slope is where t = 0, we use I 'Hospital's Rule to evaluate l i m d
dy /

/d
dt 

= 0, so there is a horizontal tangent there. . t�o x t . 

t X y y 

0 a 0 
11" �a .fla 3 2 

211" -�a �a 3 2 
(-3a,O) (a,O) 

X 

1t" -3a 0 
411' - �a -�a 3 2 
011" �a _.fla 3 2 

31. The curve r2 = 9 cos 50 has 10 "petals." For instance, for --fo ::; 0 ::; -fo, there are two petals, one with r > 0 and one 

with r < 0. 

A = 10 J::���o �r2 dO = 5 J::���o 9 cos 50 d(J = 5 · 9 · 2 f
0
"110 cos 58 d(J = 18 [sin 58]�110 = 18 

' 

33. The curves intersect when 4 cos 8 = 2. �. cos 8 = � � 8 = ± f 

for -11" ::; 8 ::; 1r. The points of intersection are ( 2, f) and ( 2, -f). 
r=4cos8 
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35. The curves intersect where 2 sin (} = sin (} + cos (} =} 

· sin(} = cos 0 =} (} = 'i, and also at the origin (at which (} = 3; 
on the second curve). 

A= I0"'14 H2 sin9? d(} + I:;t �(sinO +cosO? dO 
= I0"'14 (1 -cos 20) d9 + t I:;f4 (1 +sin 29) dO 

= [9- � sin29]�14 +a(}-:! cos2o]���4 .= H1r - 1) 

37. x = 3e, Y = 2t3. 

L =I: J(dx/dt)Z + (dy/dt)2 dt =I: J(6t)2 + _(6t2)2 dt =I: v'36t2 + 36t4 dt =I: y'36t2 v'f+t'2 dt 

. =I: 6iti v'f+t'2 dt = 6 I: t.;ff+t2 dt = 6 I15 u112(�du) 

= 6 · � · j [u312J : = 2(53/2 - 1) = 2(5v'5-1) 

( u = 1 + t2, du = 2t dt] 

39. L = J:"' Jr2 + (dr/d9)2 dO� I:"' V(1/0)2 + ( -1/92)2 d(} = [2"' 7 d(} 

� [-#+1 + m(9 + .,;02 + 1 )] 211: = � _ \1'411'2 + 1 + 1n( 21r + \1'411'2 + 1 ) 
(} . . 11' 211' 11' + v' 11'2 + 1 7r 

s = I14 21ryj(dx/dt)2 + (dyfdt)2 dt = J14 21r(tt3 + �c2) V(2/Vt)2 + (t2- t-3 )2 dt 

= 21r f4 (lt3 + lc2) - l(t2 + t-3)2 dt = 21r f4 (lt5 + � + lc5) dt - 21r [..!..t6 + �t � lc4] 4 - 471·2951r 1 3 2 v 1 3 6 2 - 18 6 8 1 - 1 024 

43. For all c except -1, the curve is asymptotic to the line x = 1. For 

c < -1, the curve bulges to the right near y = 0. As c increases, the 

bulge becomes smaller! until at c = -1 the curve is the straight line x = 1. 
As c continues to increase, the curve bulges to the left,· until at c = 0 there 

is a cusp at the origin. For c > 0, there is a loop to the left of the origin, 

whose size and roundness increase as c increases. Not,e that the x-intercept 

of the curve is always -c. -3 
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2 2 45. �· + Y
8 = 1 is an ellipse with center (0, 0). 

a = 3, b = 2 v'2, c = 1 => 

47. 6y2 +X- 36y +55= 0 ¢> 

6(y2- 6y + 9) = -(x + 
1) <=> 

foci (±1,0), vertices (±3,0). 

y 
2../2 

(y-3)2 = -i(x + 1), a parabola with vertex ( -1, 3), 

opening to the left, p = --f4 => focus (-�, 3) and 

directrix � = - �! . 

y 

-3 
(-1, 3) 

0 X 

49. The ellipse with foci (±4, 0) and vertices (±5, 0) has center (0, 0) and a horizontal major axis, with a= 5 and c= 4, 

x2 y2 
so b2 = a2-c2 =52- 42 = 9. An equation is 25 + 9 = 1. 

2 2 
51. The center of a hyperbola with foci (0, ±4) is (0, 0), soc= 4 and an equation is �

2 
- �

2 
= 1. 

a 3 
The asymptote y = 3x has slope 3, sob = l => a= 3b and a2 + b2 = c2 => (3b? +- b2 = 42 => 

y2 x2 . 5y2 5x2 10b2 = 16 => b2 =�and so a2 = 16-� = Jt. Thus, an equation is 7215 -B/S = 1, or 
72- 8 

= 1. 

53. x2 = -(y- 100) has its vertex at (0, iOO), so one of the vertices of the ellipse is (0, 100). Another form of the equation of a 

parabola is x2 = 4p(y- 100) so 4p(y-100) = -(y- 100) => 4p = -1 => p = - i · Therefore the shared focus is 

found at ( 0, 3�9) so 2c = 3�9 -0 => c = 3�9 and the center of the ellipse is ( 0, 3�9). So a = 100 - 3�9 = 4�1 and 
. 

4012-3992 , 2 (y-1!!2)2 x2 (y-3�9)2 
b2 = a2 -c2 = 

2 
= 25. So the equation ofthe ellipse is 

x
b2 + 2 8 = 1 => + - 1 8 a 25 ( 4�1) 2 - ' 

x2 (By:- 399? · 
or 25 + 160,801 

= 1. 

55. Directrix x = 4 => 1 ed d = 4, so e = 3 => r = (} l+ecos 
4 

3+cose· 

57. (a) If (a, b) lies on the curve, then there is some parameter value t1 such that 
3h 

3 = a and 
3ti 

3 = b. If h = 0, 1 + t1 1 + t1 

the point is (0, 0), which lies on the line y = x. If t1 i= 0, then the point corresponding to t= ..!:.. is given by 
t1 

3(1/t1) 3ti 3(1/.td 3i! . x = 1 + (l/t1)3 = t� + 1 = b, Y = 1 + (1/h)3 = t� + 1 =a. So (b, a) also hes on the curve. [Another way to see 

h. . d ( ). fi he I . . ed. ]. Th 
· . th , . h 

3t 3t2 t 1s IS to o part e rst; t resu t 1s 1mm 1ate. e curve mtersects e me y = x w en --3 = --3 => 1+t 1+t 
t = t2 => t = 0 or 1, so the points are (0, 0) and(�,�). 
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(b) 
dy = (1 + t3)(6t} - 3t2 (3t2) = Bt- 3t4 = 0 when 6t- 3t4 = 3t(2 - t3) = 0 => t = 0 or t = �.so there are 
dt (1 + t3)2 (1 + t3)2 

horizontal tangents at (0, 0} and ( �. W). Using the symmetry from part (a), we see that there are vertical tangents.at 

(0,0) and (if,!,�). 

(c) Notice that as t--+ -1+, we have x--+ -oo andy--+ oo. As t--+ -1-, we have x--+ oo andy--+ -oo. Also 

3t+3t2+(1+t3) (t+1)3 (t+1)2 . y-(-x-1)=y+x+l= 3 = 1 3 = 2 --+Oast--+-l.Soy=-x-11s a 
. . 1+t . +t . t - t+1 

· slant asymptote. 

(d) dx = (1 + t3)(3)- 3t(3t2) = 3- 6t3 
and from art (b) we have dy = 6t- 3t4 . So dy = dyjdt = t(2 � t3) . 

dt (1 + t3)2 (1 + t3)2 
p dt (1 + t3.)2 dx dxjdt 1- 2t3 

So the curve is concave upward there and has a minimum point at (0, 0) 

and a maximum point at ( �. if,!). Using this together with the 

information from parts (a), (b), and (c), we sketch the curve. 

( 3t ) ( 3t2 ) 27t3 3 3 3xy=3 1+t3 1+t3 = (1+t3)2 ' sox +y =3xy. 

(f) We start with the equation from part (e) and substitute X= r cose, y = rsin e. Then x3 + y3 = 3xy => 

'y=-x-1 

3 3 () 3 . 3 () 2 () • () F --'- 0 th' . 3 cos() sin 8 
D' 'd' d d . r cos + r sm = 3r cos sm . or r r , 1s g1ves r = · 3 () . 3 . lVI mg numerator an enommator cos +sm () · 

3(-. 1 ) sinO 
. cos 0 cos () 3 sec 8 tan 8 by cos30, we obtam r = . 3 1 sm 8 1 + tan3B + cos3 () 

(g) The loop corresponds to() E (0, �),so its area is 
I 

A= -d{}=- de=- d0=-1tr/2 r2 1 17r/2 ( 3sec0tan0)2 9 1tr/2 sec2()tan28 9 100 u2du 
0 2 · 2 0 1 + tan3 0 2 0 {1 + tah3 ())2 2 0 {1 + u3)2 

= lim H-t{1 + u3)-l]ob = � 
b-->oo 

[let u = tan 9] 

(h) By symmetry, the area between the folium and the line y = -x - 1 is equal to the enclosed area in the third quadrant, 

plus twice the enclosed area in the fourth q�adrant. The area in the third quadrant is t. and since y = -x-1 => 

r sin 0 = -r cos 0 - 1 => r = - . 0 
1 

() , the area in the fourth quadrant is - sm +cos 

sec tan c�s. . 1 ·1 3 1 !- 1f/ 4 [( 1 )2 (3 0 ())2] 1 
2. _"12 

-sinO+ cos () - 1 + tan3 () d8 - 2 . . Therefore, the total area 1s 2 + 2(2) = 2. 
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lt cosu lt sinu dx cost dy sint . . 
1. x = -- du, y = -- du, so by FTCl, we have -d = -- and -d = --. Vertical tangent lines occur when . 1u 1u t t t t ,  · 

�� = 0 ¢? cost= 0. The paran1eter value corresponding to (x, y) = (0, 0) is t = 1, so the nearest vertical tangent 

occurs when t = � . . Therefore, the arc length between these points is 

11f/2 
L= 1 - + - dt= (dx)2 (dy)2 17f/2 

dt dt 1 

� + sm t dt = - = (In tr 12 = In.!!: 
2 t . 2 [/2 dt 

t2 t2 . 1 t 1 2 

3. 1n terms ofx andy, we have x = rcos8 = (1 + csin8) cos8 = cos8 + csin 8cos 8 =cosO+ �csin28 and 

y = rsinB = (1 + csin8) sin8 = sin8 + csin2 8. Now -1 :S sin8 :S 1 ::? -1 :S sin8 + csin2 8 :S 1 + c :S 2, so 

- 1 :S y :S 2. Furthermore, y = 2 when c = 1 �d (} = �, while y � -1 for c = 0 and (} = 3:{. Therefore, we need a viewing 

rectangle with -1 :S y :S 2. 

To find the x-values, look at the equation x =cos 8 + tcsin 20 and use the fact that sin 28 2: 0 for 0 :S () :S � and 

sin 28 :S 0 for -� :S 8 :S 0. [Because r = 1 + c sin 8 is symmetric about the y-axis, we only need to consider 

-� :S (} :S i.] So for -� :S 0 :S 0, x has a maximum value when c = 0 and then x. = cos 8 has a maximum value 

of 1 at 8 = 0. Tqus, the maximum value of x must occur on [ 0, �] with c = 1. Then :x; = cos(} + � sin 28 ::? 

�: =--sinO+ cos28 =- sinO+ 1- 2sin2 0 ::? �: = --'( 2sin8 -1)(sin8 + 1) = 0 when sinO= -1 or� 

[but sinO# -1 for 0 :S 0 :S iJ. IfsinB =�.then 0 ={}and 

x = cos {} + t sin f =:= � v'3. Thus, the maximum value of x is � v'3, and, 

by symmetry, the minimum value is -� v'3. Therefore, the smallest 

viewing rectangle that contains every member of the fan1ily of polar curves 

r = 1 + csin8, where 0 :S c :S 1, is [-�J3, �J3] x [-1, 2]. 

2.1 c=l 

-l.l 

2 2 
5. Without loss of generality, assume the hyperbola has equation :2 - t2 = 1. Use implicit differentiation to get 

I c=-3 

2� - 2Y
b
:' = 0, so y' = ·. 

b
: x 

. T he tangent line at the point ( c, d) on the hyperbola has equation y - d = 
b: cd ( x - c). a a y a 

The tangent line intersects the asymptote y = !!.x when !!.x- d = b2
2
c (x-c) ::? ab dx- a2 d 2 = b2cx- b2c 2 ::? 

a a a d  
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S . . 1 1 th 1. . 
b ( be-ad ad- be) Th 'd . f h . . . . Imi ar y, e tangent me mtersects y = -� x at --b-, --a- . e m1 pomt o t ese mtersectwn pomts IS 

· ( l ( ad+be be-ad) l ( ad+be ad-be)) (12be 12ad) (d) 
th . f - --- + --- - --- + --- = -- -- = e epomt o tangency 2 b b '2 a a 2 b '2 a ' ' · · 

Note: If y = 0, then at (±a, 0), the tangent line is x '= ±a, and the points of intersection are clearly equidistant from the point 

of tangency. 
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11 D INFINITE SEQUENCES AND ·SERIES 

11.1 Sequences 

1. (a) A sequence is an ordered list of numbers. It can also be defined aS a function whose domain is the set of positive integers. 

(b) The terms an approach 8 as n becomes large. In fact, we can make an as close to 8 as we like by taking n sufficiently 

large. 

(c) The terms an become large as n becomes large. In fact , we can make an as large as we like by taking n sufficiently large . 

2n . { 2 4 6 8 · 10 } { 4 3 8 5 } 
3.an=n2+1.

'so the sequencets 1+1 '4+1'9+1'16+1'25+1'··· = 1,5'5'17'13'··· . 

l . { 1 1 1 1 1 } { 1 1  1 1 1 } 
7. an = (n + 1)!, SO the Sequence IS 2f' 3f' 4f' 5f' 6f' · · · = 2' 6' 24' 120' 720' · · · · 

9. a1 = 1, an+I = 5an - 3. Each term is defined in terms of the preceding term. a2 = 5at - 3 = 5(1) - 3 = 2. 

a3 = 5a2 - 3 = 5(2) - 3 = 7. a4 = 5a3 - 3 = 5(7) - 3 = 32. as � 5a4 - 3 = 5(32) - 3 = 157. 

The sequence is {1, 2, 7, 32, 157, . . . }. 

an 11. a1 = 2, an+l = --. 1 +an 
a1 2 2 a2=-- = -- =-. 1 + a1 1 + 2 . 3 

a2 2/3 2 aa 2/5 2 aa = 1+a2 
= 1+2/3 = 5· a4 = 1+aa = 1+2/5 = 7· 

a4 2/7 2 Th . {2 2 2 2 2 } as = 1 + a4 = 1 + 217 .
= g· e sequence 1s , 3, 5, 1, 9, .... . 

The denominator of the nth term is the. nth positive odd integer, so an � --1-. 2n-1 

15. { -3, 2, -1, �, -�, . . . }. The first term is -3 and each term is-� times the preceding one, so an = -3( -�)"-1. 

17. { !, -1, �, -Jf, lj,: . . }. The numerator of the nth term is n2 and its denominator is n + 1. Including the alternating signs, 

n2 
we get an= (-1t+1--1. · n+ 
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19. 3n n an=1+6n 0.5 • • • • • • • • • 
1 0.4286 
2 0.4615 
3 0.4737 
4 0.4800 
5 0.4839 
6 0.4865 
7 0.4884 
8 .0.4898 
9 0.4909 

10 0.4918 

21. ( 1 r n an= 1 + - 2 

1 0.5000 
2 1.2500 
3 0.8750 
4 1.0625 
5 0.9688 
6 1.0156 
7 0.9922 
8 1.0039 
9 0.9980 

10 1.0010 

0.4 

0 5 10 n 

It appears that lim an = 0.5. n--+oo 
l. 3ri 1. (3n)/n . 1. 3 3 1 

1ID---= 1ID = liD = n�oo 1 + 6n n--+oo (1 + 6n)/n n--+oo 1/n + 6 6 2 

. . . . . . . 

0 10 n 

It appears that lim an = 1. n--+oo 
lim (1 + (-�n = lim 1 + lim (-�r = 1 +0 = 1 since n--+<Xl n--+oo n...--.oo 
Iim ( -�r = o by (9). n�oo 

23. an= 1- (0.2)n, so 
lim an= 1-0 = 1 by (9). Converges n--+oo 

3+5n2 (3+5n2)/n2 5+3/n2 5+0 · 
25. an= n + n2 = (n + n2)/n2 = 1 + 1/n , so an --+ 1 + 0 = 5 as n--+ oo. Converges 

27. Because the natural exponential function is continuous at 0, Theorem 7 enables us to write 

lim an = lim e1/n = elimn-=(1/n) = e0 = 1. Conyerges n-oo n-oo 
29 Ifb 

2mr h 1. b 1. (2mr)/n 1. 271' 271' 71' 8. . . . 
"' b . n = -1 8 .,t en liD n = liD (1 8 )/ = liD 1/ 8 = -8 = -4 . mcetanJs contmuous at4, y + n n--+oo n--+oo + n n n--+oo n + 

Theorem 7, lim tan( 2n7l' )
. 

=tan ( lim 
2n7!'8 ) =tan �4 = 1. Converges 

• n--+oo 1 + 8n n--+oo 1 + n 
_ n2 _ n� /N _ Vn 31. an - - - , so an --+ oo as n--+ oo since lim .Jri = oo and v'n3 + 4n vn3 + 4n/N y'1 + 4fn2 n--+oo 

lim y'1 + 4jn2 = 1. Diverges n--+oo 

33. lim !an!= lim I ( -�
n 

I= -2
1 

lim 1112 = -2
1 (0) = 0, so lim an= 0 by (6) .. Converges n--+oo n--+oo 2v n n--+oo n n--+oo ' 

' . 
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35. an = cos ( nl2). This sequence diverges since the terms don't approach any particular real number as n ---> oo. 

The terms take· on values between -1 and 1. 

1 (2n-1)! (2n- 1)! 37' 
an= (2n + 1)! 

= 
(2ri + 1)(2n)(2n- 1)! (2n + 1)(2n) 

---> 0 as n---> oo. Converges 

1 + e-2
n 

---'-- ---> 0 as n---> oo because 1 + e-2n ---> 1 and en 
-e-

n ---> oo. Converges 
en- e-

n . 

2 2 2 2 
41. an = n2e-

n 
= !!:..... Since lim � � lim _E � lim - = 0, it follows from Theorem 3 that lim .an = 0. Converges 

fn x-00 eX X-+00 eX X_.....OO eX n-tOO 

[since 0::; cos2 n::; 1), so since lim 
2
1 

= 0, { co
2

s2 n } converges to 0 by the Squeeze Theorem. 
n-oo n n 

. ( I ) 
sin(1ln) s· 1. sin(1lx) 1. sint [ h 11 ] 1 . ., II fr Th 3 45. an = n sm 1 n = I . mce tm = tm -- w ere·t = x = , tt 10 ows om eorem 

1 n x-= 1lx t-o+ t 

that {an} converges to 1. 

47. 
y = ( 1 

+ � r '* ln y = x In ( 1 + �). so 

lim lny = lim 
ln(1 + 21x) � lim (�) ( -�) 

X--HX> x-oo 1/X X-tOO -l/;c2 
= lim --

2
- = 2 '* 

x-oo 1 + 2lx 

lim 1 + - = lim e
1n Y = e2, so by Theorem 3, lim 1 + - = e2 • Converges ( 2)x ( 2)

n 

X-+00 X . x-oo n---tooo n 

. (2n2+1) (2+1fn2) 
49. an = ln(2n2 + 1) -ln(n2 + 1) =In 

n2 +: 1 
=In 

1 + 1ln2 
---> In 2 as n---> oo. Converges 

51. an= arctan(lnn). Let f(x) = arctan(lnx). Then lim f(x) =�since lnx---> oo as x---> oo and arctan is continuous. 
x-oo 

Thus, lim an = lim f ( n) = �. Converges 
n---+oo n-oo 

53. { 0, 1, 0, 0, 1, 0, 0, 0, 1, ... } diverges since the sequence takes on only two values, 0 and 1, and never stays arbitrarily close to 

either one (or any other value) for n sufficiently large. 

n !  1 2 3 (n- 1) n 1 n n 55. an= 2
n 

= 2 · 2 · 2 · · · · · --2- · 2 2: 2 · 2 [for n > 1) = 4---> oo as n---> oo, so {an} diverges. 

57. 2�----�-------� From the graph, it appears that the sequence converges to 1 .  

{ ( -2le)n} converges to 0 by (7), and hence {1 + ( -21e)n} 

converges to 1 + 0 = 1 .  ........ 

0 '----��-�--�---..., 21 
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59. 

... 

0 '---�--�--�---,_, 21 

61. 2,_------------� 

.. 

-2 

63. 

0'-----��-----------'10 

From the graph, it appears that the sequence converges to �. 

As n-+ oo, 

3/n2 + 2 
8+ 1/n {0+2 = !I= � 

V·B+o V4 2' 

so lim an = -�. n-oo 

From the graph, it appears that the sequence {an} = { �2 :o�: } 
is 

divergent, since it oscillates between 1 and -1 (approximately). To 
. 

n2 
prove this, suppose that {an} converges to L. If bn = 1 + n2, then 

{} . an L an bn converges to 1, and hm -b = - = L. But -b = cos n, so n-oo n 1 n 
lim a

b
n does not exist. This contradiction shows that {an} diverges. n----+CX> n 

From the graph, it appears that the sequence approaches 0. 
1 · 3 · 5 . . . . · (2n-1) 1 3 5 2n-1 O<an= n =-·-·- . . . . ·---(2n) 2n 2n 2n 2n 
1 1 

� 2n · (1) · (1) · . .  · · (1) = 2n -+ 0 as n-+ oo 

{ 1·3· 5· .. ·· (2n-1) } 
So by the Squee�e Theorem, (2n)n converges to 0. 

65. (a) an = 1000(1.06}" � a1 = 1060, a2 = 1123.60, a3 = 1191.02, a4 = 1262.48, and as = 1338.23. 

(b) lim an= 1000 lim (1.06)", so the sequence diverges by (9) with r = 1.06 > 1. n-ex> n-oo 

67. (a) We are given that the initial population is 5000, so Po = 5000. The number of catfish increases by 8% per month and is 

decreased by 300 per month, so P1 == Po + 8%Po - 300, = 1.08Po.- 300, P2 = 1.08Pt -300, and so on. Thus, 

Pn = 1.08Pn-l - 300. 

(b) Using the recursive formula with Po = 5000, �e get H = 5100, P2 = 5208, P3 = 5325 (rounding any portion of a 

catfish), P4 = 5451, Ps = 5587, and Ps = 5734, which is the number of catfish in the pond after six monthS. 

69. If JrJ � 1, then {rn} diverges by (9), so { nr"} diverges also, since Jnrn J == n JrnJ � Jr"J. If JrJ < 1 then 

li x i" X H I' l l' r" 0 l' n 0 d h { n} 
x-� xr = x� r-x = x2.� ( _ In r) r-x. = x2.� - In r = , so n�� nr = , an ence nr converges 

whenever JrJ < 1. 
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71. Since {an} is a decreasing sequence, an > an+l for all n 2': 1. Because all of its terms lie between 5 and 8, {a,} is a 

bounded sequence. By the Monotonic Sequence Theorem, {an} is convergent; that is, {an} has a limit L. L must be less than 

8 since {an} is decreasing, so 5 :S L < 8. 

7 1 'd . . 1 1 1 c: h 1Th . 3. an = 2n 
+ 3 IS ecreasmg smce an+l = 2(n 

+ 1) + 3 = 27i + 
5 

< 2n 
+ 3 =an tOr eac n 2': • e sequencers 

bounded since 0 <a, :S i for all n 2': 1. Note that a1 = k· 

75. The terms of an = n( - 1)n alternate in sign, so the sequence is not monotonic. The first five terms are -1, 2, -3, 4, and -5. 

Since lim !an I = lim n = oo, the sequence is not bounded. n-oo n---+CK:> 

n . . x . (x2 + 1)(1)- x(2x) 1-x2 
77. a,= -2-- defines a decreasmg sequence smce for f(x) = -2--1 , f'(x) = ( 2 )2 = 

( 2 )2 :S 0 .n +1 . · x + x +1 x +1 

for x 2': 1. The sequence is bounded since 0 < an :S � for all n 2': 1. 

lim an = lim 2l-(l/2n) = 21 = 2. 
n--oo 1J.----t-<X> 

Alternate solution: Let L = lim a,. (We could show the limit exists by showing that {an} is bounded and increasing.) n-+oo 

Then L must satisfy L = y'?::L ==> L2 = 2£ ==> L(L- 2) = 0. L I= 0 since the seq�ence increas�s, soL= 2. 

. 1 
81. a1 = 1, an+l = 3- -. We show by induction that {an} is increasing and bounded above by 3. Let Pn beth. e proposition an 

that an+1 >an and 0 <a, < 3. Clearly P1 is true. Assume that P, is true. Then an+1 >a, ==> -1- < _!_ ==> an+l an 
... 

1 1 . 1 1 --- >--.Now an+2 = 3- -- > 3- -= a,+l ¢} Pn+1· This proves that {a,} is increasing and bounded an+1 a, an+1 an 

above by 3, so 1 = a1 < an < 3, that is, {an} is bounded, and hence convergent by the Monotonic Sequence Theorem. 

If L = lim an, then 'lim an+l = L also, soL must satisfy L = 3- 1/ L ==> £2- 3£ + 1 = 0 '* L = 3 ±2:/5. n--+oo n-+oo 

But£> 1,so£ = ¥. 

83. (a) Let an be the number of rabbit pairs in the nth month. Clearly a1 = 1 = a2• In the nth month, each pair that is 

2 or more months old (that is, an-2 pairs) will produce a new pair to add to the an-1 pairs already present. Thus, · 

an= an-1 + an-2, so that {an}= {/n}, the Fibonacci sequence. 

(b) an = fn+1 * an-1 = -..1!:_ = /n-1 + fn-2 = 1 + fn-2 = 1 + 1 = 1 + _1_. If L = lim a,, 
fn fn-1 fn-1 fn-1 /n-1 / fn-2 an-2 n-->oo 

then L = lim an-1 and L = lim an-2, soL must satisfy L = 1 +..!. ==> L2 -L- 1 = 0 '* L- � n-oo n-+oo L - 2 

[since L must be positive]. 
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85. (a) 

(b) 

so 

0
'-�----------�----�---J 10 

y=O.l 

7.5 -�-�--'--'''---------- 12.5 
0 

From the graph, it appears that the sequence { :� } 
5 

converges to 0, that is, lim �, = 0. 
n�oo n. 

·o.

03-;;-----------------., 

y = 0.001 
9.5 lo::::====:�=:======'::::l 15.5 

0 

From the first graph, it seems that the smallest possible value of N corresponding to e = 0.1 is 9, since'n5/n! < 0.1 

whenever n � 10, but 95(9! > 0.1. From the second graph, it seems that fore = 0.001, the smallest possible value for N 

is 11 since n5fn! < 0.001 whenever n � 12. 

87. Theorem 6: If lim I an I = 0 then lim - I an I = 0, ,and since - !an I ::; an ::; I an j, we have that lim an = 0 by the 
n-+oo n-+oo n-+oo 

Squeeze Theorem. 

89. To Prove: If lim an = 0 and {bn} is bounded, then lim (anbn) = 0. 
n-:-CXJ . n-+oo 

Proof: Since {bn} is bounded, there is a positive number M such that Ibn I :S M and hence, lanl lbnl :S jan! M for 

all n � 1. Let e > 0 be given. Since lim an = 0, there is an integer N such that ian - Oj. < 
M

e if n > N. Then 
n-oo 

lim (anbn) = 0. 
n-oo 

91. (a) First we show that a > a1 > bt :> b. 

. 
2 

a1- b1 = aib._ v'ab = t ( a- 2v'ab +b) = � (va- Jb) > 0 [since a> b] ==> a1 > bt. Also 

a-al =a-: Ha+b) =�(a-b)> Oandb-bl = b- v'ab = Jb( Vb- va) < O, so q >al > bl >b. In the same 

way we can show that a1 > a2 > b2 > b1 and so the given assertion is true for n = 1. Suppose it is true for n = k, that is, 

ak > ak+l > bk+l > bk. Then 
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so the assertion is true for n = k + 1. Thus, it is true for all n by mathematical induction. 

(b)From part (a) we have a> an > an+ I > bn+l > bn > b, which shows that both sequences, {an} and {bn}, are 

monotonic and bounded. So they are both convergent by the Monotonic Sequence Theorem. 

(c) Let lim an = a and lim bn = {3. Then lim an+t = lim an ; bn 
n-+oo n-oo n-+oo n--+ex> 

2a = a+ (3 => a = {3. 

b lim Pn 
93. (a) Suppose {pn} converges top. Then Pn+l = � 

· a+pn 
I. n�oo Im Pn+I = li n-oo a+ m Pn 

Up p= a+p n-oo 

p2 + ap = l:p => p(p + a - b) = 0 => p = 0 or p = b - a. 

(b) Pn+l = � = fi); < (!!.)Pn since 1 + Pn > 1. a+pn 1+..2!. a a 
a 

(c) By part(b),p1 < (�)JJo.P2 < {�)P\ < (�Y po,p3 < (�)P2 < (�Y po, etc. In general, � < (�r po, 

so lim Pn:::; lim (!!.)n
: Po� Osinceb <a. [sy(7), lim rn = Oif,-1 < r < 1. Herer = !!_ E (0, 1).] .. n-oo n-+oo a n-+ex> a 

(d) Let a < b. We first show, by induction, that if Po < b -a, then Pn < b - a and Pn+ 1 > Pn. 

Forn = 0, we havep1- Po=�- Po= po(b 
-

a-Po) > Osincepo < b- a. Sop1 > po. a+po a +po. 
Now we suppose the assert.ion is true for n = k, that is, Pk < b- a and Pk+I > Pk· Then 

Upk a(b-a)+ Upk- apk -l:pk a(b- a- Pk) . 
. 

b -a -Pi<+ I = b- a - -- = = . > 0 because Pk < b-a. So a + Pk a + Pk a + Pk 
· l:pk+l Pk+i(b-a-Pk+t) . Pk+l < b- a. And Pk+2 - Pk+l = -Pk+I = > 0 smce Pk+l < b -a. Therefore, 

, a+Pk+l · a+Pk+l . 
Pk+2 > Pk+l· Thus, the assertion is true for n = k + 1. It is therefore true for all n by mathematical induction. 

A similar proof by induction shows that if Po > b - a, then Pn > b -a and {Pn} is decreasing. 

In either case the sequence {Pn} is bounded and monotonic, so it is convergent by the Monotonic Sequence Theorem. 

It then follows from part (a) that lim Pn = b- a. n-oo 

11.2 Series 

1. (a) A sequence is an ordered list of numbers whereas a series is the sum of a list of numbers. 

(b) A series is convergent if the sequence of partial sums is a convergent sequence. A series is divergent if it is not convergent. 
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3. f: an = lim Sn = lim [2- 3(0.8)n] = lim 2- 3 lim (0.8)n = 2- 3(0) = 2 
n=l n-oo

_ 
n-+oo n---+oo n-oo 

00 1 1 1 1 
5. For I; 3• a .. = 3· s1 = a1 = -

13 = 1, s2 = 81 +a2 = 1 + 23 ==! 1.125, 83 = s2 + a3 Rl1.1620, 
n=! n n 

S4 = S3 + a4 Rl 1.1777, ss = S4 +as Rl 1.1857, 86 = ss + a6 Rl 1.1903, sr = S6 + ar Rl 1.1932, and 

ss = 81 +as Rl 1.1952. It appears that the serie.s is convergent. 

00 n n 1 2 
7. For L ---:r.:;: . an = ---:r.:;: · 8! =a, = ----r,' = 0.5, 82 = 8! + a2 = 0.5 + --r.:; Rl 1.3284, 

n=I 1 + v n 1 + v n 1 + v 1 . 1 + v 2 . 

9. 

11. 

sa = 82 + a3 Rl 2.4265, S4 = sa + a4 Rl 3. 7598, ss = 84 +as Rl 5.3049, S6 = ss + a6 Rl 7.0443, 

s7 = s6 + a7 Rl 8.9644, ss = s1 +as Rl 11.0540. It appears that the series is divergent. 

n Sn 

1 -2.40000 

2 -1.92000 

3 -2.01600 

4 -1.99680 

5 -2.00064 

6 -1.99987 

7 -2.00003 

8 -1.99999 

9 -2.00000 

10 -2.00000 

-3 

From the graph and the table, it seems that the series converges to -2. In fact, i{ is a geometric 

: . 
h
. 

2 4 d 
1 . . � 12 -2.4 . -2.4 

senes Wit a = - . an r = -5, so Its sum IS L.. ( 5)n = ( 1) = -- = -2. 
, n=l - 1-

. 
-5 1.2, 

N ote that the dot corresponding ton = 1 is part of both {an} and { sn}. 

Tl-86 Note: To graph {an} and {sn}, set your calculator to Param mode andDrawDot mode. (DrawDot is under 

GRAPH, MORE, FORMT (F3).) Now under E (t) =make the assigT!ffients: xt1=t1 yt1=12/ ( -5) "t1 xt2=t 1 

yt2=sum seq ( yt 1 1 t 1 1 1 t 1 1) . (sum and seq are under LIST, OPS (F5), MORE.) Under WIND use 

1 1 10 1 1, 0, 10, 1, -3, 1, 1 to obtain a 
.
graph similar to the one above. Then use TRACE (F4) to see the values. 

n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Sn 

0.44721 

1.15432 

1.98637 

2.88080 

3.80927 

4.75796 

5.71948 

6.68962 

7.66581 

8.64639 

10/---------------�------� 

0...___ __ ....._ __ _..._ __ __. __ -'-....._ __ _...__, 11 

The series f: � diverges, since its terms do not approach 0. 
n=! n2 +4 
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13. 
n Sn 

1 0.29289 • .  2 0.42265 
3 0.50000 

4 0.55279 
5 0.59 175 
6 0.62204 o '-�------���-�·�·���� n 
7 0.64645 
8 0.66667 
9 0.68377 

10 0.69849 

From the graph and the table, it seems that the series coll\'erges. 

00(1 1 ) ( 1) so I: -- --- -lim 1---- =1 n=l vfn vfn + 1 - k-+oo v'k+T 
· 

15. (a) lim an= lim � = -3
2 , so the sequence {an} is convergent by (11.1.1). n-+oo n-+oo 3n + 1 

00 
(b) Since lim an = � #- 0, the series I: an is divergent by the Test for Divergence. n-oo n=l 

17. 3 -4 + �6 - � 
+ 

· · · is a geometric series with ratio r =-�.Since lrl = � > 1, the series diverges. 

19. 10- 2 + 0.4- 0.08 + · · · is a geometric series with ratio --fo = -i· Since lrl = i < 1, the series converges to 

a 10 10 50 25 
-1---r = 1- (-1/5) = 6/5 = 6 = 3· 

21. f: 6(0.9)n-l is a geometric series with first term a = 6 and ratio r = 0.9. Since lrl = 0.9 < 1, the series converges to n=l 
a 6 6 --=--=-=60. 1 - r 1 - 0.9 0.1 

23 �C-3r-l . 1�( 3)n-1 Thl . . . 'h 1 d . 3s· II a . 
· n�l 4n = 

4 n�l -4 
. e atter senes ts geometnc wtt a= an ratio r .= -4. �nee r = 4 < 1, tt 

converges to 1 _ (� 3/4) = $.Thus, the given series converges to (i) ($) = t. 

oo 1l'n 1 oo (7r)n. . . . . 7r . . , 25. E 3
n
+l = -3 I: -3 ts a geometnc senes wtth ratto r = - . Smce lrl > 1, the senes dtverges. n=O n=O 3 

27 1 1 1 1 1 � 1 1 � 1 Thi . I . I f h d' h . . 
' 3 + 6 + g + 12 + 15 + .

. . = �l 3n = 3 n�l n · . . S IS a COnStant mu tip e 0 t e !Vergent armOntC senes, SO 

it diverges. 

29. f: 3
n - 1

1 diverges by the Test for Divergence since lim an = lim 3n - 1
1 = -3

1 #- 0. 
n=l n - n--+oo n--+ex> n -
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31. Converges. 
oo. 1 + 2n oo ( 1 2n ) oo [ ( 1 ) n ( 2 ) n] I:: --= I:: -+- =2:: - + -

n=l 3n n=l 3n 3n n=l 3 · 3 
I sum of two convergent geometric series) 

-� �-.! 2-� 
- 1 -1/3 

+ 
1 - 2/3 - 2 

+ 
- 2 

33. E · y2 = 2 + v'2 + V2 + � + · · · diverge§ by the Test for Divergence since 
n=l 

lim an = lim -\1'2 = lim 21/.
n = 2° = 1 /= 0. 

n-+oo n--oo n-+oo 

35. f ln ( n
2

2 
+ 1 ) diverges by the Test for Divergence since 

n=l 2 n  + 1 , 

lim an= lim ln(
2

n
2
2
+ 1 ) =In( lim 

2

n
2
2 
+ 1

1
) = ln� I= 0. n->oo n->oo n + 1 n-->00 n + . 

37. E ( If)k is a geometric series witp ratio r = If � 1.047. It diverges because lrl 2: 1. 
k=O 

00 
39. · I:; arctan n diverges by the Test for Divergence since lim an = lim arctan n = % =f. 0. 

n=l n-+oo n-+oo 

41 �. 
1 

� ( 1 )n 
. . . .h fi 

1 
d . 1 

s · I I
. 1 

1 h . . L. - = L. - IS a geometric senes wit rst term a = - an ratio r :::::: -. mce r = - < , t e senes converges 
n=l en n=l e e e e . 

to�/ = 
1/e

/ 
· � = -

1
-. By Example 7, E 

( 

1 

) 
= 1. Thus, by Theorem 8(ii), 

1 - 1 e 1 -1 e e e - 1 n=l n n + 1 

E (..!.:. + 
1 ) = E ..!.:_ + f 1 = _1_ + 1 = _1_ + 

e- 1 
= _

e __ 
n=l en n(n+1) n=len n=ln(n+1) e-1 e-1 e-1 e-1 

43. Using partial fractions, the partial sums of the series
n
�

2 n2 � 
1 

are 

s = I:: = I:: ---
n 2 n ( 1 1 ) n 
i=2 (i-1)(i+l) i=2 i-1 i+1 

= ( 1 - .!) + (.! -.!) + (.! -.!) + . . 0 + (-1 - _
1 ) +(-1 

-
.!.) 

3 2 4 3 5 n-3 n-1 n-2 n 

Tho o I o 0 d 1 
1 1 1 1s sum Js a te escopmg senes an sn = · + -
2 

- ----. 
n-1 n 

Th � 
2 

1. 1. ( 1 
1 . 1 1 ) 3 

US, L. -2--
1 

= liD Sn = liD + -
2 
- -- -- = -. 

n=2 n - n->oo n->oo n -1 n 2 

45. For the series I:; , sn = I:; -.-.-- = L -:-- -.-
oo 3 n 3 n ( 1 1 ) 

n=1 n(n + 3) i=1 * + 3) i=l t t + 3 
[using partial fractions). The latter sum is 

(1- l) + (l - l) + (1 -l) + (l -l) + . . 0 + (-1 -.l) + (-1 .- _1 ) + (-1 -_1 ) + (.l - _1 . ) 4 2 5 3 6 4 7 n-3 n n -2 n + 1 · n-1 n+2 n n+3 

[telescoping series] 

Th � 
3 I' I' ( 1 I 1 1 1 ) 1 1 11 

US, n.;;-1 n( n + 3) 
= 

n:.� Sn = n:.� 1 + 2 + 3 -n +1 - n + 2 - n+3 = 1 + 2 + 3 = 6. Converges 
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. Sn = i� ( el/i _ el/(i+l)) = (el _ el/2) + (el/2 _ el/3) + ... + ( elfn _ elf(n+l)) = e _ el/(n+l) 

[telescoping series] 

Thus, f: (el/n - e1f(n+l)) = lim Sn = lim (e- e1/(�+l)) = e- e0 = e- 1. Converges 
n=l n---�>oo n-+oo 

49. (a) Many people would guess that x < 1, but note that x consists of an infinite number of 9s. 

b) 9 9 9 9 � 9 h' h . . . 'th 9 d ( x = 0.99999 . . .  = 10 + 100 
+ 

1000 + 10,000 + · · · = n�l IOn, 
w 1c 1s a geometnc senes WI a1 = 0. an 

• 0 0.9 . 0.9 1 th"' 
.

. r=O.l.Its sumts 1_0.1 =o.9=, atts,x=l. 

(c) The number 1 has two decimal representations, 1.00000 ... and 0.99999 .. . .  

(d) Except for 0, all rational numbers that have a terminating decimal representation can be written in more than one way. For 

example, 0.5 can be written as 0.49999 ... as well as 0.50000 .. .. 

- 8 8 · . . . . h 8 d 1 · a 8/10 8 51. 0.8 = 10 + 102 + · ·. IS a geometriC senes wtt a= 10 an r = 10. It converges to 1 _ r = 1 _ 1110 = 9. 

- 516 516 . 516 516 0 • • 516 1 53. 2.516 = 2 + 103 + 106 + · · ·. Now 103 + 106 + · · · Is a geometric senes wtth a= 103 and r = 103. It converges to 

a 516/103 516/103 516 - . · 516 2514 838 
1 - r 1 - 1/103 999/103 = 999 · Thus, 2·516 = 2 + 999 = ·  999 = 333 · 

55 5342 42 42 
N . 42 42 . . . . h . 42 d 1 . 1. = 1.53 + 104 + 106 + · · · . ow l04 + 106 + · · · IS a geometric senes w1t a = 104 an r = 

10
2. 

· a 42/104 
It converges to 1 _ r = 1 _ 11102 

42/104 42 
99/1D2 9900. 

Th 1.5342 = 1.53 � = 
1 53 � = 1 5,147 � = 15,189 or 5063 us, + 9900 100 + 9900 0 9900 + 9900 9900 3300. 

00 00 
57. L ( -5)nxn = L ( -5x)" is a geometric series with r = -5x, so the series converges ¢'? !r! < 1 ¢'? 

n=l n=l 

l-5xi < 1 ¢'? !x! < t• that is, -i < x < t· In that case, the sum of the series is _a_ = (5x 
) 1- r 1- -5x 

. -5x 
1 + 5x· 

oo (x-2t 59. L: _,_______,_ 
n=O 3n 

� (X -2 )" . . . 'th. X -2 th · LJ -.3- IS a geometric senes w1 r = -- , so e senes converges ¢'? 
n=O 3 !rl < 1 <:::> 

a. 1-r 
1 
x-2 1- -3-

x-2 -1 < -- < 1 3 
1 

3- (x-2) 
3 

-3 < X -2 < 3 ¢'? 

3 
5- x' 

-1 < x < 5. In that case, the sum of the series is 

6 � 2fl. � ( 2 )n , . . . . h 2 th · 1. LJ --;;- = LJ -. ts a geometric senes wtt r = -, so e senes converges 
n=O X n=O X· X 

2 < ix ! x > 2 or x < -2. In that case, the sum of the series is _a_ = -- 1-
/
- = _x _ _ 

1-r 1- 2 x x-2 
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00 00 
63. I: e nx = I: ( e"' f is a geometric series with r = e"', so the series converges {::} I r I < 1 {::} I e"' I < 1 {::} 

n=O· n=O 

-1 < e"' < 1 {::} 0 < e"' < 1 {::} x < 0. In that case, the sum of the series is -
1 

a 
= -

1 
1 . · - r -e"' 

65. After defining J, We use convert ( f, parfrac) ; in Maple, Ap<!-rt in Mathematica , or Expand Rational and 

. . fi d h h 1 . 3n2 + 3n + 1 
Simplify m Denve to n t at t e genera term IS 

( 2 )3 n +n ( 
1 

)3 . So the nth partial sum is n +1 

n ( 1 1 ) ( 1 ) ( 1 1 ) ( 1 1 ·) 1 
Sn = 

k"f1 k3 - (k + 1)3 = 1- 23 + 23 - 33 + ... + n3 - (n + 1)3 = 1- (n + 1)3 

The series converges to lim sn = 1. This can be confirmed by directly computing the sum using 
n�oo 

sum (f, n=l .. infinity); (in Maple), Sum [ f, {n, 1, Infinity}] (in Mathematica), or Calculus Sum 

(from 1 to oo) and' Simplify (in Derive). 

67. For n = 1, a1 = 0 since s1 = 0. For n > 1, 

n - 1 (n-1)-1 (n-1)n-(n + 1)(n- 2 )  2 
an = Sn - Sn-1 = --- = = n + 1 (n-1) + 1 (n + 1)n n(n + 1) 

AI � l' l' 1 -1/n 
1 SO, L.J an = liD Sn = liD 1 11 = . n=l n--+oo n-+oo + n 

69. (a) The quantity of the drug in the body after the first tablet is 150 mg. After the second tablet, there is 150 mg plus 5% 

of the first 150- mg tablet, that is, (150 + 150(0.05)] mg: After the third tablet, the quantity is 

[150 + 150(0.05) + 150(0.05)2] = 157.875 mg. After n tablets, the quantity (in mg) is 

150 + 150(0.05) + · · · + 150(0.05)n-1. We can use Formula 3 to write this as 150?
_
-0���5n) = 3� (1- 0.05n). 

(b) The number of milligrams remaining in the body in the long run is lim [3�go(1- 0.05n)) = 3�go(l- 0) � 157.895, 
n�oo 

only 0.02 mg more than the amount after 3 tablets. 

71. (a) The first step in the chain occurs when the local government spends D dollars. The people who receive it spend a 

fraction c of those D dollars, that is, De dollars. Those who receive the De dollars spend a fraction c of it, that is, 

Dc2 dollars. Continuing in this way, we see that the total spending after n transactions is 

D(1- en) Sn = D + De + Dc2 + · · · + Dcn-1 = 1 by (3). 
-e 

(b) 1. S li D(l- en) D 1. (1 n) D 
liD n = m =--liD -e = --
n�oo n�oo 1 - e 1 - C n-+oo 1 -e 

= D [since e + s =·1] = kD [since k = 1/s] 
s 

[since 0 < c < 1 

If e = 0.8, then s = 1 - e = 0.2 and the multiplier is k = 1/ s = 5. 

=> lim en= o] 
n-+oo 

73. f (1 + e)-n is a geometric series with a= (1 + e)-2 and r = (1 +c)-\ so the series converges when 
n=2 

, j(1+e)-1j<1 {::} 11+ �1>1 {::} 1+c>1or1+c<-1 {::} e>Oorc<-2 .We calculate the sum ofthe 
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series and set it equal to 2: (1 + c)-2 
1 = 2 <* . 1- (1 +c) 

-- -2- 2 --( 1 ) 2 ( 1 ) 
1+c - 1+c <=? 1 = 2(1 + c)2 - 2(1 +c) <=? 

2c2 + 2c- 1 = 0 <=? c = -2�m = �-However, the negative root is inadmissible because -2 < �YJ-1 < 0. 

So c = ¥'32- 1 . 

1 1 1 75. e"" = e1+2+3+:·+n = e1e112e113 · · · e11n > (1 + 1) (1 + �) (1 + �) · · · (1 + �) 

234 n+1 =---···--=n+1 
1 2  3 n 

[e"' > 1 + x] 

Thus, e•" > n + 1 and lim e•" = oo. Since { sn} is increasing, lim Sn = oo, implying that the harmonic series is 

divergent. 

n--+oo · n-+oo 

77. Let dn be the diameter of Cn. We draw lines from the centers of the C, to 

the center of D (or C), and using the Pythagorean Theorem, we can write 

12 + (1- �d1)2 = (1 + �d1)2 <=} 

. . 

1 = (1+ �d1)2- (1- �d1)2 = 2d1 [difference of squares] => d1 = �-. 

Similarly, 

1 = (1 + �d2)2- (1- dt- �d2)2 = 2d2 + 2dt - d?- d1d2 
= (2- d1)(d1 + dz) <=? 

T 

1 (1- dd · ( 1 )2 ( 1 )2 [1- (dt + dz)]2 . dz = 2 _ d1 - d1 = 2 _ d1 , 1 = 1 + 2da - 1- dt- dz- 2da <=? da = 2 _ (dt + d2) , and m general, 

(1- L:n- d;)2 1 1 dn+1 = •-l . If we actually calculate dz and da from the formulas above, we find that they are - = -- and 2 - 2:�1 d; 6 2 . 3 

1 1 0 I tha . . 
I ,.� 1 .,., h. 0 d . 

12 = 3 0 4 respective y, sowe suspect t m genera, un = n(n + 1) 0 .o prove t 1s, we use m uct10n: Assume that for all 

1 1 1 n. 1 n k:::; n, dk = k(k + 1) = k- k + 1. Then
;� d; = 1- n + 1 = n + 1 [telescoping sum]. Substituting this into our 

0 0 
2 . [1- �] formula for dn+I. we get dn+l = ( n ) = 

2- -­n+1 

1 
(n + 1)2 

n+2 
n+1 

. ' 

( n + 1 )� n + 2), and the induction is complete. 

Now, we observe that the partial sums L:�1 d; of the diameters of the circles approach 1 asn-> oo; �at is, 

00 00 1 
I: an = I: ( 1) = 1, which is what we wanted to prove. 
n=1 n=l n n + 

79. The series 1 - 1 + 1 - 1 + 1 - 1 + · � · diverges (geometric series with r = -1) so we cannot say that . 

0=1-1+1- 1+1- 1+000o 
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83. Suppose on the contrary that L) an + b,..) converges. Then I: (an + bn) and I: an are convergent series. So by 

Theorem 8(iii), I: [(an+ bn)- an] would also be convergent. But L [(an+ bn)- an] = L bn, a contradiction, since 

Z::: bn is given to be divergent. 

85. The partial sums { Sn} form an increasing sequence, since Sn - Sn-1 = an > 0 for all n. Also, the sequence { Bn} is bounded 

since sn ::; 1oo0 for all n. So by the Monotonic Sequence Theorem, the sequence of partial sums conve�es, that is, the series 

I: an is convergent. 

8!. (a) At the first step, only the interval ( t, i) (length t) is removed. At the second step, we remove the intervals ( i, �) and 

( � , �), which haye a total length of 2 · ( t) 2• At the third step, we remove 22 intervals, each of !ength ( t) 3• In general, 

at the nth step we remove 2n-1 interv�ls, each of length (tr. for a len!¢t of 2n-1 · (tr = H�r-1• Thus, the total 

length of all re�oved'intervals is E Hir-1 
= 1 �%3 = 1 (geometric series with a= t andl" = i). Notice that at n=l 

the nth step, the leftmost interval that is removed is ( ( i) n , ( �) n), so we never remove 0, and 0 is in the Cantor set. Also, 

the rightmost interval removed is (1- (ir, 1- Ur). so 1 is never removed. Some other numbers in the C:antor set 

are t• i. �. �. � . and �-

(b) The area removed at the first step is i; at the second step, 8 · ( i) 2; at the third step, (8)2 • ( i) 3• In general, the area 

removed at the nth step is (8)"'-1 (�f = i(�f-\ so the total area of all removed squares i.s 

oo 1 (8)"'-1 1/9 I:- - = = 1 n=l 9 9 . 1 - 8/9 . 

· oo n 1 1 1 2 5 5 3 23 
S9. (a) For n�1 (n +1)!' 81 = 1· 2 = 2' 82 = 2 + 1· 2· 3 = 6' 83 = 6 + 1· 2 · 3 · 4 = 24' 

23 4 119 . 
· · (n + 1)! - 1 · 

84 = 24 + 1. 2. 3. 4. 5 = 120. The denommators are (n + 1)!, so a guess would be sn = (n + 1)! . 

1 2'- 1 {k + 1)1 - 1 

. 
(b) For n = 1, St = 2 = �·so the formula holds for n = 1. Assume Bk = (k + �)! . Then 

(k + 1)!- 1 k + 1 (k + 1)!- 1 k + 1 - (k + 2)!- (k + 2) + k + 1 Bk+
1 = (k + 1)! + (k + 2)! = (k + 1)! + (k + 1)!(k + 2) - (k + 2)! 

-' (k+2)! -1 -
(k + 2)! 

Thus, the formula is true for n = k + 1. So by induction, the guess is correct. 

( ) l. l' ( n + 1)! 
-

1 l' [1 1 ] 1 d � 
n 

C liD Sn = liD ( 1)l = liD - ( 1)l = an SO LJ ( )I = 1. _.n-oo n-oo n + . n-oo n + . n=l n.+ 1 . 
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SECTION 11.3 THE INTEGRAL TEST AND ESTIMATES OF SUMS 0 483 

11.3 The Integral Test and Estimates of Sums 

. 1 [2 1 1. The p1cture shows that a2 = '2"1.3 < 11 x
1 .3 dx, 

1 13 
1 00 1 100 . 1 

aa = 
31.3 -< x

1·3 dx, and so on, so �
2 n

l.a < x1.
3 dx. The · 

2 · n- 1 

integral converges by (7.8.2) with p = 1.3 > 1, so the series converges. 

y 

3. The functio� f(x) = 1/ ifr = x-1/5 is continuous, positive, and decreasing on [1, oo) , so the Integral Test applies . 
. J"" x-1/5 dx = lim p x-115 dx = lim. [�x415] 

t 
o:;= lim (�t415 - �) = oo, so f: 1/ -Vti diverges. 1 . t-oo 1 t-.oo 4 1 t--..oc 4 4 n=l . 

5. The function f(x) = 
(2 

1 

)
3 is continuous, positive, and decreasing on [1, oo), so the Integral Tes� applies. 

x+1 . 

{00 1 . r 1 - ; [ 1 1 ] t . ( 1 1 ) . 1 

11 (2x + 1)
3 dx = t�11 (2x + 1)

3 
dx = t�� �4 (2x+ 1)2 1 

= t�� 4(2t + 1)2 + 
36 

= 
36' 

Since this improper integral is convergent, the series f: (2 1 
l
)
3 is also convergent by the Integral Test. 

n=1 n+ 

7. The function f(x) = -;jE-- is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 
X +1 

t 

[ 
t . 

{'X) -;jE-- dx = lim { -;jE---
1 
dx = lim -2

1 
In( x2 

+ 1 >] = -
2

1 lim (ln( e + 1) - In 2] = oo. Since this improper 11 X + 1 t-,-.oo11 X + t�oo 1 t�oo 

integral is divergent, �he series f --;:..--
1 

is also divergent by the Integral Test. 
n=1 n + 

9. f: · � is a p-series with ·p = J2 > 1, so it converges by (I). 
n=1 n . 

11 1 
1 1 1 1 � 1 Th' . . . 'th . 1 

. b ( · + 8 + 
27 + 

64 + 
125 + · ··· = 

n
�

1 n
3 . IS IS a p-senes WI p = 3 > , so 1t converges y 1 ). 

1 1 1 1 � 1 Th fu . f( ) 
1 . 13. 1 + -+ -+ -+ -+ · .. = LJ ---·. e nct10n x = --. - IS 

3 5 7 9 n=l 2n - 1 2x- 1 

continuous, positive, and decreasing on (1, oo), so the Integral Test applies. 

{
oo 

-
2 

1 

1 
dx = lim r -

2 

1 

1 
dx = lim·(� In j2x -11)� = � lim (1n(2t- 1)- 0) = oo, so the series f -

1
-}1 X·- t-oo 11 X- t-oo t�oo n=1 2n- 1 

diverges. 

ooy'n+4 oo (y'n 4 ) oo 1 oo 4 
15. E � = E -2 + 2 = E a;2 + E 2' n=1 n n=l n n n=1 n n=1 n 

� 1 . . 'h 
3 

1 L.., 312 IS a convergent p-senes wit p = 2. > . 
n=1 n 

f � = 4 f � is a constant multiple of a convergent p-series with p = 2 > 1, so it converges. The sum of two 
n=1 7l n=l n 

convergent series is convergent, so the original series is convergent. 
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484 D CHAPTER 11 INFINITE SEQUENCES AND SERIES 

17. The function f(x) = -1- is continuous, positive, and decreasing on (1, oo),so we can apply the Integral Test. x2 +4 

1= 1 1 1t 1 d 1. [1 -1 x] t 1 1. [ · -1(t) t -1 ( 1)] -- dx = im -2-- x == rm . -2 tan -2 = -2 rm . tan -
2 - an · -

2 1 x2 + 4 t--><XJ 1 x + 4 t-->oo 1 t-->oo 
00 1 T herefore, the series I: �4 converges. ' 

n=1 n + 

� Inn � Inn . ln 1 0 Th fun . !( ) ln x . . d . . 12 ) 19. L.... -3 = L.... -3 smce - = . e ctwn x = -3 IS contmuous ali pos1ttve on , oo . 
n=1 n n=2 n 1 X 

f'(x) = x
3
( 1/x)- (lnx)(3x2) = x

2- 3x2lnx __ 1- 3 lnx < 0 1 � 1- 3 lnx < O � ln�>-3 � . (x3)2 . x6 x4 . 

x > e113 � 1.4, so f is decreasing on [2, oo), and the Integral Test applies. 

r=lnxdx= lim trnxdx <;) lim [-lnx __ 1-]
t 

=lim [-....!....(2lnt+1)+.!] (�)-4
1 ,so the series f; ln: 12 x 3 t--.oo 12 x 3 t--.oo 2x2 4x2 1 t--.oo 4t2 . 4 n=2 n 

converges. 

(*): u = lnx, dv = x-3dx => du = (1/x)dx, v = -�x-2, so 

I lnx.d 1 -2ln I 1 -2( 1/ )d 1 -2ln 1 J -ad r -2ln 1 -2 C -;;3 X= -2x X- - 2x X X= - 2x X+ "2 X X:::;: -2x X- 4x + . 

(**): lim ( 2lnt + 1) � - lim 2/t =_.!lim _!_ = 0. t-->oo 4t2 t-->oo 8t 4 t--.oo f2 

21. f(x) = -
1
- is continuous and positive on [2, oo), and also decreasing since J'(x) = xlnx . . 

1 + lnx 
x2(lnx)2 

< 0 for x > 2, so we can 

use the Integral Test. {oo -1
1

- dx = lim [ln(lnx)]� = lim [ln(lnt) -ln(ln2)] = oo, so the series I: -ln
1 diverges. 

12 X nx t-->oo t-->oo n=2 n n 

23. The function f(x) = e11xjx2 is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 

[g(x) = e1fx is decreasing and dividing by x2 doesn't change that fact.] 

1oo . 1t elfx [ ) t oo e1fn 
f(x)dx= lim -2-dx = lim -e11x =- lim(e11t-e)=-(1-e)=e-1,sotheseries L -2-

1 t-+oo 1 X t-oo 1 t-oo n=l n 
converges. 

. 1 1 1 1 25. The functton f ( x) = -2--3 = 2 - -+ --1 [by partial fractions] is continuous, positive and decreasing on [1, oo), X +x X X x+ 
so the Integral Test applies� 

100 lt ( 1 1 1 ) [ 1 ] t 
f(x)dx = lim 2-- + -· -· dx = lim -- -lnx +ln(x + 1) 

1 t-->oo 1 X X X + 1 t-->oo X l 

= hm -- + ln -. - +1- ln 2 =0+0+1-ln2 . [ 1 t+ 1 ] t-->00 t t 

The integral converges, so the series f 2 
1 3 converges. 

n=1 n +n 

© 2012 Cengage Learning.· All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publici� a'ccessible website, in whole or in part. 



SECTION 11.3 THE INTEGRAL TEST AND ESTIMATES OF SUMS D 485 

27. The function f(x) = cFxx 
is neither positive nor decreasing on [1, oo ), so the hypotheses of the Integral Test are not 

. fi d ., th . � cos 1rn sat1s e .or e senes LJ _ r::;; • 
n=l yn 

29. We have already shown (in Exercise 21) that when p = 1 the series f: (I 

1 
) diverges, so assume that p · =1- 1. 

n=2 n nn p 

f(x) = (l1 
) 

is continuous and positive on [2, �),and f'(x) =- �: �x+I < 0 if x > e-P, so thatf is eventually 
x nx P - x nx P 

decreasing and we can use the Integral Test: 

--:-:-----,,..... dx = hm [for p =1- 1] = lim 
n - -'-::-

n�-loo 1 ._ . [(lnx)1-p]t [(l t)1-P {I 2)1-P] 
2 x{ln x )P t-oo 1 -p 2 t-oo 1 -p 1 -p 

This limit exists whenever 1 -p < 0 {::} p > 1, so the series converges for p > 1. 

31. Clearly the series cannot converge ifp 2: -t, because then ,lim n(l 
+ 

n2)P =1- 0. So assume p < - t . Then . n-oo 

f(x) = x{1 + x2)P is continuous, positive, and eventually decreasing on [1, oo ), and we can use the Integral Test. 

This limit exists and is finite {::} p 
+ 

1 < 0 {::} p < -1, so the series converges whenever p < -1. 

33. Since this is a p-series with p = x, ( ( x) is defined when x > 1. Unless specified otherwise, the domain of a function f is the 

set of real numbers x such that the expression for f ( x) makes sense and defines a real number. So, in the case of a series, it's 

the set of real numbers x such that the series is convergent. 

00 1 1 1 1 00 1 7r

4 ( 1 1 ) 
(b) k�5 (k _ 2)

4 = 34 + 44 + 54 + · · · = {;3 k4 = 90 - ·14 + 24 [subtract a1 and a2] 90 16 

37. (a) f(x) = � is positive and continuous and f'(x) = - 23 is negative for x > 0, and so the Integral Test applies. 
X X 

00 1 1 1 1 1 
n�l n2 :::::! 810 = J2 + 

22 
+ 32 + ... + 1Q2 :::::! 1.549768. 

[00 1 . [-1]t . ( 1 1) 1 . ' Rw ::::; 2 dx = lim - _ = hm -- + _10 = 10 , so the error IS at most 0.1. 
10 X t-oo X 10 t-oo t 

[00 1 ' [00 1 1 1 (b) 810 + 2 dx ::::; S ::::; 810 + 2 dx =} 810 + TI ::::; S ::::; 810 
+ 

10 =} 
11 X 10 X 

1.549768 
+ 

0.090909 = 1.640677 ::::; s ::::; 1.549768 + 0.1 = 1.649768, so we gets :::::! 1.64522 (the average of 1.640677 
. � -

and 1.649768) with error::::; 0.005 (the maximum of 1.649768 - 1.64522 and 1.64522- 1.640677, rounded up). 
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486 0 CHAPTER 11 INFINITE SEQUENCES AND SERIES 

(c) The estimate in part (b) is 8 � 1.64522 with error� 0.005. The exact value given in Exercise 34 is 7!'2/6 � 1.644934. 
The difference is less than 0.0003. 

{'X) 1 1 1 1 
(d) Rn � ln x2 dx ==;;;:·So Rn < 0.001 if;;;: < 1000 {:} n > 1000. 

39. f(x) = 1/(2x + 1)6 is continuous, positive, and decreasing on [1, oo ) , so the Integral Test applies. Using (3); 

Rn � Lxo (2x + 1)-6 dx == t�� [10(2�� 1)5 J: 10(2n\ 1)5. To be c�rrect tofive decimal places, we want 

1 < � {:} (2n + 1)5 2: 20,000 {:} n 2: � ( �20,000- �) � 3.12, so'use n = 4. 
10(2n + 1)5 - 106 

· � 1 . 1 1 1 1 . 
84 

= �1 (2n + 1)6 = 36 + 56 + 76 + 96 � 0.001 446 � 0.00145. 

41. f: n -1.001 = f: /001 is a convergent p-series with p = 1.001 > 1. Using (2), we get 
n=l n=1 n . 

Rn � l= x-1.oo1 dx = t�� [ ���:�[ = -1000 t�� [x/001 [ = - looo (- n/001) = ���1 · 

. 1000 -9 0.001 1000 
We want Rn < 0.000 000 005 {:} nO.OOl < 5 x 10 #- n > 

5 x 10_9 ¢:}. 

n > (2 X 1011) 1000 = 21000 X 1011 ,000 � 1.07 X 10301 X 1011,000 = 1.07 X 1011,3(n. 

43. (a) From the figure, a2 +a;�+···+ an � Jt f(x) dx, so with 

1 1 1 1 1 ln 1 f(x) = -, - +- +- + · · · +-� - dx ==Inn. x 2 3 4  n 1 x 
1 1 1 . 1 

Thus s = 1 + - + - + - + · · · + - < 1 + Inn 'n 2 .3 4 n - . 

(b) By part (a), 810s S 1 +In 106 � 14.82 < 15 and 

8109 � 1 +In 109 � 21.72 < 22. 
I 2 3 4 ... n x 

45_' b10 n = . ( e10 b) In n = ( e10 n) tn b = n tn b = 
n

-�n 
b 

•• This is a p-series, which converges for all b such that - In b > 1 {:} 

lnb < -1 {:} b < e-1 {=} b < 1/e [with b > 0]. 

11.4 The Comparison Tests 

1. (a) We cannot say anything about L: an. If an > bn for all n and L: bn is convergent, then L: an could be convergent or 

divergent. (See the note after Example 2.) 

(b) If an < bn for all n, then L: an is convergent. [This is part (i) of the Comparison Test.] 

n n 1 1 = n = 1 3. -2 3 1 < -2 3 = -2 2 < 2 for all n 2: 1, so L: -2 3 1 converges by comparison with L: 2, which converges n + n · n n · n=1 n + . n=1 n 

because it is a p-series with p = 2 > 1. 
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n + 1 n 1 " 11 � n + 1 d" · b · "th � 1 h. h d' bee · · 5. 1 ·> 1 = . 1 .or a n 2 1, so L.. 1 JVerges y companson WI L.. 1, w 1c 1verges ause 1t ts a 
nvn nvn vn n=l nvn n=l vn . 

p-series with p = t ::; 1. 

gn gn ( g )n . 00 oo gn 
1. -3 on < -0,. = -0 for au n 2 1. I: (to f is a convergent geometric series (lrl = to < 1), so L: ---,. + 1 1 1 n=l n=l 3 + 10 

converges by the Comparison Test. 

9. ln
k

k > -k
1 for all k 2 3 [since ln k > 1 for k 2 3], so f: 

ln
k

k diverges by comparison with f: -k
1, which div_erges because it k=3 k=3 

is a p-series with p = 1 ::; 1 (the harmonic series). Thus, k�l 
� k diverges sirice a finite number of terms doesn't affect the 

convergence or divergence of a series. 

iff iff k1/3 1 .OO iff . . 00 1 11. 
../k3 + 4k + 3 < v'f3 = k312 = k716 for all k _2 1, so k"fl ../k3 + 4k + 3 converges by companson wtth k'ft 

F
IG, 

which converges because it is a p-series with p = i > .1. 

arctann 7r/2 · � arctann . . . 7t � 1 . . . 13. 1.2 < "'""'1.2 for a!l n 2 1, so L.. �.2 converges by companson wtth -2 L.. 1::2• whtch converges because 1t ts a n n n=l n n=l n 

constant times a p-series with p = 1. 2 > 1. 

4n+l . 4. 4n (4)n oo (4). n · oo (4)n 
15. 3,_ _ 2 > 3n" = 4 3 for all n 2 1. ,_"f1 4 3 = 4 n"fl 3 is a divergent geometric series (I r I = j > 1), so 

oo 4n+l 

n"ft 3n _ 2 diverges by the Comparison Test. 

1 1 17. Use the Limit Comparison Test with an = y'1'i2"+I and bn = ;:;: : 

l• an lim n l" 1 1 0 s· th h . . � 1 d" d 1m -b = r:?7"'7 = tm· = > . mce e armomc senes L.. - tverges, so oes n->oo n n->oo yn- + 1 n->oo j1 + (1jn2) n=l n 

f: 
1 

n=l v'n2 + 1
. 

19. Use the Limit Comparison Test with a,. = 1 + 
4n 

and bn = 
4n: · 1 +3n 3n 

1 +4n 
. an , . 1 + 3n . 1 + 4n 3n · . 1 + 4n 3n . ( 1 ·) 1 · 

hm -= lrm --n-= hm --·- =lim --·-- = hm -+1 · --- =1>0 n--+oo bn n--+oo 4 . n->oo 1 + 3n 4n n->oo 4n 1 + 3n n->oo 4n 1 - -+1 
� � 

Since the geometric series E bn = E ( � r diverges, so does f: 
1 + 4: . Alternatively, use the Comparison Test with 

n=l 1 + 3 , 

1 + 4n 1 + 4n 4n 1 (4)n . -- > > 2(3n) = -2 -3 or use the Test for Dtvergence . . 1 + 3n 3n + 3n 
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th · ·c · .,., ·h v'n+2 d b 1 
21. Use e Limit ompanson .est Wit an= 2 2 1 an n = �/2; n +n+ · n 

S. � 1 · 
· ( 3 1] h . � vfn+2 I . mce � 312 1s a convergent p-senes p = 2 > , t e senes � 2 2 1 a so converges. 

n=l n n=l n + n + 

23. Use the Limit Comparison Test with an = (1
5: ��2 and bn = �3: 

r an r n3( 5 + 2n) r 5n
3 

+ 2n4 1/n4 .2. + 2 00 1 
n:.� bn = rm (1 + n2)2 = n:.� (1 + n2)2 · 1/(n2)2 = lim ( � 1)2 = 2 > 0. Since L; n3 is a convergent n-+oo n-+oo -;;7 + . n=l _ . 

p-series [p = 3 > 1], the series f: (: + 2�2 also converges. 
n=l +n 

)n4+1 M 
25. 3 2 > -.,..,..--.,... n +n n2(n+l) 

n� 1 fi II > 1 � Jn4+T d' b · 'th n2(n + 1) = n + 1 or a n _ , so 
n�l n3 + n2 1verges y companson WI . 

f: 2__1 = f: .!. , which diverges because it is a p-series with p = 1 :S 1. 
n=l n+ n=2 n 

1 

27., Use the Limit Comparlson Test with an= (1 + .!.)2 e-n and bn =e-n: lim a
b
n = lim (1 + ..!.)2 = 1 > 0. Since . n n-oo n n--+oo .n 

00 001 00
( 1)2. 

I: e-n= I: --;; is a convergent geometric series [lrl = � < 1], the series I: 1 +- ·e-n also converges. 
n=l n=1 e n=1 n 

29. Clearly n! = n(n- 1)(n � 2) .. · (3)(2) � 2 · 2 · 2 · . .  · · 2 · 2 = 2n-t , so �! :S 2n
1
_1

. n�1 2n
1
_1 is a convergent geometric 

00 1 . 
series [lrl = t < 1], so L; r converges by the Comparison Test. 

n=l n. 

31. Use the Limit Comparison Test with an = sin ( �) and bn = �. Then L; an and L; bn are series with positive tenns and 

. an . sin(1/n) . sin() . 00 . . . . hm -b = lim 1/ = hm -0- = 1 > 0. Smce L; bn 1s the d1vergent harmomc senes, n-,oo n n-+oo n 8-+0 n=l 
00 
I: sin (1/n) also diverges. [Note that we could also use !'Hospital's Rule to evaluate the limit: 

n=l 

1. sin(ijx) H • cos(l/x) · (-1/x2) 1 . rm = hm = lim cos-= cosO= 1.] x-.oo 1/x x-+oo -1jx2 x-.oo x 

10 1 1 1 . 1 1 1 1 1 33. I: Jn4+T = . rn + ro;; + 100 + · · · + .;m;ooi � 1.248 56. Now Jn4+T < CA = 2, so the error is 
n=1 n4 + 1 v 2 v 17 v 82 10, 1 v n4 n · 

100 1 [ 1] t . ( 1 1 ) . 1 
R10 :S Tw :S 2 dx = lim -- = lim --+- =-= 0.1. 

10 X t-.oo X 10 t-.oo t 10 10 
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loo i lt [ 5-"' ] t ( 5-t 5-10) 1 R10::;T10::; --;dx= lim 5-"'dx= lim -ln5 =lim - ln5 +-1 5 =5101 5<6Axl0-8. 
10 

5 
t-oo 10 t-->00 10 t-oo n n 

37. Since 
dn
n 6 09 n for each n, and since f 109 n is a convergent geometric series (JrJ = 110 < 1), O.d1d2d3 . .. = f 1

dn
0n 10 1 n=1 . n=1 · 

I, 

will always converge by the Comparison Test. 

39. Since 2: an converges, lim an = 0, so there exists N such that Jan - OJ < 1 for all n > N =? 0 :::; an < 1 for n-oo 
all n > N =? 0 :::; a; :::; an. Since �an converges, so does �a; by the Comparison Test. 

41. (a) Since lim an 
= oo, there is an integer N such that 

a
b
n > 1 whenever n > N. (Take M = 1 in flefinition 11.1.5.) n-oo bn n 

Then an > bn whenever n > N and since 2: bn is divergent, 2: an is also divergent by the Comparison Test. 

(b. (') f 
1 

d
. 

b 1 fi > 2 th 1' an , l' n 1· x H 1' 1 li ) 1 I an = -ln an n == - or n _ , en 1m -b � 1m -ln = 1m -ln = 1m -11 = m x = oo, n n n-too n n-:-+CX> n X-+00 X X-+00 X x-oo 

so by part (a), f ln
1 

is divergent.. n=2 n 

(ii) If an = 
ln n 

and bn = .!, , then f: bn is the divergent harmonic series and lim a
b
n 

= lim ln n = lim ln x = oo, n n n=l . n--+00 n n-+oo x--+oo . 

00 
so E an diverges by part (a). n=l 

43. lim nan = lim ·l
a
/
n , so we apply the Limit Comparison Test with bn = .!, . Since lim nan > 0 we know that either both n--+oo n--oo n n n-oo . 

series converge or both series diverge, and we also know that f .!. diverges [p-series with p = 1). Therefore, � an must be 
. n=1 n 

divergent. 

45. Yes. Since 2: an is a convergent series with positive terms, lim an = 0 by Theorem 11.2:6, and L: b� = 2: sin( an ) is a n-+oo 

series with positive terms (for large enough n). We have lim 
bn = lim sin( an) = 1 > 0 by Theorem 3.3. 2. Thus, L bn . n-+oo an n--;-tooo a-n 

is also convergent by the Limit Comparison Test. . 

11.5 Alternating Series 

1. (a) An alternating series is a series whose terms are alternately positive and negative. 

00 00 . ' 

(b) An alternating series L.; an = L.; ( -l)n-1bn, where bn = JanJ, converges ifO < bn+I::; bn for all n and lim bn = 0. n=l n=l · n--+oo 
(This is the Alternating Series Test.) 

(c) The error involved in using the partial sum sn as an approximation to the total sum s is the remainder Rn = s -sn and the 

size of the error is smaller than bn+1; that is, IRnl :::; bn+I· (This is the Alternating Series Estimation Theorem.) 
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3. -� + �- � + �- lO + . . . = f: (-l}n�. Now lim bn = lim-�= .lim 2 = � :;6 0. Since 
5 6 7 8 9 n=l n + 4 n--+oo n�oo n + 4 n--+oo 1 + 4/n 1. . 

lim an :;6 0 (in fact the limit does not exist), the series diverges by the Test for Divergence. 
n--+oo 

oo ·oo 1 oo _ 1 . . 5. L an = L ( -l}n-1 -2 1 = L ( -l)n 1 bn . Now bn = -2 1 > 0, {bn} IS decreasmg, and lim bn = 0, so the 
n=l n=1 n 

+ 
n=l n + n--+00 . 

series converges by the Alternating Series Test. 

oo oo 3n -1 00 3- 1/n 3 7. L an= L (-l)n --1 = L (-l)nbn. Now lim bn = lim 2 l/ 
= -2 :;6 0. Since lim an :;6 0 

n=l n=l 2n + n=l n--+oo n--+oo + 
n n--+oo 

(in fact the limit does not exist), the series diverges by the Test for Divergence. 

00 00 00 1 . 
9. L an= 2::(-lte-n = 2:(-l)nbn. Nowbn =- > O,{bn}is decreasing,and lim bn =O,so the series converges 

n=l n=l n=l en . n--+oo , 
by the Alternating Series Test. 

. n2 11. bn = � > 0 for n 2 1. {bn} is decreasing for n 2 2 since 

(__£__)' = (x3 + 4}(2x)- x2(3x2) = x(2xa + 8- 3x3) = x(8- xa) < 0 for x > 2. Also, 
x3 + 4 · (x3 + 4)2 (x3 + 4)2 (x3 + 4)2 

1/ 00 i 2 -
lim bn = lim 4� 3 

= 0. Thus, the series 2:: ( -1 t+t +-4 converges by the Alternating Series Test. n--+oo . n--+oo 1 + n ·.n=l n + . . 

13. lim bn = lim e21n = e0 = 1, so lim ( -l)n-1e2/n does not exist. Thus, the series f: ( -l}n-1e2/n diverges by the n--+oo n�CXl. n-+oo n=l 
Test for Divergence. 

. sin (n + �)1r (-It - 1 
{ } 

. 15. an= 
l + fo 

= 
l 

+ 
.,;n

· Now bn = 
l + fo > 0 for n 2 0, bn is decreasing, and nl�n;, bn = 0, so the series 

oo sin (n + 1 )1r 
· 

L fo converges by the Alternating Series Test. 
n=O 1+ n 

17. f:{-l)nsin(Z!:). bn=sm(Z!:) >0forn22andsin(Z!:) 2sin( -7r- ) ,and lim sin(zr_) =sinO=O,sothe 
n=l n n n n + 1 n--+00 n 

series converges by the Alternating Series Test. 

nn n·n· ... ·n .. 19.-= > n => 
n! 1· 2· · · · · n -

by the Test for Divergence. 

21. 

-1 

nn 
lim -1 = oo 
n-+oo n. 

. (-1rnn . 00 nn 
=> nl!..n;, n! does not extst. So the series 

n�l 
( � 1) n 

_ n! diverges 

T he graph gives us an estimate for the sum of the series 

f: ( -o.�t 
of -0.55. 

n=l n. 

(0.8)n · 
bs = � � 0.000 004, so 
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R'l -0.8 + 0.32- 0.0853 + 0.01700 - 0.002 7�1 + 0.000 364- 0.000 042 R'l -0:5507 

Adding bs to 87 does not change the fourth dec�al'place of 87, so the swn of the series, correct to four decimalplaces, 
is -0.5507. 

2i The series 
n
�
I 

(
-�6

n
+I satisfies (i) of the Alternating Series Test because 

( 
n : 

1 )
6 < :6 and (ii) }L� �6 = O,so the 

series is convergent. Now b5 = ;6 = 0.000064 > 0.00005 and bs = ;6 R'l 0.00002 < 0.00005, so by the Alternating Series 

Estimation Theorem, n = 5. (That is, since the 6th term is less than the desired error, we need to add the first 5 terms to get the 

sum to the desired accuracy.) 

Th . � ("-l)n . fi (') ftheAl .. Se. 1i beca 1 1 d( .. ) 1· l -0 25. e senes LJ 10n 1 
satts es t o tematmg nes est use 

ton+l( l)l < 
ton 1 an n �m ton 1 - , 

n=O n. n + . n. n oo n. 

so the series is convergent. Now b3 = 
10

! 
31 

R'l 0.000 167 > 0.000 005 and b4 = 
10

! 
41 = 0.000 004 < 0.000 005, so by 

the Alternating Series Estimation Theorem, n = 4 (since the series starts with n = 0, not n = 1). (That is, since the 5th term 

is less than the desired error, we need to add the first 4 terms to get the sum to the desired accuracy.) 

1 1 27. b4 = 
8! 

= 
40,320 

R'l 0.000025, so 

oo (-l)n 3 (-l)n .1 1 1 

n�l (2n)! 
R'l 83 = 

n�l (2n)! = -2 + 
24- 720 R'l -0·459 722 

Adding b4 to 83 does not change the fourth decimal place of S3, so by the Alternating Series Estimation Theorem; the swn of 

the series, correct to four decimal places, is -0.4597. 

72 
29. b7 = 

107 = 0.000 004 9, so 

Adding IJ1 to 86 does not change the fourth decimal place of 86, so by the Alternating Series Estimation Theorem, the swn of 

the series, correct to four decimal places, is 0.0676. 

00 (-1)n-l 1 1 1 1 1 1 1 . 

31. n'f1 n 
= 1- 2 + 3 - 4 + · · · + 

49 
-

50 
+ 

51 
-

52 
+ · · · . The 50th partial sum of this series is an 

underestimate, since 
n
�l 

( 
-
l
l 

n

-
l 

= 850 + ( 5� - 5�) + ( 5� - 5�) + · · · , and the term� in parentheses are all positive. 

The result can be seen geometrically in Figure I. 

33. Clearly bn = -
1
- is decreasing and eventually positive and lim bn = 0 for any p. So the series converges (by the n+p n�oo 

Alternating Series Test) for any p for which every bn is defined, that is, n f p f. 0 for n ;::: 1, or p is not a negative integer. 
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35 .. E �n = E 1/(2n)2 clearly converges (by comparison with the p-series for p = 2). So suppose that I: ( -lr-1 bn 

converges. Then by Theorem 11.2.8(ii), so does E [ ( -1) n-1 bn + bn] = 2 ( 1 + � + i + · · · ) = 2 E 2n 1_ 1 . But this 

diverges by comparison with the harmonic series, a contradiction. Therefore, L ( -l)n-1 bn must diverge. The Alternating 

Series Test does not apply since { bn} is not decreasing. 

11.6 Absolute Convergence and the' Ratio and Root Tests 

1. (a) Sinc.e lim I an+1 I = 8 > 1, part (b) of the Ratio Test tells us that the series I; an is divergent. n--+oo an 

(b) Since lim I an+1 I = 0.8 < 1, part (a) of the Ratio Test tells us that the series E an is absolutely convergent (and n--+oo an . 

therefore convergent). 

(c) Since lim I an+1 I = 1, the Ratio Te:t fails and the series L; an might converge or it might diverge. n--oo an 

3 l. -1 an+1 I 1. In+ 1 5n I li II n +II 1 1. 1 + 1/n 1 {l) 1 1 th . � n . . 1m -· - = 1m -- · - = m - · -- = - 1m = - = - < , so e senes L.. -1s n-oo an n-oo 5�+1 n n-oo 5 n 5 n-oo 1 . 5 5 n=1 5n 

absolutely convergent by the Ratio Test. 

5. bn = -
1- > 0 fo; n :2:: 0, {bn} is decreasing for n :2:: 0, and lim bn = 0, so f: ( -l)n 

converges by the Alternating . 5n + 1 , n-oo n=O 5n + 1 
Series Test. To determine absolute convergence, choose �n = .!. to get . n 
li an l' 1/n l" 5n + 1 5 0 � 1 d' b th L' · C · 11 · h th m -

b 
. = 1m /( · l) 

= 1m --- = > , so L.. -5 1 1verges y e 1m1t ompanson est wit e 
n-oo n n-oo 1 5n + n-oo n n=l n + 
harmonic series. Thus, the series f: ·5

( """'1)n 
is conditionally convergent. 

n=O n + 1 
7. lim l ak+1 1 =lim [(k +l) (t)

k+l ] =lim k +k . 1 (-32)1 
== -32 lim (t+-k1) = �(1) = �·< l,so the series 

k-oo ak k-oo k(l) k-oo k-oo 
• 3 . 

f: k ( j) k is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the 
n=l 
same as convergence. 

9. lim ., an+1 1 = lim [<ut+l . �] = lim {l.l)n4 = {1.1) lim 1 = (1.1) lim 1 
n-oo an n-oo (n + 1)4 (l.l)n n-oo (n + 1)4 n-oo (n + 1)4 n-oo (1 + 1/n)4 

= (1.\)(1) = 1.1 > 1, 
so the' series f: ( -1) n 

( l. � 
n 

diverges by the Ratio Test. 
n=1 . n 

n4 

e1fn e ( 1 ) . oo 1 00 e1/n 
11. Since 0 :::;. -3- :::;. 3 = e 3 and I: 3 is a conv.ergent p-series [p = 3 > 1 ], I: -3- converges, and so n n n n=l n n=1 n 

oo ( -1tel /n , 
E 3 is absolutely convergent. 

n=1 n 
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. lan+11 . •  [ wn+l (n+l) 42n+l]- •. (10 n+l) 5 . . 00 wn 
13. lim -.- = hm ( 2) 42 +3 · . 10 = hm 42 · -. -2 = -8 < 1, so the senes 2: ( )42 +l n-oo an n-oo . n + n n n-oo n + n=l n + 1 n 

is absolutely convergent by the Ratio Test. Since the terms of this series are J?OSitive, absolute convergence is the same as 

convergence. 

l(-1)narctannl 1rj2 . · 00 1rj2 1r 00 1 
· 

. . ""(-l)narctann 
15. 2 < -2 , so smce ·:E -2 = -2 2: 2 converges (p = 2 > 1), the given senes 2: n2 n n n=l n n=l n n=l 

converges absolutely by the Comparison Test. 

17. f: ( -ln1)
n 

converges by the Alternating Series Test since- lim -11 = 0 and {-11 } is decreasing. Now ln n < n, so n=2 n n-:-oo nn nn 
1 1 

d · � 1. h d. (p · I) h 
• · � 1 

d. b th ·c · Th -In > - , an smce L.... - IS t e 1vergent artla armomc senes, L.... -In I verges y e ompanson Test. us, 
n n n=2 n n=2 n 

f ( -lnl)n 
is conditionally convergent. n=2 n 

jcos (n7r/3)! 1 00 1 . . 00 cos(n7r/3) 19. 1 :::; 1 and 2: 1 converges (use the Ratio Test), so the senes E 1 converges absolutely by the n. n. n=l n. . n=l n. . 
Comparison Test. 

21. lim � = lim 2
n2

2 + 1
1 = lim � + 

�jn: = -2
1 < 1, so the series f: (2

n22 + 1 )
n 

is absolutely convergent by the n-oo ' n-+oo n + n-oo + n . n=l n + 1 
Root Test. 

23. lim � = lim n (1 + .!)
n

2 = lim (1 + .!)
n 

= e > 1 [by Equation ;,6.6], so the series 'f: (1 + i)
n

2 n .......... oo n-oo n n----+oo n n=l n 
diverges by the Root Test. 

=0·1 =0<1 
00 n loo1oon 

so the series I; 1 is absolutely convergent by the Ratio Test. n=l n . 
27. USe the Ratio Test with the series 

1 _ 1 · 3 + � _ 1 · 3 · 5 · 7 + ... + ( _1r_11 · 3 · 5 .... · (2n-1) + .. . = f: ( _1)n_11 · 3 · 5 ..... (2n- 1) 
3! 5! 7! (2n - 1)! n=l (2n -1)! 

lim -�an+ll= lim �(-1t·'1·3·5----·(2n-1)[2(n+1)-'-1]_ (2n- 1)! I n-oo an . n-+oo [2(n+1)-1]! · (-l)n-1.1·3·5--·--(2n�l) 

= lim I (-1)(2n + 1)(2n- 1)! I= lim 2_ = 0 < 1 n-oo (2n + 1)(2n)(2n - 1) ! n-oo 2n ' 

so the given series is absolutely convergent and therefore convergent. 
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29. 
E 2 · 4 · 6 · ·, · · · (2n) = E (2 · 1) · (2 · 2 )  · <2

,
· 3) · · · · · (2 · n) = E 2n�! = E 2n, which diverges by the Test for 

n=l n. n=l n. n=l n. n=l 

Divergence since lim 2n = oo. n-->oo 

31. By the recursive definitio�, lim I an+l I = lim j
4
5n + 311 = -4

5 > 1, so the series diverges by the Ratio Test. n-+oo an n-oo n + -

/ 
oo bn oo bn · ·  1 

33. The series L:; n cos mr = L:; ( -1) n .2!:., where bn > 0 for n 2: 1 and lim bn = -2 . n=l n n=l n n-CX> 

i
an I 1(-1)n+lbn+l n. 

I n 1 1 00 bncosn1r 
lim ----±!. = lim n . 

( ) b = lim bn--
1 

= -2 ( 1) = -
2 

< 1,so the series L:: n is n-->00 an n-->oo n + 1 -1 n � n-->00 n + ' n=l n 

absolutely convergent by the Ratio Test. 

35. (a) lim 1
1/(n + 1) 31 � lim 

n3 = lim 
1 

. = 1. Inconclusive n-->oo 1jn3 n-->oo (n + 1)3 n--.oo (1 + 1/n)3 , . I ( n + 1) 2n I . n + 1 . ( 1 1 ) 1 . (b) hm -2 +1 · - = lim -2- = lrm -2 + -2 
= -2. Conclusive (convergent) n-oo n n n-oo n n-oo n 

(c) lim I (� · ( � 1 I = 3 lim J n = 3 lim �
/ = 3. Conclusive (divergent) n--.oo yn + 1 -3 n- n-->oo n + 1 n-->oo V � 

. I vfnTI 1 + n21 . · [R1 1jn2 + 1 ] . (d) hm · -- = hm 1 +- · = 1. Inconclustve n-->oo 1 + (n + 1)2 y'n n-->oo n 1jn2 + (1 + 1/n)2 · 

37. (a) lim I an+l
l 

= lim I ( xn+
�)' · 

n! I = lim I �1� = I xi lim __!_1 = I xi· 0 = 0 < 1, so by the Ratio Test the n-HX:> an n--.oo n + . Xn n-oo n + n-+00 n + . . 
00 xn 

series L:: I converges for all x. 
n=O n. 

(b) Since the set;ies of part (a) always converges, �e must have }.!_,� :� = 0 by Theorem 11.2.6. 

5 1 1 1 1 1 1 661 . 39. (a) 85 = 
n�1 n2n = 

2 
+ 8 + 24 + 64 + 160 = 960 � 0.68854. Now the rattos 

r _ an+1 _. n2n n ., . . . n - an - (n + 1)2n+l = 2(n + 1) 10rm an mcreasmg sequence, smce 

2 
• ' 

n+1 . n (n+ 1) -n(n+2) 1 . . rn+l -rn = 
2(n + 2) - 2(n + 1) 

= 
2(n + 1)(n + 2) 

= 
2(n + l)(n + 2) > 0. So by Exerctse 34(b), the error 

in using ss is Rs <_ 1 
a
1

.6 
1/(6 · 26) 1 0 0052 1. 

' - liD rn = 1 - 1/2 = 192 � . . 
n-->oo 

(b) The error in using Sn as an approximation to the sum is Rn = an+� = ( 
2
)2 +1. We want Rn < 0.00005 <=> 

1-2 n+1 n 

1 . 

( n + 1 )2n < 0.00005 <=> ( n + 1 )2n > 20,000. To find such an n we can use trial and error or a graph. We calculate 

(11 + 1)211 = 24 ,576, so sn = E 2
1 
n � 0.693109 is within 0.00005 of the actual sum. 

n=1 n 
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41. (i} Following the hlnt, we get that ian I < rn for n � N, and so since the geometric series 2:::;::1 rn converges [0 < r < 1 ], 

the series I::=N I ani converges as well by the Comparison Test, and hence so does 2::::=1 !ani, so 2::::=1 an is absolutely 

convergent. 

(ii) If lim yTa:T = L > 1, then there is an integer N such that yTa:"j > 1 for all n � N, so lanl > 1 for n � N. Thus, n--+oo · 

lim an =/= 0, so 2::::=1 an diverges by the Test for Divergence. n-oo 

(iii) Consider f: ·.!. [diverges] and f: � [converges]. For each sum, lim � = 1, so the 
.
Root Test is inconclusive. 

n=l n n=l n n-oo 

43. (a) Since ,E an is absolutely convergent, and since ja� j ::; I ani and ja;;-j ::; I ani (because a� and a;;- each equal 

either an or 0), we conclude by the Comparison Test that both ,E a� and ,E a;;- �ust be absolutely convergent. 

Or: Use T heorem 11.2.8. 

(b) We will show by contradiction that both La� and La;;- must diverge. For suppose that L; a� converged.· Then so 

would L;(a�- �an) by Theorem 11.2.8. But L;(a�- �an) = L [�(an+ !ani)- tan] = � L; Jan!, which 

diverges because ,E an is only conditionally convergent. ·Hence, ,E a;t can't converge. Similarly, neither can ,E a;;-. 

45. Suppose that ,E an is conditionally convergent. 

(a) L;n2an is divergent: Suppose L n2an converges. Then lim n2an = 0 by Theorem 6 in Section 11.2, so there is an n-= 

integer N > 0 such that n > N � n2iani < 1. For n > N, we have !ani < �.so ,E !ani converges by 
n n>N 

comparison with the convergent j.J-series ,E �. In other words, ,E an converges absolutely, con�dicting the 
• n>N n . 

assumption that ,E an is conditionally convergent. This contradiction shows that ,E n2an diverges. 

Remark: The same argument shows that L nP an diverges for any p > 1. 

(b) f: ( -
ln

l) 
n 

is conditionally convergent. It converges'by the Alternating Series Test, but does not converge absolutely- · 

n=2 n n . 
. [by the Integral Test, since the function f ( x) = x 1� x is continuous, positive, and decreasing on [2, oo) and 

1= 

dx 
1t dx [ . ) t ] ( _1 t 

· 

-ln = lim -1 - = lim ln(ln x) = oo . Setting an = -1- for n � 2, we find that 
2 :z: x t-= 2 x n x t-oo 2 n n n 

= = (-It . 
n�2 

nan= 
n�2. ln n 

converges by the Alternating Series T�st. 

oo (-l)n-1 
It is easy to find conditionally convergent series ,E an such that ,E nan diverges. Two examples are ,E and 

n=1 n 

f: (-J;:-1, both of which converge by the Alternating Series Test and fail to converge absolutely because L I ani is a 
n=l n 

p-series with p ::; 1. In both cases, L nan diverges by the Test for Divergence. 
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11.7 Strategy for Testing Series 

1. --- <- = - for alln > 1. 1 1 (1)n 
n+3" 3" 3 - oo ( 1)n oo 1 

L: - is a convergent geometric series [lrl = i <.1], so L �3n n=l 3 ' n=l n + 
converg!!s by the Comparison Test. 

3. lim lanl= lim .:....22:._=1,so lim an= lim(-1)"�2does not exist.Thus,the series f: (-1)"-n-divergesby n-+00 n-+oo n + 2 n�oo n�oo n + n=l n + 2 

the Test for Divergence. 

5. lim I an+ I I = lim I (n + 1):�" 
· �.-S)��� = lim 2(n + 1)2 = �5 lim (1 + .!.)2 = 

�5 (1) = 
�5 < 1, so the series n-+oo an n-oo ( - 5)n n 2n n-+oo 5n2 n--+oo n 

00 n2 2n-l ' 
L: -( )" converges by the Ratio Test. n=l -5 

7. Let f(x) = ;,.__.Then f is positive, continuous, and decreasing on (2, oo), so we can apply the Integral Test. xv�x · 

Since J xvkx dx . [d: :' �:��] = j u-112 du = 2u1/2 + C = 2 v'iiiX + C, we find 

f
oo � = 'lim r � = lim [2� ] 1 = lim (2 vlnt- 2 �) = oo. Since the integral diverges, the 12 xvlnx t-+oo}2 xv�x t-+oo 2 t�oo 

. . � 
1 d' giVen senes L.. � tverges. 

. n=2 nv�n 
00 00 k2 ' . 

9. L: k2e -k 
= L: --;;· Using the Ratio Test, we get 

k=l k=l e · 

2 1 1 th . = · 1 · -= - < 1, so e senes converges. e e 

11
·
. f: (� + 3�) = f: � + f: (�31 

)n
. The first series converges since it is a p-series with p = 3 > 1 and the second n=l n n=1 n n=l 

. 
series converges since it is geometric with lrl = i < 1. The sum of two converge�t series is convergent. · 

13 li lan+ll 1. f3"+1(n+1)2 n! I 1. 3(n+1)2 , 31. n+1 0 1 th . � 3nn2 . m · -- = 1m · -- = 1m = 1m -- = < so e senes L.. --n-+oo an n-+00 (n + 1)! 3"n2 n-+oo (n + 1)n2 n-+oo n2 ' 
n=l n! 

converges by the Ratio Test. 

oo ( 6)k . 00 2k-lak+l 00 3 ( 6)k 
L: -k . converges. It follows from Theorem 8(i) in Section 11.2 that the given series, L: kk = L: - -k , 
k=l . k=l k=1 2 
also converges. 
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17 lim ·1 an+1 , _ lim 1 1 · 3 · 5 · · · · · (2n- 1)(2n + 1} . 2 · 5 · 8 · · · · · (3n- 1) I = lim 2n + 1 

' n-oo an - n->oo 2 · 5 · 8 · . .  · · (3n- 1}(3n + 2} 1 · 3 · 5 · . .  · · (2n- 1) ,n-oo 3n + 2 

= lim 2 + 1/n = 3_ < 1, 
n->oo 3+2/n 3 

oo 1 · 3 · 5. · · · · (2n-1) so the series E · 

( . 1) converges by the Ratio Test. 
n=1 2 · 5 · 8 · · · · · 3n -

19. Let f(x) = In�. Then f' (x) = 2 -;1n2x < 0 when In x > 2 or x > e2, so In; is decreasing for n > e2• 
vx · � vn · 

Byl'Hospital'sRule, lim In;= lim ti
n ) =lim ;._ =O,so the serie.s f:(-1)nln; convergesbythe 

n--+00 vn n-+oo 1/ 2Vn n-+(X) vn n=l vn 
I 

Alternating Series Test. 

21. lim lanl =lim i(-1)ncos(1/n2)1 =lim icos(1/n2)1 =cosO= 1,so the series f:(-1)n cos(1/n2)divergesbythe 
n--+oo n--+oo n-+oo · n=l ' 

Test for Divergence. 

23. Using the Limit Comparison Test with an = tan ( �) and bn = �, we have 

lim 
an= lim tan(1/n) = 1' tan(1/x) H li sec2(1/x) • (-1/x2) l' 2(1/.) 1 2  1 O s· n-oo bn n-oo 1/n x:.� 1/X = x--!! -1/x2 = 

x
� SeC X = = ·· > ' mce 

00 00 
L: bn is the divergent harnlOnic series, L: an is also divergent. 
n=l n=l 

. . I an 1 I . I (n + 1)! en2 1 . (n + 1)n! · en2 
25. Use the Rat1o Test. hm _+_ = Inn 

. 
( +1)2 • -1 = hm 2 

2 
1 

n--+CXJ an n-+oo e n n. n--..oo en + n+ n! 
( 

converges. 

. n + 1 · 6o n! = lrm -2 +1 = 0 < 1, so I: -2 
n-+oo. e n n=! en 

27. {"" lnx dx = lim [-lnx - .!] t 

}2 x2 t-oo X X 1 [using integration by parts] � 1. So f In: converges by the Integral Test, and since 
n=1 n 

kink kink Ink th . . � kink b th C . 
(k + 1)3 < -k3. = -k2 , e g1ven senes 0 3 converges y e ompanson Test. 

' . k=t(k+1) 

00 00 1 00 1 29. L: an= L ( -1)n __ h_ 
= L ( -1)n bn. Now bn = --h-. > 0, {bn} is decreasing; and lim bn = 0, so the series 

n=1 n=l cos n n=l cos n . n->oo . 

converges by the Alternating Series Test. 

0 W. 1 2 2 d � 1. . . � 1 . b r: nte -- = < - an 0 - IS a convergent geometric senes, so 0 --h- IS convergent y the 
cos

h 
n en +e-n en n=1 en n=1 cos n 

Comparison Test. So. f: ( -1) n _!_h is absolutely convergent and therefore convergent. 
. n=1 cos n 

00 5k 
Thus, L: -

3
k 4k diverges by the Test for Divergence. 

k=1 + 
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. . ( )

"2 fn 1 . 1 
. 

1 ' oo ( n )n2 
33. lim \.f'jaJ = lim _

n
_. = lim [( ) I r = r <1 11 )" = - < 1, so the series E �-1 

n�oo .n-.oo n + 1 n->oo n + 1 n 1m + n e n=1 n + , n-� . 
converges by the Root Test. 

1 1 I d th 
. . ·eo . .,... 35. an = --- = --11-, so let bn = - an use e Limit mpanson 1est. n1+1/n n . n n n l. 

a,.. 1· 1 1 0 1m-= llll --= > .n-+oo bn n-tooo nl/n . 
[see Exercise 4.4.61], so the series f: 1.;1/n diverges by comparison with the divergent harmonic series . 

. n=1 n 

37. lim \.f'jaJ = lim (21/" - 1) = 1 - 1 = 0 < 1, so the series f: ( V'2- 1 t converges by the Root Test. n-+oo n-+oo n=l 

11.8 Power Series 

1. A power series is a series of the form L:::'=o c,.,x" = co+ �1 x + c2x2 + C3X3 + ···,where xis a variable and the en's are 

constants called the coefficients of the series. 

More generally, a series of the form 2:;:'=0 en ( x - a) ri = co + c1 ( x '- a) + c2 ( x - a? + · · · is called a power series in 

( x - a) or a power series centered at a or a power series about a, where a is a constant. 

3. If a,.. = (-ltnx", then 

lim I 0.,..+1 1 = lim I ( -1)n+l(n + 1) x"+1 1 = lim jc -1) 
n + 1 x l = lim [(1 +.!)I xi] = lxl. By the Ratio Test, the n-+oo an n-+OC> ( -l)n n xn n-+oo n n-+oo n 

00 . . 
series L: ( -1 tnx" converges when lxl < 1, so the radius of convergence R = 1 .  Now we'll check the endpoints, that is, 

n=l ' 
00 00 

x =·±1. Both series L: ( -1)"n(±1)" = E (=fl)"n diverge by the Test for Divergence since lim l (=f1)nnl = oo. Thus, 
n=l n=l ' n-too 

the interval of convergence is i = ( -1, 1). 

5. If an = -
2 

xn 
'then lim I an+l I = lim 1

2
xn+l . 2n- 1 1 = lim (

2
2n -

1
1 lxl) = lim (�- 1jn I xi) = lxJ. By 

n - 1 . n�oo a... n�oo n + 1 x" n->oo n + n�oo + 1 n 

oo n oo 1 
the Ratio Test, the series E -

2 
x 1 converges when Jxj < 1, so R = 1. When x = 1, the series E -

2
-- diverges by 

. n=1 n - n=1 n - 1., 

· '
th 

� 1 · 1 1 
d 

1 � 1 
d' . . . I . I f h h . . 

companson w1 6 -
2 

smce -
2 

1 > -
2 

an -2 
6 - 1verges smce It 1s a constant mu tip e o t e armomc senes. 

n=1 n n - n . n=l n 

When x = -1, the series f: 2
( -1)� converges by the Alternating Series Test. Thus, the interval of convergence is (-1, 1). 

n=l n -1 

7. If an= x", 'then lim l an+l l = lim I 
( 
xn+l

)' 
'·n! I= lim 1-x- 1 = lxl liui -

1
- = lxl· 0 = 0 < lfora/lreal X. n. n�oo an n�oo n + 1 . xn n�oo n + 1 n�oo n + 1 " 

So, by the Ratio Test, R = oo and I = ( -oo, oo ). 

n2x" 9. If an = ( -1)" �·then 

lim I an+l l = lim I (n + 1? x"+l . ��-= lim I x(n+ 1)21 = lim [� (1 + .!)2] = �(1)2 = lixJ. By the n->oo a,.. n->oo 2n+l n2 X" n->oo 2n2 n-.oo . 2 n 2 2 . . 
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00 n2xn. Ratio Test, the series 
n�l 

( -1 )n � converges when � I xi < 1 <=? I xi < 2, so the radius of convergence is R = 2. 

When x = ±2, both series 
tt

�l 
( -1)n n2�:2)n 

= 
n

�
l 
(=F1)nn2 diverge by the Test for Divergence since 

lim j(=F1)n n2 j = oo. Thus, the interval of convergence is I= ( -2, 2). 
n-:o+oo 

lim an+l 1· - x n 1' 3 
n - 3j I 1' I I I ( 3)n+l n+l 3/2 I I ( )3/2 1 ( 1 )3/2 

-- - liD • = liD - X ·-- - X liD 
n-oo an 

-
n->oo (n + 1)3/2 ( -3)nxn n->oo . n + 1 n->oo 1 + 1/n 

= 3lxl (1) = 3jxj 

( a)n . 

By the Ratio Test, the series f - � x" converges when 3lxl < 1 <* lxl < t. so R = i· When x = i. the series 
n=l nyn 

E ( -3��" converges by the Alternating Series Test. When x = -t. the series f ;12 
is· a convergent p-series 

n=l n , n=l n 

( p = � > 1) . Tl)us, the interval of convergence is [-i, j] . 

· 
( )

" Xn 
• l an+l l · . I x"+1 4n lnnl lxl . lnn lxf 13. If an = -1 -

4 ln , then hm -- = bm 
4 +l l ( 1) · -- = T hm l ( 1) = -4 · 1 n n n->oo an n-->00 n n n + xn ... n-->00 n n + 

[by !'Hospital's Rule] = 1:1. By the Ratio Test, the series converges when 1:1 < 1 <=? l x l < 4, so R = 4. When 

00 xn 00 [(-1)(-4)]" 00 1 1 1 00 1 · x = -4, L (-1)n 
�4n •- = L 4n1 = L -1 -. Since1nn < nforn 2:2,-1- >-and L -is the 

n=2 lll n n=2 n n n= 2 n n . n n n n=2 n 

divergent harmonic series (without then= 1 term), f -1' 1 is divergent by the Comparison Test. Wh�n x = 4; 
n=2 nn . 

oo x" oo 1 . 
L (-1)n

4nln = L (-1)"-1 -,which converges by the Alternating Series Test Thus, I= (-4,4). 
n=2 n n=2 nn . 

(x- 2)" . I an+l I . I (x- 2)"+1 n2 + 1 I . n2 + 1 15. If an= 
2 

, then hm -- = Inn 
( · 1)2 1 · ( 2) = l x- 21 hm 

( )2 = lx- 2j. By the n + 1 n-.oo an n->oo n + + X - n n->oo n + 1 + 1 

Ratio Test, the series f (x 
2-

2t converges when lx- 21 < 1 [R = 1] {:} -1 < X- 2 < 1 {:} 1 <X< 3. When 
· n=O n + 1 

x=1, the series f ( -1)n +1 converges by the Alternating Series Test; whenx = 3, the series E -
2
-1-converges by 

n=O n + · n=O n + 1 . ' 

comparison with the p-series f � [p = 2 > 1]. Thus, the interval of convergence is I= [1, �]. 
n=l n 

00 3"(x + 4t By the Ratio Test, the series 
nJ;l Vn 

converges when 3jx + 41 < 1 # lx + 41 < i [R = i] <* 
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-t<x+4<t <* - 1
3
3 < x <: - Jt. When x = - ¥, the series f ( -1)" ;.. converges by the Alternating Series 

�1 vn . 

Test; when x = -131 , the series f ;_. diverges [ p = � :S 1] . Thus, the interval of convergence is I = [-¥, - 1
3
1 ) . 

n=1 vn 

19. If an = (x-2)n
, then lim y'jliJ = lim ·!x- 21 = 0, so the series converges for all x (by the Root Test). nn n�� n-� n 

R = oo and I= ( -oo, oo) . 

21. an= ; (x- at, where b > 0. 

· n+1 n · 
lim lan+11::::;: lim (n+1)lx-al . b 

n::::;: lim (1+.!.) !x-a!::::;: lx�al
_ n-oo an n-oo bn+l n !x -a! n .... oo n b b 

By the Ratio Test, the series converges when !x � aj < 1 <* _!x -a! < b [so R = b] <* -b < x -a < b <* 

a-b < x <a+ b. When !x-a! = b, lim !an i = lim n = oo, so the series diverges. Thus, I= (a- b, a+ b). n-+CX>- n-+oo 

23. If an = n! (2x- 1)n, then lim I an+1 I = lim I (n + ��� (2x �) 1t+1 
I = lim (n + 1) j2x- 1j -,-+ oo as n-,-+ oo n-+oo an n-oo n. X - n n--+oo 

for all x =I= �. Since the series diverges for all x =1- �, R = 0 and I = { � } . 

(5x- 4)n · 25. If an= 3 , then n 

lim I an+1 I = lim I (5x- 4)n+1 . n3 
I = lim j5x- 41 (-n-)

3 
= lim j5x-4j ( 1 

)
3 

n->oo an n->oo (n-+ 1)3 (5x-4}n n->oo . n + 1 n->oo 1 + 1/n 
= j5x - 41 · 1 = j5x -4j 

· · "" (5x-4)n 
By the Ratio Test, L: ·3 converges when j5x- 4j < 1 

n=1 n 
<* Jx-ij<l <* -l<x-i<l <* 5 5 5 5 5 

� < x < 1, so R = i· When x = 1, the series f -\- is a convergentp-series (p = 3 > 1). When x = �. t�e series 
n=1 n 

f (-� n 
converges by the Alternating Series Test. Thus, the interval of convergence is I = [ �, 1] . 

n=1 n 

xn . 
27. If an = , then 1·3· 5· ··· ·(2n- 1) 

l. I an+11 1. I 
xn+l 1 · 3 · 5 · · · · · (2n- 1) �- 1. !x! 0 1 Th b 1m -- = 1m · = tm---= < us y n->oo an n-oo 1 · 3 · 5 · · · · · (2n- 1}(2n + 1) xn n->oo 2n + 1 · 

_ . ' 

the Ratio Test, the series 
n�1 1 . 3. 5 . . ��. (2n- 1) converges for al� real X and we haveR::::;: 00 and I::::;: ( -oo, oo) . 

-

29. (a) We are given� that the power series :L:=o enxn is convergent for x = 4 .  So by Theorem 3, it must converge for at least 

-4 < x :54. In particular, it converges when x = -2; that is, :L:=o en( -2 t  is convergent. 
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(b) It does not follow that E::'=o en( -'4)n is necessarily convergent. [See the com,ments after Theorem 3 .about convergence at 

the endpoint of an interval. An example is Cn = ( -l)n /(n4n).] 

(n!)k n· 31. If an= 
(kn)!

x , then 

I. I an+l I I" ((n + 1)!]k (kn)! 
I I 

l' (n + 1)k 
I I Im -- = liD X= IID X 

n-oo an n-oo (n!)k [k(n + 1)]! n->oo (kn + k)(kn + k- 1) · · · (kn + 2)(kn + 1) 

_ lim [ (n+ 1) (n+ 1) . . . (n+ 1} ] lxl 
- n->oo (kn + 1) (kn + 2) (kn+ k) 

li [ n + 1 · ] 1. [ n + 1 ] 1. ' [ n + 1 ] I I = ID -- Im -- ···IID -- X 
n:.....oo kn + 1 n->oo kn + 2 n->oo kn + k 

= ( � J lxl < 1 {:} lxl < kk for convergence, and the radius of convergence is R = kk. 

33. No. If a power series is centered at a, its interval of convergence is symmetric about a. If a power series has an infinite radius 

of convergence, then its interval of convergence must be ( -oo, oo ), not (0, oo ). 

(-1)n x2n+.l 
35. (a) If an = , then 

n!(n + 1)! 22n+l 

li l an+l l I" I . .  x2n+3 . n!(n+1)!22n+l l (x) 2 I
" 1 

0" II m -- = 1m · = - un = .or a x 
n->oo an n->oo (n + 1)!(n + 2)! 22n+

� x2n+l 
. 2 n->oo (n + 1)(n + 2) 

· 

So J1(x) converges for all x and its domain is ( -;oo, oo) . 

(b), (c) The initial terms of J1 (x) up ton= 5 are ao = �· . . . . . . . . . 

2 

and as== 
xll 

7 9 7 2 . The partial sums seem to 
16,,4,00 

Jl 
-8��-+���--��--���--��8 

approximate J1 (x) well near the origin, but as lx] increases, 

we need to take a large number of terms to get a good 

approximation. 

37. S2n-1 = 1 + 2x + x2 + 2x3 + x4 + 2x5 + · · · + x2n-z + 2x2n-l 

-2 

= 1(1 + 2x) + x2(1 + 2x) + x4(1 + 2x) + 
· 
· · + x2n-2(1 + 2x) = (1 + 2x)(1 + x2 + x4 + · . . + x2n-2) 

1 - x2n 1 + 2x · · 
= (1 + 2x) 

1 _ xz [by (11.2.3) with r = x2] 
-> 1 _ xz as n -> oo by (11.2.4)], when lxl < 1. 

AI · 2n 1 + 2x . 2n . O " I I 1 Th " 
1 + 2i . so Szn = Szn-1 + x -> 

1 
_ 

xz smce x -> 10r x < . ere.ore, Sn -> 
1 

.:.. 
xz smce szn and Szn-1 both 

h 
1 + 2x 

Th h . 1 f . . ( ) ( ) 
1 + 2x approac -

1 2 
as n-> oo. us,t e mterva o convergence IS -1,1 and f x .= --

2
• · 

-x 1-x 
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39. We use the Root Test on the series I; c..xn. We need lim \llcnxn I = lxl lim yfjCJ = c lxl < 1 for convergence, or n-+oo n-'-?oo · 

lxl < 1/c, so R = 1/c. 

41. For 2 < x < 3, I; cnxn diverges and I; dnxn converges. By Exercise 11.2.69, 2:(c.. + dn) xn diverges. Since both series 

converge for lxl < 2, the radius of convergence of i;(cn + dn) x
n is 2. 

11.9 Representations of.Functions as Power Series 

00 • 00 
1. Iff(x) = I; CnXn has radius of convergence 10, then /'(x) = I; nc..xn- I also has radius of convergence 10 by 

n�O n=l 

Theorem 2. 

3. Our goal is to write the function in the form -1 
1 

, and then use Equation ( 1) to represent the function as a sum of a power 
-r 

2 2 ( 1 ) 2 00 (x)n 00 1 I X I 5. f(x) = 3 _ x = 3 1_ x/3 = 3 n�o 3 or, equivalently, 2 n�o 3n+l xn. The series converges when 3 < 1, 

that is, when lxl < 3, so fl = 3 and I= ( -3, 3). 

X X [ 1 ] X [ 1 ] X oo [ (X) 2] n X oo X2n oo X2n+l 

7.f(x)=9+x2 =91+(x/3)2 =91-{-(x/3)2} =g-fo- 3 . =g-fo(-1)
n
gn-=

n�0(-1)
n
gn+l 

. ' 

oo [ · 2] n 

I 2 1 I x21 The geometric series 
n�o -

( i) converges when - ( i) < 1 {:} g < 1 {:} lxl2 < 9 {:} lxl < 3, so 

R = 3 and I = ( -3, 3). 

The series converges when lxl < 1, so R = 1 and I = ( -1, 1 ). 

1+x -(1-x)+2 ( 1 ) oo oo 
Asecondapproach: f(x)=-1_ = 1_ =-'-1+2 -1_ =-1+2I;xn=l+2I;xn. X X X n=O n=l 

A third approach: 

f(x) = � �: = (1 + x) C � x) = (1 + x)(1 + x + x2 + x3 + ... ) 

= ( 1 + x + x2 + x3 + · · · ) + ( x + x2 + x3 + x4 + · · · ) = 1 + 2x + 2x2 + 2x3 + · · · = 1 + 2 f: xn. 
n=l 
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3 3 A B 11 f(x)- - - -- + -- =? 3 = A(x + 1) + B(x - 2). Let x = 2 to get A= 1 and 
· - x2 - x - 2 - (x - 2)(x + 1) - x - 2 x + 1 

x = -1 to get B = -1. Thus 

· 3 . 1 1 1 
( 

1 
) 

1 1 00 
(

x
)
n 00 .· n -x2- --x-- -2=-i---2 --x-+-1 =--2 1 - (x/2) -1-(-x)=-2n�o 2 -

n�o(-x) 

= E [-! (!)n - 1(-1)n]xn = E [(-1)n+1- n
1
+l]xn 

n=O 2 2 n=O 2 

We represented f as the sum of two geometric series; the first converges for x E ( -2, 2) and the second converges for (-1, 1)0 

Thus, the sum converges for x E ( -1, 1) = I 0 

13: (a) f(x) = (1: x)2 = c! C �1
x) =-d� [n�o ( -1)" xn] [from Exercise 3] 

= E(-1)n+lnxn-1 [frornTheorem2(i)] = E(-l)n(n+1)xnwithR=l. 
n=1 · n=O 

In the last step, note that we decreased the initial value of the summation variable n by 1, and then increased each 
occurrence of n in the term by 1 [also note that ( -l)n+2 = ( -1)n]o 

(b)f(x)= 1 .3=-!!£[ 1 
2]=-.!:!£[fc-I)n(n+1)xn] [from part (a)] (1 + x) . 2 dx (1 + x) 2 dx n=O . 

00 00 = -! L {-1)n(n +l)nxn-1 =! L (-lt(n + 2)(n + 1)xn with R = 1. 
n=l n=O 

(c) f(x) = ( 
x2 

)3 = x2 o ( 
1 )3 = x2 o -2

1 E ( -1)n(n + 2)(n + 1)xn [from part (b)] 1+x 1+x n=O. 
1 00 = 
2 n�o (:-1)n(n + 2){n + l)xn+2 

To write the power series with xn rather than xn+2, we will decrease each occurrence of n in the te� by 2 and increase 

the initial value of the summation variable by 20 This gives us .!: f ( -1 t ( n) ( n - 1 )x11- with R = 1. 2 n=2 

1$.J(x)=ln{5 - x)=-/_E__,=_!f�=-.!:j[f(�Jn]dx=C-.! E xn+l =C- E xn 
5 - x  5 )- x/5 5 n=O 5 5 n=o 5n(n+l) n=1n 5n 

Putting x = 0, we get C � ln50 The series converges for lx/51 < 1 ¢> I xi < 5, so R =50 

17. We know that -1 
1
4 = t 4 ) =' f ( -4x) n 0 Differentiating, we get 

+ X 1- - X n=O 
-4 00 00 

-:---:--=2 = L ( -4tnxn-l = L ( -4t+l(n + 1)xn, so {1 + 4x) n=1 n=O 

!( ) _ X _ -X -4 _ -X � ( 4)n+l{ ) n _0 � ( 1)n4n( ) n+l x - (1 + 4x)2 - 4 
0 
{1 + 4x)2 - 4 n�O 

- n + 1 X -
n�O - n + 1 X 

for l-4xl < 1 ¢> lxl < {,so R = {0 
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1 00 
19. By Example 5, (1 _ x)2 = n�o (n + 1)xn. Thus, 

!( ) _ 1 +X _ 1 X _ � ( 1) n � ( 1) n+l 
X - (1- x)2 - (1- x)2 + (1- x)2 - n�O n + X + 

n�O n + x 

00 00 
= � (n + 1)xn + � nxn 

n=O n=l 
[make the starting values equal] 

00 00 00 
= 1 + � [(n + 1) + n]xn = 1 + � (2n + 1)xn = � (2n + l)xn with R = 1. 

n=l n=l n=O 

_ __ x __ _::_ _ _::_ _::_ :_ _::_ _1 n _ 2n _ _ n __ 2n+l ( 1 ) · oo ( 2 )n 00 1 oo 1 
21' 

f(x) - x2 + 16 - 16 1- ( -x2/16} - 16 n�O 16 - 16 n�O ( ) 16n X - n�O ( 1) 16n+I X • 

The. series converges when j-x2/16j < 1 ¢> x2 < 16 ¢:? jxj < 4, so R = 4. The partial sums are s1 = .::.., . 16 

x3 x5 x7 x9 s2 = s1 - 162, s3 = s2 + 163, s4 =sa - 164, ss = S4 + 165, . . . .  Note that s1 corresponds to the first term of the infinite 

sum, regardless of the value of the summation variable and the value of the exponent. 

As n increases, sn(x) approximates f better on the interval of convergence, which is ( -4,4). 

oo 2x2n+l oo 1 
.But f(O) = ln t = 0, so.C = 0 and we have f(x) = � --. with R = 1. If x = ±1, thenf(x) = ±2 � -- , 

. n='O 2n + 1 n=O 2n + 1 

. . 

which both diverge by the Limit Comparison Test with bn = .!. . n 
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2 x 2 x3 2 x5 
The partial sums are 81 = l' 82 = 81 + 3' 83 = 82 + 5' ·. · .  

As n increases, 8., ( x) approximates f better on the interval of 

convergence, which is ( -1, 1). 

25.-t- = t · -1- = t f (t8't = f tBn+l 1 - t8 1 - t8 n,:O n=O 
f t 00 t8n+2 1 1 _ 8 dt = C + L: -8 2. The series for 1 _ tB converges t n=O n + 

when I t8 l < 1 ¢:> It I < 1, so R = 1 for that series and also the series for t / ( 1 - t8). By Theorem 2, the series for 

1 

t ' 

1_t8dtalso hasR=l. 

00 xn 00 xn+2 
27. From Example 6, ln(1 + x) = L: ( -I)n-l_ for lxl < 1, so x2ln(l+ x) = L: ( -I)n-1 -- and 

. n=1 n n=1 n 

I 
oo n+3 . x2ln(1 + x) dx = C + 2: ( -1).. t 3)" R = 1 for the series for ln(1 + x), so R = 1 for the series representing . n=l n n+ . 

x21n(1 + x) as well. By Theorem 2, the series for j x21n(1 + x) dx als� has R = 1. 
29 -

1 
_ _ I 

· 1+x5 - 1-(-x5) 
00 00 L: (-x:'T = L:(-I)nx5n :;. n,:O n,:O 

I I f oo oo 5n+1 · -1 -5 dx = 2:(-1tx5ndx = C +  2:(-It-5x 1 . Thus, +x n=O n=O n+ 
10.2 I [ x6 xll ] o.2 (0.2)6 (0.2 ) 11 \ . . . I= --dx = x-- + - - · · · = 0.2- -- + -- .,-· · · Thesenes 1s altematmg so 1fwe use 0 1 + x5 6 11 0 6 11 · t 

the first two terms, the error is at most (0.2)11/11 � 1 .9 x 10-9. So I� 0.2- (0.2)6/6 � 0)99 989 to six decimal places. 

31. We substitute 3x for x in Example 7, arid find that 

f f oo (3 )2n+1 f oo 32n+l 2n+2 00 32n+1 2n+3 xarctan(3x) dx = x 2: (-It 2x 1 dx = L: (-It 
2 

x dx = C + L: (-It ( )f 
) n"=O n + n=O n + 1 n=O 2 n + 1 2n + 3 

So 
10.1 [ 3x3 33x5 . 35x7 37 xg. . ] 

o.1 xar�tan(3x)dx= ---- + - - - + ... 
0 I·3 3·5 5 · 7 7·9 0 

1 9 . 243 2I87 
= 103 - 5 X I05 +. 35 X 107 -

63 X 109 
+ .... 

Th . . I ' . 'f thr th . 2I87 3 5 IO 8 S e senes 1s a tematmg, so 1 we use ee terms, e error IS at most 
63 x 109 

� . x - . o 

{0.1 I 9 243 . lo x arctan(3x) dx � 103 - 5,x 105 
+ 35 x 107 

� 0.000983 to six decimal places. 
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x3 x5 x7 (0.2)3 . (0.2)5 (0.2)7 33. By Example 7, arctan x = x - "3 + 5 -:- 7 + · · ·,so arctan 0.2 = 0.2 - -3-. + -5- - -7- + .. ' . 

Th . . I . 'f three th . (0.2/ 0 000 002 e S!!nes ts a tematmg, so 1 we use terms, e error ts at most -7- � . . 

· . · (0.2)3 (o.2y·; 
Thus, to five decimal places, arctan 0. 2 � 0.2 - 3""""" + -5- � 0.197 40. 

2" 1 2 00 {-1)" 2n(2n - 1)x2" 00 (-1)n 2nx2" 00 (-ltx2n+2 x Jo (x) + xJo(x) +X Jo(x) = n�l 22"(n!)2 + f1 22"(n!)2 + n�o 22n(n!F 

_ 00 (-1)" 2n(2n-l)x2n 00 (-1)n 2nx2n 00 (-1)"-1x2" 
- fl . 22"(n!)2 + f1 22n(n!)2 + n�l 22"-2 [(n - 1)!]2 

00 (-1t2n(2n-1)x-2n 00 (-1)" 2nx2" 00 (-1)"(-1)-122n2x2"' 
= n�l 22"{n!)2 + n�l 22n(n!)2 + fl 22n(n!)2 

Since 16.�28 � 0.000062, it follows from The Alternating Series Estimation Theorem that, correct to three decimal places, 

J� Jo(x) dx � 1 - f2 + 3�0 � 0.920. 

(b) By Theorem 9.4.2, the only solution to the differential equation df(x)/dx = f(x) is f(x) = Kex, but f(O) = 1, so 

K = 1 and f(x) =ex. 
Or: We could solve the equation df(x)/dx = f(x) as a separable differential equation. 

39. If an = x:, then by the Ratio Test, lim I an+ I I = lim I ( 
xn+;)2 · 

n2 1 = !xi lim (�1) 2 
= I xi < lfor n n-+00 a.. n-+oo n + xn n-+oo n + 

convergence, so R = 1. When x = ±1, f: I x: I = f: � which is a convergent p;-series (p = 2 > 1), so the interval of n=l n n=l n . 
convergence for j is [ -1, 1). By Theorem 2, the radii of convergence of f' and !" are both 1, so we need only check the 

. 

CXl xn . 00 n-1 CXl n . 
endpoints. /( x) = L: 2 ::} !' ( x) = L: nx 

2 = L: �1 , and this series diverges for x = 1 (harmonic series) n=l n n=l n n=O n + 
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oo n-
1 and converges for x = -1 (Alternating Series Test), so the interval of convergence is [-1, 1). !"(x) = 2: 

nx .1 diverges . n=l n+ 

at both 1 and -1 (Test for Divergence) since lim. _n_ = 1 # 0, so its interval of convergence is· ( -1, 1). . . n-+00 n + 1 
00 x2n+1 1 41. By Example 7, tan-1 x = 2: ( -1)n-2 1 for lxl < LIn particular, for x = r.;• we n=O n+ y 3 

· ( -�2n+l 7r 1 00 1/v3) 00 1 n 1 1 
have6 =tan-:l (VJ) = n�o(-1)n 

2n+1 .= 
n�o(-1)n (3) .j32n+1'so 

6 oo ' (-1)n oo (-1)" 
. 71". = 

J3 n�O (2n + 1)3n = 2J3 n�O (2n + 1}3n 

11.10 Taylor and Maclaurin Series 

• • oo n . j<n>(a) !(8)(5) 1. Usmg Theorem 5 With .{;0 bn (x- 5) , bn =�·sobs= ----gr-· 

3. Since j<">(o) = (n + 1)!, Equation 7 gives the Maclaurin series 

5. 

7. 

oo f(n)(O) . oo (n + 1)1 oo 
2: --1 - x" = L: . 1 · xn = 2: (n + 1)x". Applying the Ratio Test with an= (n + 1)x" gives us n=O n. n=O n. n=O 
lim I an+ I I = lim I ({ 

+ 2
�r+1 I = !xi lim 

n 
+ 

2
1 = ]xi · 1 = jxj. For convergence, we must have Jxl < 1, so the n-+oo an n--.oo n + xn n-+00 n + . 

radius of convergence R = 1. 

n f(n) (x) j<"l(o) 
0 (1- x)-2 1 
1 2(1- x)-3 2 
2 6(1- x)-4 6 
3 24{1- x)-5 24 
4 120(1- x)-6 120 

n f(n)(x) J<">(o) 
0 sin 1rx 0 
1 7rCOS7rX 7r 
2 -1r2 sin 1rx 0· 
3 -7!"3 COS7rX -71"3 
4 1r4 sin 7rX 0 

.5 71"5 COS 7rX 71"5 

(1- x)-2 = f(O) +f'(O)x + f"(O) x2+ f111(0) x3 + j<4>(o) x4 + ... 
2! 3! 4! 

= 1 + 2x + !x2 + ¥x3 + �21x4 + ... 

00 
= 1 + 2x + 3x2 + 4x3 + 5x4 + · · · = L: (n + 1)x" n=O 

lim ·1 an+ I I = lim I (n + 2)xn+l I = Jxl lim n + 2 
= Jxj (1) = Jxj < 1 n--.oo an· n--.oo (n + 1)xn n--.oo n + 1 

for convergence, so R = 1. 
. !" (0) !"' (0) sin 1rx = f(O) + !' (O)x + --x2 + -- x3 2! . 3! 

/(4)(0) 4 /(5)(0) 5 +--x + -- x +··· 4! 5! 

71"3 3 71"5 5 71"7 7 = 1rx- 3fx + 51 x - 1fx + . . · 

oo 2n+l 
= L: ( -1t 

7r x2n+l 
n=O (2n + 1)! . 

I. I an+l I . ,. 17r2n+3 x2n+3 (2n + 1)! I ,. 71"2 x2 0 1 1m -- = 1m ( ) · 2 = 1m ( ) = < for all x, so R = oo. n-+oo an n-+oo 2n + 3 ! 7r n+l x2n+I n--.oo 2n + 3)(2n + 2 
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9. 
n 
0 
1 

2 
3 
4 

11. 
n 
0 
1 
2 
3 
4 

13. 
n 
0 
1 
2 
3 
4 
5 
6 

15. 
n 
0 
1 
2 
3 
4 
5 

J<nl(x) J(n)(O) 
2x 1 

2x (In 2) ln2 
2x(ln2)2 (In2? 
2x(ln2? (In 2)3 
2x{ln2)4 {In 2)4 

f(n)(x) J<nl(o) 
sinh x 0 
coshx 1 
sinh x 0 
cosh;�: 1 
sinhx 0 

f(n)(x) J(n)(l) 
x4- 3x2 + 1 -1 

4x3- 6x -2 
12x2- 6 6 

24x 24 
24 24 
0 0 
0 0 

f(n)(x) J(n)(2) 
lnx ln2 
1/x 1/2 

-1/x2 -1/22 
2/x3 2/23 

-6/x4 -6/24· 
24/x5 24/25 

oo J(n)(O) n oo (In2t n 2x = ·L: --1 -x = L: --1- x .  n=O n. n=O n. 

li I Un+l I r I (In 2)n+l xn+1 n! I n-+� a:- = n�� (n + 1)! . {ln2)nxn 

= lim (In 2) lxl = 0 < 1 for all x, so R = oo. n-+oo n + 1 

{ 0 ifn is even J(n)(O) = 
1 ifn is odd 

00 x2n+1 
so sinhx = L: (2 1)1• n=O �+ ' 

x2n+1 
Use the Ratio Test to find R. If an = (2n + 1)!, then 

lim l an+1 1 = lim I x2n+3 . (2n+l)! l =x2· lim 1 
n-+oo an n-+oo (2n + 3)! x2n+l n-+oo (2n + 3)(2n + 2) 

= 0 < 1 for all x, so R = oo. 

J< n l ( x) = 0 for n � 5, so f has a finite series expatlsion about a = 1. 

4 j(n)(l) f(x) = x4- 3x� + 1 = L: --1 -(x- It n=O n. 
= -1 (x- 1)0 + 

-2 (x- 1)1 + � Cx- 1)2 0! 1! 2! 
24 )3 24 4 + 3! (x- 1 + 4! (x- 1) 

= -1 � 2(x- 1) + 3(x- 1)2 + 4(x- 1)3 + (x- 1)4 

A finite series converges for all x, so R = oo. 

oo J(n)(2) f(x) = lnx = L: --1- (x- 2)n 
n=O n. · 

In 2 ( )0 1 ( ) 1 -1 2 , 2 ( 3 = Ql X- 2 + 1! 21 X- 2 + 2! 22 (x·- 2) + 3! 23 X - 2) 
-6 . 4 24 5 -+ 4! 24 (x- 2) + 5! 25 (x- 2) + ... 

= ln2+ f (-1t+dn 
� :)! 

(x- 2t n=l n. 2 
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lim lan+l l = lim � (-1t+2(x-2)n+l
. n 2n I= lim � (-1){x-2)n l =lim (-n-) lx-21 

n-oo an n-oo (n+1) 2n+l (-1)n+1(x-2)n n->oo (n+1)2 n-oo n+1 2 

n 

= lx - 21 < 1 for convergence, so lx -21 < 2 and R = 2. 2 

f(nl(x) f(n) (3) 
f(x)= e2x = E /(

n
)J
(3) (x- 3)n 

n=O n. 

0 e2x 

1. 2e2x 
es 

2e6 
·e6 2e6 4e6 = - (x- 3)0 + - (x- 3)1 + -2! (x- 3)2 
O! 1! 

2 22e2"' 4e6 8e6 16e6 
+ - (x- 3)3 + - (x- 3)4 + · · · 3! 4! 3 23e2x 8e6 

4 24e2"' 16e6 = E 2n
�

6 (x- 3)n 
n=O n. 

·• 

I. an+l I" e X - n. I" X -
O 1 Im -- = Im . = Im = < I I 1 2n+l 6.( 3)n+l J I 21 31 

n->oo an n-oo (n + 1)! 2ne6(x-3)n n->oo n + 1 

n f(n)(x) J(n)(7r) 

00 /(k)(7r) f(x) = cosx = 
k

�o -k-! - (x-1r)k 

for all x, so R = oo. 

0 cosx -1 - -1 (x-7r)2 
- (x-7r)4 (x- 7r)6 

- + 2! 4! + 6! 1 -sinx 0 
2 -cosx 1 
3 sinx 0 
4 cosx -1 

oo ( )2n = 2:: ( _1) n+l X - 7r 
n=O (2n)! 

I. I an+ I I li [ lx-1rl2n+2 (2n)! ] 1m -- = m · ---'----'-,-n-+oo an n-+oo (2n + 2)! lx - 1rJ2n 

= lim · lx - 1r!2 
= 0 < 1 for all x, so R =;= oo. n-+oo (2n + 2)(2n + 1) 

7rn+l l7rxln+l 
with a= 0 and M = 1r"+1, lRn(x)l � ( 1)' lxln+l = ( 1)'. Thus, IRn(x)l --+ 0 as n--+ oo by Equation 10. n+ . n+.. . . 
So lim Rn ( x) = 0 and, by Theorem 8, the series in Exercise 7 represents sin 1rx for all x. n->oo 

23 .. If f(x) = sinhx, then for all n, f(n+ll(x) = coshx or sinhx. Since lsinh xl < lcoshxl = coshx for all x, we have 

jt<n+ll(x)j � coshx for all n. If dis any poSitive number and lxl � d, then jt<n+ll(x)j � coshx �cosh d, so by 

Formula9witha = OandM = coshd, we have IRn(x)l �(�a_:_\�! lxln+1.1tfollows that IRn(x)l--+ Oas:n--+ oo for 

lxl � d (by Equation 10). But d was an arbitrary positive number. So by Theorem 8, the series represents sinhx for all x. 
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25. �1- x= [I + (-x)J114 = E (I/4) (-x)n =I + i(-x) + H�i) (-x)2 + H-U, (-%) (-x)3 + ... 
n=O n 2. 3. 

1 00 (-1)n-l(-1)n·[3 ·7·····(4n - 5)] n = 1 - -x + 2: x 4 n=2 4n . n! 
1 00 3 · 7, · · · · (4n - 5) n = 1 - -x - 2: x 4 n=2 4n . n! 

and 1-xl < :i ¢} lxl < 1, so R = 1. 

27. 1 3 = 1 3 = .!:. (1 +E) -3 = .!:. E (-3). (E2)"'. The binomial coefficient is 
(2 + x) [2(1 + x/2)] 8 2 8n=O n 

(-3) = ( -3)( -4)( -5) · · · · · ( -3 - n + 1) = ( -3)( -4)( -5) · · · · · [-(n + 2)] 
n n! n! 

_ (-If·2·3·4·5·····(n + 1)(n + 2) _ (-1t(n + 1)(n + 2) 
- 2 · n! - 2 

Tlius, I 3=.!:.f(-1)n(n + 1)(n + 2) xn=E(-I)n(n + �4
(n + 2)xn

for!EJ<I ¢} lxl<2,soR=2. (2 + x) Bn=O 2 2n n=O 2n 2 

00 x2n+l 00 (7rx)2n+l 00 . 1r2n+l 
29. sinx= 2:(-l)n 

(2 I)' "* f(x)=sin(1rx)= 2:{-l)n 
(2 I)'= 2:(-I)n 

(2 l)1x2n+l,R=oo. 
n=O n + · n=O n + · n=O n + · · 

00 xn 
31. ex.= 2: I 

oo (2x)n oo 2n xn . oo 1. oo 2n oo 2n + 1  
"* e2x = 2: -,- = I: -,-.so f(x) = e"' + e2"' = 2: I icn + 2: I xn = I: --,- xn, 

·n=O n. n=O n. n=O n. n=O n. n=O n. n=O n. 
R=oo. 

00 x2n 
33. COSX = I: (-1)n 

-(2 )I n=O n . 

!( ) _ ( 1 2) _ � ( 1)n 1 4 n+l R _ X - xcos 2X 
- n�O 

- 22n(2n)! x ' - oo. 

35. We must write the binomial in the form (1 + expression), so we'll factor out a 4. 

=.:: [1 + (-l)
x2 + (-t)(-�)(x2 ) 2 + (-t)(-�H�n(x2 ) 3 

+ · · · ] 2 2 4 2! 4 3! 4 

I xi < 1 {;:} lxl < 2, so R == 2. 2 

. 2 _ .!_ _ · -.!.( _ oo (-1)n(2x?n] - .!. [· _ _  oo (-1)n(2x)2n ] _ 00 (-1)n+122n-1X2n 
37. sm x- 2 (1 cos2x) - 2 1 I: (2 )' - 2 1 1 I: ( )' - I: ( )' , . n=O n · n=l 2n · n=l 2n · 

R=oo 
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(16) 00 n x2n . 
39. cosx = I: ( -1) 

(2 )' � n=O n · 

- 00 
( 1)n (x2)2n 00 (-1 )nx4 n 

f(x) = cos(x2) = I: - 1 = 2:: -'--:,-:..-,-,---n=O (2n). n=O (2n)! 

= 1- �x4 + i4xa- 7�0x1� + ... 
The series for cos x converges for all x, so the same is true of the series for 

j(x), that is, R = oo. Notice that, as n increases, Tn (x) becomes a better 

approximation to f(x). 

( oo n oo · ( )n oo n 
41 x �) � :£... -x = � � = � (-1)n :£... · . e  L.., 1,soe L.., 1 L.., 1,so n=O n. n=O n. n=O n. 

00 1 f(x) = xe-x = E (-lt 1 xn+1 
n=O · n. 

2 13 14 15 1 6  =X- X + 2X - aX + 24X - I2oX + · · · 

The series fore" converges for all x, so the same is true of the series 

for f(x); that is, R = oo. From the graphs off and the first few Taylor 

polynomials, we see that Tn ( x) provides a closer fit to f ( x) near 0 as n increases. 

1.5 

o � ( 7r ) ·. 7r . . oo n x2n x2 x4 x6 

43. 
5 = 5 1800 = 

36 

rad1ans and cosx 
= n�o ( -1) 

(2n)
! 

= 1
- 2T + 

4! 
- 6f � ···,so 

cos�= 1- (
1rj36? + (1rj36)

4 -

(
1rj36)

6 + · · · Now 1- (
1rj36)

2 � 0 99
6
19 and adding 

(
1rj36)

4 � 
2 4 x w-6 

36 2! 4! 6! 

. 

2! � . 4! 

� . 

does not affect the fifth decimal place, so cos 5°.� 0.99
6
19 by the Alternating Series Estimation Theorem. 

· 

-
1 

_ I .1 _ 00 1 · 
3 

· 5 · .. . . (2n- 1) 2n+1 (b)sm .x- v'f'=X2dx-C+x+ E 
(2 1)2 1 

x 
1 -x2 n=I n + n · n. 

oo 
1. 

3 
· 5 · .. · · (2n - 1) = x + I: x2n+1 since 0 = sin -1 0 =C. n=1 (2n + 1)2 n 

· n! . 

. 
. (�) 00 n x2n . . 00 x2n 

49. cosx - ni;=0(-1) 
(2n)

f

. 

� cosx-1= I;(-1t-( )' 
n=1 . 2n . 

f COS X - 1 
oo n X2n . . 

dx=C+ I;(-1) 

2 ·(2 )''wlthR=oo. X n=1 n n . 

1 
oo 2n-1 cosx- = I;( -1)n _x_ 

� X n=1 (2n)! 
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00 x2n+1 00 x2n+4 
51. arctan x = E ( -1 )n __ for !x! < 1 ,  so x3 arctan x = L ( - 1 )n -2 -. - for !xi < 1 and 

n=O 2n + 1 n=O n + 1 . 

I 
oo x2n+5 

x3 arctanx dx = C + 
n�o ( -1)

n 
(2n + 1 )(2n + 5)

. Since � < 1, we have 

• t/
2 

3 - oo - n (1 /2)2n
+

5 - (1 /2)5 - (1 /2)7 (1/2)9 - (1/2)11 ... 
Jo x arctanxdx- n

"fo( 1) (2n+1 )(2n+5)- 1 ·5 3 · 7 + 5·9 7·1 1 + .Now 

(1 /2)5 (1 /2)7 (1 /2)9 . (1 /2)11 
. 

-- - --+ -- ·� 0.0059 and subtracting --- � 6.3 x w-6 does not affect the fourth decimal place, 1 ·5 3·7 5·9 7·1 1 

so f0112 x3 arctanx dx � 0.0059 by the Alternating Series Estimation Theorem. 

00 (1 /2) I 
oo (1/2) x4n+1 

53. y'1 + x4 = (1 + x4)112 = L (x4)
n, so V1 + x4 dx = C + L -

4
· --and hence, since 0.4 < 1 ,  

n=O n n=O n n + 1 . 

we have 

I= V1 +x4dx = L 1
0.4 00 (1 /2) (0.4)4

n+l 

0 n=O n 4n + 1 

- (o.4)1 l (o.4)5 H-�) (o.4)9 H-!)(-!) (o.4)13 H-�)(-�)(-�) (0.4)17 .. . - (1) O! + 1 !  5 + 2! 9 + 3! 1 3  + 4! 1 7  + . 
. (0.4)5 (0.4)9 (0.4)13 5(0.4?7 

= 0.4 + --w- - -:n- + 208" - 2176 + . . .  

Now 
(0��) 9 � 3.6 X w-6 < 5 X w-6' so by the Alternating Series Estimation Theorem, I � 0.4 + (0��5. � 0.401 02 

(correct to five decimal places). 

since power series are continuous functions. 

since power series are continuous functions. 

. -x2 x2 x4 x6 x2 x4 
59. From EquatiOn 11, we have e = 1 - - + - - - + · · · and we know that cos x = 1 -- + - - · . . from 1 !  2! 3! 2! 4! 

Equation 16. Therefore, e-x2 
cosx = (1-x2 + �x4- • • • )(1- �x2 + f4x4- • · • ) . Writing onlythe termswith 

d < 4 -x2 1 1 2 1 4 2 1 4 1 4 1 3 2 25 4 egree _ , we get e COSX = - 2X + 24X -X + 2X + 2x· + · · · = - 2X + 24X + · · · .  
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61 
_x_ (�) x . 

. - 1 1 . sinx x- 6x3 + 12ox5- ... 

SECTION 11.10 TAYLOR AND MACLAURIN SERIES 0 513 

1 + kx2 + �x4 + . . · 

x - k x3 + 1�0 xs ., . . . I x 
x- kx3 + l�oxs- ... 

From the long division ab<We, -/!-. = 1 + kx2 + 3�0x4 + · · · .  
SIDX 

00 x4n 00 (-x4)n 4. 
63. L: ( -1)n-, = L: --, - = e-x 'by (11). n=O n. n=O n. 

3�0xs + .. . 

3�ox5 + .. . 

65. E(-1t-1 
3n

n = E(-1)n-d
3

/5)n =ln(1+�) [fromTablel] = ln-58 
n=l n5 n=l n 5 

9 27 81 31 32 33 34 . . 00 3n 00 3n 3 69 3 + -+ -+ - + .. · = - + -+-+ -+ . . · = L: - = L: - - 1 = e - 1 by {II) · 2! 3! 4! 1! 2! 3! 4! n=l n! n=O n! ' · 

· n (i)( ) 71. lfp is an nth-degree polynomial, then p(i)(x) =:= 0 fori> n, so its Taylor series at a is p(x) = L: � (x-a}'. - i=O Z. 

n p(il(a) 
Put x - a = 1, so that x = a + 1. Then p( a + 1) = L: -.-1 -. 

i=O z. 

. . n p(i)(x) 
This is true for any a, so replace a by x: p( x + 1) = L: -.-1 -. i=O Z. 

73. Assume that lf'"(x)l :::; M, so f'"(x) :::; M for a:::; x:::; a+ d. Now I: f"'(t) dt:::; I: M dt => 

J"(x)- J"(a):::; M(x- a) => J"(x):::; J"(a)+ M(x- a). Thus,J: f"(t) dt:::; I: [!"(a)+ M(t- a)] dt => 

f'(x)- j'(a):::; J"(a)(x- a)+ �M(x- a)2 => j'(x):::; f'(a) + j"(a)(x- a)+ �M(x- a? => 

I: f'(t) dt:::; I: [f'(a) + j"(a)(t- a)+ �M(t- a)2) dt => 

f(x)- f(a) :::; J'(a)(x- a)+ �j"(a)(x- a)2 + iM(x- a)3. So 

f(x)- !(�) � f'(a)(x- a)- �J"(a)(x- a)2:::; iM(x- a)3. But 

R2(x) = f(x)- T2(x) = f(x)- f(a)- f'(a)(x- a)- �J"(a)(x -.a)2, so R2(x):::; iM(�- a)3• 
A similar argument using j111(x)?: -M shows that R2(x)?: -iM(x- a)3. So )R2(x2)):::; iM )x- a)3. 
Although we have assumed that x > a, a similar calculation shows that this inequality is also true if x < a. 
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'75. (a) g(x) = E (k) x" => g'(x) = E (k) nx"-1, so 

.. � n n=l n 

(1 +x)g'_(x) = (1 +x) f (k)nx"-1 = f (k
.
) nx"-1 + f (k)nx"' 

n=l n n=1 n n=1 n 

= E ( k ) <n + 1)x" + E (k)·nx" 
n=O n + 1 n=O n 

[Replace n with n + 1 ] 
in the first series 

00 k(k-1)(k-2)···(k-n+1)(k-n) n 00 [ k(k-1)(k-2)···(k- n+1)] " = .. 'fo(n + 1) (n + 1)! x + .. 'fo (n) n! x 

= f (n+l)k(k- 1�(k -�� ···(k-n+1) [(k- n)+n]x" 
n=O n + 1 . 

= k 
n
�o k(k- 1)(k- 2�; . . (k- n + 1) x" = k 

n
�

O 
( �) x" = kg(x) 

Thus, g'(x) = kg(x)
. 1+x 

(b) h(x) = (1 + x)-k g(x) => 

h'(x) = -k(l + x)-k-1g(x) + (1 + x)-k g'(x) 

= -k(1 + x)-k-1g(x) + (1 + x).-k kg(x) · 
1+x 

= -k(1 + x)-k-1g(x) + k{1 + x)-k-1g(x) = 0 

[Product Rule] 

[from part (a)] 

(c}Frompart(b)we see that h(x) must be constant for x E (-1, 1}, so h(x) = h(O) = 1 for x E (-1, 1). 

·Thus, h(x) = 1 = (1 + x)-k g(x) # g(x) = (1 + x)k for x E ( -1, 1). 

11.11 Applications of Taylor Polynomials 

1. (a) 
n f(n)(x) 
0 cosx 
1 -sinx 
2 -COs X 

3 sinx 
4 COSX 

5 -sinx 
6 -cosx 

f(nl(O) 
1 
0 

-1 
0 

1 
0 

-1 

Tn(x) 
1 
1 
1-lx2 2 
1-lx2 2 
1-lx2 + ..!.x4 2 24 
1-lx2 + ..!.x4 2 24 
1 -lx2 + ..l.x4 - ..Lx6 2 24 720 

T4= r, 2 
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3. 

5. 

7. 
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(b) 
X f To =T1 T2 =Ta T4 =T5 T6 
"' 0.7071 1 0.6916 0.7074 0.7071 4 
1C 0 1 -0.2337 0.0200 -0.0009 2 

7r -1 1 -3.9348 0.1239 -1.2114 

(c) As n increases, Tn ( x) is a good approximation to f ( x) on a larger and larger interval. 

n f(n) (x) /(n)(2) 
0 1/x 1 

2 

1 -1/x2 1 
- 4 

2 2/x3 1 
4 

3 -6/x4 _1 
8 

Ta(x) = E /(n)
l
(2) (x- 2)n 

n=O n. 

n 

0 
1 
2 
3 

n 

0 
1 
2 
3 

1 1 • 1 3 
= .i - ..i (x- 2) + ..i (x-2)2 - ..i (x-2)3 0! 1! 2! 3! 
= �- i(x- 2) + *(x- 2)2- 1�(x- 2)3 

f(n)(x) /(n)(7r/2) 
cosx 0 

-sinx -1 
· -cosx 0 

sinx 1 

/(n){x) /(n){1) 
lnx 0 
1/x 1 

-1/x2 -1 
2/x3 ·2 

1 ( ) -1 ( 2 . 2 3 =O+lf x-1 +2! x- 1) +3T(x-1) 

= (x - 1)- �(x- 1)2 + �(x- 1)3 

-1.1 

2 

® 2012 Cenpge Learning. All Rights Rliserved. May not be scanned, copied; or duplicated, or posted to a publicly ac<:essible website, in wbole·or in pan. 



516 D CHAPTER 11 INFINITE �QUENCES AND SERIES 

9. 

n f(n)(x) J(n) (0) 

0 xe-2"' 0 

1 (1- 2x)e-2x 1 

2 4(x- 1)e-2x -4 
3 4(3- 2x)e-2x 12 

11 . . You may be able to simply find the Taylor polynomials for 

13. 

f(x) =cot x using your CAS. We will list the values of f(n) (1r /4) T3 -r'<-1�---,------------... 

for n = 0 to n = 5. T2 

5 

-512 

For n = 2 ton= 5, Tn(x) is the polynomial consisting of all the terms up to and including the (x- if term. 

n J(n)(x) /(n)(4) 

0 ..;x 2 

1 lx-1/2 1 2 4 

2 _lx-3/2 1 
4 -32 

3 lx-5/2 
8 

(c) 0.00002 ___ ·-----
-.. 

1 1/32 2 (a) f(x) = ..fi � T2(x) = 2 + 4(x- 4)- 2!(x- 4) 

= 2 + t(x- 4)- i4(x- 4)2 

M 3 I (b) IR2(x)l :S 3T lx- 41 , where If "(x)l :SM. Now 4 :S x :S 4.2 '* 

lx � 41 :S 0.2 =* lx- 413 :S 0.008. Since /111(x) is decreasing 
on [4� 4.2], we can take M = If'" ( 4) I = i4 -S/2 

= 2�6, so 

IR2(x)l :S 
3/�56 (0.008) = 0���8 =0.000 015 625. 

From the graph of iR2(i)l = l..fi- T2(x)l, it seems that the 

error is less than 1.52 x w-5 on [4, 4.2]. 
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15. 

(c) 

(c) 

19. 

n f(n)(x) J<nl(l) 
0 x2f3 1 
1 ax-1/3 2 

3 3 

2 _ ax-4/3 2 9 -9 

3 ..§...x-7/3 ..!!.. 
27 27 

4 _.!!.!!.x-10/3 81 

0.00006 

n f(n)(x) 

0 secx 
1 secx tanx · 

2 secx (2 sec2 x- 1) 

3 secx tanx (6sec2 x- 1) 

SECTION 11.11 APPLICATIONS OF TAYLOR POLYNOMIALS 0 517 

. 2/9 -. 8/27 
(a) f(x) = x213 � T3(x) = 1 + %Cx -1)-T!(x -1? + T!(x -1)3 

= 1 + i(x- 1)- i(x- 1? + 8� (x- 1)3 

(b) 1Ra(x)1 � � 1x- 114, where I j<4l(x) j � M. Now 0.8 � x � 1.2 :::? 

1x- 11 � 0.2 :::? 1x- 114 � 0.0016. Since jt<4l(x) j is decreasing 

on [0.8, 1.2], we can take M =I t<4l(o.8) j = Mco.8)-1013, so 

ru!(o 8)-1o;a 
jR3(x)j � 81 '24 

(0.0016) � 0.000 09697. 

From the graph of 1Ra(x)1 = jx213 - Ta(x)j , it seems that the 

error is less than 0.000 053 3 on [0.8, 1.2]. 

t<nl(o) 
(a) f(x) = secx � T2(x) = 1 + �x2 

1 
0 
1 

J<3l (x) is an odd function and it is increasing on [0, 0.2) since sec x and tan x are increasing on [0, 0.2], 
• (3) 

so j J<3l(x) j � /(3)(0.2) � 1.085158 892. Thus, IR2(x)j � 
f ��·2) (0.2)3 � 0.001447. 

n 

0 
1 

2 
3 
4 

0.0004 

0 

J(n) (x) 
e x

2 

2 
e"' (2x) 

e"'2 (2 + 4x2) 

e"'2 (12x + 8x3) 
ex2 (12 + 48x2 + 16x4) 

t<nl(O) 
1 
0 
2 
0 

From the graph of!R2(x)j = jsecx- T2(x)j, it seems that the 

error is less than 0.00033 9 on [-0.2, 0.2]. 

(b) IR3(x)l � � jxj4, where lt<4l(x) j � M. Now 0 �X� o.'! :::? 

x4 � (0.1)\ and letting x = 0.1 gives 

IR3(x)l � 
eo.o1 (12 + �:8 + 0.0016) (0.1)4 i::: 0.00006. 
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(c) 0.00008 
r---------�----� 

0 

21. . 

n j( n)(x) j<nl(o) 

0 xsinx 0 

1 sinx + xcosx 0 

2 2cosx-xsinx 2 

3 -3 sin:?:- xcosx 0 

4 -4 COS X + X sin X -4 

5 5sinx + xcosx 

(c) 0.009 

Fromthegraph ofiRa(x)l = Jex2 -Ta(x)l,it appearsthat the 

error is less than 0.000 051 on [0, 0.1]. 

(a) f(x) = xsinx � T4(x) = �(x-o? + �t (x- 0)4 = x2 - �x4 

M 
. 

(b) IR4(x)l :S 5! lxl5, where I t<5l(x)J :S M. Now -,--1 :S x :S 1 =* 

lxl :S 1, and a graph of f(s) (x) shows that I /(5) (x) J :S 5 fqr -1 :S x :S 1. 
. 

5 1 -
Thus, we can take M = 5 and get l�(x)l :S 5f · 15 = 

24 
= 0.0416. 

' 

From the graph of l�(x)l = lxsinx- T4(x)l, it seems that the 

error is less than Q.0082 on [-1, 1]. 

23. From Exercise 5, cosx =- (x- �) + -k(x- ·�f + Ra(x), where IRa(x )l :S � jx- ��4 with 

IJ<4l(x)J � lcosxl:::; M = 1. Nowx = 80° = (90° -10°) � (�- fs) = 4; radians,so the error is 

I R3 ( 4;) I :::; 2� ( � )4 � 0.000 039, which means our estimate would not be accurate to five decimal places. However, 

Ta = T4, so we can use I� ( 4;) I :::; 1�0 ( rs t � 0.000 001. Therefore, to five decimal places, 

cos80° �- ( -{s) + � ( -{s)3 � 0.17365. 

· 25. All derivatives of ex are ex, so IRn(x)l :S (n� 1)! lxln+l, where 0 < x < O.l. Lettingx = 0.1, 

0.1 
Rn(0.1) :::; ( 

e 
)' (0.1t+l < 0.00001, ilnd by trial and error we find that n = 3 satisfies this inequality since 

n + 1 . ' 

·Ra{0.1) < 0.0000046. Thus, by adding the four terms of the Maclaurin series for ex corresponding ton= 0, 1, 2, and 3, 

we can estimate e0·1 to within 0.00001. (In fact, this sum is 1.10516 and e0·1 � 1.10517.) 
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27. sinx = x- �x3 + �x5- · · · . By the Alternating Series 
3. 5. 

Estimation Theorem, the error in the approximation 

sina; = x- �x3 is less than � �x5 1 < 0.01 ¢:? 
3. . 5. 

jx5j < 120(0.01) ¢:? lxl < (1.2)115 � 1.037. The curves 

y = x '-- ix3 andy =sin x- 0.01 intersect at x � 1.043, so 

the graph confirms our estimate. Since �th the sine function 

/ 

y = sinx + 0.01/ /.. 
// fii""y=x- ixJ 

./ 
/ 

/// / �y = sinx- 0.01 
0.9 1.2 

0.8 

and the given approximation are odd functions, we need to check the estimate only for x > 0. Thus, the desired range of 

values for x is -1.037 < x < 1.037. 

x3 xs x7 29. arctan x = x - 3 + 5 - 7 + · · · . By the Alternating Series 

Estimation Theorem, the error is less than !-tx7j < 0.05 ¢:? 

jx7j < 0.35 ¢:? lxl < (0.35)117 � 0.8607. The curves 

y = x- �x3 + kx5 andy = arctan x· + 0.05 intersect at 

x � 0.9245, so the graph confirms our estimate. Since both the 

arctangent function and the given approximation are odd functions, -

we need to check the estimate only for x > 0. Thus, the desired 

range of values for x is -0.86 < x < 0:86. 

-l 
Y = x - ! x3 + ! x' . 3 5 

y = arctan x- 0.05 

31. Let s(t) be the position function of the �ar. and for convenience set s(O) = 0. The velocity of the car is v(t) = s' (t) and the 

acceleration is a(t) = s';(t), so the second degree Taylor polynomial is T2(t) = s(O) + v(O)t + a�O) t2 = 20t + t2. We 

e�timate the distance traveled during the next second to be s ( 1) � T2 ( 1) = 20 + · 1 = 21 m. The function T2 ( t) ·would not be 

accurate over a full minute, since the car could not possibly maintain an ·acceleration of2. m/s2 for that long (if it did, its final 

speed would be 140 m/s � 313 mi/h!). 

q q q q q [ ( d )-2] 
33· E = D2 - (D + d)2 = D2 - D2(1 + d/ D)2 = D2 1- 1 + D . 

We use the Binomial Series to expand (1 + d/ D) -2: 

when D is much larger than d; that is, when P is far away from the dipole. 

35. (a) If the water is deep, then 27rd/ Lis large, and we know that tanhx -+ 1 as x-+ oo. So we can approximate 

tanh(27rd/L) � i, and sov2 � gL/(27r) {:} v � ,jgLj(21r). 
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(b) From the table, the first term in the Maclaurin series of 

tanh x is x, so if the water is shallow, we can approximate 

tanh .2-rrd 
� 

2-rrd 
and so v2 � 

gL . 2-rrd <=> 
v 

� .;gd. 
L L ' · 2-rr L 

n 

0 

1 

2 

f(n)(x) 
tanhx 
sech2 x. . .  

-2sech2 xtanhx 
3 2sech2 x (Jtanh2 x -1) 

(c) Since tanh x is an odd function, its, Maclaurin series is alternating, so the error in the approximation 

2-rrd 2-rrd. . . . \/111( 0)\ (2-rrd)3 1 (2-rrd)3 tanh L � L ·IS less than the first neglected term, which IS --31- L = 
3 L . 

If L > 10d, then 
� ( 2

�
d r < 

� ( 2-rr · 
1
1
0 
y = :r:, so the error in the apprpximation v2 = gd is less 

gL -rra 
than 2-rr · 

375 
� 0.0 132gL. 

37. (a) Lis the length of the arc subtended by the angle 9, soL= R9 ==:-

(} = L/R. Now sec(}= ( R  +C)/ R ==:- Rsec9 = R + C '* 

C = Rsec9- R = Rsec(L/ R)- R. 

(b) First we'll find a Taylor polynomial T4(x) for f(x) = secx at x = 0. 

n j(n)(x) 
0 secx 
1 secxtanx 
2 secx(2tan2x + 1 )  

3 secxtanx(6tan2x + 5) 

4 secx(24tan4x + 28tan2x + 5) 

/(n)(O) 
1 

0 

1 

0 

5 

Thus, f(x) .= secx � T4(x) = 1 + �(x-; 0)2 + tr(x- 0)4 = 1 + !x2 + f4x4• By part (a), 

(c) Taking L = 100 km and R = 6370 km, the formula in part (a) says that 

C = Rsec(L/R)- R = 6370 sec(100/6370 )- 6370 � 0.785009 9 6544 km. 

. . . £2 5£4 1002 5. 1004 
The formula m part (b) says that C � 2R + 24R3 = 2 . 6370 

+ 24 . 63703 � 0. 785 009 957 36 km. 

The difference between these two results is only 0.000 000 008 08 km, or 0.000 008 08 m! 

/(n)(O) 
0 
1 

0 

-2 

39. Using f(x) = Tn(x) + Rn(x) with n = 1 and x = r, we have f(r) = T1(r) + R1(r), where T1 is the fitst-degree Taylor 

polynomial off at a. Because a= Xn, J(r) = f(xn) + f'(xn)(r- x,.;) + R1(r). But r is a root of J, so f(r) = 0 

and we have 0 = f(xn) + /'(xn)(r- Xn) + R1(r). Taking the first two terms to the left side gives us 
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f'(xn)(xn- r) - f(xn) = R1(r). Dividing by f'(xn), we getxn- r- J,��� = ;(��)" By the formula forNewton's 

method, the left side of the prec�ding equation is Xn+! - r, so lxn+l - rl 
= I;(;�) I· Taylor's Inequality gives us 

IR1(r)l ::=; 
lf'��r)llr-xnl2 • Combining this inequality with the facts lf"(x)l � M and lf'(x)l � 

K giv�s us 

M 2 lxn+l - rl � 2K lxn - rl · 

11 Review 

1. (a) See Definition 11.1.1. 

(b) See Definition 11.2.2. 

CONCEPT CHECK 

(c) The terms of the sequence {an} approach � as n becomes large. 

(d) By adding sufficiently many terms of the series, we can make the partial sums as close to 3 as we like. 

2. (a) See the definition on page 697. 

(b) A sequence is monotonic if it is either increasing or decreasing. 

(c) By Theorem 11.1.12, every bounded, monotonic sequence is convergent. 

3. (a) See (4) in Section 11.2. 

(b) The p-series f: ..!._ is convergent ifp > 1. 
n=l nP 

4. If I; an = 3, then lim an = 0 and lim Sn = 3 .. n�oo n-+oo 

5. (a) Test for Divergence: If lim an does not exist or if 'lim an -1= 0, then the series 2:::;:'=1 an is div�rgent.' n-+oo n-+oo 

(b) Integral Test: Suppose f is a continuous, positive, decreasing function on [1, oo) and let an = f(n). Then the series 

2:::;:'=1 an is convergent if and only if the improper integral f1oc f(x) dx is convergent. In other words: 

(i) If J1oc f(x) dx is convergent, then 2:::;:'=1 an is conv�rgent. 

(ii) If It f(x) dx is divergent, then 2:::::'=1 an is divergent. 

(c) Comparison Test: Suppose that E an and I; bn are series with positive terms. 

(i) If I; bn is convergent and an :::; bn for all n, then I; an is also convergent. 

(ii) If I; bn is divergent and an � bn for all n, then I; an is also divergent. 

(d) Limit Comparison Test: Suppose that I; an and E bn are series with positive terms. If lim (an/bn) = c, where c is a 
n->oo 

finite number and c > 0, then either both �eries converge or both diverge. 

(e) Alternating Series Test: If the alternating series I;;:1 ( -lt-
1
bn = b1 - b2 + b3- b4 + bs- b6 + .. · [bn >OJ 

satisfies (i) bn+l � bn for all n and (ii) lim bn = 0, then the series is convergent. n->oo 
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(f) Ratio Test: 

(i) If lim I� I = L < 1, then the series E an is absolutely converge!lt (and therefore convergent). _ 
n--+oo an n=l . 

(ii) If lim I an+l I = L > 1 or lim
_ 
I an+l I = oo, then the series f an is divergent. n----too an n-+00 an n=l 

(iii) If lim I an+ I I = 1, the Ratio Test is inconclusive; that is, no conclusion can be drawn about the convergence or n-oo .an 

divergence of I: an. 

(g) Root Test: 

(i) If lim y'ja:I = L < 1, then the series .E::1 an is absolutely convergent (and therefore convergent). 
n�oo 

(ii) If lim ytjii:j = L > 1 or lim ytjii:j = oo, then the series .E;:"=1 an is divergent. n--+oo · n--too 
(iii) If lim ytjii:j = 1, the Root Test is inconclusive. n-oo 

6. (a) A series I: an is called absolutely convergent if the series of absolute values I: I ani is convergent. 

(b) If a series I: an is absolutely convergent, then it is convergent. ' 

(c) A series I: an is called conditionally convergent if it is convergent but not absolutely convergent. 

7. (a) Use (3) in Section 11.3. 

(b) See Example 5 in Section 11.4. 

(c) By adding temis until you reach the desired accuracy given by the Alternating Series Estimation Theorem. 

00 
8. (a) I: en(x- a)" 

n=O 
00 

(b) Given the power series I: en ( x � a) n, the radius of convergence is: " n=O 
(i) 0 if the series converges only when x =a 

(ii) oo if the series converges for all x, or 

(iii) a positive number R such that the series converges if lx - ai < R and diverges if lx - al > R. 

(c) The interval of convergence of a power series is the interval that consists of all values of x for which the series converges. 

Corresponding to the cases in part (b), the interval of convergence is: (i) the single Point {a}, (ii) all real numbers, that is, 

the real number line ( -oo, oo ), or (iii) an interval with endpoints a - Rand a+ R which can contairi neither, either, or 

both of the endpoints. In this case, we must test the series for convergence at each endpoint to determine the interval of 

convergence. 

9. (a), (b) See Theorem 11.9.2. 

n f(i) (a) . . 
10. (a) Tn(x)= 2: -.1- (x--' a)' 

i=O· t. 

oo f(n)( ) 
(b) E --1 

a
_ (x- at 

n=O n. 
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oo /(n)(O) 
(c) E --1 - x" [a= 0 in part (b)] n=O n. 

(d) See Theorem 11.10.8. 

(e) See Taylor's Inequality (11.10.9). 

11. (a)-(f ) See Table I on page 762. 
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12. See the binomial series (11.10.17) for the expansion. The radius of convergence for the binomial series is 1. 

TRUE-FALSE QUIZ 

1. False. See Note 2 after Theorem 11.2.6. 

3. True. If lim an = L, then as n -+ oo, 2n + 1 -+ oo, so a2n+t -+ L. n-oo 
5. False. For example, take Cn = ( -1 )" /( n6n ). 

7. False, since lim I an+I I = lim I 1 . na l = lim I na 
. 1/ns l = lim 1 = 1. n---+oo an n---<oo (n + 1)3 1 n---+oo (n + 1)3 1/n3 n-oo (1 + 1/n)3 

9. False. See the note after Example 2 in Section 11.4. 

11. True. See (9) in Section 11.1. 

13. True. 
. . !'" (0) 1 

By Theorem 11.10.5 the coefficient of x3 is� = 3 ::::? !'" (0) = 2. 

Or: Use Theorem 11.9.2 to differentiate f three times. 

15. False. For example, let an= bn = ( -1)n. Then {an} and {bn} are divergent, but anbn = 1, so {anbn} is convergent. 

17. True by Theorem 11.6.3. [2: ( -l)n an is absolutely convergent and hence convergent.] 

19. True. 0.99999 . . .  = 0.9 + 0.9(0.1)1 + 0.9(0.1)2 + 0.9(0.1)3 + · · · = f: (0.9)(0.1)"-1 = � = 1 by the formula 
. 

· n=l 1-0.1 

for the sum of a geometric series [S = at/(1- r)] with ratio r satisfying lrl < 1. 

21; True. A finite number of terms doesn't affect convergence or divergence of a series. 

EXERCISES 

{ 2 + n3 } . . 2 + n3 . 2/n3 + 1 1 
1. -

2 3 
converges s1nce hm --2-3 

= lim 1/ 3 2 
= 

-2 · 1 + n ,n---+oo 1 + n n---+00 n + 

3 .3. lim an = lim -1 
n 

2 = lim 
1/ � 1 = oo, so the sequence diverges. n-+oo n-+oo + n n-+oo n + 
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5. jan I = I :n sin n I � -2
n <

'
.!,so I ani ---+ 0 as n---+ oo. T hus, lim an = 0. The sequence {an} is convergent. n2 + 1 n + 1 n n--+oo 

{ ( . 3)4n} ( 3)4:r 7. 1 +;;; is convergent. Let y = 1 + � . Then 
. 1 ( 3) 

. .. . . . l n (l+3/x) H . � -� lrm lny = hm 4xln(l + 3/x) = hm 1/(4 ) = hm l/(4 2) X-+00 X-+CXl X-+00 X X-+00 - X = lim 1 
1�/ = 12, so :r-->oo + X 

lim y = lim 1 +- = e12• ( 3)4n · 

x-+oo n-oo n 
9. We use induction, hypothesizing that an-I <; an < 2. Note first that 1 < a2 = t ( 1  + 4) = i < 2, so the hypothesis holds 

for n = 2. Now assume that ak-I < ak < 2. Then ak = i(ak-I + 4) < i(ak + 4) < � (2 + 4) == 2. Soak < ak+I < 2, 
and the induction is complete. To find the limit of the sequence, we note that L = lim an = lim an+ I => 

L = i(L + 4) => L = 2. 
n-+ex> n-oo 

11 n n 1 � n 
· b h C · .,... "th th · � 1 

[ 2 1] • -3-- < 3 = 2, so LJ -3-- converges y t e ompanson .est w1 e convergent p-senes LJ 2 p = > . n + 1 n n n=l n + 1 n=l n 
13. lim I an+! I= lim [(n ++�? . 5:] = lim (1 + .!)3. -5

1 =-5
1 < 1, so f 5

n3 converges by the Ratio-Test. n---tOO an n-+oo 5n n n-+oo n n=l n 

15. Let f(x) = . � - Then f is continuous, positive, and decreasing on [2, oo), so the Integral Test applies; 
xvlnx 

r= f(x)dx= lim t �dx [u=lnx,du=2.dx] 
l2 t-+oo}2 Xy}OX X 

= lim (2 v'illt - 2 v1n2) = oo, ' .t-+oo 

h . � 1 d" so t e senes LJ � Jverges. 
n=2 nvlnn 

l,lnt Int = lim u_-I/2 du = lim [2 Fu] t-+oo ln 2 t-:-+oo ln 2 

17. ian I = l l :o�l�;)n I � 1 + (
1
1.2)n < ( l.�)n = ( � J, so 

n�I i
an I conve

�
ges by comparison with the convergent geometric 

series f ( � f (r = � < I). It follows that f an converges (by Theorem 3 in Section 11.6). 
n=I n=I 

. I an+
_
! I . 1. 3. 5 .. ... (2n-I)(2n +I) 5n n! -- ll"m 2n + 1 2 19. hm -- = lim = -5 < 1, so the series n--+oo an n--+oo 5n+l (n +I)! 1 · 3 · 5 · · · · · (2n- I) . n--+oo 5( n  + 1) 

converges by the Ratio Test. 

21. bn = Vn1 > 0, {bn} is decreasing, and li� bn = 0, so the series f ( -1)n-l Vni converges by the Alternating n + n--+oo n=I n + 
Series Test. 
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00 
. 23. Consider the series of absolute values: E n-1/3 is ap-series withp = i :::; 1 and is therefore divergent. But if we apply the 

n=1 

Alternating Series Test, we see that bn = .:n > 0, {bn} is decreasing, and J�bn = 0, so the series .. �
1 

( -1)n-1 n-113 

converges. T hus, E ( -1)n-1 n-1/3 is conditionally convergent. 
n=1 

l an+1 1 � (-1t+1(n+ 2)3n +1 22n+1 I n + 2 3 1+(2/n) 3 3 . 25. � = 
22n+3 

. 
(-1)n(n+ 1)3n =

n + 1 ·4 = 
1+(1/n) ·4--+4<1asn--+oo,so bytheRatiO 

oo ( -l)n(n + 1)3n · · 
Test, E . 2n+ 1 is absolutely convergent. 

n=1 2 

00 ( -3)n-1 00 ( -3)n�1 00 ( -3)n-l 1 oo ( -3)n-1 1 00 ( 3)
n-1 1 ( 1 ) 21. E = L: = E = - E = - E -- = -

n=1 23n n=1 (23)n n=1 8n 8 n=1 8n-1 8 n=1 8 8 1 - ( -3/8) 

1 8 1 
=s·rr:=rr 

29. f: [tan-1(n + 1)- tan-1 n] = lim Sn 
n=l n--.oo 

= lim [ (tan-12 - tan-1 1) + (tan-13- tan-12) + · · · + (tan-1(n + 1)- tan-1 n)J n-+oo . 

= lim [tan-1(n + 1)- tan-11] = � - 'i = 'i n-oo 

€2 €3 €4 oo n€n 00 (-e)n 
-e • . X 

oo Xn 
31. 1 - e + I - I + 1 - .. · = E ( -1) I = E --1- = e smce e = E I for all x. 2. 3. 4. n=O n. n=O n. · n=O n. 

1 . 1 ( 00Xn 00(-x)n) 33. coshx = -2 (e"' + e-"') = -2 E 1 + E --,-
n=O n. n=O n. 

=- 1+x+-+-+-+ . .  · + 1-x+---+-- . .. 1 [( x2 x3 x4 ) ( x2 x3 x4 )] 2 2! 3! 4! 2! 3! . 4! 

= - 2 + 2 ·- + 2 ·-+ · · · = 1 + -x2 + E -- > 1 + -x2 for all x 1 ( x2 x4 ) 1 00 x2n 1 
2 2! 4! 2 n=2 (2n)! - 2 

00 ( -1)n+l 1 1 1 1 1 1 1 35• n�l n5 = 1 - 32 + 243 - 1024 + 3125- 7776 + 16,807 - 32,768 + 
. .  • . 

. 1 1 oo (-1r+1 7 (-1)n+l 
Smce ba = 85 = 32 768 < 0.000031, E 5 � E 5 � 0.9721. , n=l n n=1 n 

00 1 . 8 1 1 1 37. E -2 5n � 2:: -2 5n � 0.18976224. To estimate the error, note that -- < -, so the remainder term is 
n=1 + n=l + . 2 + 5n 5n 

. 00 1 00 1 1/59 
Rs = 

n�g 2 + sn < n�g sn = 
1 _ 1/S = 6.4 X 10 -7 [geometric series with a = trr and r = i]. 

© 2012 Cengage Learning. All Rights Reserved. May not be � «>Pied. or duplicated, or posted to a publicly accessible website, in whole or in part. 



526 0 CHAPTER 11 INFINITE SEQUENCES AND SERIES 

. 39. Use the Limit Comparison Test. lim I 
(�)an 

I 
= lim n + 1 = lim . (1 + .!.) = 1 > 0. n---+oo an n-+oo n n-oo n 

Since r:; lanl is convergent, so is r:; I ( n; 1 )a"'' by the Limit Comparisop Test. 

41. lim l
an+11 =lim [ lx+21"+1 . n4" ] =lim [-n_lx+21J = lx+21 < 1 {::} lx+21 <4,soR=4. n--+= Un n--+= (n + 1) 4n+1 lx + 21" n--+<X> n + 1 4 4 

lx + 21 < 4 {::} -4 < x + 2 < 4 

' 

· oo (x + 2)" {::} -6 < x < 2. If x = -6, then the series I: 
4n becomes 

n=l n 
E ( -

4
4
l 
n 

= E ( -1) 
n
, the alternating h�oriic series, which converges by the Alternating Series Test. When X = 2, the 

n=l n n=l n 

series becomes the harmonic series E _2:., which diverges. Thus, I = [ -6, 2). · 
n=l n . 

43. lim I 
Un+ll = lim 12

n+l(x-3)n+
l . Vri+3 n I = 2lx- 31 lim Jn + 3 = 2lx-31 < 1 {::} lx - 31 < �. n--+= Un n--+oo Jn + 4 2n(x- 3) n--+oo n + 4 . 

45. 

R 1 1 1 1 ' 1 1 .5 7 7 . � 2n{x-3)n · 
so = 2. x-3 < 2 {::} -2 < x- 3 < 2 {::} 2 < x < 2. For x = 2, the senes L....i � becomes 

. -1 . vn+3 
= 1 = 1 = (-1)n 
I: � = I: 112, which diverges [P = �· � 1]; but for x = �.we get I: �·which is a convergent 

n=O V n + 3 n=3 n n=O y n + 3 

alternating series, so I = ( �, ! ) . 

n f(n)(x) f(n)(i) 
0 s inx 1 2 
1 cosx :a 2 
2 -s inx 1 -2 
3 -cosx _:a 2 

4 s inx 1 2 

1 = 1 
( 

7r
)
2n J3 oo 1 

( 
7!'

)
2n+1 

=-I:(-1)n- X-- +- I: ( - 1t x--2 n=O (2n)! 6 2 n=O (2n + 1)! 6 . 

1 1 (X) (X) 
47.-1 -=1 ( )=I:(-x)n=I:{-1)nxnforlxl<1 +X - -X n=O n=O 

x2 = , 
=> -- = I: ( -1)n xn+2 with R = 1. 1 +X n=O 
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I 
1 . 

49. -- dx = -In( 4 - x) + C and 4-x 

I 
1 1 

I 
1 1 

I 
00 (x )n 1 

I 
oo xn 1 oo xn+l -.- dx =- . dx = - I: - dx = - I: - dx = - I: +C. So . 4- X 4 1- x/4 4 n=O 4 4 n=O 4n 4 n=O 4n(n + 1) 

1 00 xn+l 00 xn+l 00 xn 
ln(4-x)=-- I: n( ) +C=-l: n+1( ) +C=- L: 4n +C.Puttingx=O,wegetC=ln4. 4 n=O 4 n + 1 n=O 4 n + 1 n=1 n 

00 xn 
Thus,f(x) =ln(4 - x) =ln4-

n�1 n 4n. The series convergesfor!x/41 < 1 !x! <: 4, so R = 4. 

Another solution: 

ln(4 -x) = ln[4 (1- x/4)) = ln4 + ln(l- x/4) = ln4 + ln[1 + ( -x/4)) 

=ln4+ f: (-l)n:,.d-x/4)n 
[fromTablel] =ln4+ f:C-l?n+l x

4
n 

=ln4- f: x
4
n:

. 
n=1 n . n=1 • n n n=1 n n 

. eo (_:It x2n+l 
51. smx = I: (2 1)1 

.. 4 oo (-1)n (x4)2n+l 00 (-1)nx8n+4 . => sm(x ) = L:_ (2 1)1 = I: (2 1)1 for all x, so the radtus of 
n=O n + · n=O n + · n=O n + · 

convergence i s  oo. 

s3. 
f(x) = � = 

{116 (1 � x/16) = {116 (1 � -fsx)l/4 = Hl- f8x ) -
1/4 

=.! [1 + (-.!) (-3...) + (-i)(-�) (-3...)2 
+ (-i) (-�) (-�) (-3...)3 + . . · ]· 

2 4 16 . 2! 16 3! 16 

1 00 1 · 5 · 9 .. .. · (4n -3) 1 · oo 1 · 5 ' 9 .. · . . (4n - 3) 
= - + L: xn = - + L: xn 

2 n=l 2 . 4n . n! . }6n 2 n=l 2 6n+l n! 

for 1-;6 1 < 1 # !x! < 16 , so R = 16. 

00 xn ex 1 00 xn 00 xn-1 00 xn-1 1 00 xn-1 
55 ex = I: - so-= - I: -= I: 

--= x-1 + I: -- = - + I: -- and 
• . n=O n! ' X X n=O n! n=O n! n=1 n! X n=l n! 

I 
ex oo xn 
-dx=C+ln!x!+ I: --1• X n= l n · n. 

57. (a) 
n 
0 
1 

2 
3 
4 

f(n)(x) 
x1/2 

lx-1/2 
2 . 
-lx-3/2 

4 

2x-5/2 8 
-llx-7/2 

16 

f(n) (1) 
1 

1 
2 
1 

-4 
3 
8 
15 -16 

r- 1/2 1/4 3/8 vx � T
3

(x) = 1 + T! (x-1)- T!(x-1)2 + 3! (x- 1? 

= 1 + l(x- 1)- l(x- 1)2 +·.!.(x- 1)3 2 . . 8 16 
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(b) 

o'----------------------/2 

(c) jR3 (x)l � � lx- 1j4, where 1/(4) (x)l $ M with 

f(4)(x) = -*x-712• Now 0.9 � x � 1.1 => 

-0.1 � x- 1 � 0.1 => (x- 1)4 � (0.1)4, 

and letting x = 0.9 gives M = lB(0��)7 12, so 

IR3(�)1 � 16 (0.��7/24! (0.1)4::::::0.000 005 648 

:::::: o.ooo ooo = 6 x w-6 

(d) s x. r-:10;__6 ____________ ---. 

From the graph of I R3 ( x) I ,;. I ../X - T3 ( x) I, it appears that 

the error is less than 5 x w-6 on [0.9, 1.1]. 

00 x2n+l x3 xs x7 x3 xs x7 59. sin x = I:: ( -1 f 1 = x - 1 + I - I + . . · ,  so sin x - x = -I + I - 1 + .. · and 
n=O (2n + 1). 3. 5. 7. 3. 5. 7. 

00 
61. f(x) = I:: Cn xn 

n=O 

00 00 
=> f(-x)= I::en(-x)n= I::(-1)nCn Xn 

n=O n=O 

(a) Iff is an odd furiction, then f( -x) =-f(x) => 
00 . 00 . 
I:: ( -1) n CnXn 

= I:: -enx". The coefficients of any power series 
n=O n=O 

are uniquely determined (by Theorem 11.10.5), so ( -1)n Cn = -en. 

If n is even, then ( -1 t = 1, so Cn = -en => 2en = 0 => Cn = 0. Thus, all even coefficients are 0, that is, 

Co = C2 = C4 = · · · = 0. 
00 00 

(b)Iffis even,thenf(-x)=f(x) => L::(-1)"enxn=L::enxn => (-1)"Cn= Cn. 
n=O n=O 

If n is odd, then ( -1) n = -1, so - Cn = Cn · => 2cn = 0 => Cn = 0. Thus, all odd coefficients are 0, 

that is, c1 = c3 = cs = · · · = 0. 
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1. It would be far too much work to compute 15 derivatives of f. The key idea is to remember that f(n) (0) occurs in the 

3 5 
coefficient of xn in the Maclaurin series of f. We start with the Maclaurin series for sin: sin x = x - ; + ; - .... 3. 

5. 
xg xl5 j<15) (0) 1 

Then sin(x3) = x3 - 1 + -1 - . · ·, and so the coefficient of x15 is 151 = -51 .. Therefore, 3. 5
. . 

f(lS) (0) = �! = 6 . 7 . 8 . 9 . 10 . 1 1  . 12 . 13 . 14 . 15 = 10,897,286,400. 

F 1 . 
d. . . h 8 28 2tan8 28 1- tan2 8 3. (a) From ormu a l4a tn Appen IX D, w1t x = y = , we get tan = 

1 _. tan2 8
, so cot = 2 tan 8 

1 - t11-n2 8 2 cot 29 = 8 =cot 8 � tan9. Replacing 8 by �x, we get 2cot x =cot �x- tan �x, or tan 
tan�x =cot �x- 2cotx. 

b · ( ) ·th 
x · 1 f. 

x x 2 x 
th

. 
th · 1 f � 1 x · 

( ) From part a WI 2n-l m p ac� o x, tan 2n =cot 
2n - cot 

2n-l, so en part1a sum o 
n�l 2n tan 2n ts 

tan(x/2) tan(x/4) tan(x/8) tan(x/2n) 
Sn = 2 + 4 

+ 8 + . .
. + 2n 

= [cot�/2) -cotx] + [cot�/4) _ cot�/2) ] + [cot�/8) _ cot�/4) ] +· .. 

[cot(x/2n) _ cot(x/2n-l) ] _ _ cot(x/2n) 
+ 2n . 2n-l - cot X + 2n (telescoping sum. 

Now 
cot(x/2n) = 

cos(x/2n) - cos(x/2n) . x/2n 
� .!_. 1 = .!_as n � oo since x/2n---> 0 , 2n 2nsin(x/2n) X sin(x/2n) x x 

for x # 0. Therefore, if x # 0 and x # k7r where k is any integer, then 

� 1 X li li ( 1 X ) 1 LJ -tan- = m Sn = m -cot x + -cot- = -cot x + -
n=l 2n 2n n�op n-oo 2n 2n X 

If x = 0, then all terms in the series are 0, so the sum is 0. 

5. (a) At each stage, each side is replaced by four shorter sides, each of length 

� of the side length at the preceding stage. Writing so and £0 for the 

number of sides and the length of the side of the initial triangle, we 

generate the table at right. In general, we have sn = 3 · 4 n and 

fn = (%) n, so the length of the perimeter at the nth stage of construction 

is Pn = snfn = 3 · 4n · (�r = 3 · (tr. 
4n (4)n-1 

(b) Pn = 
3n_1 = 4 3 . Since t > 1,pn � oo asn---> oo:. 

so= 3 fo = 1 
S1 = 3 · 4 £1 = 1/3 
S2 = 3. 42 £2 = 1/32 
s3 = 3 · 43 £3 = 1/33 

(c) The area of each of the small triangles added at a given stage is one-ninth of the area of the triangle added at the preceding 

stage
. 

Let a be the area of the original triangle. Then the area an of each of the small triangles added at stage n is 
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. . . 

an = a · 2_ = �. Since a small triangle is added to each side at every stage, it follows that the total area An added to the 
9n 9n 

4n-1 
figure at the nth stage is An = Sn-1 ·an = 3 · 4n-1 · ; =a· 32n_1. Then the total area enclosed by the snowflake 

· · "th · 4 A af3 a 9 8a B th f th . . I ·1 I geometnc senes WI common rat1o g, so = a + 1 
_ i = a + 3" · 5 = 5. ut e area o e ongma equ1 atera 

9 

. I 'th "d 1. l 1 . 1r J3 
S th . I d b  th wflak 

. 8 J3 2 J3 . 
tnang e w1 s1 e 1s a = 2 · · sm 3' = 4. o e area enc ose y e sno e curve 1s 5 · 4 = -

5
-. 

7. (a) Let a= arctanx and b = arctan y. Then, from Formula l4b in Appendix D, 

( b) . tan a-tanb tan(arctanx)-tan(arctan y) x- y tan_a- = 1+tana tanb = 1+tan(arctanx)tan(arctan y) = 1+xy 

x-y 
Now arctanx- arctan y =a-b =arctan( tan( a-b))= arctan -1-- since -i <a-b < �­+xy 

(b) From part (a) we have 
120 1 28.561 

120 1 TI9 - 239 28,441 1 7r arctan 119 - arctan 239 = arctan. 120 1 = arctan ""28'561 = arctan = 4 
1+m·-m· � 

(c) Replacing y by-yin the formula ofpart (a), we ge
_ 
t arctanx + arctan y =arctan 1

x + y 
. So 

. -xy 
. 1+1 
4 arctan k = 2 (arctan k + arctan k) = 2 arctan 5 

1 5 1 = 2 arctan f2 = arctan f2 + arCtan 1
5
2 1-5.5 

. i+� 
= arctan 12 5 12 5 = arctan ��� 1--·- . 12 12 

Thus, from part (b), we have 4 arctan t -arctan 2�9 = arctan ��� - arctan 2�9 = �. 

x3 xs x7 x
9 

x11 
(d) From Example 7 in Section 11.9 we have arctan x = x- 3 + 5 - 7 + 9 -ll +···,so 

1 1 · 1 1 1 1 1 arctan 5 = 
5 

- 3 · 53 + 5 · 5 5 - 7 · 57 + 9 · 59 - 11 · 511 + ... 

This is an alternating series and the size of the terms decreases to 0, so by the Alternating Series Estimation Theorem, 

the sum lies between ss and ss, that is, 0.197395560 <arctan i <: 0.197395562. 

(e) From the series in part (d) we �et arctan 2!9 = 2!9 - 3 ; :393 + 5 . �95 - · · · . The third term is less than 

2.6 X 10-1
3 , so by the Alternating Series Estimation Theorem, we have, to nine decimal places, 

arctan 2�9 � s2 � 0.004184076. Thus, 0.004184075 < arctan 2�9 < 0.004184077. 

(f ) From part (c) we have 1r = 16 arctan k·- 4 arctan 2�9, so from parts (d) �d (e) �e have 

16(0.197395560) - 4(0.004184077) < 1r < 16(0.197395562)- 4(0.004184075) => 

3.141592652 < 1r < 3.141592692. So, to 7 decimal places, 1r � 3.1415927. 
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9. We start with the geometric series E x11 = -1-, I xi < 1, and differentiate: 
n=O 1- X 

11�1 nxn- 1 = ! C�o X11) = ! C � x) = {l �X )2 for I xi < 1 =} 
00 n OC'.I n-1 X L: nx = x L: nx = (1 )2 n=1 n=1 · -X 

for lxl < 1. Differentiate again: 

En2xn-1=j__ x' · _ (l- x)2-x·2(1-x)(-1) _ x+1 
n=1 dx {1- x)2 (1- x)4 (1- x)3 

� 2 n x2 + x 
� n x = (1- )3 n=1 X 

E n3xn-1 = j_ x2 :f- x _ {1- x)3{2x + 1)- { x2 + x)3{1- x)2(-1) _ x2 + 4x + 1 
n=1 dx {1- x)3 (1- x)6 (1- x)4 

f: n3 xn = x3 t 4x2 
)
� 

x, I xi < 1. The radius of convergence is 1 because that is the radius of convergence for the 
n=1 1- X 

geometric series we started with. Ifx = ±1, the series is L:n3(±1)n, which diverges by the Test For Divergence, so the 

interval of convergence is ( -1, 1). 

11. 1n(1 - ..!..) = ln(n2-:- 1) =In (n + 1)(n- 1) = In[(n + 1){n- 1)]-ln n2 n2 n2 . n2 
= ln( n + 1) + In( n - 1) - 2ln n = In( n - 1) -ln n - Inn + In( n + 1) 

n- 1 .n-1 n =In--- [Inn-ln(n+ 1)) =In-- -ln--. n n n+1 

Let Sk = '1:, In (1 - \"\ = '1:, (In 
n - 1 -In�) fork

.
?:. 2. Then 

n=2 n r). n=2 n n + 1 

sk =(hi� -In�) + (In� -In�) +···+ (1n 
k�1-In k!1) =In� -In k!1,so 

f ln (l..:.....!..) = lim Sk= lim (m.!-ln_k_) =ln.!-�1=lnl-ln2-ln1=-ln2. 
n=2 n2 k-+oo k-+oo 2 k + 1 2 ' 

13. (a) 

-1 

Thex-intercepts of the curveoccurwheresinx = 0 {::} x = mr, 

n an integer. So using the formula for disks (and either a CAS or 

sin2 x = �(1-cos 2x) and Formula 99 to evaluate the integral), 

the volume of the nth bead is 

_ �(e-(n-1),../5 _ e-n,../5) - 101 . 

(b) The total volume is 

. 00 00 
1r Jt' e-xf5sin2xdx = L: Vn = 2�g; L: [e-(n-1)"/5 -e-n1r/5] = z;g; [telescoping sum]. 

n=1 n=1 

Another method: If the volume in part (a) has been written as Vn = 2fg; e_;.,..;5(e"/5-1), then we recognize E Vn 
n=1 

as a geometric series with a= 2�g; {1- e-"15) and r = e-"'15• 
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15. If Lis the length of a side of the equilateral triangle, then the area is A = �L · :/f.L = 4L2 and so L2 = *A. 

Let r be the radius of one of the circles. When there are n rows of circles, the figure shows that 

L L=J3r+ r+ (n- 2 )(2r)+r+J3r=r(2n- 2 + 2J3 ),sor= ( J3 )" 2 n+ 3- 1 

The number of circles is 1 + 2 + · · · + n = 
n( n 

2
+ 1) 

, and so the total area of the circles is 

· n(n + 1) 2 n(n + 1) L2 
An = 2 1rr = 2 1T 4(n + J3-1)2 

n(n + 1) 4A/J3 n(n + 1) 1rA 
=

. 2 1T 4{n+J3- 1)2 
= 

(n+J3-1)22J3 => 

An n(n + 1) 1r 
A= (n+J3- 1)22.J3 

1 + 1/n 1r 1r = ----+--- as n-+oo 2r 2r 
[1+ (J3- 1)/n]22J3 2J3 �-------L------� 

17. As in Section 11.9 we have to integrate the function xx by in�egrating series. Writing x
x = ( e1n x )x 

= exin"' and using the 
• 

00 (xlnx)n 00 xn(lnx)n 
Jl..iaclaurin series for ex, we have x"' = ( e1n x )"' = e"' In"' = I: 1 = I: 1 • As with power series, we can ' n=O n. n=O n. . 

11 oo 11 xn(lnxt oo 1 11 
integrate �is series term-by-term: x"' dx = I: 1 dx = L 1 xn(lnxt dx. We integrate by parts 

0 n=O 0 n. n=O n. 0 

n(lnx)n-1 · xn+l 
with u = (lnx)n, dv = xn dx, so du = dx and v = --: x n+1 

(where !'Hospital's Rule was used to help evaluate the first limit). Further integration by parts gives 

{1 xn(lnx)k dx = _ _!5_1 
{1 xn(lnx)k-1 dx and, combining these steps, we get lo n+ lo 

11 n(l )nd (-1)nn! 11 nd (-1tn! X fiX X= X X= -'-�---
0 (n + 1)n 0 (n + 1)n+l 

11 "'d = � �11 n(l )ndx= � 1 (-1)nn! 
= 

� (-1)n = � (-1t- 1  X X LJ I X nx LJ I ( 1) +1 LJ ( ) +1 LJ · 0 n=O n. 0 n=O n. n + n n=O n + 1 n n=1 nn 
· · 

00 x2n+1 1 19. By Table lin Section 11.10, tan-1 x = L ( -1)n 
__ for !xi < 1. In particular, for x = . r:;• we 

· n.=O 2n + 1 v 3 

1r 1( 1 ) 00 n (1/J3}2n+1 00 n (l)
n 1 1 

have-= tan- -- = L: (-1) = L (-1) - -- -- ,so 6 y'3 n=O 2n + 1 n=O .3 y'32n + 1 

1r - - I: -2v'3 I: -2v'3 1 + I: => 
6 oo (-1)n , oo (-l)n ( oo (-It ) - y'3 n=O (2n + 1)3n - n=O (2n + 1)3n - n=1 (2n + 1)3n . 

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 



CHAPTER 11 PROBLEMS PLUS 0 533 

x x2 x3 x4 21. Let f(x) denote the left-hand side of the equation 1 + 2! + 41 + 61 + 81 + · · · = 0. Ifx 2: 0, then f(x) 2: 1 and there are 

. . x2 x4 x6 xs . . 
no solutiOns of the equatiOn. Note that f( -x2) = 1 - 2f + 4! - 61 + 81 - · · · =cos x. The solut10ns of cos x ·= 0 for 

. ' 2 x < 0 are given by x = .g. - 1r k, where k is a positive integer. Thus, the solutions off ( x) = 0 are x = - ( i - 1r k) , where 

k is a positive integer. 

23. Call the series S. We group the terms according to the number of digits in their denominators: 

Now in the group gn, since we have 9 choices for each of then digits in the denominator, there are 9n terms. 

Furthermore, each term in gn is less than 10L1 [except for the first term in gl]. So 9n < 9n · 10L1 = 9( fiir-1. 
00 • 

Now :L: 9( to r-l is a geometric series with a = 9 and T = 190 < 1. Therefore, by the Comparison Test, 
n=l · 

oo oo 9 n-1 9 
. 

S= :L: 9n < :L: 9(10) _= 1_9710 = 90. 
n=l n=l 

Use the Ratio Test to show that the series for u, v, and w have positive radii of convergence ( oo in ea�h case), so 

Theorem 11.9.2 applies, and hence, we may differentiate each of these series: 

du 3x2 6x5 9x8 x2 x5 x8 
-= - + - + - + ···= -+-+-+··· =w dx 3! 6! 9! 2! 5! 8! . 

. . dv x3 x6 x9 dw x4 x 7 x10 
Stmdarly, dx == 1 + 31 + 61 + 91 + · 

· · = u, and dx = x + 41 + 71 + lO! + · · · = v. 

Sou'= w, v' = u, and w' = v. Now differentiate the left-hand side of the desired equation: 

d . 
-
d ( u3 + v3 + w3 - 3uvw) = 3u2u' + 3v2v' + 3w2w' - 3( u' vw + uv' w + uviv') 
X . 

= 3u2w + 3v2u + 3w2v- 3(vw2 + u2w + uv2) = 0 => 

u3 + v3 + w3- 3uvw = C. To find the value of the constant C, we put x = 0 in the last equation and get 

13 + 03 + 03- 3(1 · 0 · 0) = C => C = 1, so u3 + v3 + w3- 3uvw = 1. 
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0 APPENDIXES 

A Numbers, Inequalities, ancMbSolute Values 

1. 15- 231 = l-181'= 18 

3. 1-71"1 = 1r [Jecause 1r > 0. 

5. I J5-5 1 =- ( J5-5 ) = 5- J5 because v'5-5 < 0. 

7. If X < 2, X- 2 < 0, SO lx- 21 = -(x- 2) = 2- X. 

9. lx +II= · 

{ x+ 1 

-(x + 1) 

ifx + 1 :2: 0 

ifx+l<O 

{ x+ 1 

. 
-x- 1 

11. lx2 +I I = x2 +1 [since x2 + 1 2: 0 for all x]. 

ifx :2:-1 

ifx < -1 

13.2x+7> 3 {::> 2x>-4 {::> x>-2,soxE(-2,oo). 

15. 1- X� 2 {::> -X� 1 {::> X :2: -1, SO X E (-1, oo). 

17. 2x + 1 < 5x- 8 {::> 9 < 3x {::> 3 < x, sox E (3, oo). 

19.-1<2x-5<7 {::> 4<2x<12 {::> 2<x<6,soxE(2,6). 

21. 0 � 1- X < 1 {::> -1 � -X< 0 {::> 1 :2: X> 0, SO X E (0, 1]. 

· 23. 4x < 2x + 1 � 3x + 2. So 4x < 2x + 1 {::> 2x < 1 {::> x < �'and 

2x + 1 � 3x + 2 {::> -1 � x. Thus, x E [-1, �). 

25. (x-1)(x- 2) > 0. 

Case 1: (OOth factor s are positive, so their p roduct is positive) x - 1 > 0 {::> x > 1, 

andx- 2> 0 {::> x> 2,soxE(2,oo). 

Case 2: (both factor s are negative, so their p roduct is positive) x- 1 < 0 {::> x < 1, 
/ 

and X- 2 < 0 {::> X < 2, SO X E (-oo, 1). 

Th us, the solution set is ( -oo, 1) u (2, oo). 

27. 2x2 + x � 1 {::> 2x2 + x- 1 � 0 {::> (2x- 1) (x + 1) � 0. 

Case 1: 2x- 1 :2: 0  {::> x :2: �'and x + 1 � 0 {::> x � -1, 

which is an impos sib le combination. 

Case2:2x- 1�0 {::> x��;andx+l2:0 {::> x:2:-l,soxE (-1,�]. 

Th us, the sol ution set is [ -1, �] . 

-2 

-1 

2 

-1 

-I 

0 

0 

3 

0 

I 
2 

l 2 

I 
2 

6 
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29.x2+x+1>0 <=> x2+x+i+�>O <=> (x+ �)2+ t>O.But since 

( x + ! ) 2 ;::: 0 for every real x, the original· inequality will be true for all real x as well. 

Thus, the solution set is ( -oo, oo). 

31.x2<3 <=> x2- 3<0 <=> (x-v'3)(:z:+v1)<0. 

Case 1: x > v'3 and x < -v'3, which is impossible. 

Case 2: x < v'3 and x > -v'J. 

Thus, the solution set is ( -v'3, v'3). 

Another method: x2 < 3 <=> · !x! < v'3 <=> -\1'3 < x < \1'3. 

./ 

--./3 0 

33. x3 � x2 � 0 <=> x2(x- 1) � 0. Since x2 ;::: 0 for all x, the inequality is satisfied when x- 1 � 0 <=> x � 1. 

Thus, the solution set is ( -oo,l). 0 

35. x3 > x <=> x3- x > 0 <=> x (x2 _..:.1) > 0 <=> x(x - 1)(x + 1) > 0. Construct a chart: 

Interval X x-1 x+l x(x- 1)(x + 1) 

X< -1 - - - -

-1 <X< 0 - - + + 

0<x<1 + - + -

x>1 + + + + 

Since x3 > x when the last column is positive, the solution set is ( -1, 0) U (1, oo ). 

37. 1/x < 4. This is clearly true for x < 0. So suppose x > 0. then 1/x < 4 <=> 

1 < 4x <=> i < x. Thus, the solution set is ( -oo, 0) U ( ±, oo) . 

39. C = i(F- 32) '*. F = �C + 32. So 50� F � 95 '* 50� �C + 32 � 95 '* 

10 � C -� 35� So the interval is [10, 35). 

-o--o---o----+ 
-1 0 I 

0 I 
. 4 

1s � �c � 63 => 

41. (a) LetT represent the temperature in degrees Celsius and h the height in km. T = 20 when h = 0 and T decreases by 10°C 

for every km (1 °C for each 100-m rise). Thus, T = 20- IOh when 0 � h � 12. 

(b)From part(a),T=20- 10h '* 10h=20-T => h=2-T/10.So O�h�5 => 0�2-T/10�5 => 

-2 � -T/10 � 3 => -20 � -T � 30 => 20;::: T;::: -30 => -30 � T � 20. Thus, the range of 

temperatures (in °C) to be expected is [-30, 20). 

43. \2xl = 3 <=> either 2x = 3 or 2x = -3 <=> x = � or x == -� . 

45. !x + 3\ = !2x + 11 <=> either x + 3 = 2x + 1 or x + 3 = - (2x + 1). In the first case, x = 2, and in the second case, 

x + 3 = -2x- 1 · <=> 3x = -4 <=> x =-!.So the solutions are-! and 2. 

47. By Property 5 of absolute values,. I xi < 3 <=> -3 < x < 3, so x E ( -3, 3). 
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49.lx-41<1 ¢:> -1<x-4<1 ¢:> 3<x<5 ,soxE(3,5). 

51.!x+5l2::2 ¢:> x+52::2 orx+5S-2 ¢:> x2-3 orxS-7 ,soxE(-'-oo,-7]U[-3,oo). 

53. l2x - 31 S 0.4 ·. � -0.4 S 2x- 3 ;s 0.4 ¢:> 2.6 S 2x S 3.4 ¢:> 1.3 S x S 1.7 , sox E (1.3, 1.7] . 

55. 1 S !x! S 4. So either 1 S x S 4 or 1 S -x S 4 ¢:> -1 2 x 2 -4. Thus, x E (-4, -1] U [1, 4]. 

c- b 
59. ax+ b < c ¢:> ax < c.- b ¢:> x > -- [since a < 0 ]  

a 

61. l(x + y)- 51= !(x- 2) + (y-3)1 S !x-21 + !Y- 31 < 0.01 + 0.04 = 0.05 

63. If a < b then a + a < a + b and a + b < b + b. So 2a < a + b < 2b. Dividing by 2, we get a < � (a + b) � b. 

65. lab! = v'laW = VQ,2b2 = n .,fb2 = !alibi 

67. IfO < a < b, then a · a < a · b and a · b < b · b [using Rule 3 oflnequalities]. So a2 < ab < b2 and hence a2 < b2• 

69. Observe that the sum, difference and product of two integers is always an integer. Let the rational numbers be represented 

by r = m/n and s = pjq (where m, n, p and q are integers with n i= 0 ,  q i= 0). Now r + s =!:: + '!!. = 
mq + pn, n q nq ' 

but mq + pn and nq are both integers, so mq +pn 
= r + s is a rational number by definition. Similarly, nq 

m P mq - pn · · I be p· 11 
m p mp b d bo h · r - s = - - ..,. = IS a rat1ona num r. ma y, r · s = - · - = - ut mp an nq are t mtegers, so n q nq n q  nq 

mp = r · s is a rational n�ber by definition. nq 

B Coordinate Geometry and Lines 

1. Use the distance formula with H(xl,Yl) = (1, 1) andP2(x 2,y2) = (4,5) to get 

!PtP2! = j(4 -1)2 + (5- 1)2 = � = yf25 = 5 

3. The distance from (6, -2) to (-1,3) is J-1- 6)2 + [3- (-2)]2 = J(-7)2 +5 2= v'74. 

5. The distance from (2, 5) to (4, -7) is J(4- 2)2 + ( -7- 5)2 = )22 + ( -12)2 = .JI48 = 2 J37. 

7. The slope m of the line through P(1, 5) and Q(4, 11) ism= ·11- 5 = 
� 

= 2. 
. 4- 1 3 

. -6 - 3 
9. The slope m of the line through P( -3, 3) and Q( -1, -6) ism = 

( ) -1- -3 

11. Using A(O, 2), B( -3, -1), and C( -4, 3), we have IACI = J( -4- 0)2 + (3- 2)2 = J( -4)2 + t2 = vTI and 

!BCI = J[ -4 - ( -3) J2 + [3 - ( -1 )J2 = J ( -1 )2 + 4 2  = vTI, so the triangle has two sides of equal length, and is 

isosceles. 
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13. Using A( -2, 9), B(4, 6), C(1, 0), and D( -5, 3), we have 

IABI = y'[4- ( -2)]2 + (6- 9}2 = y'62 + ( -3)2 = v'45 = v'9 vl5 = 3 v's, 

IBCI = y'(1- 4)2 + (0- 6)2 = y'( -3}2 + ( -6)2 = -145 = v'9 vl5 = 3 v's, 

ICDI = y'( -5- 1)2 + (3- 0)2 = y'( -6}2 + 32 = -/45 = v'9 v'5 = 3 v's, and 

IDA! = y'[-2- ( -5)]2 + (9 __: 3)2 = � = -/45 = J9 v'5 = 3 v's. So all sides are of equal length and we have a 
. 6- 9 1 0- 6 3- 0 1 rhombus. Moreover, ffiAB = 

4 _ ( _2) 
- --, mBc = -- = 2, mcv = -- = -'--,and 2 1- 4 -5- 1 2 

mvA = 9 -
( 
3 ) = 2, so the sides are perpendicular. Thus, A, B, C, and D are vertice� of a square. 

-2- -5 . 

15. For the vertices A(1, 1), B(7, 4), C(5, 10}, and D( -1, 7), the slope of the line segment AB is�=! =�·the slope of CD 

is 7- 10 = !, the slope of BC is 10- 4 = -3, and the slope of DA is 1 
1 

( 
7
1) = -3. So AB is parallel to CD arid -1 '- 5 2 . 5- 7 - -

BC is parallel to DA. Hence ABCD is a parallelogram. 

17. The graph of the equation x == 3 is a vettical line with 
x-intercept 3. The line does not have a slope. 

19. xy = 0 <=-? x = 0 or y = 0. The graph consists 
of the coordinate axes. 

y 

0 

x=3 

3· X 

y 

.zy = 0 

0 

21. By the point-slope form of the equation of a line, an equation of the line through (2, -3) with slope 6 is 
y- ( -3) = 6(x- 2) or y = 6x- 15. 

23 7 2(. 1) - 2 19 . y- = 3 x- or y- 3x + 3 

25. The slope of the line through (2, 1) and (1, 6} ism= � = � = -5, so an equation of the line is 

y - 1 = -5(x - 2) or y = -5x + 11. 

27. By the slope-intercept form of the equation of a line, an equation of the line is y = 3x - 2. 

X 

29._ Since the line passes through (1, 0) and (0, -3}, its slope ism= �3_-1° = 3, so an equation is y = 3x- 3. 
' 

X Another method: From Exercise 61, T + _'!!3 = 1 => -3x + y = -3 => y = 3x- 3. 

31. The line is parallel to the x-axis, so it is horizontal and must have the form y = k. Since it goes through the point 
(x, y) = (4, 5), the equation is y = 5. 
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33. Putting the line. x + 2y = 6 into its slope-intercept fonn gives us y = -1x + 3, so We see that.this line has slope-!. Thus, 
we want the line of slope -1 that passes through the point {1, -6): y- { -6) = -!(x- 1) {::} y = -!x- Jt. 

35. 2x + 5y + 8 = 0 {::} y = - � x - f. Since this line has slope -�, a line· perpendicular to it would have slope �, so the 

required line is y- ( -2) = �[x- ( -1)] ¢:> y = �x + �· 

37. x + 3y = 0 ¢:> y = -�x, so the slope is-� and the 
y-intercept is 0. 

y 

41. 3x- 4y = 12 ¢:> y = �x- 3, so the slope is� and 
the y-intercept is -3. 

y 

45. {(x,y) I xy < 0} = {(x,y) I x < Oandy > 0} 
U {(x,y) I x > Oandy < 0} 

39. y = -2 is a horizontal line with slope 0 and 
y-intercept -2. 

y 

0 X 

-2 

43. {(x,y) I x < 0} 

47; {Cx,y) l lxl � 2} = {(x,y) l-2 � x � 2} 
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49. {(x,y) I 0 S: y S: 4,x S: 2} 51. {(x,y) II +x S: y S: 1- 2x} 

x=2 

53. Let P( O ,y) be a point on they-axis. The distance from P to (5, -5) is J(5- 0)2 + (-5- y)2 = J52 + (y + 5)2• The 

distance from P to (1, 1) is J(l-0)2 +(I- y)2 = \112 + (y-1)2. We want these distances to be 

equal: J52 + (y+ 5)2 � JP + (y- 1)2 ¢:? 52+ (y + 5)2 = 12 + (y-I? <::> 

25 + (y2 +lOy+ 25) = 1 + (y2- 2y + 1) ¢:? ·1 2y = -48 ¢:? y = -4 . So the desired point is (0, -4). 

55. (a) Using the mid�oint formula from Exercise 54 with (1,3) and (7, 15), we get(l!7, 3'V5) = (4, 9). 

(b) Using the midpoint formula from Exercise 54 with (-1,6) and (8, -12), we get ( -1{8, B+(
2
-12l) = (�, -3). 

57. 2x - y = 4 ¢:? y = 2x - 4 => m1 = 2 and 6x - 2y = 10 ¢:? 2y = 6x - 10 ¢:? y = 3x - 5 => m2 = 3. 
Since m1 =F m2, the two lines are not parallel. To find the point of inters�tion: 2x -4 = 3x - 5 ¢:? x = 1 => 

y = -2. Thus, the point of intersection is (1, -2). 

59. With A(1, 4) and B(7, -2), the slope of segment AB is -:;_-;. 4 = -1, so its perpendicular bisector has slope 1 .  The midpoint 

of AB is e! 7' 4 + ;-2)) = (4, 1) , so an equation of the perpendicular bisector is y- 1 = 1(x -4) or y =X- 3. 

61. (a) Since the x-intercept is a, the point (a, 0) is on the line, and similarly since they-intercept is b, (0, b) is on the line. Hence, 

h I f th  I. . b - 0 b 
s b . . . b . b b b b t e s ope o e me ts m = -0- = - - . u stttutmg mto y = mx + g�ves y = --x + ¢:? -x + y = ¢:? 

X y 
a+'b=l. 

-a a a a 

(b) Letting a= 6 and b = -8 gives::+ .JL = 1 ¢:? -8x + 6y = -48 [multiply by -48] ¢:? 6y = 8x- 48 ¢:? 6 -8 
3y = 4x - 24 ¢:? y = �x - 8. 

C Graphs of Second-Degree Equations 

1. An equation of the circle withcenter (3, -1) and radius 5 is (x- 3)2 + (y + 1)2 =52= 25. 

3. The equation has the form x2 + y2 = r2. Since ( 4, 7) lies on the circle, we have 4 2 + 72 = r2 => r2 = 65. So the 

required equation is x2 + y2 = 65. 

5. x2 + y2 - 4x + lOy + 13 = 0 ¢:? x2 - 4x + y2 + lOy = -13 ¢:? 

(x2-4x + 4) + (y2 +lOy+ 25) = -13 + 4 + 25 = 16 ¢:? (x-2)2 + (y + 5)2 = 42• Thus, we have a circle with 

center (2, -5) and radius 4 .  

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly acc�ible website, in wbole or in part. 



APPENDIX C GRAPHS OF SECOND-DEGREE EQUATIONS 0 541 

7. x2 + y2 + x = 0 <=> ( x2 + x + i) + y2 = i <=> ( x + � )2 + y2 = ( � t Thus; we have a circle with center (-�,a) 
and radius �. 

9. 2x2 + 2y� - x + y = 1 <=> 2 ( x2 � � x + I\) + 2 ( y2 +� y + 116) = 1 + i + i <=> 

2(x- i)2 + 2(y+ it=£ <=> (x- t)2 + (y + t)2 = � ·Thus, we have a circle with center (1, -i) and 

radius � = � · 

11. y = -x2• Parabola 

15. 16x2- 25y2 = 400 

y 

X 

x2 y2 . 
<=> 25 - 16 = 1. Hyperbola 

y 

19. x = y2 - 1.. Parabola with vertex at ( -1, 0) 
y 

23. xy = 4. Hyperbola 

X 

x2 y2 
13. x2 + 4y2 = 16 · <=> 16 + 4 = 1. Ellipse 

y 

2 

-4 4 X 

-2 

x2 <=> 114 + y2 = 1. Ellipse 

y 

-I 

I 

2 
X 

x2 21. 9y2 - x2 = 9 <=> y2 - g = 1. Hyperbola 

y 

y=-t y=j 

25. 9(x- I?+ 4(y- 2)2 = 36 · <=> 

(x- 1? ( - 2)2 
4 + y 

9 = 1. Ellipse centered at (1, 2) 

y 

X 
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21. y = x2- 6x + 13 = (x2- 6x + 9) + 4 = (x- 3? + 4. 

Parabola with vertex at (3, 4) 

(3,4) 

0 X 

31. x2 + 4y2 - 6x + 5 = 0 {=} 

(x2 - 6x + 9) + 4y2 = -5 + 9 = 4 {=} 

( 3)2 . x � 
+ y2 = I. Ellipse centered at (3, 0) 

y 

0 5 X 

29. x = 4 - y2 = -y2 + 4. Parabola with vertex at ( 4, 0) 
y 

4 X 

33. y = 3x and y = x2 intersect where 3x = x2 {=} 

0 = x2 - 3x = x(x- 3), that is, at (0, 0) and (3, 9). 

y 

X 

35. The parabola must have an equation of the form y = a(x- 1)2- 1. Substituting x = 3 andy= 3 into the equation gives 

3 = a(3- 1?- 1, so a= 1, and the equation is y = (x- 1)2- 1 = x2- 2x. Note that using the other point ( -1, 3) would 

have given the same value for a, and hence the same equation. 

39. {(x,y) I y 2': x2 -1} 

D Trigonometry 

5. 900° = 900° ( 18�o ) = 57r rad 7. 47r rad = 47r ( 1�0) = 720° 

. 
9. �; rad = �; e�o) = 75° . 11. - 3; rad = - 3; ( 1s,?o ) = -67.5.0 

13. UsingFormula 3, a = r(J = 36 · J]- = 37r em. 
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15. Using Fonnula 3, B = ajr = 1\ = � rad = H 18�0) = e;ot � 38.2°. 

17. y 19. y 21. 

X X 

315° 

23. y From the diagram we see that a point on the tenninal side is P( -1, 1). 
P(-1, l) 

Therefore, taking x = - 1 , y = 1 , r = v'2 in the definitions of the 

trigonometr,ic ratios, we have sin 3_; = "72• cos 3_; = -:-�· 

tan 3l' = -1, esc 3l' = v'2, sec 3l' = -v'2, and cot 3l' = -1. 

X 

25. y From the diagram we see that a point on the tenninal side is P(O, 1). 
P(O,l) Therefore taking x = 0, y = 1, r = 1 in the definitions of the 

tri
,
gonometric ratios, we have sin 9; = 1, cos 92" = 0, tan 9; = y jx is 

X 
undefined since x = 0, esc 9; = 1, sec 9; = r I x is undefined since 

x·= 0, and cot 9; = 0. 

27. y Using Figure 8 we see that a point on the tenninal side is P( -V3, 1). 

P(-J3.I) Therefore taking x = -V3, y = 1, r = 2 in the definitions of the 

trigonometric ratios, we·have sin 5; = �.cos 5; = -4. 

t 51f l 51f 2 51f - 2 d t 57r . V3 
X 

an6 = -73,csc6 = ,sec6- -73,an co 6 =- . 

29. sin B = y I r = � => y = 3, r = 5, and x = J r2 -y2 = 4 (since 0 < 8 < � ). Therefore taking x = 4, y = 3, r = 5 in 

the definitions of the trigonometric ratios, we have cos 8 = t, tan 8 = �, esc B = �, sec 8 = �, and cot 8 = 1· 

31. � < </> < 1r => . </> is in the second quadrant, where x is negative and y is positive. Therefore 

sec</>= rlx = -1.5 = -� => r = 3, x = -2, andy= Jr2 '-·x2 = v's. Taking x = .:._2, y = v's. and r = 3 in the 

definitions of the trigonometric ratios, we have sin </> = �' cos </> = -�' tan </> = -::If. esc </> = 1s. and cot (J = ---35. 

33. 1r < f3 < 21r means that f3 is in the third or fourth quadrant where y is negative. Also since cot f3 = xI y = 3 which is 

positive, x must also be negative. Therefore cot f3 = xI y = f � x = -3, y = - 1, and r = J x2 + y2 = Jfci. Taking 

x = -3, y = - 1 and r = y10 in the definitions of the trigonometric ratios, we have sin f3 = -�, cos f3 = -�, 

tan/3 = t· csc/3 = -Jfci. and sec/3 =-vr. 
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35. sin35° = ;O '* x = 10sin35° � 5.73576 em 

37 211' X . tan5 = B '* x =Stan 2; � 2�.62147 em 

39. y 

X 

(a) From the diagram we see that sin 0 = ]!_ = �. and sin( -0) = -a = - � = -sin 0 .. 
r c c c 

(b) Again from the diagram we see that cos 0 = � = � = cos(-0). 
r c 

41. (a) Using (l2a) and (l3a), we have 

! [sin(x + y) + sin(x- y)] = ! [sin x cosy+ cos x sin y +sin x cosy-cos x sin y] = !(2 sin x cosy) = sinx cosy. 

(b) This time, using (12b) and (l3b), we have 

![cos(x +y) +cos(x- y)] = �[�osx cosy-sinx siny+cosx cosy+sinx siny] = �(2cosx cosy) = cosx cosy. 

(c) Again using (12b) and (l3b), we have 

� [cos(x- y)-cos(x + y)J = ![cosx cosy+ sinx sin y-cos x cosy+ sinx siny] 

= �(2sinx siny) = sinx siny 

43. Using (12a), we have si�{:g. + x) =sin� cosx +cos� sinx = 1 · cosx + 0 · sinx = cosx. 

45. Using (6), we have sinO cot 0 =sin 0 · 
c�s! =cos 0. smu 

· 

1 1 -cos2 y sin2 y sin y . . 47. secy-cosy=---cosy [by (6)] = = -- [by (7)] = --smy = tany smy [by (6)] cosy . cosy cosy cosy 

2 2 cos2 0 1 49. cot 0 +sec 0 = -.-2-+ -ro [by (6)] sm 8 cos 
cos2 8 cos2 8 + sin2 8. 

sin2 8 cos2 8 

= 
(1 -·si�2 8)(1-sin2 8) + sin2 8 [by (7)] = 1-sin2 8 + sin4 8 

sin2 8 cos2 8 sin2 8 cos2 8 . 
cos28+sin48 1 sin28 2 2 

- sin2 8 cos2 8 [by (7)] = 

sin2 8 + cos2 8 = esc 8 +tan 8 [by (6)] 

. tan8 + tan8 2tan8 
51. Usmg (14a), we have tan 28 = tan(8 + 8) = 1 (J 8 = 1 2 8

. 

53. Using (15a) and (16a), 

-tan tan -tan 

sinx sin2x + cosx cos 2x = sinx (2sinxcosx) + cosx (2cos2 x- 1) = 2 sin2 x cosx + 2 cos3 x- cosx 

= 2(1-cos2 x) cosx + 2 cos3 x-cosx [by (7)] 

= 2 cos x - 2 cos3 x + 2 cos3 x - cos x = cos x 

Or: sinx sin 2x +cos x cos 2x ;::=cos (2x- x) [by 13(b)] =cos x 
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sin¢. 
55. . 

1-cos¢ 
sin¢ 1 +c6s¢ sin¢ (1 +cos¢) 

1.-cos¢· 1 +cos¢= 1-cos2 ¢ 
sin¢ (1 +cos¢) 

Sln2 ¢ 

. 1 +cos¢ 1 cos¢ 
= =- + -- .= csc ¢+cot¢ [by(6)] 

sin 4> sin ¢ sin¢ 

[by (7)] 

57. Using (12a), 

sin3B + sinB= sin(2B + B) +sinO= sin2B cosB + cos2B sinB +sinO 

=sin 26 cos 6 + (2 cos2 B- 1) sin B + sinB (by (16a)] 

= sin2B cosB + 2cos2 B sinB-sinB +sinO= sin2B cosB + sin2B cosB [by (!Sa)] 

= 2sin20 cosO 

59. Since sin x = � we can label the opposite side as having length 1, 

the hypotenuse as having length 3, and us,e the Pythagorean Theorem 

to get that the adjacent side has length v's. Then, from the diagram, 

cosx = Yf. Similarly we have thatsiny = �· Now use(l2a): 

. ( ) . . 1 4 .Yi 3 4 �-� Sill X + y =;: Sill X COSy + COS X SillY = 3 · 5 + 3 ' 5 = E + 15 - 15 · 

61. Using (13b) and the values for cosx and sin y obtained in Exercise 59, we have 

cos(x- y) = cosx cosy+ sln:i: siny = 'Yf · � + �. � = 81/3 

5 

y 

4 

63. Using (15a) and the values for sin y and cosy obtained in Exercise 59, we have sin 2y = 2 sin y cosy = 2 · � · � = �. 

65. 2cosx- 1 = 0. <=> cosx = � ==? x = f, 5; for x E [0,211']. 

69.Using(l5a),we havesin2x=cosx <=> 2sinxcos'x-cosx=O <=> cosx(2sinx- 1)=0 <=> cosx=Oor 

2 sin x - 1 = 0 ==? x. = �, 3; or sin x = � => x = i or s;. Therefore, the solutions are x = i, �, 56,., 3; • 

. sinx ( 1 ) 
71. sinx = tanx ¢:> sinx-tanx = 0 ¢:> Sill X---= 0 ¢:> sinx 1--- = 0 � sinx = 0 or 

cosx cosx 

1 1---=0 
cosx 

are x = 0, 11', 211'. 

1 
==? x = 0, 11', 211' or 1 = -­

cosx 
==? cosx=1 ==? ·X= 0, 211'. Therefore the solutions 

73, We know that sin x = � when x = i or 5;, and from Figure 13(a), we see that si� x � � ==? 0 � x � i or 

56,. � X � 211' for X E [0, 211']. 

75. tanx = -1 when x = 3; , 7; , and tanx = 1 when x =�or 5;. From Figure 14(a) we see that -1 < tanx < 1 ==? 

0 �X<�. 34,. <X< s; , and 7; <X� 27T. 
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n. y =·cos ( x - -f): We start with the graph of y = cos x 

and shift it f units to the right. 

. 19: y = i tan (x - � ). We start with the graph -of 

y 

y = tan x, shift it � units to the right and compress it to. 

� of its original vertical size. 

z 

81. y = jsin xj. We start with the graph of y = sin x and reflect the parts below the x-axis about the :z;-axis. 

83. From the figure in the text, we see that x = bcoso; y = bsinO, and from the distance formula we have that the 

distance c from (x, y) to ( a, 0) is c = J(x- a)2 + (y- 0)2 => 

c2 = ( bcosO- a)2 + ( bsinO? = b2 cos2 0- 2abcos0 + a2 + b2 sin2 (J 

= a2 + b2(cos2 0 +sin2 0)- 2abcos0 = a2 + b2- 2abcos0 [by (7)] 

X 

85. Using theLaw ofCosines, we have c2 = 12 + 12- 2(1)(1)cos (a- /3) = 2 [1- cos( a- /3)]. Now, usingtlte distance 

formula, c2 = IABI2 = (cos a-cos/3? + (sina- sin/3)2• Equating these two expressions for c2, we get 
. . 

2[1 - cos( a -/3)] = cos2 a + sin2 a + cos2 /3 + sin2 /3 - 2 cos a cos /3 -:- 2 sin a sin /3 ' => 

1-coS( a- /3) = 1-cosa-cos/3- sin a sin/3 => cos(a-/3) =cos a cos/3 +sin a sin/3. 

87. In Exercise 86 we used the subtraction formula for cosine to prove the addition formula for cosine. Using that formula with 

x = �- a, y = /3, we get cos[(�-a)+ /3] =cos(�- a) cos/3- sin(�- a) sin/3 => 

cos[�- (a- /3)) =cos(�- a) cos/3- sinH- a) sin/3. Now we use the identities given in the problem, 

cos(�- 8) =sinO and sin(�- 0) =cosO, to get sin( a- /3) =sin a cos/3- cos a sin/3. 

89. Using the formula from Exercise 88, the area of the triangle is � (10)(3) sin 107° � 14.34457 cm2. 

E Sigma Notation 

4- 2k- 1 1 3 5 7 5. E -- =-1+-+-+-+-
k=o 2k + 1 3 5 7 9 

n....,..l 
9. E(-1)j =1-1+1- 1+···+ (-1)»-1 

j='O 

6 3. L: 3i = 34 + 35 + 36 
i=4 

1. £: ilO = 11o + 21o + 310 + ... + n1o 
i=1 

. 10 
11. 1 + 2+ 3 + 4 + ... + 10 =' L: i 

i=l 
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1 2 3 4 . 19 19· i 
13. - + -+-+-+ · · · +-= E -. -2 3 4 5 20 i=1 t + 1 

5 . 

11. 1 + 2 + 4+ 8 + 16 + 32 = E 2' 
i=O 

n 

15. 2 + 4 + 6 + 8 + · · · + 2n = E 2i 
i=l 

.n 

19. x + x2 + x3 + · · · + xn = E xi 
i=1 

8 . 

21. L:(3i-2) = [3(4)-2] + [3{5)-2] + [3(6)-2] + [3(7)-2] + [3(8)- 2] = 10 + 13 + 16 + 19 + 22 = 80 
i=4 . 

6 

23. E 3i+l = 32 + 33 + 34 + 35 + 36 + 37 = 9 + 21 + 81 + 243 + 729 + 2187 = 3276 
j=l -

(For a more general method, see Exercise 47.) 

20 
25. E (-It= -1 + 1-1 + 1-1 + 1-1 + 1-1+ 1 -1 + 1-1 + 1- 1 + 1-1 + 1-1 + 1 = 0 

n=1 
' 

4 21. E(2i + i2) =(I+ o) + (2 + 1) + (4 +.4) + (8 + 9) + (16 + 16) = 61 
·i=O 

n n n(n + 1) 29. ?: 2i = 2?: i = 2 · 2 [by Theorem 3(c)] = n(n + 1) 
•=1 •·=1 

= i[(2n3 + 3n2 + n) + (9n2 + 9n) + 24n] = t(2n3 + 12n2 + 34n) = tn(n2 + 6n + 17) 

33. f: (i + l)(i + 2) = E (i2 + 3i + ;) = E i2 + 3 E i + E 2 = n(n + 1)(2n + 1) + 3n{n+ 1) + 2n 
i=1 i=l i=1 i=l i=1 6 2 

n(n + 1) n(n + 1} = [{2n+1)+9]+2n= {n+5)+2n 6 3 
= i [(n + 1){n + 5) + 6] = i (n2 + 6n + 11) 

35. i�(i3-i-2) = i� i3- i� i-.�i= [n(nt1)r-n(n
2
+1) -2n 

= in(n + l}[n(n + 1)- 2]-2n = tn(n + 1)(n + 2)(n -1)- 2n 
= tn[(n + 1)(n- l)(n + 2)-8] = tn[(n2-1)(n + 2)-8) = in(n3 + 2n2-n-10) 

n n 

37. By Theorem 2(a) and Example 3, E c = c E 1 = en. 

n 

i=l i=1 

39. E[(i + 1)4-i4] = {24 -14) + (34- 24) + (44-34) + · · · + [(n + 1)4-n4] 
�1 . 

. 
\ 

;=:: (n + 1)4- 14 = n4 + 4n:! + 6n2 + 4n 
On the other hand, 

n n n n n 71. 

E!(i+ 1)4 -i4] = E(4i3 +6i2 +4i+ 1) =4 E i3 +6 E i2 +4 E i+ 'E 1 
i=1 i=1 i=l i=1 i=1 i=1 

= 48 + n(n + 1)(2n + 1) + 2n(n + 1) +n 

= 48+ 2n3 + 3n2 + n + 2n2 + 2n + n = 48 + 2n3 + 5n2 + 4n 
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Thus, n4 + 4n3 + 6n2 + 4n = 4S + 2n3 + 5n2 + 4n, from which it follows that . 2 · · [n(n+1) ] 4S = n4 + 2n3 + n2 � n2(n2 + 2n + 1) = n2(n + 1)2 and S = 2 . 

n . . 

'41. (a) L [i4- (i- 1)4] = (14- 04) + (24- 14) + (34- 24) + . . · + [n4- (n- 1)4] = n4- 0 = n4 
i=l 

100 
(b) L (5i _ 5i-1) = (51 _5o) + (52 _51) +.( 53 _52) + ... + (51oo _ 599) = 51oo _5o = 51oo � 1 

i=l 

(c) f (� __ 1 ) = (� _ �) + (� _ �) + (� _ �) + ... + (..!.. _ _  1 ) = � _ _  1 :::; � 

i=3 i i + 1 3 4 4 5 5 6 99 100 3 100 300 

n 
(d) L(a;- a;-I) = (a1- ao) + (a2- a1) + (a3- a2) +···+(an- an-I)= an- ao 

i=l 

43. lim. f: .!. (!:.)2 = lim _!_ f: i2 = lim _!_ 
n(n + 1)(2n + 1) = lim � (1 + .!.) (2 + .!.) = t(1)(2) = � R�OO i=l n n n--+oo n3 i=l n--+00 n3 6 R--+00 6 n n 

45. lim f: � [( 2i)3 + 5(2i)] = lim .f: [1� i3 + 2� i] = lim [1� f: i3 + 2� f: i] n--+oo i=l n n n n--oo i=l n n n--+oo n i=l . n i=l 

= lim [16 n2(n+1)2 + 2Qn(n+1)) =lim· [4(n+1)2 + 10n(n+1)} . n--+oo n4 4 . n2 2 R--+00 n2 n2 

=nl� [4 (1+;y +10 (1+�) ] =4·1+10·1=14 

47. Let S = f: ari-l = a + ar + ar2 + · · · + arn-I. Multiplying both sides by r gives us 
i=l 

rS = ar + ar2 + · .  · + arn-l + arn. Subtracting the first equationfrom the second, we find 

a(rn- 1) (r- 1)8 = arn- a= a(rn- 1), so'S = 1 [since r f= 1]. r-

For the first sum we have used Theorems 2(a) and 3(c), and for the second, Exercise 47 with a= r = 2 . 

. 

G The Logarithm Defined as an Integral 

1. (a) 

0 1.5 X 

We interpret ln 1.5 as the area under the curve y 
= 1/ x from x = 1 to 

x = 1.5. The area ofthe rectangleBCDEis � · j = �· Th�area of the 

trapezoid ABC D is � · � ( 1 + �) = f2. Thus, by comparing areas, we 

observe that � < ln 1.5 < 152• 
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(b) Inx = J1x (1/t) dt, so In 1.5 = J11.5(1/t) dt. With f(t) = 1/t, n = 10, and flt = 1.�0 1· = 0.05, we have 

In 1.5 = J1
1.5(1/t) dt � ( 0 .05)[/(1. 0 25) + /(1.0 75) + · · · + /(1.475)) = ,( 0.05) [ 1.625 + 1.675 + · · · + 1.l75] 

� 0 .4054 

3. y I 

y=-x 
The area of R; 1s -. - and so - + - + . . · + - < -dt = Inn. . 1 1 1 1 ln 1 

z+1 2 3 n 1 t 

4"· n-ln x 

Y The area of S; 1s -:- and so 1 + - + · · · + -- > - dt = Inn. . 1 1 1 ln1 
2 2 n- 1 1 t 

0 1234 . . · n-ln x 

1 1 1 1 1 
Thus, - + - + · · · + - < Inn < 1 + -+ · · · + --. 2 3 n 2 n-1 

5. If f(x) = In(xr), then f'(x) = (1/xr) (rxr-I) = rjx. But if g(x) = r lnx, then g'(x) = rjx. So f and g must differ by a 

constant: In(xr) = r lnx +C. Put x = 1: ln(1r) = r In 1 + C => C = 0, so In(xr) =·r lnx. 

7. Using the third law of logarithms and Equation 10 , we have Ine•·x = rx = r lnex = ln(exr. Since In is a one-to-one 

functiop, it follows that erx = ( e" 'r. 

9. Using Definition 13, the first law of logarithms, and the first law of exponents for ex, we have 

(ab)"' = exln(ab) = ex(lna+lnb) = exlna+xlnb = exlnaexlnb = a"'b"'. 

H Complex Numbers 

1. (5- 6i) + ( 3  + 2i) = (5 + 3) + ( -6 + 2)i = 8 + ( -4)i = 8-4i 

3. (2 + 5i)(4- i) = 2(4) + 2( -i) + (5i)(4) + (5i)( -i) = 8- 2i + 20 i- 5i2 = 8 +'18i-5( -1) 

= 8 + 18i + 5 = 13 + 18i 

5. 12 + 7 i = 12 - 7 i  

7 1+4i = 1+4i . 3- 2i � 3- 2i+l2i-8(-1)- ll+lOi _11 10 . 
. 3 + 2i 3 + 2i 3-2i - 32 +-22 -

13 . - 13 + 132 

1 1 1- i 1-i 1- i 1 1 9 
-- - -- . -- - - -- - -- -i . 1 + i - 1 + i 1- i - 1- ( -1) � 2 - 2 2 

11. i3 = i2 . i = ( -1 )i = -i 

13. V=25 = J25 i = 5i 
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15. 12 - 5i = 12 + 15i and 112 - 15il = y'122 + ( -5)2 = v144 + 25 = JI69 = 13 

11. -4i = o- 4i = o + 4i = 4i and l-4il = y'o2 + ( -4)2 = v'I6 = 4 

- -2±y'22 - 4(1)(5)- -2±v=T6- -2±4i -...:.. ±2" 
21. By the quadratic fonnula, x2 + 2x + 5 = 0 ¢'> x - . 2(1) 

-
2 

-
2 

- 1 t . 

...:..1 ± y'12- 4(1)(2) -1 ± R 1 V7 
23. By the quadratic fonnula, z2 + z + 2 = 0 ¢'> z = 2(l) = 2 = -2 ± �i. 

25. For z = -3 + 3i, r = y'( ..:..3)2 + 32 = 3 .J2 and tan B = _:'1
3 
= -1 => B = 3; (since z lies in the second quadrant): 

Therefore, -3 + 3i = 3 .J2 (cos 3; + i sin 3;). 

27. For z = 3 + 4i, r = J32 + 42 = 5 and tan B = � => B = tan -1 ( �) (since z lies in the first quadrant). Therefore, 

3 + 4i = 5 [cos(tan-1 �) + i sin(tan-1 �)]. 

29. For z = J3 + i, r = J ( J3) 2 + 12 = 2 and tan 0 = � => 0 = j => z = 2 ( c�s j + i sin j). 

For w=l+J3i,;=2 and tanO=J3 => 0=-i => w=2(cosi+isin"i)­

Therefore, zw = 2 · 2[cos(j + i) + isin(j + i)J = 4(cos � + isin �). 

z/w = Hcos(t- f)+ isin(t- f)] =cos( -t) + isin( -t). and 1 = 1 + Oi = 1(cos 0 + isinO) => 

1/z = Hcos(O - t) + isin(O - i)] = �[cos( -t) + i sin(-%)]. For 1/z, we could also use th� fonnula that precedes 

Example 5 to obtain 1 / z = � (cos j - i sin i). 

31. For z = 2J3- 2l', r = V(2J3)2 + (-,.2}2 = 4 and tanB = � = -� => B = :.....% => 

z = 4[cos( -%) + isin( -%)].For w = -1 + i, r = .J2, tanO = _\ = -1 => 0 = 3; => 

w = .J2 (cos 3; + i sin 3;) . Therefore, zw = 4 .J2 [cos( -j + 34,.) + i sin(-% + 3;)] = 4 .J2 (cos ;; + i sin ;; ), 

z/w = 4 [cos(-1!:....:. 3,. ) +isin(-1!:- 3,.)] = 4 [cos(-lli) +isin(-11,.)] = 2 '2(cos 13,. +isinlli) and 72 6 4 6 4 72 12 12 v � 12 12 ' 

'1/z = i(cos( -%) __: isin(-j)] = i{cos j + i sin%)· 

33. For z = 1 + i, r = .J2 and tan B = t = 1 => 0 = � => z = .J2 (cos � + i sin �) . So by De Moivre 's Theorem, 

(1 + i)20 = [ .J2 (cos�+ isin � )] 20 = �21/2?0 (cos 20d,. + i sin 20d ,. ) = 210(cos 57r + i sin 57r) 

= 210[-1 + i(O)J = -210:::::: -1024 

35. For z=2J3+2i,r=V(2J3 )2+22::::::v'I6=4 and tanO::::::&a=� => B=i => z=4(cos %+isin j). 

So by De Moivre's Theorem, 

(2 J3 + 2i )5 = [4(cos i + isin %)]5 = 4 5(cos 5; + isin 5;) = 1024 [-4 + �i] = -512 J3 + 512i. 
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37. 1 = 1 + Oi = 1 (cosO+ isinO). Using Equation 3 with r = 1, n = 8, and 8 = 0, we have 

. 1/8[ (0+2k1r) .. (0+2k1r)] k7r .. k7r h k 0 1 2 7 Wk = 1 cos 8 
+ zs1n 8 

=cos 4 + zsm 4, w ere = , , , . . . , . 

wo = 1(cos0 + isinO) = 1, w� = 1(cos � + isin �) = � + �i, 

w2 = l(cos � + isin �) = i, W3 = 1(cos 3; + isin 3;) = -� + �i,. 

W4 = l(cos1r + isin 1r) = -1, ws = 1 (cos 5; + i sin 5;) = -"72 - "72i, 

w6 = 1(cos 3; + isin 3;) = -i, w7 = 1(cos 7; + isin 7;) = �- �i 

39. i = 0 + i = 1(cos � + isin �).Using Equation 3 with r = 1, n = 3, and 9 = �'we have 

[ (.!!. + 2k7r) ( 1!. + 2k7r)·] 
Wk=1113 cos 2 3. +isin 2 3 ,wherek=0,1,2. 

wo = (cost+ isin %) = � + �i 

WI � (cos 5; + i sin 5;) = -4 + � i 

w2 = (cos 9; + isin 9;) = -i 

41. Using Euler's formula (6) withy = �.we have ei"/2 =cos� + i sin� = 0 + 1i = i. 

43. Using Euler's formula (6) withy= i· we have ei"/3 =cos i + isin i = � + v; i. 

• 

• 

• 

1m 

0 

1m 

0 

-i 

45. Using Equation 7 withx =.2 andy= 1r, we have e2+i1r = e2e;,. = e2(cos1r +isin7r) = e2(-1 + 0) = -e2• 

47. Taker � 1 and n = 3 in De Moivre's Theorem to get 

[1(cos8 + i sin 8)]3 = 1 3(cos 39 + i sin 39) 

(cos 9 + i sin 9) 3 =cos 39 + i sin38 

· cos3 9 + 3(cos2 9)(isin9) + 3(cos9)(isin9? + (isin9) 3 = cos39 + isin39 

cos3 9 + (3 cos29 sin9)i- 3tos8 sin2 9- (sin3 9)i = cos38 + isin39 

( cos3 9 - 3 sin2 9 cos 9) + (3 sin 9 cos2 9 -sin.S B)i = cos 38 + i sin 38 

• 

• 

• 

Equating real and imaginary parts gives cos 39 = cos3 B - 3 sin2 9 cos 8 and sin 38 = 3 sin 9 cos2 B -sin 3 9. 

49. F(x) = erx = e<a+bi)x = eax+bxi = ea"'(cosbx + isinbx) = eax cosbx + i(ea"' sinbx) � 

F'(x) = (eax cosbx)1 + i(ea"' sinbx)' 

= ( aeax cos bx - be ax sin bx) + i( aeax sin bx + beax cos bx) 

= a[ea"'(cos bx + isin bx)] + b[ea"'(-sinbx + i cosbx)] 

= aerx + b[ea"'(i 2 sinbx + i cosbx)] 

= aerx + bi[ea"'(cosbx + isinbx)] = aerx + bierx =(a+ bi)erx = rerx 
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