STUDENT SOLUTIONS MANUAL for STEWART'S

Early Transcendentals

]
(T1

gle Variable Calculus

<

Sin

DANIEL ANDERSON <+ JEFFERY A. COLE « DANIEL DRUCKER



] PREFACE

This Student Solutions Manual contains strategies for solving and solutions to selected exercises
in the text Single Variable Calculus, Early Transcendentals, Seventh Edition, by James Stewart.
It contains solutions to the odd-numbered exercises in each section, the review sections, the True-
False Quizzes, and the Problem Solving sections, as well as solutions to all the exercises in the
Concept Checks. )

This manual is a text supplement and should be read along with the text. You should read all
exercise solutions in this manual because many concept explanations are given and then used in
subsequent solutions. All concepts necessary to solve a particular problem are not reviewed for
every exercise. If you are having difficulty with a previously covered concept, refer back to the
section where it was covered for more complete help.

A significant number of today’s students are involved in various outside activities, and find it
difficult, if not impossible, to attend all class sessions; this manual should help meet the needs of
these students. In addition, it is our hope that this manual’s solutions will enhance the understand-
ing of all readers of the material and provide insights to solving other exercises. ,

We use some nonstandard notation in order to save space. If you see a symbol that you don’t
recognize, refer to the Table of Abbreviations and Symbols on page v.

. We appreciate feedback conceming errors, solution correctness or style, and manual style. Any
comments may be sent directly to jeff.cole@anokaramsey.edu, or in care of the publisher:
- Brooks/Cole, Cengage Leaming, 20 Davis Drive, Belmont CA 94002-3098.

We would like to thank Stephanie Kuhns and Kathi Townes, of TECHarts, for their production
services; and Elizabeth Neustaetter, of Brooks/Cole, Cengage Leaming, for her patience and sup-
‘port. All of these people have provided invaluable help in creating this manual.
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| (] ABBREVIATIONS AND SYMBOLS

CD  concave downward
CU  concave upward
D the domain of f
FDT First Derivative Test
HA  horizontal asymptote(s)
I interval of convergence
IP  inflection point(s)
R radius of convergence

VA  vertical asymptote(s)
= indicates the use of a computer algebra system.

indicates the use of I’Hospital’s Rule.

153

indicates the use of Formula j in the Table of Integrals in the back endpapers.

[f

indicates the use of the substitution {u = sin z, du = cos zdz}.

= indicates the use of the substitution {u = cos z,du = —sinz dz}.
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[0 DIAGNOSTIC TESTS

TestA Algebra

1. (@) (=3)* = (-3)(-3)(-3)(-3) = 81 (b) —3* = —(3)(3)(3)(3) = —81
©3 %= &L ) 5 =5%-21 = 52 = 95
34 81 521 ‘
- . y 1 1 1 1
© @)= =2 () 1674 = o = =53

2. (a) Note that v/200 = v/100 - 2 = 10 v2 and v/32 = v/16 - 2 = 4 /2. Thus /200 — v/32 = 10v2 — 412 = 6 /2.

(b) (3a36%)(4ab?)? = 3a®b316a%b* = 48a°bH"

© 3w3/2y3 —2: xzy—l/z 2=(x2y_1/2)2:z‘4y—1: 4 =i
a:2y‘1/2 3z3/2y3 ‘ (3a:3/2y3)2 9:1,‘3y6 gmaysy 9y7

3. @3(x+6)+42r—5)=3c+18+8z — 20 = 11z — 2

() (x+3)(4x —5) =42® — 5 + 122 — 15 = 42> + Tz — 15
@ (Va+v6) (Va-vB) = (va)' - vavh+vavh~(v6) =a-b
Or Use the formula for the difference of two squares to see that (\/(; + \/5) (\/_ = \/5) = (\/5)2 - (\/5 )2 =a-—b.

d) (2c+3)%2=(2z+3)(2z+3) =42 + 6 + 6z + 9 = 4z? + 12z + 9.
Note: A quicker way to expand this binomial is to use the t:ormula (a+b)? =a®+ 2ab+ b witha = 2cand b = 3:
2z + 3)% = (22)% + 2(22)(3) + 32 = 422 + 122+ 9

(e) See Reference Page 1 for the binomial formula (a+b)® = a® + 3a%b + 3ab® + b®. Using it, we get
(z+2)3 = z° + 32%(2) + 32(2%) + 28 = 23 4+ 622 + 12z + 8.

4. (a) Using the difference of two squares formula, a> — b% = (a + b)(a — b), we have

422 — 25 = (2z)? — 52 = (2z + 5)(2z — 5).

(b) Factoring by trial and error, we get 222 + 5z — 12 = (2z — 3)(z + 4).

(c) Using factoring by grouping and the difference of two squares formula, we have
® -3z —4x+12=2%(z-3) - 4(c—3) = (2?2 - 4)(z - 3) = (z — 2)(z + 2)(z — 3).

(d) z* + 27z = z(z® + 27) = z(z + 3) (2% — 3z +9)
This last expression was obtained using the sum of two cubes formula, a® + b® = (a + b)(a® — ab + b?) witha =z
and b = 3. [See Reference Page 1 in the textbook.]

(e) The smallest exponent on z is —%, so we will factor out z~%/2,

3232 — 95'/? + 627 /2 =327 1/2(2? -3z +2) =3z /2 (z - 1)(z - 2)

(f) 2%y — dzy = zy(a? — 4) = zy(z — 2)(z + 2)

© 2012 Cengage Learning. All Rights Reserved. May not be d, copied, ord

plicated, or posted to a publicly accessible website, in whole or in part. 1



2 0O DIAGNOSTIC TESTS

?+32+2 _ (z+1)x+2) _z+2
2—2-2 (z+1)(x—-2) -2

S. (@)

222 —z—-1 z+4+3 (2z+1)(z—1) z+3 -1

O~ Gyl (z-3)(z+3) 20+1 z-3

© . Bl z? bl z? _z4l z-2 22— (z+1)(z—2)
22—4 z+2 (2-2)(z+2) z+2 (z-2)(z+2) z+2 -2  (z-2)(z+2)
22— (® -z -2) z+2 1

G+D@-2) (@+@z-2 =z-2

b 23 = =—(z+y)

T

y oy _y -2 _(y-o)y+tz) _y+z
1l zy z-y —(y—-=) —1
T

VIO _ V10 VB+2 _ V50+2vI0 _ 5V2+2VI0
6. (a)-'\/m—\/g__2 e (\/5)2_22 = 54 =5v2+2/10

®) dvh-2_Vi+h-2 VEATh+2__4+h-4 _ h |
h h VA+h+2 h(VEI+h+2) h(VEI+h+2) VIth+2

2
L@z +z+1=("+z+3)+1-3=(c+3) +%
(b) 222 — 122+ 11=2(z® —6z) + 11 =2(z® — 62 +9—9) + 11 = 2(«®> — 62+ 9) — 18+ 11 =2(z — 3)> - 7

‘9 & =6

wirn

.@zr+5=14—3z & r+32=14-5 & 3r=9 & z=

2z 2z -—1

T = 22=(2z-1)(z+1) & 202=222+z-1 & z=1

(b)

©z?-z-12=0 & (z+3)(z—4)=0 & z+3=00rz—4=0 & z=-3orz=4
(d) By the quadratic formula, 222 + 4z 4+1=0 <
—4+ /22 - 4(2)Q) -4++v8 -4+2v2 2(-2+v2) -2+ .72 1
- = = =—5"=-1+}v2

EE 22) T2 4 1

@©z!-322+2=0 & (2®-1)(z?-2)=0 & 2’ -1=00rz>-2=0 & z’=lorr’=2 &
:z=:tlora:=:{:\/§

(N3lz-4=10 & |z-4=8 & z-4=-Rorz-4=2 & z=

wln

orr =

iR

(g) Multiplying through 2z(4 — z)™*/2 —3/A—z =0by (4 —z)/? gives2z —3(4 —2) =0
2r-124+3z=0 < 52-12=0 & 5x=12 & z=1%

9.@-4<5-3z<17T & -9<-3rx<12 & 3>z>-4o0or 4<z<3.

In interval notation, the answer is [~4, 3).

b)z><2r+8 & 2°-22-8<0 < (z+2)(z—4) <0.Now, (z+ 2)(z — 4) will change sign at the critical
values z = —2 and z = 4. Thus the possible intervals of solution are (—oo, —2), (—2,4), and (4, ). By choosing a

single test value from each interval, we see that (—2, 4) is the only interval that satisfies the inequality.
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TESTB ANALYTICGEOMETRY O 3

(c) The inequality z(z — 1)(z + 2) > 0 has critical values of —2, 0, and 1. The corresponding possible intervals of solution
are (—oo, —2), (=2, 0), (0, 1) and (1, 0o). By choosing a single test value from each interval, we see that both intervals
(—2,0) and (1, 0o) satisfy the inequality. Thus, the sc')luti;)n is the union of these two intervals: (—2,0) U (1, co).

d|r—4<3 & —-3<z-4<3 <& 1<z <7 Ininterval notation, the answer is (1, 7).

2r — 2r—3 2r—-3 x+1 2r—3—-z—1 rz—4

3
—-1< - < — < <0.
O FFTE! ® 180 & T st # z+1 =0 ® 350
_Now, the expression i ; (: may change signs at the critical values z = —1 and = = 4, so the possible intervals of solution

are (—oo, —1), (-1, 4], and [4, o). By choosing a single test value from each interval, we see that (—1, 4] is the only
interval that satisfies the inequality.
10. (a) /False. In order for the statement to be srue, it must hold for all real numbers, so, to show that the statement is false, pick
p =1and g = 2 and observe that (1 + 2)? # 12 + 22. In general, (p + q)% = p® + 2pg + ¢°. -
) Trué as long as a and b are nonnegative real numbers. To see this, think in terms of the laws of exponents:
Vab = (ab)/? = a’/?b!/? = Va Vb.
(c) False. To see this, let p = 1 and ¢ = 2, then v/12 + 22 # 1 + 2.

1+1(2)

(d) False. To see this, let T = 1 and C' = 2, then 5

£1+1

: 1 1 1
(e) False. To see this, let z = 2 and y = 3, then 73 #* 373
1/z
/z—b/z

.%: L ,aslongasz #0anda — b #0.

(f) True since 5 — T

TestB Analytic Geometry

1. (a) Using the point (2, —5) and m = —3 in the point-slope equation of a line, y — y1 = m(z — 1), we get

y—(-5=-3(z-2) = y+56=-3z+6 = y=-3z+1.

(b) A line parallel to the z-axis must be horizontal and thus have a slope of 0..Since the line passes through the point (2, —5),
the y-coordinate of every point on the line is —5, so the equation is y = —5.

(c) A line parallel to the y-axis is vertical with undefined slope. So the z-coordinate of every point on the line is 2 and so the
equation is z = 2.

(d) Notethat2z —dy =3 = —4y=-22+3 = y=iz— 3. Thustheslopeofthe given line is m = 1. Herice, the
slope of the line we’re looking for is also % (since the line we’re looking for is required to be parallel to the given line).

So the equation of the lineisy — (—5) = 3(z —2) = y+5=3r—-1 = y=3z—6.

2. First we’ll find the distance between the two given points in order to obtain the radius, r, of the circle:

r=+/[B— (=1)]2 + (-2 — 4)2 = \/42 + (—6)2 = v/52. Next use the standard equation of a circle,

(x=h)2 4 (@y—k)?=r? where (h, k) is the center, to get (z + 1) + (y — 4)% = 52.

(©) 2012 Cengage Leaming. All Rights Reserved. May not be d, copied, or duplicated, or postad to a publicly accessible website, in whole or in part.




4 O DIAGNOSTIC TESTS

3. We must rewrite the equation in standard form in order to identify the center and radius. Note that

24+ 9y -6z +10y+9=0 = z%-6x+9+y? + 10y = 0. For the lef-hand side of the latter equation, we

factor the first three terms and complete the square on the last two terms as follows: z°> — 6z + 9+ y®> + 10y =0 =

(—3)%24+y2 +10y+25=25 = (z—3)%+ (y+5)% = 25. Thus, the center of the circle is (3, —5) and the radius is 5.
—12-4 4
4 @) A(-7,4)andB(5,~12) = map = =75 =3
®My—-4=-%z—(-7) = y-4=-%z-% = 3y—-12=-42-28 = 4z+3y+16=0.Puttingy=0,
we get 4z + 16 = 0, so the z-intercept is —4, and substituting O for z results in a y-intercept of —1—36.

(c) The midpoint is obtained by averaging the corresponding coordinates of both points: (-‘—7215, ﬁi,;—lz)-) =(—-1,-4).

@d= B~ (—N + (-12 - 4)? = /122 1 (—16)? = v/144 + 256 = /400 = 20
(e) The perpendicular bisector is the line ﬁat intersects the line segment ABata right angle through its midpoint. Thus the
perpendicular bisector passes throﬁgh (=1, —4) and has slope % [the slope is obtained by taking the negative reciprocal of
the answer from part (a)). So the perpendicular bisector is givenby y + 4 = %[x —(=1)]or3z = 4y = 13.
(f)- The center of the required circle is the midpoint of AB, and the radius is half the length of E, which is 10. Thus, the
equation is (z + 1)% + (y + 4)? = 100.
5. (a) Graph the corresponding horizontal lines (given by the equations y = —~1 and

y = 3)as solid lines. The inequality y > —1 describes the points (z, y) that lie

on or above the line y = —1. The inequality y < 3 describes the points (z, y)
that lie on or below the line y = 3. So the pair of inequalities —1 <y <3

describes the points that lie on or between the lines y = ~1 and y = 3.

(b) Note that the given inequalities can be writtenas —4 < £ < 4and -2 < y < 2, Y

respectively. So the region lies between the vertical lines £ = —4 and = = 4 and

between the horizontal lines y = —2 and y = 2. As shown in the graph, the

region common to both graphs is a rectangle (minus its edges) centered at the

origin.

(c) We first graphy =1 — %:1: as a dotted line. Sincey < 1 — %:c, the points in the

region lie below this line.

(© 2012 Cengage Leamning. All Rights Reserved. May not be d, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.
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TESTC FUNCTIONS O 5
(d) We first graph the parabola y = z* — 1 using a solid curve. Since y > z° — 1,

the points in the region lie on or above the parabola.

(¢) We graph the circle 2> + y? = 4 using a dotted curve. Since /z2 + y2 < 2, the

region consists of points whose distance from the origin is less than 2, that is,
the points that lie inside the circle.

(f) The equation 9z + 16y2 = 144 is an ellipse centered at (0, 0). We put it in

. 2 2
standard form by dividing by 144 and get % + %— = 1. The z-intercepts are

located at a distance of /16 = 4 from the center while the y-intercepts are a

0y
N

distance of v/9 = 3 from the center (see the graph).

Test C Functions

1.. (@) Locate —1 on the x-axis and then go down to the point on the graph with an z-coordinate of —1. The corresponding‘
y-coordinate is the value of the function atz = —1, which is —2. So, f(—1) = —2.

(b) Using the same technique as in part (a), we get f(2) = 2.8.

(c) Locate 2 on the y-axis and then go left and right to find all points on the graph with a y-coordinate of 2. The corresponding
z-coordinates are the z-values we are searching for. Soz = —3 and z = 1.

(d) Using the same technique as in part (c), we get £ = —2.5 and = ~ 0.3.

(e) The domain is all the z-values for which the graph exists, and the range is all the y-values for which the graph exists.
Z
Thus, the domain is [—3, 3], and the range is [-2, 3].

2. Note that f(2+ k) = (2 + h)® and f(2) = 2% = 8. So the difference quotient becomes

f(2+h)—f2) (24+h)>—-8 8412k +6h>+h® —8 12h+6h> +h® _ h(12 + 6k + h?)
h - h - h - -

— 2
= 2 =12+6h+h :
3. (a) Set the denominator equal to 0 and solve to find restrictions on the domain: 22 + z - 2=0 =

(x—1)(x+2)=0 = =z =1orz= —2. Thus, the domain is all réal numbers except 1 or —2 or, in interval
notation, (—oo, —2) U (-2, 1) U (1, 00).

(b) Note that the denominator is always greater than or equal to 1, and the numerator is defined for all real humbers. Thus, the
domain is (—o00, 00).

(c) Note that the function 4 is the sum of two root functions. So h is defined on the intersection of the domains of these two

root functions. The domain of a square root function is found by setting its radicand greater than or equal to 0. Now,

(© 2012 Cengage Leamning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.



6 0O DIAGNOSTIC TESTS
4-2>0 = z<4andz’-120 = (z-1)(¢+1)20 = =z < —lorz > 1 Thus, thedomainof
his (—oo,—1]U[1,4].
4. () Reflect the graph of f about the z-axis.
(b) Stretch the graph of f vertically by a factor of 2, then shift 1 unit downward.

(c) Shift the graph of f right 3 units, then up 2 units.

5. (a) Make a table and then connect the points with a smooth curve: ¢ <
z|-2|-1|0]1]2 L
8| -1(o01]8 ' ‘ o 1 *x

(b) Shift the graph from part (a) left 1 unit.

4

=

t

(c) Shift the graph from part (a) right 2 units and up 3 units. r4
y
4

(d) First plot y = 2. Next, to get the graph of f(z) = 4 — 2,
reflect f about the x-axis and then shift it upward 4 units.
0] 2 x
{(e) Make a table and then connect the points with a smooth curve: r4
z{o|1]4]09 , 1/
ylol1]2]3 o 1 x
(f) Stretch the graph from part (e) vertically by a factor of two. : x
2
0} 1 x

(© 2012 Cengage Leaming, All Rights Reserved. May not be d, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.




TESTD TRIGONOMETRY O 7

(g) First plot y = 2%. Next, get the graph of y = —27 by reflecting the graph of 74
y = 2% about the x-axis.

(h) Note thaty = 1 + = = 1 + 1/z. So first plot y = 1/ and then shift it Y K

vpward 1upit. ]
ey :

I & 0| 1 x

6. (@ f(-2)=1-(-2)>=-3and f(1) =2(1) +1=3

(b) For z < 0 plot f(z) = 1 — z2 and, on the same plane, for £ > 0 plot the graph iy
of f(r) =2z +1.

/

=1

1. @ (fog)(z)=f(9(z))=fRr—3)=(2z—3)2+2(2z —3)—1=42%> - 122 +9+4c -6 —1=4z% — 8z + 2
®) (90 f)(@) =g(f(z)) =g(z*+2z—-1) =2(z*+2z—1)-3=22"+42—-2-3=222 + 42— 5

(©) (9o g09g)(z) =g(9(9(2))) = 9(9(2z — 3)) = g(2(2z — 3) — 3) = g(4z — 9) = 2(4z — 9) — 3
=8r—-18—-3=8z—21 .

TestD Trigonometry

o _anmof_T_\ _ 300 _ 5w g0 _qgof ™ \_ 18 =
1. @ 300° = 300° (125 ) = Tgo = 5 ®) -18° = -18 (35) = T8 =10
2. (a)5—“=5—“(}@—)=150° (b)2:2(3@-)=360 ~ 114.6°
6 6 T T s

3. We will use the érc length formula, s = 6, where s is arc length, 7 is the radius of the circle, and 6 is the measure of the

central angle in radians. First, note that 30° = 30° (%) = % Sos = (12) (%) =27 cm.

4. (a) tan(m/3) = V3 [You can read the value from a right triangle with sides 1, 2, and \/3]

(b) Note that 7 /6 can be thought of as an angle in the third quadrant with reference angle = /6. Thus, sin(77/6) = —%,

since the sine function is negative in the third quadrant.

(c) Note that 5/3 can be thought of as an angle in the fourth quadrant with reference angle 7/3. Thus,

1

1
sec(57/3) = __—cos(57r/3) = 1—/5

= 2, since the cosine function is positive in the fourth quadrant.
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8 O DIAGNOSTIC TESTS

5sinf=a/24 = a=24sinf and cosf=b/24 = b=24cosf

: 2) ;
6. sinz = § andsin’z + cos’z =1 = cosz= 1—%=¥.Also,cosy=§ = siny=,/1-32

Il
e

So, using the sum identity for the sine, we have

1 4 2vV2 3 _4+6V2 1

i =si my=- =4+ .2=T_Y2=—14

sin(z + y) = sinz cosy + cosz siny TEr & 'E 5 15( +6v?2)
. 2 2

7. (@) tanf sinf + cos 6 = Smgsin6+c089= o R = I =secl
cos 6§ cos @ cos @ cos 6
®) 2tan:§ :2smz/(cos:r)=2smz cos? £ = 2sinz cosT = sin 2z
1+ tan?zx sec2 cosz

8 sin2z =sinz < 2sinzcosz =sinz < 2sinzcosr—sinz=0 < sinz(2cosz—-1)=0 <«

sinz=0orcosz=3 = z=0,%,m 3,2~

9. We first graph y = sin 2z (by compressing the graph of sinx
by a factor of 2) and then shift it upward 1 unit.
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[J FUNCTIONS AND MODELS |

1.1 Four Ways to Represent a Fu\nction

1.

1.

13.

15.

The functions f(z) =  + +/2 — z and g(u) = u + /2 — u give exactly the same output values for every input value, so f

and g are equal.

. (a) The point (1, 3) is on the graph of f, so f(1) = 3.

(b) When = = —1, y is about —0.2, so f(—1) = —0.2. |
(c) f(z) = lisequivalenttoy = 1. Wheny = 1, we have z = O and = = 3.
(d) A reasonable estimate for z wheny = 0is x = —0.8.

(e) The domain of f consists of all z-values on the graph of f. For this function, the domain is —2 < z < 4, or [—2, 4].

The range of f consists of all y-values on the graph of f. For this function, the range is —1 < y < 3, or [—1, 3].

(f) As z increases from —2 to 1, y increases from —1 to 3. Thus, f is increasing on the interval [—2, 1].

. From Figure 1 in the text, the lowest point occurs at about (¢, a) = (12, —85). The highest point occurs at about (17, 115).

Thus, the range of the vertical ground acceleration is —85 < a < 115. Written in interval notation, we get [—85, 115].

. No, the curve is not the graph of a function because a vertical line intersects the curve more than once. Hence, the curve fails

the Vertical Line Test.

. Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is [—3, 2] and the range

is [-3,-2) U[-1,3].

The person’s weight increased to about 160 pounds at age 20 and stayed fairly steady for 10 years. The person’s weight
dropped to about 120 pounds for the next 5 years, then increased rapidly to about 170 pounds. The next 30 years saw a gradual

increase to 190 pounds. Possible reasons for the drop in weight at 30 years of age: diet, exercise, health problems.

The water will cool down almost to freezing as the ice melts. Then, when T

the ice has melted, the water will slowly warm up to.room temperature.

(a) The power consumption at 6 AM is 500 MW, which is obtained by reading the value of power P when ¢ = 6 from the

graph. At 6 PM we read the value of P when ¢ = 18, obtaining approximately 730 MW.

(b) The minimum power consumption is determined by finding the time for the lowest point on the graph, ¢ = 4, or 4 AM. The
maximum power consumption corresponds to the highest point on the graph, which occurs just before ¢t = lé, or right
before noon. These times are reasonable, considering the power consumption schedules of most individuals and

businesses.
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10 03 CHAPTER1 FUNCTIONS AND MODELS .

7. Of course, this graph depends strongly on the 19. As the price increases, the amount sold
geographical location! decreases.  amount
-
midnight noon [ 0 price

21. Height ‘
of grass
l/ / / / %

Wed Wed Wed Wed t

23. (a) (b) From the graph, we estimate the number of US cell-phone

subscribers to be about 126 million in 2001 and 207 million
in 2005.

1996 1998 2000 2002 2004 2006 !
(midyear)

25. f(x) =3z —z+2.
f(2)=302)?%-2+2=12-2+2=12.
f(-2) =3(-2)2 - (=2)+2=12+2+2=16.
f(a) =3a® —a+2.
f(—a) =3(—a)® = (—a) +2=3a%+a+2 _
f(a+1)=3(a+1)2—(a+1)+2=3(a2+2a-‘+-l)—a—l+2=3a2+6a+3—a+1=3a2+50+4.
2f(@) =2-f(a) =2(3a® —a +2) = 6a%>—2a + 4.
f(2a)=3(2a)2—(2q)+2=3(4a2)—2a+2¥12a2—2a+2.
f@®) =3(a%% - (a®)+2=13(a%) —a®* +2=3a% —a? +2.
[f(a))? = [3a® —a+2] (3a* —a+2)(3a® —a +2)
=9a* — 3a® + 6a% — 3a® + a% — 2a + 6a% — 2a + 4 = 9a* — 6a® + 13a® — 4a + 4.

fla+h)=3(a+h)?—(a+h)+2=3(a?+2ah+h?®)—a—~h+2=3a%>+6ah+3h* —a—h+2.
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21.

31.

33.

35.

37.

39,

1.

\
.f(z) = 2 — 0.4z is defined for all real numbers, so the domain is R,

SECTION 1.4 FOUR WAYS TOREPRESENTAFUNCEION O 11

f(z)=4+3z—2%s0fB+h)=4+3B8+h)—(3+h)??=4+9+3h— (9+6h+h%) =4—3h—h,

fB+h)—f(3) _ (4—3h—h*)—-4 _ h(-3-h) .,
and h = 7 = h =-3—nh.
1 1 a—1zT
f@-f@) _z a_ za __ o8-z _-lz-a) _ 1
z—a T—a z—~a za(z—+a)  za(z-—a) azx

f(z) = (z +4)/(z® — 9) is defined for all z except when0 =2% —9 <« 0= (z+3)(x—-3) & z=-3or3,sothe
domainis {z €R | z # —3,3} = (—o0, ~3) U (—3,3) U (3,00).
f(t) = ¥/2t — 1 s defined for all real nimbers. In fact {/p(t), where p(t) is a polynomial, is defined for all real numbers.

Thus, the domain is R, or (—o0, 00).

h(z) =1 /V/z% — Bz is defined whenz® — 5z >0 < x(z — 5) > 0. Note that z° — 5z 7 0 since that would result in
division by zero. The expression z(z — 5) is positive if < 0 or z > 5. (See Appendix A for methods for solving -

inequalities.) Thus, the domain is (—o0, 0) U (5, 00).

F(p) = /2 — /pis defined whenp > 0and 2 — /5 > 0. Since2— />0 = 2>.p = <2 =

0 < p < 4, the domain is [0, 4].

or (—o0, 00). The graph of f is a line with slope —0.4 and y-intercept 2.

f@)=2t+ t2 is defined for all real numbers, so the domain is R, or y
(—00, 00). The graph of f is a parabola opening upward since the
coefficient of ¢? is positive. To find the ¢-intercepts, let y = 0 and solve

fort. 0=2t+t2=t(2+t) = t=0ort=—2. The t-coordinate of

the vertex is halfway between the t-intercepts, that is, at¢ = —1. Since

f(-=1) =2(=1) + (-1)® = -2 + 1 = —1, the vertex is (—1, -1).

. g(z) = v — 5 is defined when z — 5 > 0 or z > 5, so the domain is [5, 00). y

Sincey=vz -5 = y*=2-5 = z=y>+5 weseethatgisthe _ /
top half of a parabola. 0 5 x
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45,

47.

51,

§7.

z+2 ifzr<~1 y
.ﬂm={ |

00 CHAPTER1 FUNCTIONS AND MODELS

T if x>0 5
G(:c):-:;—m—-:—m.smce(zl:{ 5 ;0,wehave y
-z ifzx
44
s 4z . s
L ifz>0 =2 ifz>o0 4 ifz>0
G(IL')= 3:1: = 21: = . 0 x
=2 ifz<o Z ifz<o |2 ifz<0

Note that G is not defined for z = 0. The domain is (—o0, 0) U (0, o).

z+2 ifz<0 y
f(z) = .
l—-z ifz>0

The domain is R.

z? if 2> -1

Note that for z = —1, both = + 2 and z? are equal to 1.
The domainis R. ‘ / -1 |o x

Recall that the slope m of a line between the two points (21, y1) and (z2,¥2) is m = :2—_1"— and an equation of the line
, 2 — T1

connecting those two points is y — ¥, = m(z — z1). The slope of the line segment joining the points (1, —3) and (5, 7) is

- (-3 S A, 1
7—5—_(_—1—)- = g, so an equation is y — (—3) = 2(z — 1). The function is f(z) = 3z~ 4,1 <z < 5.

. We need to solve the given equation fory. z+(y~1°=0 & @-1)?=-z & y—-l=+/=z &

y =1 + \/—z. The expression with the positive radical represents the top half of the parabola, and the one with the negative

radical represents the bottom half. Hence, we want f(z) = 1 — v/—z. Note that the domain is z < 0.

. For 0 <.z < 3, the graph is the line with slope —1 and y-intercept 3, that is,y = —z + 3. For3<z < 5, the graph is the line

with slope 2 passing through (3,0); thatis, y — 0 = 2(z — 3), or y = 2z — 6. So the functionis

—-z+3 if0<z<3
flz)= .
2c—6 if3<z<5

Let the length and width of the rectangle be L and W. Then the perimeter is 2L + 2W = 20 and the areais A = LW.

=10 — L. Thus, A(L) = L(10 — L) = 10L — LZ. Since

Solving the first equation for W in terms of L gives W = 20 ; 2L

lengths are positive, the domainof Ais 0 < L < 10. If we further restrict L to be larger than W', then 5 < L < 10 would be

the domain.
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SECTION1.1 FOURWAYS TO REPRESENTAFUNCTION [} 13

. Let the length of a side of the equilateral triangle be z. Then by the Pythagorean Theorem, the height y of the triangle satisfies

2=

¥ + (3z)? = 2%, 50 thaty® = 2% — ;2 = 3z and y = ¥37. Using the formula for the area A of a triangle,

A = 1 (base)(height), we obtain A(z) = 3(z) (@z) = Y37, with domain z > 0.

Let each side of the base of the box have length z, and let the height of the box be h. Since the volume is 2, we know that

" 2 = ha?, so that h = 2/z?, and the surface area is S = z° + 4zh. Thus, S(z) = z* + 42(2/2?) = z* + (8/z), with

63.

65.

67.

69.

.

domain z > 0.

The height of the box is z and the length and width are L = 20 — 2z, W = 12 — 2z. Then V = LWz and so
V(z) = (20 — 2z)(12 — 2z)(z) = 4(10 — 7)(6 — z)(z) = 47(60 — 167 + z2) = 4z° — 642> 4 240z.
The sides L, W, and £ must be positive. Thus, L > 0 & QQ —-2z>0 & z<10;

W>0 & 12—-2z>0 <& z< 6;andz > 0. Combining these restrictions gives us the domain 0 < & < 6.

F

We can summarize the amount of the fine with a
. . . 6001 (100, 525)
piecewise defined function.
1540 —z) if0<z<40
F(z)=<40 if 40<z <65
15(z — 65) if £ > 65 , ; .
0 40 65 100 x
(a) R%) (b) On $14,000, tax is assessed on $4000, and 10%($4000) = $400.
- — On $26,000, tax is assessed on $16,000, and
1071 g 10%($10,000) + 15%($6000) = $1000 + $900 = $1900.
0 10,000 20,600 I (in dollars)

(c) As in part (b), there is $1000 tax assessed on $20,000 of income, so T (in dollars)
the graph of T is a line segment from (10,000, 0) to (20,000, 1000). 25004

The tax on $30,000 is $2500, so the graph of T for z > 20,000 is ol

the ray with initial point (20,000, 1000) that passes through - ; ;
0 10,000 20,000 30,000 I (in dollars)

(30,000, 2500).

f is an odd function because its graph is symmetric about the origin. g is an even function because its graph is symmetric with

respect to the y-axis.

(a) Because an even function is symmetric with respect to the y-axis, and the point (5, 3) is on the graph of this even function,

the point (—5, 3) must also be on its graph.

(b) Because an odd function is symmetric with respect to the origin, and the point (5, 3) is on the graph of this odd function,

" the point (—5, —3) must also be on its graph.
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14 D CHAPTER1 FUNCTIONS AND MODELS

T T —~z T
73, f(z)#m- 7if(m)—m,50f(~z)—_$+1—z_l-
N _ —r T Since this is neither f(z) nor — f(z), the function f is
£ z)-(—z)2+1_$9+1— 241" f(@). .
‘ neither even nor odd.
So f is an odd function. 3

1 / 4 ‘

|

=1

7. f(z) =1+3z% -z
f(=2) = 143(-2)%—(—-2)* = 14322 ~z* = f(z).

So f is an even function.

-2 /r\ + 2
[ f V

-3

79. (i) If f and g are both even functions, then f(—z) = f(z) and g(—z) = g(z). Now
(f +9)(—2) = f(—z) + 9(—z) = f(z) + 9(z) = (f + 9)(z), s0 f + g is an even function.
(i) If f and g are both odd functions, then f(—z) = — f(z) and g(—z) = —g(z). Now
(f +9)(=2) = f(-2) + g(-2) = = f(2) + [~9(2)] = ~[f(2) + g(2)] = —(f + 9)(2), 50 f + g is an odd function.
(iii) If £ is an even function and g is an odd function, then (f + g)(—z) = f(~z) +g(—z) = f(z) +[-g(z)] = f(z) — g(z),
which isnot (f + g)(z) nor —(f + g)(z), so f + g is neither even nor odd. (Exception: if f is the zero funcjtion, then
f + g will be odd. If g is the zero function, then f + g will be even.)

1.2 Mathematical Modél.é: A Catalog of Essential Functions

1. (a) f(z) = log, z is a logarithmic function.
(b) g(z) = ¥z is aroot function with n = 4.

278

T2 is a rational function because it is a ratio of polynomials. :

(© h(z) =

(d) u(t) = 1 — 1.1t + 2.54¢? is a polynomial of degree 2 (also called a quadratic function).
(e) v(t) = 5° is an exponential function.

(f) w(f) =sinb cosz9.is a trigonometric function.
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SECTION 1.2 MATHEMATICAL MODELS: A CATALOG OF ESSENTIAL FUNCTIONS O 15

3. We notice from the figure that g and h are even functions (symmetric with respect to the y-axis) and that f is an odd function
(symmetric with respect to the origin). So (b) [y = z5] must be f. Since g is flatter than & near the origin, we must have

(©) [y == matched with g and (a) [y = 2] matched with h.

b=3b=0
5. (a) An equation for the family of linear functions with slope 2 2 b=-1

isy = f(z) = 2z + b, where b is the y-intercept.

(b) f(2) = 1 means that the point (2, 1) is on the graph of f. We can use the
point-slope form of a line to obtain an equation for the family of linear

functions through the point (2,1). y — 1 = m(z — 2), which is equivalent

to y = mz + (1 — 2m) in slope-intercept form.

(c) To belong to both families, an equation must have slope 7 = 2, so the equation in part (b), y = mz + (1 — 2m),

becomes y = 2x — 3. It is the only function that belongs to both families.

7. All members of the family of linear functions f(x) = ¢ — z have graphs

that are lines with slope —1. The y-intercept is c.

S = N

9. Since f(—1) = f(0) = f(2) =0, f has zeros of —1, 0, and 2, so an equation for f is f(z) = a[z — (-1)](z — 0)(z — 2),
or f(z) = az(z + 1)(z — 2). Because f(1) = 6, we’ll substitute 1 for zand 6 for f(z).

6 =a(1)(2)(-1) = -2a=6 = a = —3,so0anequation for fis f(z) = —3z(z + 1)(z — 2).

11. (a) D = 200, so c = 0.0417D(a + 1) = 0.0417(200)(a + 1) = 8.34a + 8.34. The slope is 8.34, which represents the
change in mg of the dosage for a child for each change of 1 year in age.

(b) For a newborn, a = 0, so ¢ = 8.34 mg.
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16 O CHAPTER1 FUNCTIONS AND MODELS

13. (@) - F (b) The slope of % means that F increases % degrees for each increase 7
- of 1°C. (Equiv.alently, F increases by 9 when C increases by 5
Fi= %C +32 : and F decreases by 9 when C decreases by 5.) The F-intercept of
32/ 32 is the Fahrenheit temperature corresponding to a Celsius ‘
(4040 ' o ‘ | temperature of 0.

. . . -7,  80-70 "~ 10 1 .
15. (a) Using N in place of z and T" in pléce of y, we find the slope to be No N, —173-113 606 So a linear

equationis T —80 = §(N —173) & T-80=iN-12 & T=1IN+30 [37-5]]6].

(b) The slope of § means that the temperature in Fahrenheit degrees increases one-sixth as rapidly as the number of cricket
chirps per minute. Said differently, each increase of 6 cricket chirps per minute corresponds to an increase of 1°F.

(c) When N = 150, the temperature is given approximately by T = (150) + 237 = 76.16 °F ~ 76 °F.

17. (a) We are given - changeinpresue 434 = 0.434. Using P for pressure and d for depth with the point

10 feet change in depth ~ 10

(d, P) = (0, 15), we have the slope-intercept form of the line, P = 0.434d + 15.
(b) When P = 100, then 100 = 0.434d+ 15 < 0.434d =85 < d = 555; ~ 195.85 feet. Thus, the pressure is
100 Ib/in? at a depth of approximately 196 feet.

19. (a) The data appear to be periodic and a sine or cosine function would make the best model. A model of the form
f(x) = acos(br) + c seems appropriate.

(b) The data appear to be decreasing in a linear fashion. A model of the form f(z) = mx + b seems appropriate.

Exercises 21—24: Some values are given to many decimal places. These are the results given by several computer algebra systems — rounding is left

to the reader.
2. (@) s (b) Using the points (4000, 14.1) and (60,000, 8.2), we obtain
o ' y—14.1= ggﬁi—olo—o (z — 4000) or, equivalently,
y = —0.000105357x + 14.521429.
15
o——————— 61,000

A linear model does seem appropriate.

0 . a = : * 61,000

(c) Using a computing device, we obtain the least squares regression line y = —0.0000997855z + 13.950764.

The following commands and screens illustrate how to find the least squares regression line on a TI-84 Plus.

Enter the data into list one (L1) and list two (L2). Press [STAT|(1] to enter the editor.

(© 2012 Cengage Learning. All Rights Reserved. May not be d, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.




SECTION 1.2 MATHEMATICAL MODELS: A CATALOG OF ESSENTIAL FUNCTIONS O

L Lz L3 1 L1 L2 L3 2
Y TR — 125
13 00 | 12
13.4 124
1% 105
iz 4000 | 8.4
20000 | 124
108 | | | eeeee |
L1 ={4000, 6000, 8... Lz(m =

Find the regession line and store it in Y. Press QUIT][STAT] ] [4] VARS] D] [1] [1] [ENTER].

LinReg(ax+b> VYill

y=ax+h Y18-9,978545618
a=-9.978546E -5 7E93E “OxX+13.9587
b=13.95076408 6$B??BS$
Y=
Y=
S Ny=
L] -NE=

Plotz Plot3

1

Note from the last figure that the regression line has been stored in Y1 and that Plot]l has been tumed on (Plotl is

highlighted). You can tum on Plotl from the Y= menu by placing the cursor on Plot1 and pressing [E NTER] or by

pressing [2nd|[STAT PLOT|[1][ENTER] .

?

Faz Plot3
ure: B |~ In
L Pl

Klistil
istil:
ark: @ -
Now press [ZOOMI[9] to produce a graph of the data and the regression 1.

line. Note that choice 9 of the ZOOM menu automatically selects a window

that displays all of the data.

(d) When z = 25,000, y = 11.456; or about 11.5 per 100 population.

(e) When z = 80,000, y =~ 5.968; or about a 6% chance.

(f) When z = 200,000, y is negative, so the model does not apply.

23. (a) A linear model seems appropriate over the time interval

considered.

(b) Using a computing device, we obtain the regression line y ~ 0.0265z — 46.8759. 1t is plotted in the graph in part (a).

() For z = 2008, the linear model predicts a winning height of 6.27 m, considerably higher than the actual winning height

0 5.96 m.

© 2012 Cengage Leamning. All Righw RCSCWCd., May not be

q

6.0

height (m)

..... O A .

5.577 ——

5.0 s

45—t 2

'3
.
RN

4.0

35

2000 year

/1900 1920 1960 1980

1896

1940

copied, or dupli

P

d, or posted to a publicly accessible website, in whole or in part.

17



18 O CHAPTER1 FUNCTIONS AND MODELS

(d) Tt is not reasonable to use the model to predict the winning height at the 2100 Olympics since 2100 is too far from the

1896-2004 range on which the model is based.

25. If z is the original distance from the source, then the illumination is f(z) = kzx 2=k / z2. Moving halfway to the lamp gives

us an illumination of f(3z) = k(3x) ~2 = k(2/x)? = 4(k/z?), so the light is 4 times as bright.
27. (a) Using a computing device, we obtain a power function N = cA®, where c ~ 3.1046 and b =~ 0.308.

(b) If A = 291, then N = cA® = 17.8, so you would expect to find 18 species of reptiles and amphibians on Dominica.

1.3 New Functions from Old Functions

1. (a) If the graph of f is shifted 3 units upward, its equation becomes y = f(z) + 3.
(b) If the graph of f is shifted 3 units downward, its equation becomes y = f(z) — 3.
(c) If the graph of f is shifted 3 units to the right, its equation becomes y = f(z — 3).
(d) If the graph of f is shifted 3 units to the left, its equation becomes y‘ = f(z +3).
(e) If the graph of f is reflected about the z-axis, its equation becomes y = — f(z).
(f) If the graph of f is reflected about the y-axis, its equation becomes y = f(—z).
(g) If the graph of f is stretched vertically by a factor of 3, its equation becomes y = 3f(z).
(h) If the graph of f is shrunk vertically by a factor of 3, its equation becomes y = 3 f().
3. (a) (graph 3) The graph of f is shifted 4 units to the right and has equation y = f(z — 4).
(b) (graph 1) The graph of f is shifted 3 units upward and has equation y = f(z) + 3.
(c) (graph 4) The graph of f is shrunk vertically by a factor of 3 and has equation y = % f(z).

(d) (graph 5) The graph of f is shifted 4 units to the left and reflected about the z-axis. Its equation is y = — f(z + 4).
(e) (graph 2) The graph of f is shifted 6 units to the left and stretched vertically by a factor of 2. Its equation is

y =2f(z +6).
5. (a) To graph y = f(2z) we shrink the graphof f - (b) To graph y = f(3x) we stretch the graph of f
horizontally by a factor of 2. horizontally by a factor of 2.
¥y y
1 /\
, 1
0 p T | X
& >
L ] The point (4, —1) on the graph of f corresponds to the
The point (4, —1) on the graph of f corresponds to the point (2-4,—1) = (8, -1).

point (3 - 4,-1) = (2, <1).
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(c) To graph y = f(—z) we reflect the graph of f about (d) To graph y = — f(—z) we reflect the graph of f about
the y-axis. the y-axis, then about the r-axis.
y i Ty
1 Ly
0 X 0 x

The point (4, —1) on the graph of f corresponds to the :
point (—1 .4, ~1) = (4, 1), The point (4, —1) on the graph of f cormesponds to the
point (—1-4,~1-—1) = (—4,1).

7. The graph of y = f(z) = v/3z — z? has been shifted 4 units to the left, reflected about the z-axis, and shifted downward
1 unit. Thus, a function describing the graph is

y= -1 f(z+4) -1
= N T
reflect shift shift

about z-axis 4 units left 1 unit left

This function can be written as

y=—flz+4)—-1=—B@c+4)—(z+4)2-1=—/32+12— (22 +82 +16) -1 =—y/—a2 -6z -4 -1

9. y= x i 3 Start with the graph of the reciprocal function y = 1/ and shift 2 units to the left.
y x=-2 y
_ 1
Y=r92
\*
0 x 0 x

1. y = — ¥/z: Start with the graph of y = ¥/z and reflect about the x-axis.

Y YA

y=3x y=-x

M Y4
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15. y = sin(z/2): Start with the graph of y = sin z and stretch horizontally by a factor of 2.

y
y=sinx

il

17. y = %(1 — cos z): Start with the graph of y = cos z, reflect about the z-axis, shift 1 unit upward, and then shrink vertically by

a factor of 2.

'

y
y =sin(x/2)

1

vho 2‘"-:4\:

y=cosx
~\ Y
w

oy
R

BT

.Y

¥y =—cos x

* i

+

9. y=1-2z—-2°=

y=1l-cosx

X

the z-axis, shift 1 unit to the left, and then shift 2 units upward. -

NS

e 1

y =~;—(1 —cos x)

—(@® +22) +1 = —(2® + 2z + 1) + 2 = —(x + 1)* + 2: Start with the graph of y = 2, reflect about

y y y y
=~(x+1+2 5

r

y=x*
1
y=-x \
0 x x x —:1 0 x
21. y = |z — 2|: Start with the graph of y = |z| and shift 2 units to the right.
-
y=|x \2\ y=Ix=2|

23. y = |y/z — 1]: Start with the graph of y = /=, shift it 1 unit downward, and then reflect the portion of the graph below the

z-axis about the z-axis.

0 2

e

Y Y b/
y=vx
1+
y=vx-1

17 1 y= l‘/;— l|

. 5 ! 1 \/
0 1 x 0 1 x

itk
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This is just like the solution to Example 4 except the amplitude of the curve (the 30°N curve in Figure 9 on June 21) is
14 — 12 = 2. So the function is L(t) = 12 + 2sin[ 2% (t — 80)]. March 31 is the 90th day of the year, so the model gives
L(90) =~ 12.34 h. The daylight time (5:51 AM to 6:18 PM) is 12 hours and 27 minutes, or 12.45 h. The model value differs

from the actual value by 12:45=12:34 0,009, less than 1%.

(a) To obtain y = f(|z|), the portion of the graph of y = f(z) to the right of the y-axis is reflected about the y-axis.

(b) y =sin || . ‘ ©y=+/z|

. y4
y=sin |x|

of x

. flz) =2+ 2:c‘2; 9(z) =3z>-1. D=R for both fandg.

@ (f+9)(z) = (¢® +22°) + (32 - 1) =2* + 52> — 1, D=R.
®) (f —9)z) = (z* + 20%) — (322 —~ 1) =a® —2®+ 1, D=R.

© (F9)(z) = (2° +2¢%)(32° ~ 1) = 32° + 62" —® — 22°, D=R.

3 2
) (i)(z) = %;;_2—'7:1, D= {9: | x # :t\—}_g} since 3z% — 1 £ 0.

flz)=2*-1, D=R; g(z)=2x+1, D=R.
@ (fog)(z)=f(9(z)) =f(2z+1)=(2z+1)*  -1= (42’ +4z+1) -1 =42 + 42, D=R.

(b) (g°f)(z)=y(f(:v))=g(:c2—1)=2(x2—1)+1=(2x2—2)}1=2z2—i, D=R.
© (fof)z)=ff(@)=fa®-)=(®-1)’-1=(2*-22>+1)~1=2*-22°, D=R.
(d) (90 9)() =9(9(z)) =92z +1) =22z +1) +1=(4z+2)+1=4z+3, D =R.

f(z) =1-3z; g(z) =cosz. D =R forboth f and g, and hence for their composites.
@) (fog)(x) = f(9(z)) = f(cosz) =1 — 3cosz. ‘

®) (90 f)(z) = 9(f(2)) = g(1 — 3z) = cos(1 - 3x).
© (fof)(@) = f(f(=)=f(1-30)=1-3(1-32)=1-3+9c =9z 2.

@) (90 9)(z) = 9(9()) = g(cosz) = cos(cosx) [Note that this is not cos - cos x.]
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r+1
z+2’

35.f(x)=z+§,D={x|z#0}; g(z) = D={z|z+# -2}

T+1 1‘ 1 1 2
(a)(fog)(z)=f(9(z))=f(;:2)=iig+m+1:i12 iil

T+ 2

_@+D)e+)+(@+2@+2) _ (@®+20+1)+(a® +4x+4) 227 +62+5

z+2)(z+1) - (x+2)(z+1) T (@+2)(z+1)

Since g(z) is not defined for z = —~2 and f(g(z)) is not defined forz = —2 and z = —1,
the domain of (f o0 g)(z) is D = {z | z # —2,—1}.

1 ?+1+z
<z+m)+1 P _z2+z+1 _12+z+1

(b)(9°f)(z)=g(f(z))=9<m+5):( 1) T Tt1t2 Preetl (at1)
z—)+2 T

Since f(z) is not defined for z = 0 and g(f(z)) is not defined for . = —1,
the domain of (g o f)(z) is D = {z | = # —1,0}.

1 1 1 1 1 1 T
© (Fon@ =10 =1(s+3)=(e+3) r T s+t Em =5+ 7T
_z(z)(22+1)+1(22+1)+1¢(z)_z4+x2+z2+1+x2
- z(z? +1) N z(z? +1)
z? 4322 +1
= @ D={z|z#0}
:z+1+1 z4+14+1(x+2)
_ _ fz+1\ _z+2 _ T+ 2 _z4+l4z+2 243
@ (9°9)(~")—9(9($))—9(z+2>— e+l " @Fi+22+2) z+1+2e+4 3z+5
T+2 T+ 2

Since g(z) is not defined for z = —2 and g(g(z)) is not defined forz = —3,

the domain of (g 0 g)(z) is D = {z | = # —2, -3 }.
. (f °ge h)(z) = f(g(h(z))) = f(g(z?)) = f(sin(z?)) = 3sin(z?) — 2

39. (fogoh)(z) = f(g(h(z))) = f(9(z® +2)) = fl(® +2)*]
=f(a5+42° +4) = /(2 + 423 + 4) -3 = V2 + 423 + 1

41. Let 9(z) = 2z + 2° and f(z) = *. Then (f 0 g)(z) = f(9(z)) = f(2x + 2* ) = (2 + 2*)* = F(z).

. Letg(a) = YFand f(z) = . Then (f 2 9)(0) = fla(a)) = 1(¥5) = 1577 = Fa).

45. Let g(t) = t% and f(t) = secttant. Then (f o g)(t) = f(g(t)) = f(t?) = sec(t?) tan(t?) = v(t).
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&1 Let h(z) = /T, g(z) =  — 1, and () = /Z. Then

(fogoh)(@) = f(9(h(2))) = f(9(v@)) = f(VE~1) = V&~ 1= R(a).
49, Let h(z) = /T, g(z) = secz, and f(z) = z*. Then

(fogoh)(z) = f(g(h(x))) = f(9(vT)) = f(secy/T) = (sec vz )" = sec* (v ) = H(a)-
51. (a) g(2) = 5, because the point (2, 5) is on the graph of g. Thus, £(g(2)) = f(5) = 4, because the point (5, 4) is on the

graph of f.
(b) 9(f(0)) = g(0) =3
©) (f 2 9)(0) = f(9(0)) = f(3) =0

(d) (g o f)(6) = g(f(6)) = g(6). This value is not defined, because there is no point on the graph of g that has

z-coordinate 6.
() (909)(-2) = g(9(-2))=g(1) =4
() (fo f)4) = f(f(4)) = f(2) =2
83. (a) Using the relationship distance = rate - time with the radius r as the distance, we have r(t) = 60t.

®)A=nr? = (Aor)(t) = A(r(t)) = 7(60t)> = 36007t>. This formula gives us the extent of the rippled area

(in cm?) at any time t.

55. (a) From the figure, we have a right triangle with legs 6 and d, and hypotenuse s. 'ship 4
By the Pythagorean Theorem, d2 + 62 = s> = s = f(d) = v/dZ + 36. &
8
(b) Using d = rt, we get d = (30 kmy/h) (¢ hours) = 30¢ (in km). Thus,
d = g(t) = 30t. lighthouse shoreline

© (fog)t) = f(g(t)) = £(30¢t) 2 1/(30t)2 + 36 = /9002 + 36. This function represents the distance between the

lighthouse and the ship as a function of the time elapsed since noon.

57. (a) H (b) v
1 "_ 120+——-

o ; ' ) S
: 0 ift<O
Hp={° <0 V() = _ so V(£) = 120H(¢).
1 ift>0 120 ift>0 ‘
() v Starting with the formula in part (b), we replace 120 with 240 to reﬂe(;t the
240 ————

different voltage. Also, because we are starting 5 units to the right of t = 0,

we replace ¢ with ¢ — 5. Thus, the formula is V() = 240H(t — 5).
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89. If f(z) = maz + b1 and g(z) = meaz + be, then ‘
(f 0 9)(z) = f(9(z)) = f(maz + bz) = mi(maz + b2) + b1 = mamaz + mib2 + b1.
So f o g is a linear function with slope mims.
61. (a) By examining the variable terms in g and h, we deduce that we must square g to gét the terms 4z2 and 4z in h. If we let
f(x) = 2% + ¢, then (f o g)(z) = f(g(z)) = f(2x + 1) = (22 + 1)® + ¢ = 42 + 4z + (1 + ¢). Since
h(z) = 4z + 4z 4 7, wemusthave 1 + ¢ = 7. So ¢ = 6 and f(z) = x% + 6.
(b) We need a function g so that f(g(z)) = 3(9(z)) + 5 = h(z). But
h(z) =32 +3z4+2=3(z>+z)+2=3(z* + =~ 1) + 5,sowe see that g(z) = 2> + = —~ 1.
63. We need to examine h(—z).

h(~2) = (f 0 g)(~2) = f(g(~=)) = f(9(z)) [because giseven] = h(z)

Because h(—z) = h(z), h is an even function.

1.4 Graphing Calculators and Computers

1. f(z) =3 —5z2

(a) [-5, 5) by [~5, 5] (b) [0,10] by [0,2] ‘ () [0,10] by [0,10]
(There is no graph shown.)
5

|
| |

10 - 10
- 0 0

2 ) 10

The most appropriate graph is produced in viewing rectangle (c).

3. Since the graph of f(z) = z? — 36z + 32 is a parabola opening upward,

an appropriate viewing rectangle should include the minimum point. ~10
Completing the square, we get f(z) = (x — 18)% — 292, and so the
minimum point is (18, —292). '
5.50-02¢>0 = 50>02r = z< 250, sothedomain of the 8
root function f(z) = /50 — 0.2z is k—oo, 250].
=50 - 260

[~}
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3500

7. The graph of f(x) = z® — 225z is symmetric with respect to the origin. [

, Since f(z) = z° — 225z = z(z® — 225) = z(z + 15)(z — 15), there

-20 —
are z-intercepts at 0, —15, and 15. £(20) = 3500. V , 1

9. The period of g(z) = sin(1000z) is 1255 ~ 0.0063 and its range is
(-1, 1] Since f(z) = sin®(1000z) is the square of g, its range is
[0, 1] and a viewing rectangle of [—0.01, 0.01] by [0, 1.1] seems

. appropriate.

-0.01 - 0.01

L5

11. The domain of y = y/Z is z > 0, so the domain of f(z) = sin /7 is [0, co)
and the range is [—1, 1]. With a little trial-and-error experimentation, we find

that an Xmax of 100 illustrates the general shape of f, so an appropriate

viewing rectangle is [0, 100] by [—1.5, 1.5].
-1.5

13. The first term, 10sin z, has period 27 and range [—10, 10]. It will be the dominant term in any “large” graph of
y = 10sin z 4 sin 100z, as shown in the first figure. The second term, sin 100z, has period 120—"0 = Z5 and range (-1, 1].
It causes the bumps in the first figure and will be the dominant term in any “small” graph, as shown in the view near the

origin in the second figure.

1 2
27 27 —% %
—11 -2
15. (a) The first figure shows the "big 2 0.005
of N - ] 20
picture" for f(z) = (z — 10)327°.
The second figure shows a maximum 8 ‘ + 20
near £ = 10. l [ J
-20 —0.005

(b) You need more than one window because no single window can show what the function looks like globally and the detail
of the function near z = 10.
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17. We must solve the given equation for y to obtain equations for the upper and o

lower halves of the ellipse. / \
42
42 +2y2 =1 © 2Pl =1-422 & Y= 3 24$ & P

L [1—42? \j
y= :t\/ 3 . |

19. From the graph of y = 3z — 6z + 1 and y = 0.23z — 2.25 in the viewing rectangle [~1, 3] by [~2.5, 1.5), it is difficult to

see if the graphs intersect. If we zoom in on the fourth quadrant, we see the graphs do not intersect.

1.2

L
AR’
=
—
.\
e/
w

=25
21. We see that the graphs of f(z) = % — z and g(z) = 1 intersect twice. o " 2y=x4_x .
The z-coordinates of these points (which are the solutions of the equations) y=1 \ ]
are approximately —0.72 and 1.22. Alternatively, we could find these ; /
=2 + 2
values by finding the zeros of h(z) = z* — z — 1.
-1
23. We see that the graphs of f(z) = tanz and g(z) = v/1 — z2 intersect - 2 ;.
once. Using an intersect feature or zooming in, we find this value to be y=J1i- 52/ o
approximately 0.65. Alternatively, we could find this value by finding the / \}
-2 Z
positive zero of h(z) = tanz — v/1 — z2. y=tanx
L y,
-2

Note: After producing the graph on a TI-84 Plus, we can find the approximate value 0.65 by using the following Keystrokes:

{2nd]|CALC| E] [ENTER][ENTER].6 [ENTER)|. The “.6” is just a guess for 0.65.

25. g(z) = £°/10 is larger than f(x) = 10z% whenever z > 100.

300,000 g f

200

0
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27. We see from the graphs of y = |tanz — x| and y = 0.01 that there are two 0015
solutions to the equation y = |[tanz — x| = 0.01 for —7/2 <z < 7/2: { \ /]

z = —0.31 and = = 0.31. The condition |[tanz — x| < 0.01 holds for any
< lying between these two values, that is, —0.31 < = < 0.31.

0.4 0 0.4
29. (a)’ The roét functions y = /7, (b) The root functions y = , (c) The root functions y = /7, y = V7,
y=Yzandy = ¥z Y= Yzandy= ¥z y=Yzandy= Yz
3 2 2
& i N s 3;[;' - N ‘ = _— ;‘/—;
K3 A P s -1 . 3
= l 4 i L A ] J
J s J -2
2 - .

(d) e For any n, the nth root of 0 is 0 and the nth root of 1 is 1; that is, all nth root functions pass through the'points (0,0)
and (1,1).

e For odd n, the domain of the nth root function is R, while for even n, itis {x € R | = > 0}.

e Graphs of even root functions look similar to that of /z, while those of odd root functions resemble that of ¥/z.

e As n increases, the graph of /T becomes steeper near 0 and flatter for = > 1.
M. f(z) =z* o 48 Ife< —1.5, there are three humps: two minimum points b AL s D
and a maximum point. These humps get flatter as c increases, until atc = —1.5 2.5 25

two of the humps disappear and thcfc is only one minimum point. This single

hump then moves to the right and approaches the origin as c increases.

33. y = z"27". Asn increases, the maximum of the

function moves further from the origin, and gets
larger. Note, however, that regardless of n, the

function approaches 0 as  — co.

35. 42 = ca® + 2. If ¢ < 0, the loop is to the right of the origin, and if c is positive,

it is to the left. In both cases, the closer c is to 0, the larger the loop is. (In the
limiting case, ¢ = 0, the loop is “infinite,” that is, it doesn’t close.) Also, the

larger || is, the steeper the slope is on the loopless side of the origin.
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~37. The graphing window is 95 pixels wide and we want to start with z = 0 and end with'z = 2. Since there are 94 “gaps”

2w

between pixels, the distance between pixels is 2”94"0 . Thus, the z-values that the calculator actually plots are z = 0 + 55 M

where n = 0, 1,2,...,93, 94. For y = sin 2z, the actual points plotted by the calculator are (2% - n,sin(2- 2% - n)) for

n=0,1,...,94. For y = sin 96z, the points plotted are (25 - n,sin(96 - 25 - n)) forn =0, 1, ..., 94. But

sin(96- 25 -n) =sin(94- 245 -n+2- 2 -n) =sin(2rn+2- % .n)

=sin(2- 2 -n) [by periodicity of sine, n=0,1,...,94

So the y-values, and hence the points, plotted for y = sin 96z are identical to those plotted for y = sin 2z.

Note: Try graphing y = sin 94z. Can you see why all the y-values are zero?

1.5 Exponential Functions

g5 o8 28 P e w 1 1 .
— e T —— o — = AW e = _=—:—/3
L@sm=F @y % 2 2°=4 () Vo B2
6 3)4 64( 3)4 1296 12
3. 8 4 _p8 . odps _ 12 (6y — Yy = Yy 7
(@) b°(2b)* = b" - 2°b" = 16b (b) 2 27 595 648y
5. (a) f(z)=a®, a>0 bR
(c) (0,00) (d) See Figures 4(c), 4(b), and 4(a), respectively.
7. All of these graphs approach 0 as £ — —o0, all of them pass through the point ' 5 y=20" y=5% y=¢*

(0,1), and all of them are increasing and approach co as £ — co. The larger the
base, the faster the function increases for £ > 0, and the faster it approaches 0 as

T — —0OQ.

Note: The notation “z — 00" can be thought of as “z becomes large” at this point.

More details on this notation are given in Chapter 2.

9. The functions with bases greater than 1 (3% and 10%) are increasing, while those

with bases less than 1 [(3)” and (75)°] are decreasing. The graph of (3)” is the
reflection of that of 3° about the y-axis, and the graph of (%) is the reflection of

that of 10 about the y-axis. The graph of 10” increases more quickly than that of

3” for z > 0, and approaches 0 fasteras z — —oo.
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We start with the graph of y = 10® » k Y
(Figure 3) and shift it 2 units to the left to
obtain the graph of y = 10=+2,
y= 10* y=10* +2
4.’/1 !
#1 L P = 9 x

We start with the graph of y = 2* (Figure 2), y y : y

reflect it about the y-axis, and then about the 0
i X
z-axis (or just rotate 180° to handle both /_

reflections) to obtain the graph of y = —27F.

In each graph, y = 0 is the horizontal 0

-
(=]
»

asymptote.

—Z

y=2 y=-277

We start with the graph of y = e” (Figure 13) and reflect about the y-axis to get the graph of y = e~ . Then we compress
the graph vertically by a factor of 2 to obtain the graph of y = %e" and then reflect about the z-axis to get the graph of

-

y= —%e". Finally, we shift the graph upward one unit to get the graph of y = 1 — %e

y y y y :
y=1
: _ : |
0d>r—
’ 01/ x 0 x
PR & 1 S i l l—x ‘_5

y=1—-;~e""

<

1
0 x 0 x

(=
»

(a) To find the equation of the graph that results from shifting the graph of y = €® 2 units downward, we subtract 2 from the
original functionto gety = e® — 2. ‘
(b) To find the equation of the graph that results from shifting the graph of y = €® 2 units to the right, we replace z with x — 2

in the original function to get y = e=B,

"(c) To find the equation of the graph that results from reflecting the graph of y = e about the z-axis, we multiply the original

functionby —1 to get y = —e”.

(d) To find the equation of the graph that results from reflecting the graph of y = e about the y-axis, we replace = with —z in

x

the original function to gety = e™*.

(e) To find the equation of the graph that results from reflecting the graph of y = e* about the z-axis and then about the

y-axis, we first multiply the o;iginal function by —1 (to get y = —e”) and then replace x with —z in this equation to

x

gety = —e .

&
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19. (a) The denominatoris zerowhen1 —e!™*" =0 <« e =1 & 1-22=0 < z=+1.Thus,

2
1—¢°
1 —el-=?

the function f(z) = has domain {z | £ # +1} = (—o00,—1) U (=1,1) U (1, 00).

(b) The denominator is never equal to zero, so the function f(z) = Sui f has domain R, or (—o0, 00).

ecos

21. Use y = Ca® with the points (1,6) and (3,24). 6 = Ca' [C =5] and24=Ca® = 2= (g)a:" =

4=a° = a=2 [sincea > 0] andC':%=3.Thefunctionisf(x)=3-2m.

e f(w+h)_f(m)—5x+h_5:t—5::5h_5:t_51‘(5h_1)*z 5h_1
23. If f(z) = 5%, then h = i = 5 = = =5 = :

25 2ft = 24in, £(24) = 24% in = 576 in = 48 ft. g(24) = 224 in = 22%/(12 - 5280) mi ~ 265 mi

2]. The graph of g finally surpasses that of f at z =~ 35.8.

1x 10"

=12 == 12

37

29. (a) Fifteen hours represents 5 doubling periods (one doubling period is three hours). 100 - 25 = 3200

(b) In ¢ hours, there will be t/3 doubling periods. The initial population is 100,

so the population y at time ¢ is y = 100 - 2¢/3. 60,000
|
(€)t=20 = y=100-2%/3~10,159
(d) We graph y; = 100 - 2*/3 and y2 = 50,000. The two curves intersect at
. T = 26.9, so the population reaches 50,000 in about 26.9 hours. 0 40

31, Let t = 0 correspond to 195 to get the model P = ab’, where a ~ 2614.086 and b ~ 1.01693. To estimate the population in
1993, let t = 43 to obtain P =~ 5381 million. To predict the population in 2020, let t = 70 to obtain P = 8466 million.

3. From the graph, it appears that f is an odd function (f is undefined for z = 0). .

2 .
[./ f(x)='i_3£:_;;] To prove this, we must show that f(—z) = — f(z).
e
o ; 1
3 3 (2) = 1 — el/(—=) - 1 — e=1/2) 3 1~ m ell= B el/T _ 1
=& = 1+el/(=2) — 1+4el-1/=) — 1 T “el/z ~ el/z 11
_ e

) l_el/:c

=i = (@)

T1+tell®

so f is an odd function.
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1.6 Inverse Functions and Logarithms

1.

13.

15.

17.

19.

21,

23,

25,

27,

”

. (a) See Definition 1. (b) It must pass the Horizontal Line Test.
. f is not one-to-one because 2 # 6, but f(2) = 2.0 = f(6).

. We could draw a horizontal line that intersects the graph in more than one point. Thus, by the Horizontal Line Test, the

function is not one-to-one.

. No horizontal line intersects the graph more than once. Thus, by the Horizontal Line Test, the function is one-to-one.
: g B o ) b 8 o .
. The graph of f(z) = z* — 2z is a parabola with axis of symmety z = o ——im = 1. Pick any z-values equidistant

from 1 to find two equal function values. For example, f(0) = 0 and f(2) =.0, so f is not one-to-one.

g(z)=1/c. z1#z2 = 1/z1#1/z2 = g(21)# g (z2), s0 g is one-to-one.
Geometric solution: The graph of g is the hyperbola shown in Figure 14 in Section 1.2. It passes the Horizontal Line Test,

S0 g is one-to-one.

A football will attain every height & up to its maximum height twice: once on the way up, and again on the way down.

Thus, even if t; does not equal ¢2, f(t1) may equal f(t2), so f is not 1-1.

(a) Since fis 1-1, f(6) =17 o f7'an =s. (b) Since fis 1-1, f71(3) =2 & f(2)=3.

First, we must determine z such that g(z) = 4. By inspection, we see that if z = 0, then g(x) = 4. Since g is 1-1 (g is an
increasing function), it has an inverse, and g~* (4) =o0.

We solve C = 3(F —32) for F: C = F —32 = F = 2C + 32. Thisgives us a formula for the inverse function, that
is, the Fahrenheit temperature F’ as a function of the Celsius temperature C. F' > —459.67 = %C + 32 > —459.67 =
-gC > —-49167 = C > —273.15, the domain of the inverse function.

y=f@)=1+v2+3c (y>1) = y-1=+2+3z = @-17?=2+3z = (y-1>-2=3z =
z=3%(y—1)® - %.Interchange rand y: y = 3(z —1)> — £. So f'(z) = 3(z — 1) — 2. Note that the domain of f~*
isx > 1.

y=f(z)=¢e*"' = Iny=2z-1 = l+khy=2z = z=23i(1+Iny).

Interchange zand y: y = 3(1+1nz). So f~*(z) = 3(1+Inz).

y=f(z)=In(x+3) = z+3=e¥ = z=¢€"— 3. Interchangezandy: y=e€® —3.So0 f!(z) =€° - 3.

y=flx)=2*+1 = y—1=2" = 2= ¢y —1 [not + since
z > 0]. Interchange z and y: y = &/z — 1. So f~1(z) = ¢z — 1. The
graph of y = v/z — 1 is just the graph of y = {/z shifted right one unit.

From the graph, we see that f and f ! are reflections about the line y = .

0
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29. Reflect the graph of f about the line y = z. The points (-1, —2), (1, —1), ¥
(2,2), and (3, 3) on f are reflected to (—2, —1), (=1, 1), (2,2),and (3,3) - =«

on f L.

M. @y=f(z)=+vV/1-22 (0<z<1landnotethaty >0) =
Y¥=1-22 = 22=1-9y> = z=.1-92S0
fU(z) =v1—22%, 0<z<1. Weseethat f~ and f are the same
function.
(b) The graph of f is the portion of the circle 2% + y2 = 1 with0 < = < 1 and

0 < y < 1 (quarter-circle in the first quadrant). The graph of f is symmetric

with respect to the line y = z, so its reflection about y = z is itself, that is, ;
L=
33. (a) It is defined as the inverse of the exponential function with base a, thatis,log, z =y < a¥=z.
(b) (0, 00) ©R (d) See Figure 11.
35. (a) logs 125 = 3 since 53 = 125 (b) lo l——ssim:es—‘*——l—--L
. (a) logy = 3since 5° = 3 g3 27 = =35 =37
37. (a) log, 6 — log, 15 + log, 20 = log, (%) + log, 20 . [by Law 2]
= log, (& - 20) [by Law 1]
=log, 8, and log, 8 = 3 since 2% = 8.
(b) logz 100 — log; 18 — logz 50 = logz (4%) — log; 50 = log, (1hs )
= log3(é), and 10g3(%) = ~2since 372 = %.
39. In5+5In3=1In5+1n3° [by Law 3]
=1In(5- 3%) [by Law 1]
=1n1215
1 3 ¢ 1 2 271 _ 311/3 , 1 z
4. 3In(z +2)% + ; [Imz — In(z? + 3z + 2)%] = In[(z + 2)])"/3 + glnm [by Laws 3, 2)
NG
=1 —_—
n(z+2)+1§z2+3z+2 [by Law 3]
(z+ 2V
g e N 1
2 T D +2) [by Law 1]
=In vz
z+1

i

Note that since In z is defined for z > 0, we have £ + 1, z + 2, and z° + 3z + 2 all positive, and hence their logarithms

are defined.
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Inz ARl A Inz
Inl5 850 = 1n50°

These graphs all approach —oo as z — 0%, and they all pass through the

y=logsx
Jy=Ix
y =logox

43. To graph these functions, we use log, s T =

point (1,0). Also, they are all increasing, and all approach oo as £ — oo.
The functions with larger bases increase extremely slowly, and the ones with

smaller bases do so somewhat more quickly. The functions with large bases

approach the y-axis more closely as z — 0%.

45. 3 ft = 36 in, so we need z such thatlog, z = 36 <« z = 2% = 68,719,476,736. In miles, this is

. 1ft  1mi .
68,719,476,736 m-m B0 R 1,084,587.7 mi.
47. (a) Shift the graph of y = log, z five units to the left to (b) Reflect the graph of y = In z about the z-axis to obtain
obtain the graph of y = log,,(z + 5). Note the vertical the graph of y = —Inz.
asymptote of £ = —5. . y y
ol /1 x -5! /24 of 0 (l
y=log,,z y =log;o(z +5) y=Inz

49. (a) The domain of f(z) =Inz + 2isz > 0 and the range is R.
b)y=0 = Inz+2=0 = Inz=-2 = z=¢ 2

(c) We shift the graph of y = In z two units upward.

5. @e =6 & T7-4z=In6 < 7-In6=4z < z=3(7-In6)
(b)In(3z-10)=2 ¢« 3z-10=€¢> & 3z=€2+10 <« z=3(e2+10)

5. (@)2°°=3 ¢ log,3=z—-5 & z=5+log,3.

. 9T=5 _ z—5) _ e _ _¢_In3 _ In3
Or:2*%=3 & h(2*®*)=l3 & (z-5In2=n3 & =z 5—1112 ® =5+ —

b)Inz+In(z-1)=In(z(z—-1))=1 & z(z—-1)=e' & z*—z—e=0. The quadratic formula (witha = 1,
b= —1,andc = —e) givesz = 3 (1 £ +/T+ 4e), but we reject the negative root since the natural logarithm is not
defined for z < 0. Soz = §(1 + I+ 4e).

5. () lnt <0 = z<e® = =z < 1. Sincethedomainof f(z)=Inzisz >0, the solution of the original inequality
is0<z<1.

b)e*>5 = Ine*>Ind5 = z>Inb
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57. (@) Wemusthavee® —3>0 = € >3 = z > In3. Thus, the domain of f(z) = In(e® - 3) is (In 3, 00).
Gy=In(e*-3) = e'=¢€"-3 = e =¢"+3 = z=In(e!+3),50 () =In(e” +3).
Nowe®+3>0 = € > —3, which is true for any real z, so the domain of flisR.
59. ‘We see that the graph of y = f(z) = vZ% + 22 + « + 1 is increasing, so f is 1-1. ’ 5

Enter z = /33 + y2 + y + 1 and use your CAS to solve the equation for y.

Using Derive, we get two (irrelevant) solutions involving imaginary expressions,

as well as one which can be simplified to the following:

y:f*‘(x):—%@(éfn—znuzo—$ﬁ)+27z2-20+ V2) -2 f 4
where D = 3+/3/272% — 4022 + 16. -1

Maple and Mathematica each-give two complex expressions and one real expression, and the real expression is equivalent

. el B 1 M?3 -8 —2a2M'/3
to that given by Derive. For example, Maple’s expression simplifies to — 24 D=2

5 YV , Where

M =108z2 + 12 /48 — 120z2 + 81z% — 80.

— £(t) = 100 2t/3 B gty 5.5 N - Y s
61. (a) n = f(t) = 100-2 = 100 2 = 10g2(100) 3 = 3log2(100). Using formula (10), we can
writethisas ¢t = f~1(n) =3 . }n_h_ih%;_OQ This function tells us how long it will take to obtain n bacteria (given the

number 7).

(b) n =50,000 = t= f""(50,000)=3-

8. (@) sin~' () = § sincesin3 = YFand T isin -5, 3].
(b) cos™!(—1) = @ since cos™ = —1 and 7 is in [0, 7).
65. (a) arctan1 = I since tan § = land S isin (-3, %).
(b) sin~?! 715 = £ sincesin § = 715 and § isin [—%, %]
67. (a) In general, tan(arctanz) = z for any real number z. Thus, tan(arctah 10) = 10.
() sin~! (sin ZF) = sin™! (sin §) =sin"! 32@ = Z sincesin § = ﬁg and ¥ isin %, %].

[Recall that z§ = % + 2 and the sine function is periodic with period 27.]

= cosy > 0,s0 cos(sin™! z) = cosy = y/1 —sin® y = /1 — z2.

69. Lety =sin"' z. Then -3 <y <

w3

1. Let y = tan™ ! . Then tany = , so from the triangle we see that

5 = D T . 1+x2
sin(tan™! z) = siny = ———.
(tan™"2) =siny= T3 ~ ’
y
1
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1

Lo The graph of sin™" z is the reflection of the graph of

. sin z about the liney = z.
y=sinx

NIy

75, g(z) =sin—} (32 + 1).
Domain (g) = {z | -1 <3z +1<1}={z|-2<3z <0} ={z| -2 <z <0} =[-%,0].
: )

71. (a) If the point (z, y) is on the graph of y = f(z), then the point (z — ¢, y) is that point shifted c units to tte left. Since f

[S1E]

Range (9) ={y| -3 <y<3}=[-%

is 1-1, the point (y, z) is on the graph of y = f~!(z) and the point corresponding to (z — c, y) on the graph of f is
(y,z — c) on the graph of f 1. Thus, the curve’s reflection is shifted down the same number of units as the curve itself is
shiﬁe«.:l to the left. So an expression for the inverse function is g~ (z) = f~(z) — c.

(b) If we compress (or stretch) a curve horizontally, the curve’s réﬂection in the line y = x is compressed (or stretched)

vertically by the same factor. Using this geometric principle, we see that the inverse of h(z) = f(cz) can be expressed as

h=(z) = (1/e) f7}(2)-

1 REVIEW
CONCEPT CHECK

1. (a) A function f is a rule that assigns to each element z in a set A exactly one element, called f(z), in a set B. The set A is
called the domain of the function. The range of f is the set of all possible values of f(z) as z varies throughout the
domain.

(b) If f is a function with domain A, then its graph is the set of ordered pairs {(z, f(z)) | = € A}.

(c) Use the Vertical Line Test on page 15.

2. The four ways to represent a function are: verbally, numerically, visually, and algebraically. An example of each is given

below.

Verbally: An assignment of students to chairs in a classroom (a description in Words)
Numerically: A tax table that assigns an amount of tax to an income (a table of values)
Visually: A graphical history of the Dow Jones average (a graph)

Algebraically: A relationship between distance, rate, and time: d = 7t (an explicit formula)
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3. (a) If a function f satisfies f(—z) = f(z) for every number z in its domain, then f is called an even function. Ifthe graph of
a function is symmetric with respect to the y-axis, then f is even. Examples of an even function: f(z) = x2,
f(z) =z* + 2% f(z) = |z), f(z) = cosz.
(b) If a function f satisfies f(—z) = — f(z) for every number z in its domain, then f is called an odd function. If the graph

of a function is symmetric with respect to the oriéin, then f is odd. Examples of an odd function: f(z) = z2,

f@) =2* + 2% f(a) = V3, f(z) = sinz.
4. A function f is called increasing on an interval I if f(z1) < f(z2) whenever 21 < 2 in I.

5. A mathematical model is a mathematical description (often by means of a function or an eqﬁation) of a real-world

phenomenon. - _
6. (a) Linear function: f(z) =2z + 1, f(z) =az+b 1. 1 % h .
e BN J &
(b) Power function: f(z) = z?, f(x) = 2° Al x\ // fx)=x
(c) Exponential function: f(x) = 2%, f(z) = a” '
(d) Quadratic function: f(z) = z> +z + 1, f(z) = az® +br +¢ Ja=x :
x
() Polynomial of degree 5:" f(z) = z° + 2
f) Rational function: f(z) = ——=, f(x) = —=— where P(z) and
( ) f( ) T+ 2 f( ) Q(.’E) ( ) /h(x)=x3
Q(z) are polynomials
8. (a) (b) ) . Ly ?’ = (anxl
p ; 1 ] 1 5
y=sinx § § g é
i : Pt/ i
’ ; ; i E
© y @ y : (O] d
¥ / y=Inx y=1/x
; A
1
_/ / -
i x (1 x X
® . ® | & (h) " :
g y= \/; %l' y= tan—lx
it C 1+
=i | : ' = g x
m
2
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(a) The domain of f + g is the intersection of the domain of f and the domain of g; that is, AN B.

(b) The domain of fg is also AN B. ’

(c) The domain of f /g must exclude values of z that make g equal to 0; thatis, {x € AN B | g(z) # 0}.

Given two functions f and g, the composite function f o g is defined by (f o g) (z) = f(g(z)). The domain of f o g is the

set of all z in the domain of g such that g(z) is in the domain of f.

(a) If the graph of f is shifted 2 units upward, its equation becomes y = f(z) + 2.

(b) If the graph of f is shifted 2 u;lits downward, its equation becomes y = f(z) — 2.

(c) Ifthe graph of f is shifted 2 units to the right, its equation becomes y = f(z — 2).

(d) If the graph of f is shifted 2 units to the left, its equation becomes y = f(z + 2).

(e) Ifthe graph of f is reflected about the z-axis, its equation becomesy = — f(z).

(f) If the graph of f is reflected about the y-axis, its equation becomes y = f(—z).

(2) If the graph of f is stretched vertically by a factor of 2, its equation becomes y = 2f(zx).

(h) If the graph of £ is shrunk vertically by a factor of 2, its equation becomes y = 3 f(z).

(i) If the graph of f is stretched horizontally by a factor of 2, its equation becomes y = f(3z).

(j) If the graph of f is shrunk horizontally by a factor of 2, its equation becdmes y= f (2z).

(a) A function f is called a one-to-one function if it never takes on the same value twice; that is, if f (z1) # f(z2) whenever
T1 # 2. (Or, f is 1-1 if each output corresponds to only one input.)

Use the Horizontal Line Test: A function is one-to-one if and only if no horizontal line intersects its graph more
than once.

() If f is a one-to-one function with domain A and range B, then its inverse function f~* has domain B and range A and is
defined by

Tl == & f@)=y
for any y in B. The graph of f~! is obtained by reflecting the graph of f about the line y = z.
(a) The inverse sine function f(z) = sin™! z is defined as follows:

sin"lz=y < siny=z and —

iy
IN
<
IA

ol

Its domain is —1 < z < 1 and its range is —

ST

<y<

IE)

(b) The inverse cosine function f(z) = cos™' z is defined as follows:
cos'z=y < cosy=z and O<y<nw
Its domainis —1 <z < landitsrangeis0 < y < 7.

(c) The inverse tangent function f(z) = tan™" z is defined as follows:

tanlz=y <« tany=<z and —£<y<g

Its domain is R and its range is —-721 <y< -g—
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TRUE-FALSE QuIZ
1. False.  Letf(z) =2° s=—1,and¢t = 1. Then f(s +t) = (~1+1)> =0? =0, but
f&)+ ft) =(-1)*+1>=2#£0= f(s +1).
3. False.  Let f(z) = 2°. Then f(3z) = (3z)? = 922 and 3f(z) = 3z>. So f(3z) # 3f(z)..
5. True. See the Vertical Line Test.
7. False.  Let f(x) = . Then f is one-to-one and f~(z) = ¥/z. But 1/f(x) = 1/z®, which is not equalto f~(z).
9. True. . The function In z is an increasing function on (0, 0o). ‘
2 2 .
11. False. Letz = e and a = e. Then In_:z = l_ne_ = m =2andIn s In . Ine = 1, so in general the statement
Ina Ine Ine a e
is false. What is #rue, however, is that In -z— =Inz —Ina.
13. False. For example, tan~! 20 is defined; sin~! 20 and cos~* 20 are not.
EXERCISES
1. (@) Whenz = 2, y ~ 2.7. Thus, f(2) =~ 2.7. ®) f(z)=3 = £=~2356
(c) ’Iﬁe domain of f is —6 < = < 6, or [—6, 6]. (d) The range of f is —4 < y < 4, or [—4,4].
(e) f isincreasing on [—4,4], thatis,on —4 < z < 4.
(f) f is not one-to-one since it fails the Horizontal Line Test.
(2) fis odd since its graph is symmetric about the origin.
3. f(r) =2% — 22+ 3,50 f(a+ h) = (a+ h)2 —2(a + h) + 3= a® + 2ah + h® — 2a — 2h + 3, and
fla+h)~fla) (a®+2ah+h®>—2a~2h+3)—(a®>—2a+3) h(2a+h-2)
J = = = 2a + h — 2.
h h h
5 f(z) =2/(3z - 1). Domain: 32 —1#0 = 3z#1 = z#3 D=(-,3) U (3,0)
Range: all reals except 0 (y = O is the horizontal asymptote for f.) R = (—o0,0) U (0, c0)
7. h(z) = In(z + 6). Domain: £+6>0 = z>—6. D= (-6,00)
' Range: z +6 > 0, so In(z + 6) takes on all real numbers and, hence, the range is R.
R = (—00,00) ‘
9. (a) To obtain the graph of y = f(z) + 8, we shift the graph of y = f(z) up 8 units.

(b) To obtain the graph of y = f(z + 8), we shift the graph of y = f(z) left 8 units.

(c) To obtain the graph of y = 1 + 2f(x), we stretch the graph of y = f(z) vertically by a factor of 2, and then shift the
resulting graph 1 unit upward.

(d) To obtain the graph of y = f (z — 2) — 2, we shift the graph of y = f(x) right 2 units (for the “—2” inside the

parentheses), and then shift the resulting graph 2 units downward.
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(e) To obtain the graph of y = — f(z), we reflect the graph of y = f(z) about the z-axis.
(f) To obtain the graph of § = f~*(z), we reflect the graph of y = f(z) about the line y = z (assuming f is one~to-one).
y = —sin 2z: Start with the graph of y = sin z, compress horizontally by a factor of 2, and reflect about the z-axis.

y

y=-—sin2x

y=3(1+€"): y y
Start with the graph of y = €7, 9
shift 1 unit upward, and compress —yy

or y=1
vertically by a factor of 2. y=e*

0 x 0 x 0 x
1 :

T)= : .

f(z) — y 1 x=_2§y 4
P y=a ; Y=3+2

Start with the graph of f(z) = 1/z A\

and shift 2 units to the left. ' j

(a) The terms of f are a mixture of odd and even powers of z, so f is neither even nor odd.

(b) The terms of f are all odd powers of z, so f is odd.
© f(~z) = " = &= = f(z), 50 f is even.

@) f(~z) =1 +sin(~z) = 1 —sinz. Now f(—z) # f(z) and f(~z) # —f(z), so f is neither even nor odd.
f(z)=Inz, D=(0,00); g(z)=2*-9, D=R.

@ (f 0 9)(2) = f(9(x)) = £(z* — 9) = In(z? ~ 9).
, Domain: z2-9>0 = 22>9 = |z/|>3 = z€(—00,-3)U(3,00)
(®) (go f)(z) = 9(f(z)) = g(Inz) = (Inz)?> — 9. Domain: z > 0, or (0, 00)
© (fof)(x) = f(f(z)) = f(lnz) = In(Inz). Domain: Inz >0 = z>e’=1 or(1,00)

(d) (90 9)(z) = g(9(z)) = g(z* — 9) = (z* —9)* = 9. Domain: z € R, or (—00, c0)

89 Many models appear to be plausible. Your choice depends on whether you
. think medical advances will keep increasing life expectancy, or if there is
‘ bound to be a natural leveling-off of life expectancy. A linear model,
o ) y = 0.2493z — 423.4818, gives us an estimate of 77.6 years for the
1890, " : 2010 year 2010.
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23. We need to know the value of z such that f(z) = 2z + Inz = 2. Sincez = 1 givesus y = 2, f~1(2) = 1.
25, (a) e2ln3 - (eln3)2 - 32 =9
(b) log 25 +log ;04 = log;o(25 - 4) = log, 100 = log,, 10% = 2

(c) tan(arcsin}) =tan ¥ = 715

(d) Let# = cos™* 4,50 cos = 3. Then sin(cos™* £) =sinf = /1 —cos?6 = 1 —.(§)2 =/==4%
21. @) jp00 The population would reach 900 in about 4.4 years.
i )
5 10
b)) P= —M— = 100P + 900Pe_; ; 100,000 = 900Pe~* = 100,000 — 100P =
100 + 900e~t
_¢ _ 100,000 — 100P e 1000 - P __ _ 1000 - P 9P T .
e = 900P t=1In —9p = t=-In Y ,orIn 1000 P ; this is the time

required for the population to reach a given number P.

9900 .
= = —_—— ] = ~ 4.4 ;
C)P=900 = t 1n(1000_900) In81 years, as in part (a)

d, copied, or dupl d, or posted to a publicly accessible website, in whole or in part.
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[1 PRINCIPLES OF PROBLEM SOLVING

By using the area formula for a triangle, 3 (base) (height), in two Ways, we see that

1.
3(4) (y) = 3 (h)(a),soa = % Since 4* + y2 = h%, y = V/A? — 16, and
4v/h? — 16
a=——,
h
2r—1 ifz>3% z+5 Hz>-5
3 |2c-1]= ] and |z+5]= .
1-2z ifz<j —z~5 ifx< -5

Therefore, we consider the three cases £ < —5, -5 < z < },and z > 1.

Ifr < —5,wemusthave 1 — 2z — (—z — 5) =3 < <z = 3, which is false, since we are considering ¢ < —5.

wi

If-5<z< j,wemusthavel -2z — (£ +5)=3 & z=-
Ifz > 3, wemusthave2z — 1 — (2 +5) =3 <« z=9.

So the two solutions of the equation arez = —Z and z = 9.

5. f(z) = |22 — 4|z| + 3| If £ > 0, then f(z) = 2% — 4z + 3| = |(z — 1)(z — 3)|
Case (i): VI‘fO < <1,then f(z) =z% — 4z + 3.
Case (ii): 1f1 < z < 3,then f(z) = —(z% — 4z + 3) = —z® + 4z — 3.
Case (iii): If £ > 3, then f(z) = 22 — 4z + 3.
This enables us to sketch the graph for £ > 0. Then we use the fact that f is an even

function to reflect this part of the graph about the y-axis to obtain the entire graph. Or, we

could consider alsothe cases £ < —3, -3 <z < ~1l,and -1 <z < 0.

7. Remember that |a| = a if a > 0 and that |a| = —a if a < 0. Thus,

2r ifz>0 2y ify>0
T+|z| = : and  y+[yl = .
0 ifz<O 0 ify<o0

We will consider the equation z + |z| = y + |y| in four cases.

MWz>0,y>0 z>0y<0 () z<0,y>0 ‘4 z<0,y<0
T ar=2y 27.=0 0=2y 0=0

T=y =0 0=y
Case 1 gives us the line y = z with nonnegative £ and y.
Case 2 gives us the portion of the y-axis with y negative.

Case 3 gives us the portion of the z-axis with £ negative.

Case 4 gives us the entire third quadrant.

1
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42 [ CHAPTER1 PRINCIPLES OF PROBLEM SOLVING

9. (a) To sketch the graph of M gm=x i
f(z) = max{z,1/z}, wefirst graph
g(z) = z and h(z) = 1/z on the same hn=1 T
i -l
coordinate axes. Then create the graph of 0 x ' 1 X
f by plotting the largest y-value of g and h f(x)=max({x, 1/x)
for every value of z.
|
® g{x) =sinx ly h(x) =cos x r f(x) = max{sin x, cos x}
u . * * ;
0\ = YA " /
W TV
122
_lq
©) y gt y
44

f(x)=max{x% 2 +x,2—x}

y=2+x y=2-x
/ 0 \ x -2 0 2 x

On the TI-84 Plus, max is found under LIST, then under MATH. To graph f(z) = max {3:2, 2+41z,2— a:}, use

Y = max(z?, max(2 + z,2 — z)).

In3\ /In4\ /In5 ln 32 In32 In2° 5In2
1. (log; 3)(logs 4)(logs 5) - - (logs, 32) = (Tﬁ) (ﬁrg) (r;z)“'(mm) “ T2 "W 2 0

¥

1B In(z?-22-2)<0 = 22-20-2<e’=1 = 2°-22-3<0 = (z-3)(z+1)<0 = ze[-13
Since the argument must be positive, 2> ~2z ~2>0 = [z— (1-V3)][z- (1+V3)] >0 =
z € (00,1 = v/3) U (1 + v/3,00). The intersection of these intervals is [~1,1 — v3) U (1 + V/3,3]. -

15. Let d be the distance traveled on each half of the trip. Let t; and t3 be the times taken for the first and second halves of the trip.

For the first half of the trip we have t; = d/30 and for the second half we have t2 = d/60. Thus, the average speed for the

tire trip i ol N SR - WP 40. The average speed for the entire tri
TP Nl time ~ fi+t;  d _d 60 2d+d 3d I v
30 60

is 40 mi/h.
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CHAPTER 1 PRINCIPLES OF PROBLEMSOLVING 0O 43
17. Let S, be the statement that 7" — 1 is divisible by 6.

e Si is true because 7' — 1 = 6 is divisible by 6.

e Assume Sy is true, that is, 7% — 1 is divisible by 6. In other words, 7% — 1 = 6m for some positive integer m. Then

7Rl _1=7.7-1=(6m+1)-7— 1=42m+ 6 = 6(7m + 1), which is divisible by 6, so Sk is true.
o Therefore, by mathematical induction, 7* — 1 is divisible by 6 for every positive integer n.

19. fo(z) = 2% and fny1(z) = fo(fn(zj) forn=0,1,2,.... '
f1(2) = folfo(@)) = fo(#?) = (57)° = 2%, falz) = ol fa(2)) = fo(a*) = (a*)? = 2",

Fa(x) = fo(f2(z)) = fo(z®) = (2®)% = 26, .. .. Thus, a general formula is f, (z) = =

ontl

(© 2012 Cengage Learning. All Rights Reserved. May not be d, copied, or dupli
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2 [] LIMITS AND DERIVATIVES

21 The Tangent and Velocity Problems

1. (a) Using P(15, 250), we construct the following table:

t Q slope = mpQ

5 (5,694) 694-250 — 44 — 444
10 | (10,444) | 444-280 194 — 383
20 | (20,111) 1U=250 — 139 — 278
25 | (25,28) 2820 — 22 - 222
30 | (30,0) 9250 — 20 — 166

(c) From the graph, we can estimate the slope of the

tangent line at P to be =3¢ = —33.3.

1
. @y= Tz,P(Q,

~1)

1
z |, Qz1/(1-=2)) mpq

0|15 | @s-2 2
G |19 | (9 -1111111) | 1111111
Gii) | 1.99 | (1.99,-1.010101) | 1.010101
@iv) | 1.999 | (1.999,-1.001001) | 1.001001
™ | 25 | (2.5,-0666667) | 0.666667
oi) [ 21 | (2.1,-0.909091) | 0.909091
(vii) | 2.01 | (2.01,-0.990099) | 0.990099
(viii) | 2.001 | (2.001,—0.999001) | 0.999001

V (galions)

(b) Using the values of ¢ that correspond to the points
closestto P (t = 10 and ¢ = 20), we have

—38.8+ (—27.8)

= —33.3
2
004 )
&b -~ —epproximate
600+ graph of function |,
5501 approximate
500 tangent line
450
400
350
300
250+ 300 \°
200+
1501
100 0
N
of 5 10 15 20 25 3

1 (minutes)
(b) The slope appears to be 1.
(c) Using m = 1, an equation of the tangent line to the

curve at P(2,—-1)isy — (—1) = 1(z — 2), or
y=1c—3.

5. (a)y = y(t) = 40t - 16t%. Att =2,y = 40(2) — 16(2)? = 16. The average velocity between times 2 and 2 + h is

'Uave

_y2+h) —y(2) _[402+h)—16(2+h)*] 16 _ —24h — 16

=24 — 16h, ifh #0.

2+h) -2
(l) [2, 25] h = 05, Vave = -32 ﬁ/S

h

(iii) [2, 2.05]: h = 0.05, Vaye = —24.8 fi/s

(© 2012 Cengage Learning. All Rights Reserved. May not be

h

(i) [2,2.1): A =0.1, Vaye = —25.6 /s

d, copied, or dupli

(iv) [2,2.01): h = 0.01, vave = —24.16 ft/s
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4 O CHAPTER 2 . LIMITS AND DERIVATIVES .
(b) The instantaneous velocity when ¢t = 2 (h approaches 0) is —24 fi/s.

_s(3)—s(1) _107-14 93

7. (a)‘ (i) On the interval [1, 3], vave = 31 3 = 4.65m/s.
; : 3) —s(2 10.7 — 5.1
(i1) On the interval (2, 3], Vave = - ; = ;( ) =2 1 =5.6m/s.
5) —s(3 25.8 —10.7 15.1
(iii) On the interval [3, 5}, Vave = 3(8) 9() = = —= ="7.55m/s.
5-3 2 2
(iv) On the interval [3, 4], vVave = 3(411 : 2(3) = 17]; LI 7m/s.

(b) s Using the points (2,4) and (5, 23) from the approximate tangent
=21 line, the instantaneous velocity at £ = 3 is about 253 :24 ~ 6.3 m/s.
20+
151
10+

5 +

o 1 2z 3 4 5 ¢

9. (a) For the curve y = sin(107/z) and the point P(1, 0):
T Q mpqQ T Q mpQ
2 | (2,0 -0 0.5 | (0.5,0) 0
1.5 | (1.5,0.8660) 1.732t 0.6 | (0.6,0.8660) —2.1651
1.4 | (1.4,—0.4339) | —1.0847 0.7 | (0.7,0.7818) —2.6061
1.3 | (1:3,~-0.8230) | —2.7433 0.8 | (0.8,1) -5
1.2 | (1.2,0.8660) 4.3301 "~ 109 | (0.9,-0.3420) 3.4202
1.1 | (1.1,-0.2817) | —2.8173
As z approaches 1, the slopes do not appear to be approaching any particular value.
(b) L We see that problems with estimation are caused by the frequent

N\ P oscillations of the graph. The tangent is so steep at P that we need to

0.5 2 take z-values much closer to 1 in order to get accurate estimates of

its slope.

-1

(c) If we choose z = 1.001, then the point Q is (1.001, —0.0314) and mpg =~ —31.3794. If z = 0.999, then Q is

(0.999, 0.0314) and mpg = —~31.4422. The average of these slopes is —31.4108. So we estimate that the slope of the

tangent line at P is about —31.4.
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SECTION22 THELIMITOFAFUNCTION 0O 47

2.2 The Limit of a Function

1.

1.

As z approaches 2, f(x) approaches 5. [Or, the values of f(z) can be made as close to 5 as we like by taking z sufficiently

close to 2 (but = # 2).] Yes, the graph could have a hole at (2, 5) and be defined such that f(2) = 3.

. (a) lim_3 f(z) = oo means that the values of f(z) can be made arbitrarily large (as large as we please) by taking =

sufficiently close to —3 (but not equal to —3).

b) lilil+ f(z) = —oo means that the values of f(z) can be made arbitrarily large negative by taking z sufficiently close to 4
through values larger than 4.

. (a) As z approaches 1, the values of f(z) approach 2, so lim1 flz)=2.

(b) As z approaches 3 from the left, the values of f(z) approach 1,s0 lim f(z) = 1.
z—3~
(c) As z approaches 3 from the right, the values of f(z) approach 4, so liI:I;l+ flz) =4.
g T—
(d) liné f(z) does not exist since the left-hand limit does not equal the right-hand limit.

(e) Whenz=3,y=3,sof(3) = 3.

. (@ lim g(t) = -1 (b) lim g(t) = -2
t—0 t—0t

(c) !in(l’ g(t) does not exist because the limits in part (a) and part (b) are not equal.
(d) lim g(t) =2 (e) lim g(¢t)=0
t—2— t-—2+

®) }in{_l) g(t) does not exist because the limits in part (d) and part () are not equal.

®9(2)=1 (h) lim g(2) = 3
. (a) I]_i'n_17f(:c) = —00 (b) zli}l_la f(z) =00 ©) ll_I_'I}) f(z) =00
@) lim f(z) = —-o0 (¢) lim f(r) =00
z—6— z—6+

(f) The equations of the vertical asymptotes are t = —7,z = —3, z = 0, and z = 6.

From the graph of

l1+z ifz<-1 ¥l
f(x) ={ z* if-1<z<1,
2—z ifz>1 / 0 1 \f
we see that lim f(x) exists for all a except @ = —1. Notice that the .

right and left limits are different at a = —1.
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48 (O CHAPTER2 LIMITS AND DERIVATIVES
13. (@) lim f(z)=1
-0~
(b) lim f(z)=0
‘z—0t
(© lin}) f(z) does not exist because the limits

in part (a) and part (b) are not equal.

15. lim f(z) = -1, lirzl+ flz)=2, f(0)=1

z—0~

Y4

™

0 x
\0—1
z° — 2z
19. For f(.’L‘) = m
T f(z) T f(z)

2.5 0.714286 1.9 0.655172

2.1 0.677419 1.95 | 0.661017

2.05 0.672131 1.99 0.665552

2.01 0.667774 1.995 | 0.666110

| 2.005 | 0.667221 1.999 | 0.666556
2.001 | 0.666778

; z? -2z "
It appears that }1_'11; o 0.6 = 3.
23. For f(x) = ————"’E-;H:
T f(z) T f(z)

1 0.236068 -1 0.267949

0.5 | 0.242641 ~0.5 | 0.258343

0.1 0.248457 -0.1 0.251582

0.05 | 0.249224 —0.05 | 0.250786

0.01 | 0.249844 —~0.01 | 0.250156

It appears that lirr:) ——————':E_:EH =0.25 = ;i-.

(© 2012 Cengage Leaming. All Rights Reserved. May not be

f

7. lim f(z)=4, lim f(z)=2 lim f(z)=2,

f@) =3, f(-2)=1

L4 1
At
0] 1 x
T
5t
21, For f(t) = £ > ;
t f(¢) t f(¢)
0.5 22.364988 -0.5 1.835830
0.1 6.487213 -0.1 3.934693
0.01 5.127110 -0.01 4.877058
0.001 '5.012521 —-0.001 4.987521
0.0001 | 5.001250 .—0.0001 . 4.998750
. e5t —3
It appears that }III(I, =5.
5 -1
25, For f(l‘) = —z—ﬁ-—:—i:
z f(=z) z | f(=)
0.5 0.985337 1.5 0.183369
0.9 0.719397 1.1 0.484119
0.95 0.660186 1.05 0.540783
0.99 0.612018 1.01 0.588022
0.999 | 0.601200 1.001 | 0.598800
. :1:6 -1 ] 3
It appears that J]’.:lin1 -1:10———T =0.6 = 5

d, copied, or dupli
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27. (a) From the graphs, it seems that lim go_slz_%_ﬂsz = —1.5. (b)
v ¥ @ z /(@)

1 1 +0.1 —1.493759

+0.01 —1.499938

+0.001 —1.499999

+0.0001 | —1.500000

I

-6 6 —0.5 —+—+— 0.5

-2 -2
29. lim " z ::_- ; = — o0 since the numerator is negative and the denominator approaches 0 from the positive side as z — —3*.
z—-3t T
3. lim1 -(-:_02—_13)5 = oo since the numerator is positive and the denominator approaches 0 through positive values as z — 1.
33 Lett =22~ 9. Thenasz — 3*,¢ — 0%, and 1i1§1+ In(z? - 9) = lim In¢ = —oo by (5).
T-> t—0
35. lim zcscx = li;n sii B since the numerator is positive and the denominator approaches 0 through negative
27 =27
values as z — 27~
2 _9p -
37. acl_lglJr —;2—_—;—:;4_2 = m—'.z; %—_%}E—E—g% = oo since the numerator is negative and thg denominator approaches 0 through
negative values as z — 27,
1
% @ f(z) = 5—. .
T f(z) T f(z)
. 0.5 —1.14 1.5 0.42
From these calculations, it seems that 0.9 —3.69 1.1 3.02
lim f(x) = —ooand Iim+ f(z) = oo. 0.99 -33.7 , 1.01 33.0
z-—1"— -1
0.999 —333.7 1.001 333.0
0.9999 | —3333.7 1.0001 3333.0
0.99999 | —33,333.7 1.00001 | 33,333.3

(b) If z is slightly smaller than 1, then 2° — 1 will be a negative number close to 0, and the reciprocal of z3 — 1, that is, f(z),

will be a negative number with large absolute value. So lim flz) = —cc.

z—r1—
If z is slightly larger than 1, then z® — 1 will be a small positive number, and its reciprocal, f(z), will be a large positive

number. So lim+ f(z) = oo.
z—1

10
(c) It appears from the graph of f that ( ~
lim f(z) = —ocoand lim f(z) = oco. ‘
z—1— T-»1+ . 0 2

5 —

-10

or posted to a publicly accessible website, in whole or in part.
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41. (a) Let h(z) = (1+ z)*/". (b) 6 .
& h(z) \
~0.001 2.71964 e —
—0.0001 | 2.71842 —4l 4
—0.00001 | 2.71830 J

—0.000001 | 2.71828 ==

0.000001 | 2.71828
0.00001 2.71827
0.0001 2.71815
0.001 2.71692

It appears that im (14 z)Y/* ~ 2.71828, which is approximately e.

In Section 3.6 we will see that the value of the limit is exactly e.

43. For f(z) = =* — (2%/1000):

(a) '
x f(x) - i T f(z)

1| 0.998000 ~ [004 | o0.000572
0.8 | 0.638259 002 | —0.000614
0.6 | 0.358484 0.01 | —0.000907
0.4 | 0.158680 0.005 | —0.000978
0.2 | 0.038851 0.003 | —~0.000993
0.1 | 0.008928 0.001 | —0.001000
0.05 | 0.001465

It appears that lin}J f(z) =0. ] tap e il—r.% Pl =001,

45. No matter how many times we zoom in toward the origin, the graphs of f(x) = sin(7/z) appear to consist of almost-vertical

lines. This indicates more and more frequent oscillations as x — 0.

1.2

-001 0.01 ~0.0001
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6 Thereappear to be vertical asymptotes of the curve y = tan(2sin z) at z ~/40.90

graph of the tangent function has vertical asymptotes at z = 5 + @n. Thus, we

Q and z ~ 1+2.24. To find the exact equations of these asymptotes, we note that the
J must have 2sinz = % + @n, or equivalently, sinz = § + %n. Since

- - —1 <sinz < 1, we must have sinz =+% andso z = +sin™’ {-’(qorresponding

1

to £ & £0.90). Just as 150° is the reference angle for 30°, m —sin™" Z is the

-1=

reference angle for sin ™' Z. So z = £(x —sin™" §) are also equations of

vertical asymptotes (corresponding to z = +2.24).

2.3 Calculating Limits Using the Limit Laws

1. @ lim[f(2) + 59(@)] = lim f(a) + lim 5g(c)] [LimitLaw 1] (b) limy lo(a))* = [limg(a)] " (Limit Law 6]
= li_’m2 flz)+ 5}%9(1‘) [Limit Law 3] =(-2)3=-8

=445(-2)=—6

[Limit Law 5]

. - - : . 3f(z) _ lim 31 ()]
(© lim \/f(z) = \/11312 f(z) [Limit Law 11] @ lim - 1_2% o
= 3 lim £(2)

= —_—— imit Law 3
lim g(z) - ]

(e) Because the limit of the denominator is 0, we can’t use Limit Law 5. The given limit, lim2 ;]z(Tx%’ does not exist because the
T— T

denominator approaches 0 while the numerator approaches a nonzero number.

9(z) h(z) lim [g(z) h(z)]

lim = : Limit Law 5
OnTT0 - mie ( ]
lim2 g(z) - lim2 h(z)
= 1i1112 (@) [Limit Law 4]
-2:0
= — =0 ’
4
3. lin}1 (52 -3z +z—-6) = liné (5z3) — liné (3z%) + lim3 T — lim3 6 (Limit Laws 2 and 1]
=51lim z3 — 3 lim z2 + lim z — lim 6 (3]
z—3 r—3 z—3 ) r—3
=5(3%)-3(3%)+3-6 (9, 8, and 7)
=105
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. 4 .
St =2

4 L]
8 B et —2 [Limit Eaw 5]

2222 —3t+2 lim (2% — 3t +2)

tlimz o Jim, 2
= d= == 1,2, and
2 lim t2 -3 lim t + lim 2 [ aELg)
t>—2 t>-2  t—-2

16 — 2

-_—— 9,7,and 8
204) — 3(—2) + 2 5,7, and 8]
_u_7
16 8
7. lim (1+ ¥z) (2—6z%+2%) = lim (1+ Yz) - lim (2 — 622 4 z°) [Limit Law 4]
r— ! T T .
. . . . . o 3 2 g 3
= il_x_gl+;1_xg\3/5) (111'1}32 6 lim z +11£'1§m) [1,2, and 3]
=(1+Y8) (2-6-82+8°% 7, 10, 9]
= (3)(130) = 390
. 222 +1 [ 2z*41 .
9. alglglz \/;:r—2 = zhgl2 32 -2 [Limit Law 11]

‘ lim (2z% + 1)
=5 (3]
lm%(S:r -2)

ot

2lin%:r2+lin§1
= el Bl 1,2, and 3
31im:r—1ir%2 ( B

22°%+1 _ [9_3 |
‘3(2)__2—— 4—2 [9, 8,and7]
2— —_— —
e iy T BT gy B e =B 1 =4
x—5 T — x—5 z——5 x5
2_
13. ]iné?—;:—ii-’_—(idoesnotexistsincgem:—5—->O,butm:2 —52+6 —6asz — 5.
5. lim _ -9 _ .o +3)¢-3 _ . t-3 -8-3 _—6_6
T3 224+T7t+3  t—>-3(2t+1)(t+3) ¢>-32t+1 2(-3)+1 -5 5
i 2 _ _ 2y _ _ 2 | ' -
%, Tion, SO =28, RO I E8) 00 gy IR i MELOE B i) = 16
h=0 h h—0 h h—0 h h—0 h h=50
19. By the formula for the sum of cubes, we have
lim RS, lim o8-k = lim I += L oy s
e—s-223+8 s—-2(x+2)(z2—2z+4) <—-—222-2r+4 4+4+4 12
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SECTION 2.3 CALCULATING LIMITSUSING THELMITLAWS O 53
' ; 2

. V9+h-3 . V9+h-3 VO+h+3 .. (VO+R) -3  (94+h)-9
2. lim —————— = lim . = lim =1

o h heo R VOth+3 me0h(vVOth+3) h-0h(vOth+3)

h 1 1
::1 :l' =)
hli»'loh(\/9+h+3) o0 T h+3 343

1.
6
r+4

lim L I T . E L I R
" 24 4+z ao-4d4+z s--44z(d+z) =—-adz  4(-4) 16

o5 g VITE— VI o AIFI-I-F VIFE+I-F _ . (ViFi) - (vI=t)f
L] - -

) ) t VITi+Viot 0 t(JIti+vit)
ST s e e RN 5 = 2
=0t (VI+t+vVI—t) t=0t(VI+t+vI—t) t=0y/1+t+VI—t
S S
Vi+vio 2
. 44—z . (A—VzT)4+ VZ) . 16—z
o B, e Y = =1
a il 16z — 2 zanllG (16 — x22)(4 + V/T) P z(16 — z)(4 + V)

1 1 1

1
= l. = T —
=el63(4+yT) 16(4+v16) 16(8) 128

291im( ] —l)—liml—V1+t—lim(1_\/l+t)(l+ﬁ+t)—lim —
ATV Ct-0 tyTH+t =0 A+ 1(1+VI+E) o =0t/I+E(1+VIFE)

-1 -1
tl—I-Iill\/l+t(l+\/1+t) vVI+0(1++v/1+0)
(x+h)d—2® . (2®+32°h+3zh>+h3) -2 3z h 4 3ch? 4 A3
A = lim ; = lim
h h—0 h . h—0 h

-
2

31. lim
h—0

2 2 :
= lim LIt + B+ ) = lim (32 4+ 3zh + h?) = 32
h—0 - h h—0

33. (a) 1.5 ®)
T f(z)
v —0.001 0.6661663
1 —0.0001 0.6666167
- I —0.00001 | 0.6666617 The limit appears to be 323-
L J -0.000001 | 0.6666662 -
-05 0.000001 | 0.6666672
o T ~2 : 0.00001 | 0.6666717
a=04/1+3z-1 3 0.0001 0.6667167
0.001 0.6671663
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54 [ CHAPTER2 LIMITS AND DERIVATIVES
© 1 ( T vi+3z+ 1) - z(vI+3z+1) o z(vI+3z+1)
im . = =
s=0\/I+3z-1 /T+3z+1/ =-0 (1+3z)-1 =20 3z
= % lim (vI+3z+1)- [Limit Law 3]
1 - ;
_5[ /xl%(1+3x)+zl%1] [1and11]
= fnitidm el 7 [1,3,and7)
T3\l TN SShan
:%( I+3-0+1) [7and 8]
1 2
==(141)=-=
35. Let f(z) = —x2, g(x) = 2° cos 207z and h(z) = x2. Then 1
—1<cos20rz <1 = -x?2<z?cos20rz<z? = f(x)<g(x)< h(x). h g
So since lin}’ flz) = lin}) h(z) = 0, by the Squeeze Theorem we have -1 1
lin})g(x) =0. f
-1
37. We have lim (4z — 9) = 4(4) ~9 = 7and lin}i(xz -4z +7) =4>-4(4)+7="7.Sincedz ~9< f(z) <z* -4z +7
forz > 0, liﬂ}1 f(z) = 7 by the Squeeze Theorem.
3. —1<cos(2/z) <1 = -z*< z%cos(2/z) < z*. Since lim (~z*) =0and lim z* = 0, we have
lim [z* cos(2/x)] = 0 by the Squeeze Theorem.
-3 ifz—3>0 z-3 ifz>3
M |z-3 = ] = :
~(z-3) ifz-3<0 3—z ifz<3
Thus, lim (2z+ |z —~3|) = lim (2z+z —3) = lim (3z — 3) = 3(3) —3 = 6 and
z—3t 3+ 3+
lim (2z + |z —3|) = lim (22 +3—z) = lim (z+ 3) = 3 + 3 = 6. Since the left and right limits are equal,
T—3~ T—+3~ T~3~
lim (2z + |z — 3|) = 6.
T3
8, |22° — 2P| = |2 (22 — 1) = |2?| - 22 — 1| = 2% |22 — 1

12z — 1| 2r -1 if2z-1>0 2z -1 ifz>0.5
Tz — = =
, —(2z-1) if2x-1<0 —(2z-1) ifz<0.5

-

So |22® — 2?| = 2*[—(2z — 1)] forz < 0.5.

Thus, lim —22=! _ fim —22=1 _ gy o1 =1,
>z—05- [223 — 22| 2205~ 22[—(2x —1)]  =m05- z2 (0.5)2  0.25
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b SECTION 2.3 -CALCULATING LIMITS USING THELIMITLAWS I 55

45. Since |z| = —z for z < 0, we have lim (l = -1—) = lim (l - i) = lim Z, which does not exist since the
20— \ T |.’L‘| z—0— \ X C’ 7 r—0— T

denominator approaches 0 and the numerator does not.

471. (a) y (b) (i) Sincesgnz =1forz > 0, lir(r]1+ sgnz = 1ir(1)1+ 1=1,
N =
(ii) Sincesgnz = —1forz < 0, lim sgn z = liI(I]l -1=-1.
> 4 z—0" z—0—
0 x
L (iii) Since lim sgnz # lim sgnz, lim sgn z does not exist.
x—0— x—0+ xz—0

(iv) Since |sgnz| = 1 for z # 0, lin‘lj|sgn:z:| = lin}J 1=1.

2+ -6 . (z+3)(z-2)
L 1 H = |i e . 15 l P T A\ S )
o (a) (l) a:]igl“' g(m) xl—l-gl*' Il‘ == 2' 1_Lr;1+ |.’E o 2|

- lim (z+3)(z—2)
z—2+ T —2
= I1_1’1;1+(:47:+3) =5

[sincez — 2 > 0ifz — 2]

(ii) The solution is similar to the solution in part (i), but now I:c —2|=2-zsincer—2<0ifr — 27,
Thus, lir;l g(z) = lim —(z+3)=-5.
T2 -2
(b) Since the right-hand and left-hand limits of g at = = 2 (c) ¥ /
are not equal, ll—.n; g(z) does not exist. \ 2,5)

\52, =35)

51. (@) (i) [z] = -2 fqr -2<z<-1,50 z_l:£112+ﬂx] = m_l}r_r;+ (-2) = -2

(i) [z] = —-3for-3 <z < -2,50 lim [z] = lim (-3)=-3.
T——2" z——2"
The right and left limits are different, so lin_l2 [z] does not exist.
(iii) [z] = —3 for f3 <z<-250 x_l,i$_4 [z] = x.lh_%.‘; (-3)=-3.
® D)[zgl=n—-1forn—1<z<n,s0 lim [z} = lim (n—1)=n—-1."
T—n— T—n—

(i) [zkf =nforn<z<n+1,s0 lim+[[z]] =] lim+n= n.

r—n T—n

(c) lim [z] exists <> a is not an integer.
T—a

53. The graph of f(z) = [z] + [—z] is the same as the graph of g(z) = —1 with holes at each integer, since f(a) = 0 for any

integer a. Thus, liI;l_ f(z) = —1and 1ir;1+ f(z) =-1,s0 hm2 f(z) = —1. However,

5@ =121+ -2 =2+ (~2) = 0,50 lim (z) # (2).
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55. Since p(z) is a polynomial, p(z) = ao + a1z + a2z® + - - - + a»z™. Thus, by the Limit Laws,

lim p(z) = lim (a.o +aiz+az®+--- +anx") =ap+ a1 limz+az lim 22+ -+ - + a, lim ™
Tr—a T—ra T—a T—a

T—a

=ao+a1a+aza® + - + ana™ = p(a)

Thus, for any polynomial p, 11_11}l p(z) = p(a).

. o) -8 = b [F052 e 0)] = iy L2 pme -1 <1000
Thus, lim f(2) = lim {[f(z) — 8] +8} = lim[f(z) - 8] + im 8 =0+8 =8.

Note: The value of lim %)——i_S_ does not affect the answer since it’s multiplied by 0. What’s important is that

z—1

lim fz) -8 exists.
-1

z—1

59, Observe that 0 < f(x) < z? for all z, and lin%, 0=0= liu%J z2. So, by the Squeeze Theorem, lix% f(z) =0.
T— T~ T —

61. Let f(x) = H(z) and g(z) = 1 — H(z), where H is the Heaviside function defined in Exercise 1.3.57.
Thus, either f or g is O for any value of z. Then lin}) f(z)and lin}) g(z) do not exist, but lin}) [f(z)g(z)] = lil’I(l) 0=0.

63. Since the denominator approaches 0 as ¢ — —2, the limit will exist only if the numerator also approaches

0as z — —2. In order for this to happen, we need l_in_l2 (33;2 +ar+a+3)=0 &

3(-2)% +a(-2)+a+3=0 & 12~2a+a+3=0 < a= 15 Witha = 15, the limit becomes

2 .
3 +15c4+18 _ . 3@+@+d) _ . 3+3) _ 3(-2+3) _ 3

e e = = = —=-1
sty g2 +z-2 z—-2 (z—-1)(z+2) =+—-2 -1 -2-1 -3

2.4 The Precise Definition of a Limit

1. If|f(z) — 1| < 0.2,then —0.2 < f(z) -1 < 0.2 = 0.8 < f(z) < 1.2. From the graph, we see that the last inequality is
true if 0.7 < z < 1.1, so we can choose § = min {1 — 0.7,1.1 — 1} = min {0.3,0.1} = 0:1 (or any smaller positive

number).

3. The leftmost question mark is the solution of +/Z = 1.6 and the rightmost, \/Z = 2.4. So the values are 1.6% = 2.56 and
2.4% = 5.76. On the left side, we need |z — 4| < |2.56 — 4| = 1.44. On the right side, we need |z — 4| < [5.76 — 4| = 1.76.
To satisfy both conditions, we need the more restrictive condition to hold —namely, |z — 4| < 1.44. Thus, we can choose

& = 1.44, or any smaller positive number.

5. zr : From the graph, we find that y = tanz = 0.8 when z = 0.675, so
T 26, ~0675 = 0&1~3F—0.675~0.1106. Also,y = tanz = 1.2
;E when & =~ 0.876,s0 & + 02 ~0.876 = J2 =0.876 — & ~ 0.0906.
Thus, we choose § = 0.0906 (or any smaller positive number) since this is
. T the smaller of 1 and §3. N

4 T
7 033t
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7. 1 : From the graph with € = 0.2, we find that y = z® — 3z + 4 = 5.8 when
=x3— i
i ¢~ 1.9774,502 — 6, ~ 1.9774 = 6, ~ 0.0226. Also,
6.2
6 y=12°—-3r+4=6.2whenz ~ 2.022,502 + 2 =~ 2.0219 =
58
62 =~ 0.0219. Thus, we choose § = 0.0219 (or any smaller positive
B 15,275 22 number) since this is the smaller of §; and §2.
Fore = 0.1, we get §; ~ 0.0112 and 2 = 0.0110,‘ so we choose
6 = 0.011 (or any smaller positive number).
9. (a) ”02 o From the graph, we find that y = tan? z = 1000 when z ~ 1.539 and
1000
z = 1.602 for « near Z. Thus, we get § ~ 1.602 — Z ~ 0.031 for
M = 1000.
full § L J3n
40 4
(b) 11,000 From the graph, we find that y = tan® z = 10,000 when z ~ 1.561 and
10008 - z =5 1.581 for z near Z. Thus, we get 0 =~ 1.581 — Z ~ 0.010 for
M = 10,000.
m J L ) 3=
40 4

. (@ A=nr’and A =1000cm?® = 7r?=1000 = r?>=200 = ;= /1000 (~5() =17.8412cm.

(b)|[A-1000]<5 = -5<ar’-1000<5 = 1000 —-5<ar:<1000+5 =

VB <r< (/1898 = 17.7966 < < 17.8858. /1200 _ /898 ~(,04466 and /1008 — , /1000 r 0,04455. So

if the machinist gets the radius within 0.0445 cm of 17.8412-, the area Will be within 5 cm? of 1000.

(c) z is the radius, f(z) is the area, a is the target radius given in part (a), L is the target area (1000), € is the tolerance in the

area (5), and ¢ is the tolerance in the radius given in part (b).
\

13. (@) 4z — 8| =4|z -2/ < 0.1 & |z—2|< E,so&:%:O.UZS.

4
' ; b .01
(b) |4z — 8| = 4|z — 2| <0.01 & |x—2|<%,so§=%=0.0025.
15. Givene > 0, we need § > O suchthatif 0 < |z — 3| < 4, then ¥ . '
Ty

|1+3z)-2|<eBut|(1+3z)-2|<e & |iz—-1<e & 2+;

|31z —3|<e <« |z—3| < 3e Soifwechoose § = 3, then -

0<|z-3|<s = \(1+§m)—2|<€.Thus,alri£§(1'+%x)=2by 5 '

; 3-8 3 3+6 =x

" the definition of a limit.
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17. Givene > 0, we need § > O such thatif 0 < |z — (—3)| < 6, then y
y=1—4x 13+¢
|(1-4z) - 13| <e.But|(1-4z) - 13| <e & N =

|-4r — 12| <e & |-4||z+3|<e & |z—(-3)|<e/4 Soif

\

we choose 6 = €/4,then0 < |z — (=3)| <d = |(1-4z)-13|<e.

Thus, 1im3(1 — 4z) = 13 by the definition of a limit.
T — 3

___:3 0 x
-3-6 -3+6
19. Givene > 0, we need 6 > O such thatif 0 < |z — 1| < 4, then 2—24x—2’<6.But’2+4$~2'<6 o
4z - 4 4 3 . 3
o |3]lz—1<e < |z-1] < 2e Soifwe choose § = 3¢, then0 < [z~1] <& =
’2—;4x -2' < €. Thus, lim12+4z=2by the definition of a limit.
z—
. ; " 22 +z-6
21. Givene > 0, we need § > 0 such that if 0 < |z — 2| < §, then ——;2——-—5|<€ <
(ijz3—)_(%:—-2-)'—5|<6 & |z+3-5|<e [t#2] & |r—2|<e.Sochoosed =e.
Then0<|z—2/<d6 = |z-2/<e = |t+3-5|<e = £?—-tgfl_(:-c2—-—2)-—51<e [t#2] =
2 _ 2 _
L’G—slq. By the definition of a limit, lim =—=2—% _ 5,
-2 z—2 T—2

23. Givene > 0, we need § > 0 such that if0 < |z — a| < 4, then |z — a| < €. So § = & will work.

25. Givene > 0, we need & > Osuch thatif 0 < |z — 0| < §,then [z? — 0| <e & 2’ <e <« |z] < e Taked = /.

Then0< |t —0] <6 = |z?~0|<e. Thus, lim z2 = 0 by the definition of a limit.

27. Givene > 0, we need § > O such that if 0 < |z — 0| < §, then ||z| — 0| < &. But ||z|| = |z|. So this is true if we pick § = e.

Thus, lin% |z] = 0 by the definition of a limit.

23, Givene >0, we need 6 > Osuchthatif0 < |z — 2| < 6, then |(2® —4z+5) — 1| <e & [’ -4z+4|<e &
|(x—2)?| <e.Sotake 6 = . Then0< |t — 2| <8 < [z-2/<+E < |(z—-2)? <e. Thus,

lim (2® — 4z + 5) = 1 by the definition of a limit.
T—

31. Given € > 0, we need § > O such thatif 0 < |z — (—2)| < 6, then I(z2 — 1) — 3| < € or upon simplifying we need
|z? — 4| < e whenever 0 < |z + 2| < 4. Notice thatif |z +2| < L,then—-1<z+2<1 = -5<z—-2<-3 =
|z — 2| < 5. Sotake § = min {¢/5,1}. Then0< |2+ 2| <d = |r—2| <5and|r+2| <e/5 s0
|(z2 —1) —= 3| =1(z +2)(z — 2)| =|z + 2| |z — 2| < (¢/5)(5) = &. Thus, by the definition of a limit, 11_1’11_12(1'2 -1)=3.
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39,

M.

43

SECTION 2.4 THE PRECISE DEFINITION OF ALMIT O 59

Givene >0, weletd = min {2,§}.1f0<|z—3| <4,then|z 3| <2 = —2<z-3<2 =
4<z+3<8 = |t+3|<8 Also|z—-3|< %,sol:cz—9| |x+3||z—3| <8 £ = ¢. Thus, llmz =9.
(a) The points of intersection in the graph are (z1,2.6) and (z2,3.4) . vi ~
3
with z; = 0.891 and z2 = 1.093. Thus, we can take § to be the //
smaller of 1 — z; and z2 — 1. So § = z2 — 1 ~ 0.093. ;
. =1 // 1 2
(b) Solving z3 4 £ 4+ 1 = 3 + ¢ gives us two nonreal complex roots and o 5
e (216 + 108¢ + 121/336 F 324 + 812 )*/° ~ 12
one real root, which is z(¢) =

. Thus,d = z(e) — 1.

6(216 + 108¢ + 12v/336 + 324¢ + 81e2 ) /°

(c) If e = 0.4, then z(¢) ~ 1.093272 342 and 6 = z(e) — 1 = 0.093, which agrees with our answer in part (a).

1. Guessing a value for § Givene > 0, we must find § > O such that |/ — \/a| < £ whenever 0 < |z — a| < é. But

IVz - va| =

< ¢ (from the hint). Now if we can find a positive constant C such that /z + /a > C then

f+f
lz—al _|z—al

VI +Va (o]

centered at a. If |z — a| < ja,then—ja<z-a<ja = ja<z<3a = VZ+ya>./3e++aandso

< €, and we take |z — a| < Ce. We can find this number by restricting z to lie in some interval

C = y/%a + /a is a suitable choice for the constant. So |z — a| < (\/'%_a + ﬁ) €. This suggests that we let
8= mm{ ( ta+ f) }

2. Showing that  works  Given € > 0, we let § = min {%a, (\/%—a + \/5)5}4 If0 < |z'— a| < 4, then
|t—al < 3a = T+ a> \/%—a+\/&'(asinpan 1). Also |z - a| < (\/;+ﬁ)e,so

. ool _ (Var+ va)e

Suppose that lim f(.’l:) = L. Givene = 3, there exists § > Osuch that 0 < |z] <& = |f(z) — L| < 3. Take any rational

= ¢. Therefore, lim /Z = \/a by the definition of a limit.

number 7 with 0 < |r| < §. Then f(r) =0,s0|0 — L| < 3,s0 L < |L| < . Now take any irrational number s with

0 < |s| < 8. Then f(s) = 1,s0|1 — L| < 3. Hence, 1 — L < 3, s0 L > 1. This contradicts L < 2,so llm f(z) does not

exist.

i ST0000 & @BEH e & B e & |t €L

(z +3)4 10,000 /10,000 10

Given M < 0 weneed & > 0 so that Inz < M whenever 0 < z < §; thatis, z = e'™* < e™ whenever 0 < z < 8. This

suggests that we take § = eM. If0 <z < eM, thenlnz < IneM = M. By the definition of a limit, li[(l)]+ Inz = —o0.
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25 Continuity

1. From Definition 1, lin}1 f(z) = f(4).
T—
3. (a) f is discontinuous at —4 since f(—4) is not defined and at —2, 2, and 4 since the limit does not exist (the left and right
limits are not the same). N

(b) f is continuous from the left at —2 since lim2 _ f(z) = f(=2). f is continuous from the right at 2 and 4 since

1i1121+ f(z) = f(2) and lir‘111+ f(z) = f(4). It is continuous from neither side at —4 since f(—4) is undefined.

8. The graph of y = f(z) must have a discontinuity at 7. The graph of y = f(z) must have a removable
z = 2 and must show that lim+ f(z) = f(2). discontinuity (a hole) at z = 3 and a jump discontinuity
-2
atz = 5.

y

/ y
/ /__/-\

4 0 3 5%

0

N £ #
\—-’ .

9. (a) The toll is $7 between 7:00 AM and 10:00 AM and between 4:00 PM and 7:00 PM. T
(b) The function 7" has jump discontinuities at ¢ = 7, 10, 16, and 19. Their ; o
significance to someone who uses the road is that, because of the sudden jumps in
the toll, they may want to avoid the higher rates between ¢ = 7 and ¢ = 10 and 0 7 1=0 lé’) 1T9 Ztt t

between t = 16 and t = 19 if feasible.
1. If f and g are continuous and g(2) = 6, then limz[3f(:v) + f(z)g(z)] =36 =
3£i_imzf(:1:) -'I-al:im2 f(z) - ii_n.%g(m) =36 = 3f(2)+f(2)-6=36 => 9f(2)=36 = f(2)=4
4
s : 4 " ; ; g
B Jim, fl)= lm, o+ %) = (ﬁﬂ:ﬁ”)}.ﬂ:ﬁa) = [-142-07 = (-3)* =81 = f(-1).
By the definition of continuity, f is continuous at a = —1.

15. For @ > 2, we have ]
9z +3  lim(2z+3)

Limg o=l S nte = [Limit Law 5]
2lim z + lim 3
= W=
~ limz — lim 2 [1,2, and 3]
2a+3
T a-2 ' [7 and 8]
= f(a)

Thus, f is continuous atz = a for every a in (2, 00); that is, f is continuous on (2, 00).
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23.
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31.

SECTION2.5 CONTINUITY DO 64

" i 5 is discontinuous at a = —2 because f(—2) is undefined. Y ]

flz) =

(e® ifz<0
f(w)={ 2

z¢ ifz>0
The left-hand limitof f ata = 0 is lixg flz) = lirél_ e® = 1. The

z— 0~

right-hand limit of f ata = 0is lim f(z) = lim_ z? = 0. Since these
z-—0 &—0

limits are not equal, lin}) f(z) does not exist and f is discontinuous at 0.
T—

coszT ifz<0

’f(:c)z 0 if z=0 y

1-z2 ifz>0

{”/'O

o

=z + 1 for = # 2. Since lirx12f(:c) =2+ 1 = 3, define f(2) = 3. Then f is

lirr}) f(z) =1,but f(0) =0 # 1, so f is discontinuous at 0.

_—z-2 (z—2)(z+]1)
T oz—-2 z—2

f(z)

continuous at 2.

2 — —
F(z) = 2zz2 f T 1 is a rational function, so it is continuous on its domain, (—o0, 00), by Theorem 5(b).
3 —
P-2=0 = 22=2 = z=V2s50Q() = z':_;hasdomain (=00, ¥/2) U (¥/2,00). Now 2° — 2 is

i

continuous everywhere by Theorem 5(a) and </ — 2 is continuous everywhere by Theorems 5(a), 7, and 9. Thus, Q is

continuous on its domain by part 5 of Theorem 4.

. By Theorem 5(a), the polynomial 1 + 2t is continuous on R. By Theorem 7, the inverse trigonometric function arcsin z is

continuous on its domain, [—1, 1]. By Theorem 9, A(t) = arcsin(1 + 2t) is continuous on its domain, which is

{t|-1<1+2t<1}={t|-2<2t<0}={t]| -1<t <0} =[-1,0].

M(z) = ‘/1+%= ‘/"E:l isdeﬁnedwhenx_zi—1

or z < —1, so M has domain (—oo, —~1] U (0, 00). M is the composite of a root function and a rational function, so it is

>0 = z+1>0andz>00rz+1<0andz<0 = >0
continuous at every number in its domain by Theorems 7 and 9.
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: 1 s i3 :
The function y = ———— is discontinuous at £ = 0 because the . -
. 1+el/= )
left- and right-hand limits at £ = 0 are different.
—_——/. |
-4 |— 4
. -

~

=1

. Because we are dealing with root functions, 5 + /z is continuous on [0, 00), v/Z + 5 is continuous on [—5, 00), so the

. 54+ VT, ; : ' . . 7
quotient f(z) = -; T is continuous on [0, o). Since f is continuous at = = 4, 11:1—194 fl@) = f(4)= 3.

z2

Because z° — z is continuous on R, the composite function f(z) = e* ~* is continuous on R, so

i{‘gllf(x) =f(1) =el~ 1=l =1,

2 ifz<l |
.f(z):{ \

vz ifzr>1
By Theorem 5, since f(z) equals the polynomial 2 on (—o0, 1), f is continuous on (—oo, 1). By Theorem 7, since f (=)

equals the root function y/z on (1, 00), f is continuous on (1,0). Atz = 1, lim f(z) = lix? z? =1and
T~»1" T—1-

lim+ (=) = lim_ vz = 1. Thus, lim f () exists and equals 1. Also, f(1) = v/1 = 1. Thus, f is continuous at z = 1.
z—1 z—1 e

We conclude that f is continuous on (00, 00).

1+ 22 ifz<0 ¥
f@)={2-~z ifo<z<2 0.2)
(x—2)% ifz>2 ©,1)
f is continuous on (—oo, 0), (0, 2), and (2, co) since it is a polynomial on . OI 20 *

each of these intervals. Now lim f(z) = lil(l)l (1+2%) =1and 11131+ f(x) = lilg_'_ (2-z)=2,s0 fis
o x—0— 20— T— T—
discontinuous at 0. Since f(0) = 1, f is continuous from the left at 0. Also, liI;I f(z) = lir;n (2—z) =0,
T2~ T—a—

lirg)r f(x) = 1im+(:c —2)2 =0,and f(2) =0, so f is continuous at 2. The only number at which f is discontinuous is 0.
T~ z—2

z+2 ifz<0 : Y
(1, e)
. f(x)=( € if0<z<1 (0,2)/
N ; L1
2-z ifz>1 o1 \
f is continuous on (—00,0) and (1, 0o) since on each of these intervals / 9 \x

it is a polynomial; it is continuous on (0, 1) sinte it is an exponential.

.

Now lim f(z) = lim (x +2) =2and lim+ f(z)= lim+ e" =1,s0 fis discontinuous at 0. Since f0)=1,fis
z—0~ z—0~, z--0 -0

continuous from the right at 0. Also lim f(z) = ]ilil e” = eand luP+ flx) = lim+ (2 — z) =1, so f is discontinuous
z—1— L T z—1
at 1. Since f(1) = e, f is continuous from the left at 1.
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f(@) cz2+2a; if x <2
)= i
2—cx ifz>2

£ is continuous on (—00, 2) and (2, 00). Now lixg f’(:c) = liI;l (cz® + 2z) = 4c+ 4 and
T—2— T—2—
lix;x+ flz) = lim+ (2® — cz) =8 ~2c.So fis continuous <> 4c+4=8-2c & 6c=4 & c= % Thus, for f
T r—2
to be continuous on (—oo, 00), ¢ = 3.

_zt-1 (@ +1)EP-1) @ +1)(c+)(z-1)
(a)f(m)_z—l_ z—1 - z—1

=@ +1)(z+1) [orz®+22+z+1)
for z # 1. The discontinuity is removable and g(z) = 23 + 2% + z + 1 agrees with f for z # 1 and is continuous on R.

3_,2_ 2 .. _ '
®) f(z) = e za:_ 5 2z = 2( = _:1:2 2= Az $2_)(; aal, =xz(z+1) [orz®+x] forxz # 2. The discontinuity

is removable and g(z) = =2 + z agrees with f for z # 2 and is continuous on R.

(¢©) lim f(z)= lim [sinz] = lim 0 =0and 1im+ flz) = 1im+[[sin z] = 1im+(-1) = —1,s0 lim f(z) does not
T—TT T L= T~ « T T—

T

exist. The discontinuity at z = 7 is a jump discontinuity.

. f(z) = z° 4+ 10sin z is continuous on the interval [31, 32], f(31) ~ 957, and f(32) =~ 1030. Since 957 < 1000 < 1030,

there is a number c in (31, 32) such that f(c) = 1000 by the Intermediate Value Theorem. Note} There is also a number c in
(—32, —31) such that f(c) = 1000.

f(z) = z* + x — 3 is continuous on the interval [1, 2], f(1) = —1, and f(2) = 15. Since —1 < 0 < 15, there is a number ¢
in (1, 2) suchthat f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation z* + z — 3 = 0 in the

interval (1,2).

. The equation e* = 3 — 2z is equivalent to the equation e” + 2z — 3 = 0. f(z) = €” + 2z — 3 is continuous on the interval

[0,1], f(0) = —2,and f(1) = e — 1 = 1.72. Since —2 < 0 < e — 1, there is a number c in (0, 1) such that f(c) = 0 by the

Intermediate Value Theorem. Thus, there is a root of the equation €” + 2z — 3 = 0, or €® = 3 — 2z, in the interval (0, 1).

. (@) f(z) = cos z — 3 is continuous on the interval [0, 1], £(0) =1 > 0, and f(1) = cos1— 1~ —0.46 < 0. Since

1> 0> —0.46, there is a number c in (0, 1) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root

of the equation cos z — z* = 0, or cos £ = z3, in the interval (0, 1).

(b) £(0.86) ~ 0.016 > 0 and f(0.87) ~ —0.014 < 0, so there is a root between 0.86 and 0.87, that is, in the interval
(0.86,0.87).

(a) Let f(z) = 100e~*/1%° — 0.01z2. Then £(0) = 100 > 0 and

£(100) = 100e~! ~ 100 ~ —63.2 < 0. So by the Intermediate
Value Theorem, there is a number c in (0, 100) such that f(c) = 0.

This implies that 100e /1% = 0.01c2.
(b) Using the intersect feature of the graphing device, we find that the

100

root of the equation is & = 70.347, correct to three decimal places.
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(=) If f is continuous at‘a, then by Theorem 8 with g(h) = a + h, we have
lim f(a+h) = f(lim (a +h)) = f(a).

(+=) Lete > 0. Since ;l;imo f(a+ h) = f(a), there exists § > Osuchthat0 < |h| <6 =
e v

|f(a+h) — f(a)] <e.S0if0 < |z —a| < 4, then |f(z) — f(a)| = |f(a+ (z —a)) — f(a)] <&

Thus, lim f(x) = f(a) and so f is continuous at a.
. xT—a
As in the previoqs exercise, we must show that ’llin%) cos(a + h) = cos a to prove that th¢ cosine function is continuous.
}Lir% cos(a + h) = ’llin%, (cosacosh —sinasin h) = ’l‘ir% (cosacosh) — ’lin}) (sinasinh)

= (}!1_12) cos a) (}l}l}g cos h) - (,!Ll_il}] sin a) (’ILEI%) sin h) = (cosa)(1) ~ (sina)(0) = cosa

f(?) =

is continuous nowhere. For, given any number a and any § > 0, the interval (a — &, a + §)

0 if z is rational
1 if z is irrational

contains both infinitely many rational and infinitely many irrational numbers. Since f(a) = 0 or 1, there are infinitely many

numbers z with 0 < |z — a| < § and | f(z) — f(a)| = 1. Thus, lim f(z) # f(a). [In fact, lim f(z) does not even exist.]

If there is such a number, it satisfies the equation 3+ 1=z < z*— x4+ 1 = 0. Let the lefi-hand side of this equation be
called f(z). Now f(~2) = —~5 < 0,and f(—1) = 1 > 0. Note also that f(z) is a polynomial, and thus continuous. So by the

Intermediate Value Theorem, there is a number ¢ between —2 and —1 such that f(c) = 0, so that ¢ = S +1.

f(z) = z*sin(1/z) is continuous on (—oo, 0) U (0, 00) since it is the product of a polynomial and a composite of a

. trigonometric function and a rational function. Now since —1 < sin(1/z) < 1, we have —z* < z%sin(1/x) < z*. Because

lim (-z*) =0and lim z* = 0, the Squeeze Theorem gives us lim (z*sin(1/z)) = 0, which equals f(0). Thus, f is
T— T—r e
continuous at 0 and, hence, on (—o0, 00).

Define u(t) to be the monk’s distance from the monaétery, as a function of time ¢ (in hours), oﬁ the first day, and define d(t)
to be his distance from the monastery, as a function of time, on the second day. Let D be the distance from the monastery to
the top of the mountain. From the given information we know that «(0) = 0, «(12) = D, d(0) = D and d(12) = 0. Now
consider the function« — d, which is clearly continuous. We calculate that (u — d)(O) = —Dand (u —d)(12) = D.

So by the Intermediate Value Theorem,.there must be some time ¢o between 0 and 12 such that (u — d)(t0) =0 <

u(to) = d(to). So at time to after 7:00 AM, the monk will be at the same place on both days.

2.6 Limits at Infinity; Horizontal Asymptotes

1.

3.

(a) As z becomes lar.ge, the values of f(z) approach 5.

(b) As z becomes large negative, the values of f(z) approach 3.

(@) mll{{_lo f(z) = -2 (b) xli.IPoof(‘T) =2 © ll_’ml flz) =00
d) Jlumg fz)=-00 (e) Vertical: £ = 1, z = 3; horizontal: y = —2,y = 2
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7. lim2 f(z) = —o0, zlinolo f(z) = oo,

m_f@) =0, lim, )= 0

9. f0)=3, lim f(z)=4, ‘

xl_i.%l+ fle) =2,

Jim f(z) = -5 lim_f(z) = —oo0 lm_f(z) = —0, lim f(z) =
=5 "
4 N jx=2 e
ﬂ x]_|.111+ f(z) = oo, :pli'nolo flz)=3
0 * g

¥ g
A K
A =3

/o

1. If f(z) = £%/2, then a calculator gives f(0) = 0, f(1) = 0.5, f(2) = 1, f(3) = 1.125, f(4) = 1, f(5) = 0.78125,
£(6) = 05625, f(7) = 0.3828125, f(8) = 0.25, f(9) = 0.158203125, f(10) = 0.09765625, f(20) ~ 0.00038147,

£(50) = 2.2204 x 10~2, £(100) ~ 7.8886 x 10~ 7.
It appears that lim (z?/2%) = 0.

(32 — z + 4)/2?

13. lim 32"~z +4 = lim
s (2$2+5$—8)/22

. T—00 211,‘2 +51’—‘ 8

lim (3 - 1/z + 4/2°)
lim (2 +5/z — 8/2%)

lim 3 — lim (1/z) + lim (4/2?)

lim 2+ lim (5/z) — lim (8/22)
r—00 r—200 r—~—00

3~ lim (1/z) +4 lim (1/2%)
T~ 2+5 lim (1/7) — 8 lim (1/2?)

_ 3-0+4(0)
~ 24 5(0) — 8(0)

ol w

3z <2 lim Bz -2)/z _ 3-2/x

15. lim

I—0o0

[divide both the numerator and denominator by z>
(the highest power of z that appears in the denominator))

[Limit Law 5]

‘[Limit Laws 1 and 2]

[Limit Laws 7 and 3]

[Theorem 5 of Section 2.5]

Z— 00

s00 25+ 1 wmoo (22 +1)/T+ woee2+1/z  lim 2+
Tr—-00

b . 2
1/z —2/z% _ AEL U= Wa e ¢ 3 B

8
lim 1/z 2

r—oo

2+0

lim 1+ lim 1/z2 =10

T—r—00 r—¥—00

1+0

iy ATE2h (x—2)/z® _
B B e e ed st L e
iR L WA . 1241 041
=i e =1 Tl

-1
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(22% +1)? . (22® 4+ 1)*/=* . [(222 +1)/2?)?
A m @ 19 - AR G @ + A e (@ =2z + /2@ + 2)/a7]

. @+1/2%)? (2+0)?
T smoo (1= 2/z + 1/22)(1 + 1/2) T{@-0+0)(1+0)

=4

2 Jen N ) /026 — 7 :E/.'L'3 _ zll'ngo /(928 — ) /x8

S TETT s @i m T
. T—00

= 5 lim -9 — lim (1/z%
. Ili.r{.lo\/ 1/z _ \/a:_,oo I_wo( /°) e

lim 1+ llm (l/xa) 1+0
I—»00

[since ° = v/z® for z > 0]

m (V92 + 7 — 3z) (V922 + = + 3:::) (\/ 922 + 7)° — (3x)?
V922 + 1z + 3z —h V922 +x + 3z

25. Ilingo (V927 +z —3z) = 11

(92® + z) — 92° - 1/z

_1 —— e —

o 922 4+ 2+ 3z = \/9x2+x+3z I/—-’E

; z/ ; 1 1 1 1
= lim = lim = = ==
z—co (/927 /22 + z/2% +3z/x =~ \O+1/z+3 +9+3 3+3 6

(V=2 Faz - Va2 +bz) (V22 +az + V2% + b))
oo Vz?+az + V2% + bz

21. lim (Vz?+az—V22+bz) =
r—»00

(=% + ax) — (z® + bx) - [(a — b)z]/z

=1 =

s /22 +az+Vz2+br == (Va? +az+ Va? +bz)/Va?

a-b a—b _a—b

=r—'°° \/1+a/z+\/1+b/x JIF0+4140 2

- o -3z +3 _ o (2 —32% +2)/2°  [divide by the highest power | _ = i z~3/x+1/z°
] wigh el med s—oo (@3 — T + 2)/23 of x in the denominator z—o0 1 —1/22 + 2/:1:3

since the numerator increases without bound and the denominator approaches 1 as 2’ — oo.

3. lim (z*+2°)= lim 2°(1 +1) [factor outthe largest powerof £] = —oo becausez®> — —coand1/z+1 — 1
r——00 r—»—00
as T — —00.

Or: lim (z*+2%) = Jim 2% (1+2) =~

T— —00

33. Lett =€". Asz — 00,t — o0o. lim arctan(e®) = tli%lo arctant = ¥ by (3).
T— 00 =>'

. l—e’__. (1—e”)/e® : 1/e°—=1 0-1 1
35'31.“301”8:‘}Loo(1+2e=)/ew’zll’.{.’ol/e=+2“o+2’ B

37. Since —1 < cosz < 1and e=2* > 0, we have ~e~2* < e~2%cosz < e~2%. We know that lim (—e~2*) = 0 and

I—-»00

lim (e~%*) 2

cost) =
I—s00

= 0, so by the Squeeze Theorem, l_lm (e
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P (b

9. (@ -i00 @
T T

[ —~10,000 | —0.4999625

B ‘ —100,000 | —0.4999962

—~1,000,000 | —0.4999996

From the table, timate the limit to be —0.5.
From the graph of f(z) = VzZ + z + 1 + z, we r el en g estimale(val giig

estimate the value of lim f(z)to be —0.5.
T—>—00

7 : \/a:§+z+1—:::] . (P+z+1) -2
lim (V&@+eF1l+2)= lim (VEtz+i+a)| om0 = lim o =
(c)z_@w(’z ’ %) r—lgloo( wre x){\/m2+z+l—x 1-313100.\/9:§+z+1—z
— Im (z+1)(1/x) _ lim 1+ (1/x)
e=—oo (Vo2 +z+1 -:z:)(l/:x:) g——00 — /14 (1/z) + (1/22) — 1
. &, , R | -
T —VT+0+0-1" 2

Note that for z < 0, we have Vz2 = |z| = —z, so when we divide the radical by z, with z < 0, we get

T H T = VAT E T = ~TF () F (1737, | :

e
2+ 1 ' I i ) 1
2.’E+1 . T o 2+— 311"12‘3 (2+$) mllslgoz_'-:l-l—?olo;
= lim = lim L — =

41. lim =
= -~ 00 = —2
) z—o00 T — 2 T T—2 32001_2 lim (1_2) lim 1 — lim
T

T T r—00 . T—00 r—o0 T

1—+-g =2, soy = 2 isa horizontal asymptote.

The denominator  — 2 is zero when £ = 2 and the numerator is not zero, so we

2.1:;*— 21 as z approaches 2. lin21_ f(z) = —oo because as

investigate y = f(z) =

x — 27 the numerator is positive and the denominator approaches 0 through

negative values. Similarly, hm f(z) = oo. Thus, = 2 is a vertical asymptote.

The graph confirms our work.

22 +z—1 1 1 ; 1 1
: 2z +z—1 . 2 ) 2+;_E xll»nc}o(2+x z2
4. lim — = lim ——~—— = lim =
z—oo T2+ T —2 z—00 T4z —2 I"°°1+l__i i 1 1 2
p Z Btttz =
1 1
lim 2+ lim -~ lim — 24+0-0
= S0 ”“’°°1$ Zoo xl T30-2(0 2, soy = 2 is a horizontal asymptote.
lim 1+ lim =-2lm 5 7 © "~
T—00 z—o00 T z—00 T

20 +z—-1 _ (2z-1)(xz+1)

y=f(=)= 2+z-2  (z+2)(z—1) ’Soz.l.ifi—f(m) ==
) llg+ f(z) = —oo, llm f(z) = —o0, and Il_i'1}1+ f(z) = oco. Thus,z = —2

and z = 1 are vertical asymptotes. The graph confirms our work.

=3
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-z z(z?-1) z(z+)(c-1) z(z+1)

y=f(1)=zz—6x+5=(z—l)(z—5)_ (z-1)(z-5) -5 =g(z) forz #1.

The graph of g is the same as the graph of f with the exception of a hole in the

2
30 : \./
graph of f at ¢ = 1. By long division, g(z) = o T+6+ ——.
T—-5 -5
As £ — F00, g(z) — o0, so there is no horizontal asymptote. The denominator =20 : - 40
of g is zero whenz = 5. lim g(z) = —oo and liT+ g(z) 2 o0o,s0z=>5isa V J
5" Tr— —20
vertical asymptote. The graph confirms our work.
From the graph, it appears y = 1 is a horizontal asymptote.
: 3z® 4 5002*
fim 3z3 + 500z - B ' e = o 3 + (500/x)
z—o00 T3 + 50022 + 100z + 2000 ~ z—o0 g3 4 500z + 100z + 2000 z—o0 1 + (500/z) + (100/x2) + (2000/23)
3
. 3+0 . i) ;
=1707030 " 3, soy =3 is ahorizontal asymptote.
2

The discrepancy can be explained by the choice of the viewing window. Try

[—100,000, 100,000] by [—1, 4] to get a graph that lends credibility to our

calculation that y = 3 is a horizontal asymptote.

| -10 0 10

. Let’s look for a rational function. ' )

m ligl f(£) =0 = degree of numerator < degree of denominator

[l ge oo <] i
@ lin}) f(z) = —c0 = there is a factor of 22 in the denominator (not just z, since that would produce a sign

change at z = 0), and the function is negative near z = 0.

Q3) lix;] f(z) = oo and lim+ f(r) = —0o = vertical asymptote at z = 3; there is a factor of (z — 3) in the
z—3" z—3 -
denominator.

4) f(2) =0 = 2isan z-intercept; there is at least one factor of (z — 2) in the numerator.

Combining all of this information and putting in a negative sign to give us the desired left- and right-hand limits gives us

2—z o
flz) = m as one possibility.

(a) We must first find the function f. Since f has a vertical asymptote £ = 4 and z-intercept £ = 1, £ — 4 is a factor of the
denominator and z — 1 is a factor of the numerator. There is a removable discontinuity at z = —1,s0z ~(—1) =z +11is

atw - 1(x+1)

FM’ where a is still to

a factor of both the numerator and denominator. Thus, f now looks like this: f(z) =

. . o ofg—=e+1) . az-—1) a(-1-1) 2 2
be determined. Thenzglillf(z) —I!Ln’ll T T —zl_l}l_ll =4~ (=1-9) 5a,so 5a—2, and
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5(z — 1)(z + 1)

_(m)(T{——l)— is a ratio of quadratic functions satisfying all the given conditions and

"a =5. Thus f(z) =

5= _5
0= "
P 2 142} — (1/22 -
®) Jog feay =5 i, z—ﬁ-—_3z_1:2 = (:cﬁ/:c(:; ! (3):0/:0(21)/— ()4/502) 1 : 0 : o =="%

53. y =f(x) =zt 28 = z*(1 - 2%) =z*(1 + z)(1 — z). The y-intercept is
£(0) = 0. The z-intercepts are 0, —1, and 1 [found by solving f(z) = 0 for z].

Since z* > 0 for = £ 0, f doesn’t change sign at z = 0. The function does change

signatz = —land z = 1. Asz — Fo0, f(z) = (1 — z2) approaches —o0

because * — oo and (1 — z%) — —o0.

55, y = f(z) = (3—z)(1+2)?(1 — z)*. The y-intercept is (0) = 3(1)®(1)* = 3. ¥
The z-intercepts are 3, —1, and 1. There is a sign change at 3, but not at —1 and 1.
When z is large positive, 3 — x is negative and the other factors are positive, so

lim f(z) = —oo. When z is large negative, 3 — z is positive, so

a:li}lloo f(.'l:) =i 0 1 X

§7. (a) Since ;1 <sinz < 1for all z, —i— < = < % forz > 0. Asz — oo, —1/z — 0and 1/z — 0, so by the Squeeze

sinzx
T

Theorem, (sinz)/z — 0. Thus, lim =0.
T—00

(b) From part (a), the horizontal asymptote is y = 0. The function
y = (sin z)/z crosses the horizontal asymptote whenever sin z = 0;

that is, at z = 7n for every integer . Thus, the graph crosses the -

asymptote an infinite number of times.

59. (a) Divide the numerator and the denominator by the highest power of = in Q(z). )
(a) If deg P < deg @, then the numerator — 0 but the denominator doesn’t. So lim [P(z)/Q(z)] = 0.
T—00

(b) If deg P > deg @, then the numerator — =00 but the denominator doesn’t, so lim [P(z)/Q(z)] = too

(depending on the ratio of the leading coefficients of P and Q).

5V 1VE _ o 5 5
VZ—1 1/yT  =-e/T—(1/z) VI-0 .
10— (21/e") _10-0 _ . 10e=e: 21 _ f(z) < 5\/_5

NCESY

61. lim =5 and
T—00

- 10e® -21 1/e° , lim
s—oo  2€% 1/e®  e—oo 2 2 2

we have lim f(z) = 5 by the Squeeze Theorem.
Ir-—00
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67.

.

1.

75.

] T * gt/ — o* (1 - ™
.(a)tl_lg.lov(t)—tl_x‘lgv (1 e ) v*'(1-0)=v

O CHAPTER2 LIMITS AND DERIVATIVES -

. L2
[ )
(b) We graph v(t) = 1 — e~ %8 and v(t) = 0.99v*, or in this case, '
v(t) = 0.99. Using an intersect feature or zooming in on the point of
intersection, we find that ¢t = 0.47 s. d g
3$2 +1 0.10
Let = — = - 1.5). A
et g(z) e and f(z) = |g9(z) — 1.5|. Note that
lim g(z) = % and lim f(z) = 0. We are interested in finding the y=0.05
z-value at which f(z) < 0.05. From the graph, we find that £ ~ 14.804, { W
so we choose N = 15 (or any larger number). ' 0 20
VazZ ¥1
For € = 0.5, we need to find N such that % —(-2)|<05 & - =20 Y
y=-15
: JAIZ L1
-25< i—m_{_i'—l < —1.5 whenever z < N. We graph the three parts of this —
! y=-25
inequality on the same screen, and see that the inequality holds for z < —6. So we L \
‘choose N = —6 (or any smaller number). ]—;
VIZT1 f 1
Fore = 0.1, we need —2.1 < —4'T—+—1 ‘< ~1.9 whenever £ < N.From the
T+ 1 i y=-19
graph, it seems that this inequality holds for z < —22. So we choose V = —22 \2—- ‘
: y=-=21
(or any smaller number). ' —\
~50 M 20

(@) 1/72 < 0.0001 < z?>1/0.0001 =10000 < z>100 (z >0)

(b) Ife > Oisgiven, thenl/z2 e < z®°>1/e & z>1/\/c.LetN =1/\/e.

1

g 1
Thenz >N = z>— = =

e

Forz <0, |1/z —0| = —1/z.Ife > Ois given, then —1/z < e & < —1/e.
Take N =—1/e.Thenz < N = z<-1/e = |(1/z)-0|=-1/z<e,s0 lim (1/z)=0.
T~+—00

1 : 1
—0| = = <e¢g,50 lim — =0.
w? 1‘—400:32

Given M > 0, weneed N > Osuchthatz > N = € > M.Nowe® > M <& <z > InM,so take
N = max(1,In M). (This ensures that N > 0.) Thenz > N = max(1,InM) = " > max(e,M) > M,
so lim e® = oo. )

2 T 00

Suppose that lim f(z) = L. Then for every € > 0 there is a corresponding positive number NN such that |f(z) — L| < €
Z—»00

wheneverz > N. Ift =1/z,thenz >N ¢ 0<1/c<1/N < 0<t<1/N. Thus, for every e > Othere is a
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SECTION 2.7 DERIVATIVESANDRATESOFCHANGE O 7
corresponding 6 > 0 (namely 1/N) such that | f(1/t) — L| < € whenever 0 < t < 4. This proves that
lim f(1/t)=L = lim f(z).
t—0+ T—00
Now suppose that lim f(z) = L. Then for every ¢ > 0 there is a corresponding negative number N such that
T— —00

|f(z) — L| < € wheneverz < N.Ift =1/z,thenz <N < 1/N<1l/z<0 & 1/N<t<0.Thus,erevery

€ > 0 there is a corresponding § > 0 (namely —1/N) such that | f(1/t) — L| < € whenever —§ < t < 0. This proves that

tlirgl_ fQ/y=L= z_l_ix_nm f(z).

2.7 Derivatives and Rates of Change

Ay _ fz) - fB3)

1. (a) This is just the slope of the line through two points: mpq = — = ——~———~—~,

Az z—-3
(b) This is the limit of the slope of the secant line PQ) as ) approaches P: m = il_rg w
3. (a) (i) Using Definition 1 with f(x) = 4z — 2 and P(1, 3),
’ —(z%? -4z +3) lim —&—D(@—3)

N ey
m=1imM=nmgﬁ.—z)_§=lim =
-Ta T—a z—1 z~—1 z—1 z—1 z—1 z—1

=lim(3-2)=3-1=2
(i) Using Equation 2 with f(z) = 4z — z%.and P(1, 3),
flath) = fle) _ . fA+m)=fQ) _ [40+h)-(+H)*] -3

m = lim

h—0 h h0 h h—0 h
=1im4+4h 1-2h—h 3:1im h +2h=1imh( h+2)=lim(~h+2)=2
h—0 h h—0 h h—0 h h—0

) Aﬁoquation of the tangent lineisy — f(a) = f'(a)(zx—a) = y—fA)=f'(1)(z-1) = y-3=2x-1),

ory=2z+1.
(©) g ' The graph of y = 2z + 1 is tangent to the graph of y = 4z — x? at the
point (1, 3). Now zoom in toward the point (1, 3) until the parabola and
the tangent line are indistiguishable.

5. Using (1) with f(z) = 4z — 32® and P(2, —4) [we could also use (2)],

= 4z — 3z%) — (-4 )
m = lim f(2) f(a)zhm(z 32%) — ( )=lim 3z’ +4x+4
T Tr—a £—2 T —2 P} z—2
@Y
= lim *———=5—= = lim(-3z - 2) = -3(2) ~ 2= -8

Tangent line: y ~ (—4) = ~8(x —2) < y+4=-8r+16 & y=-8x+12. .
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ﬁ—ﬁ_l. Wz-1D)Hz+1) . z—1 1

m m

7. Using (1), m = lim oy e e B 3
i e A i (z-1)(Vz+1) =1 (z~1)(VT+1) =-1z+1 2

Tangentline:y —1=3(z —1) & y= iz+3
9. (a) Using (2) withy = f(z) = 3 + 42? — 223,
flath)=fla) _ . 3+4(a+ h)? — 2(a + h)® — (3 + 4a? — 2a%)

== llLl—I-rI:) h h—0 h
— im 3t 4(a® + 2ah + h?) — 2(a® + 3a%h + 3ah? + h3) — 3 — 4a? + 243
) h ’ 7
 liy 3140 +8ah + 4h — 20° — 6a”h — 6ah? — 2h° — 3 — 4a” + 20°
e h-—rflo h
. 8ah + 4h® — 6a*h —6ah® —2h®  h(8a + 4h — 6a® — 6ah — 2h?)
= lim = lim
h—0 h h—0 h

= lim (8a + 4h — 6a® — 6ah — 2h?) = 8a — 6a®

(b) At (1,5): m = 8(1) — 6(1)% = 2, so an equation of the tangent line (© 10

sy—5=2z-1) & y=2z+3.

At (2,3): m = 8(2) — 6(2)? = —8, so an equation of the tangent

lineisy—3=-8(z—-2) & y=-8+19. -2

|\l
. -3
11. (a) The particle is moving to the right when s is increasing; that is, on the intervals (0,1) and (4, 6). The particle is moving to
the left when s is decreasing; that is, on the interval (2,3). The particle is standing still when s is constant; that is, on the

intervals (1, 2) and (3,4).
;Em/s)

f—

<

(b) The velocity of the particle is equal to the slope of the tangent line of the

graph. Note that there is no slope at the corner points on the graph. On the
1-0 }
1 -9 -y + ]

——— = —2. Onthe interval (4, 6), the slope is :(35- g = 1.

J»

. interval (0, 1), the slope is = 3. On the interval (2, 3), the slope is 0

=1

13. Lets(t) = 40t — 16¢2.

- 40t — 16t%) — 16 —16t2 - _8(2t% — 5¢.
s(t) s(z)zlim(o 6t%) i 2167 +40t—16 _ . 8(2t* — 5t +2)

t—2 t—2 t—2 t—2 -2 t—2 t—2

= W —8(t — 2)(2t -1)
t—2 t—2

v(2) =l
= -8lim(2t — 1) = ~8(3) = —24

Thus, the instantaneous velocity when t = 2 is —24 fi/s.
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1 1 a® — (a+ h)?

. s(a+h)—s(a) . (@ath? @a® . a?(a+h? _ . a®—(a’+2h+h?)
1. vle) = fim TS = i S = i — = I Tty
i —Qoh+R?) L —h(a+h) . —(2a+h) _ -2 _ -2

h=0 ha2(a+h)? At ha2(a + h)Z P a?(a+ h)?2 ~ a?-a? e s

-2 -2 1 -2 2
Sov(l) = o5 =2 m/s, v(2) = - = —Zm/s, and v(3) = B m/s.

17. ¢'(0) is the only negative value. The slope at z = 4 is smaller than the slope at z = 2'and both are smaller than the slope

atx = —2. Thus, ¢'(0) < 0 < g'(4) < ¢'(2) < g'(—2).

19. For the tangent line y = 4z — 5: when £ = 2, y = 4(2) — 5 = 3 and its slope is 4 (the coefficient of ). At the point of

tangency, these values are shared with the curve y = f(z);thatis, f(2) = 3 and f'(2) = 4.

21. We begin by drawing a curve through the origin with a y

slope of 3 to satisfy f(0) = 0and f'(0) = 3. Since 1

f'(1) = 0, we will round off our figure so that there is T Canin e
a horizontal tangent directly over z = 1. Last, we

make sure that the curve has a slope of —1 as we pass

over = 2. Two of the many possibilities are shown.
23. Using (4) with f(z) = 322 —z®anda =1,

/ =
)= h—0 h h—0 h
. (3+6h+3h%) —(1+3h+3h2+h%) -2 . 3h—h® . h(3-h?
= lim = lim = lim —————*
h—0 h. h—0 h—0
=1lim(3-h?)=3-0=3
h—0
Tangentline: y —2=3(z~1) & y—-2=3z-3 & y=3z-1
25. (a) Using (4) with F(z) = 5z/(1 + =) and the point (2, 2), we have (b) 4
52+h)
. = 2
FG) = e R, - e SRR
h—0 h h—0 h o4 6
5h+10 5h +10 — 2(h® 4+ 4h +5) [ J
— ljm P2 t4h+5 — h24+4h+5 : -2
h—0 h h—0 ‘ h >
T —2h% —3h lim M=2h-3) . —2h—-3 -3
" h—0h(h2+4h+5) h—oh(h2+4h+5) hr—0h2+4h+5 5

‘Soan equation of the tangent line at (2,2)isy —2=—-3(z—2) or y = -2z + &,
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27. Use (4) with f(x) = 32° —4z + 1.
flat+h)—fla) _ . [Blat h)?> — 4(a + h) + 1] — (3a* — 4a +1)]
h = h

. 3a2+6ah+3h2—4a—4h+1—3a2+4a—1 . 6ah+3h% —4h
= lim = lim
h 50 h h—0 h

h(6a + 3h —4)
h

f (a)

= lim

lim hm(6a+3h 4) =6a — 4

29, Use (4) with f(t) = (2t +1)/(t + 3).
2(a+h)+1 2a+1

Fla) = f(a+h) f@) _ o (a+h)+3 " a+3 _ o (2at+2h+1)(@a+3)-(2a+1)(a+h+3)
h—0 h - h—»o h(a+h+ 3)(a +3)
= lim (2a% + 6a + 2ah + 6h +a + 3) — (2a° + 2ah + 6a +a + h + 3)
=) h(a+ h +3)(a +3)
5h 5 ‘ 5

h-'O ha+h+3)a+3) h~0 (a+h+3)a+3) (a+3)2

31. Use (4) with f(z) = 1 — 2z.
f'(a) f(a+h) f(a') Vl_' a’+h V1_2a’
—00

h

VI-2@+h-Vi-%a yT-3a+h+vT-%a _ (\/1-2(a+h))2—(\/1—20)2

s % - VIS2atR)+VI=2a *=0 b(\ T2t h)+VI-2a)
g (1-2a-2h)—(1-2a) _ . 2% o
"“Oh(\/l—2(a+h)+\/1—2a) ’H°h(\/1—2(a+h)+\/132a)

-3 - -4 =1

= lim = = =
h=0 /1-2(a+h)++V1-2a V1-2a++vVI-2a 2V1-2a 1-2a

Note that the answers to Exercises 33 —38 are not unique.

. 10 _ ’
3. By (4), lim -(-l—t%)t———l = f'(1), where f(z) = 2*°and a = 1.
10
Or: By (4), lim gl—-Hl)——— = f'(0), where f(z) = (1 +z)*° anda = 0.
32

35. By Equation S, 11m T = = f'(5), where f(x) = 2% anda = 5.

. cos(m+h)+1 i
37. By (9), ;III(I) Shiy S f'(w), where f(x) = cosz and a = .

cos(m+h) +1

Or: By (4), ;11’_% = f'(0), where f(z) = cos(w + =) anda = 0.

h
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3 o(5) = /() = iy f(5+ h’)L — (5) _ )y, 1100+ 50(5 + h) — 4.9(5 + i;32] - [100 + 50(5) — 4.9(5)’]

h—0
. (100 + 250 + 50h — 4.9h% — 49h — 122.5) — (100 + 250 — 122.5) . —49h* +h
= lim — l]m
h—0 . : h h—0 h
= lim AL e 1 = lim(—4.9h+1) =1m/s
=0 h h—0
The speed whent = 5is |1 = 1 m/s.
41. The sketch shows the graph for a room temperature of 72° and a refrigerator (Tem%amm
V1\a
temperature of 38°. The initial rate of change is greater in magnitude than the
rate of change after an hour. : g
(in hours)

N(2006) — N(2002) _ 233 —141 _ 92

4. () () [2002,2006]: —Too——n o= = =2 T
4

= 23 millions of cell phone subscribers per year

(ii) [2002, 2004]: = 20.5 millions of cell phone subscribers per year

2004 — 2002 2 2

(il 2000, 2002); [Y(2002) — N(2000) _ 141109 _ 32_2

‘ _ — 16 mill; h .
2002 — 2000 3 ’1 millions of cell phone subscribers per year

(b) Using the values from (ii) and (iii), we have 20L2+E = 18.25 millions of cell phone subscribers per year.
(c) Estimating 4 as (2000, 107) and B as (2004, 175), the slope at 2002 N
250+
175-107 = 68 - "
I8 5004 = 2000 — 4 = 17 millions of cell phone subscribers per 2001
year. .. 150t
1001r-
50+
0[ 1996 1998 2000 2002 2004 2006 1
- (midyear)
.. AC _ C(105) — C(100)  6601.25 — 6500 :
45, —_— == —! 5 .
@ O 105 =100 E $20.25/unit
.. AC _ C(101) — C(100) _ 6520.05 — 6500 .
(ii) T [ e T = $20.05/unit.
() C(100 + h) — C(100) [5000 +10(100 + h) + 0.05(100 + h)z] — 6500  20h 4+ 0.05h%
h - h N h
=20+ 0.05h, h #£0

C(100 + k) — C(100) _
2 -

So the instantaneous rate of change is ’%in% ;l.i‘% (20 + 0.05h) = $20/unit.

(© 2012 Cengage Leaming. All Rights Reserved. May pot be d, copied, or duplicated, or posted 1o a publicly accessible website, in whole or in part. k



76

47.

51.

O CHAPTER2 LIMITS AND DERIVATIVES

(@) f'(z) is the rate of change of the production cost with respect to the number of ounces of gold produced. Its units are

dollars per ounce.

(b) After 800 ounces of gold have been produced, the rate at which the production cost is increasiné is $17/ounce. So the cost

of producing the 800th (or 801st) ounce is about $17.

(c) In the short term, the values of f’(z) will decrease because more efficient use is made of start-up costs as z increases. But

eventually f’(z) might increase due to large-scale operations.

. T"(8) is the rate at which the temperature is changing at 8:00 AM. To estimate the value of T”'(8), we will average the

difference quotients obtained using the timest = 6 and ¢ = 10.

T(6)— T(8) _ 75— 84 T(10) ~ T(8) _ 90— 84 ‘

= = = 4. = = = 3. Th

Let A 6_8 — 4.5and B 0_8 3 en
g B 4

T'(8) = lim T(ti = ;r(s) s sl 2 52+ 3 = 375°F/h.

(@) S'(T) is the rate at which the oxygen solubility changes with respect to the water temperature. Its units are (mg/L)/°C.

(b) For T = 16°C, it appears that the tangent line to the curve goes through the points (0, 14) and (32, 6). So

2-2::% = - 'é% = —0.25 (mg/L)/°C. This means that as the temperature increases past 16°C, the oxygen

solubility is decreasing at a rate of 0.25 (mg/L)/°C.

S'(16) =~

. Since f(z) = zsin(1/z) when z # 0 and f(0) = 0, we have

70 = lim f(0+ h’)L =$0 _ hsin(l}/lh) =0

— h—0

\

values —1 and 1 on any interval containing 0. (Compare with Example 4 in Section 2.2.)

= &in}) sin(1/h). This limit does not exist since sin(1/h) takes the

2.8 The Derivative as a Function

1.

It appears that f is an odd function, so f’ will be ari even function—that Y
is, f'(~a) = f'(a) |
@) f'(-3) ~ -0.2

®) f(-2)=~0 © f(-1)=1 (@) f(0) =2

@ f(1) =1 ® f(2)~0 (® f'(3) = 0.2

3. (a) =11, since from left to right, the slopes of the tangents to graph (a) start out negative, become 0, then positive, then 0, then

negative again. The actual function values in graph II follow the same pattemn.

(b)' = 1V, since from left to right, the slopes of the tangents to graph (b) start out at a fixed positive quantity, then suddenly

become negative, then positive again. The discontinuities in graph I'V indicate sudden changes in the slopes of the tangents.

(c)' = 1, since the slopes of the tangents to graph (c) are negative for z < 0 and positive for z > 0, as are the function values of

graph L.
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(d)’ = 111, since from left to right, the slopes of the tangents to graph (d) are positive, then 0, then negative, then 0, then
positive, then 0, then negative again, and the function values in graph III follow the same pattern.
Hints for Exercises 4 —11: First plot z-intercepts on the graph of f’ for any horizontal tangents on the graph of f. Look for any comers on the graph

of f— there will be a discontinuity on the graph of f’. On any interval where f has a tangent with positive (or negative) slope, the graph of £’ will be
positive (or negative). If the graph of the function is linear, the graph of £’ will be a horizontal line.

5. y 1. d y

] 0 x . 0 x

¥4
¥ i
P\
f i
0, X ’ G ;
0 ox
9 y 1" y
f /
0 * r
/ a x
y
1 4 y
o fl
iy, O x
0 x
YA

13. (a) C’(t) is the instantaneous rate of change of percentage

of full capacity with respect to elapsed time in hours.

(b) The graph of C’(t) tells us that the rate of change of

percentage of full capacity is decreasing and

approaching 0.

15. It appears that there are horizontal tangents on the graph of M for t = 1963
and t = 1971. Thus, there are zeros for those values of t on the graph of *

M’. The derivative is negative for the years 1963 to 1971.

1950 1960 1970 1980 1990 2000
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17. R4
| [y=fm=e
The slope at 0 appears to be 1 and the slope at 1
1
__// appears to be 2.7. As z decreases, the slope gets
Tof 1 = closer to 0. Since the graphs are so similar, we might

guess that f'(z) = e”.

y=f'x)

0 1 x
19. (a) By zooming in, we estimate that f'(0) = 0, ' (3) = 1, (1) = 2, 25 .
and f'(2) = 4.
(b) By symmetry, f'(—z) = —f'(z). So f'(-3) = -1, f'(-1) = -2,
and f/(~2) = 4. , |
' 0 /25

(c) It appears that f’(x) is twice the value of z, so we guess that f’(z) = 2z

f@t+h) - @) _ (z + h)? — 2?

@ f'(z) = lim h Jim o
2 4 2ha + h?) — 2 '
i S A2 R) 2 Zho b B RS AR) g or gy =g
h—0 h h—0 h h—0 h . h0 .

21. f'(m)=’{gx%)-)%—+h—,zlﬁ=li5)
1
sh
i 2__ 1 L s 1
=i =imi=i

Domain of f = domain of f' = R.

[5(t + k) —9(t + h)?] — (5t — 9t*)

A ft)= '{,_%.f_(t_*'_h;i@ = 'P_% =
. 5t +5h—9(t2 +2th+h%) — 5t +9t2 .. 5t +5h — 9t> — 18th — 9h? — 5t + 9t -
= lim = lim
h—0 h h-0 ) h
— p— 2 pa— p—
= 1imw_ - lim M5 =188 =0h) _ (5— 18t ~9h) =5 — 18t
h h—0 h h—0

h—0

Domain of f = domain of f =R

d, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.
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f@+h) = fle) _ o L+ h)2 — 2z +h)°] - (22 — 277)
h

7] 1
. /)= fi jm 2

z? + 2zh + h% — 22% — 62%h — 6zh? — 2h% — 2% + 223

=5 h
. 2zh+ h® — 62°h — 6zh®> —2h® . h(2z + h — 62® — 6zh — 2h?)
t = lim = lim
h—0 h h=0 h

=’llin})(2:z:+h—6z2—6:z:h—2h2) =2z — 62

Domain of f = domain of f/' =R.

e (:z:+h) \/9 (z+h)~v9~z |/9-(c+h)+/9—2
@ g(0)= Jim ? = i h [\/9 @I+ Vo= z]
= lim Pl b b)) - ® - ) - = lim =
"Oh[I- @R +vI—z] "Oh[E- @R + VI ]
= lim - = =
T h0 9 (z+h)+vi-2 2/9-=z
Domain of g = (—00, 9], domain of ¢’ = (—00,9).
1-2(t+h) 1-2t
2, G'(t)=,{L0G(t+h;1_G(t)=£ii% 3+(t+h’3 3+t
[1—-2@+h)B+¢t)—[3+(t+h)(1—2t)
T B+ (E+h]@B+1t)
h—0 h
g 3Ft—6t— 26" ~6h—2ht— (3—6t+t—2"+h—2ht) . —6h—h
= Ao hB+ (t+ h)(B+1) » T Ao hB+t+R)B+1)
—Th —F 1

= T IT NG AR BTirRGTY - BrO?

Domain of G = domain of G’ = (~00, —3) U (-3, 00).

4 _ 4 4 3h 6 212 3 4) _
N f(z) = f(:c+h) f(=) _ hﬁo(m+h) xz*  Jim («* + 42°h + a:hh+4xh + h*)
3 212 3 4
= lim 4“’h+6”” b Ash t R i (40° + 602k + dzh? + 1) = 40
h—0 h h—0

Domain of f = domain of f* =R.

flz+h) - f(z) Y [(z+ h)* + 2(z + h)] — (z* + 22)
h

7 1
. @)= lim jm ;

z* + 4z%h + 62%h? + 4zh® + h* + 22+ 2h — z* — 2z

=5 3
. 4z3h +62?h% + 4zh® + h* +2h . h(4z®+ 622k + 4ch® + h® + 2)
= R i) R -

= ’llin(l](4:1:3 + 62%h + 4zh? + h® +2) =42% + 2
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(b) Notice that f’(x) = 0 when f has a horizontal tangent, f'(z) is L 7
positive when the tangents have positive slope, and f’(z) is , ; d £ //
negative when the tangents have negative slope. - f/ 2
-2

35. (a) U’(t) is the rate at which the unemployment rate is changing with respect to time. Its units are percent per year.

Ut 8- x D+ i = 0g) for small values of h
h h )

(b) To find U’(t), we use gin%)

_ U(2000) —U(1999) 4.0—4.2

T 2000—-1999 1

For 2000: We estimate U’ (2000) by using h = —1 and h = 1, and then average the two results to obtain a final estimate,

: U(1999) — U(2000) 4.2 — 4.0 ,

h=-1 = U’(2000) = (-199;_20(00 = = = —0.2;

U(2001) — U(2000) 4.7—4.0 _
2001 —2000 1

So we estimate that U’(2000) = 3[(—0.2) + 0.7] = 0.25.

For 1999: U’(1999) =-02

h=1 = U'(2000)~ 0.7.

¢ 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008
u'(t) | -02 025 09 065 -015 —-045 —0.45 -0.25 0.6 1.2

37. f is not differentiable at £ = —4, because the graph has a corner there, and at z = 0, because there is a discontinuity there.
39. f is not differentiable at z = —1, because the graph has a vertical tangent there, and at = = 4, because the graph has a corner
there.
41. As we zoom in toward (—1, 0), the curve appears more and more like a straight 2
line, so f(z) =z + |z| is differentiable at z = —1. But no matter how much

we zoom in toward the origin, the curve doesn’t straighten out—we can’t

-2 1
eliminate the sharp point (a cusp). So f is not differentiable at z = 0. l/ J
-1

43. a = f,b= f',c = f”. We can see this because where a has a horizontal tangent, b = 0, and where b has a horizontal tangent,
¢ = 0. We can immediately see that c can be neither f nor f’, since at the points where c has a horizontal tangent, neither a

nor b is equal to 0.
45. We can immediately see that e is the graph of the acceleration function, since at the points where a has a horizontal tangent,
neither c nor b is equal to 0. Next, we note that a = 0 at the point where b has a horizontal tangent, so b must be the graph of

the velocity function, and hence, b’ = a. We conclude that c is the graph of the position function.

47. f/(z) = lim i@i’%:_f_(f_) - lim B +h)?+20=+ h)h+ 1] - (32% + 20 +1)

(32> +6zh +3h> + 2z +2h +1) — (3z° +2¢ +1) _ e 6zh + 3h% + 2h

- ;111-1.% h h—0 h
= fim MEERBH ] b b T B G 2
h—0 h h—0
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SECTION28 THE DERIVATIVE AS A FUNCTION
£'(2) = lim f'lx+h) - f'(z) - lim [6(z + h) +2] — (6 + 2) — G (6x 4+ 6h +2) — (6 + 2)
h—0 h—0 h h—0 h
= 'llm%) %’?— = 11m 6=26
We see from the graph that our answers are reasonable because the graph of
F f' is that of a linear function and the graph of f” is that of a constant
function.
—4L P =1 4
2 3] _ (9.2 _ .3
0. f(z) = f(a:+h) f(=) _ lim [2(z + h)? - (z + h)?] — (227 — o)
h—0 h
a2 _ T p2
= lim Lt L) 3: 8eh = h) _ Yim (4z + 2h — 322 — 3gh — K?) = 4z — 3z
—f 4 -3 ] - (4z - -6z —
F(2) = lim L &N =@ _ oy [t h) —3@+h)] - (e -32%) _ - (4 —6z—3h)
h—0 h h—0 h h—0 h
—'llm%](4—6z—3h) =4-6z
1" 1" _ .
. h=0 h h—0 h=0
" 7
Wy — i L @th) =) _ . —6-—(=6) . 0 _ _

ol 2 =l MR =am @ =0

g :

s 7 N
I\ The graphs are consistent with the geometric interpretations of the

= ' derivatives because f’ has zeros where f has a local minimum and a local

1

£y :
“ f"l
i LR /
-7

constant function equal to the slope of f”

maximum, f has a zero where f’ has a local maximum, and f"’
51. (a) Note that we have factored = — a as the difference of two cubes in the third step
f(a) = lim f(:c)

f( ) _ 1/3 _ g1/3 /3 _ gl/3
Toa z——»a T —a = il«a (:1:1/3 - a1/3)(g;2/3 + x1/3g1/3 + a2/3)
1 1 ~2/3
= lim —7 FZ1/3g1/3 1. q#/8  3q2/8 ' 3 30
0+ h 0 Vh -

5 L = 11m
exist, and therefore f/(0) does not exist

h2/3
(©) lim |f'(z)| = lim ——7

This function increases without bound, so the limit does not
1
0 312 /3

= oo and f is continuous at x = 0 (root function), so f has a vertical tangent at z = 0
© 2012 Cengage Leaming. All Rights Reserved. May not be
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z—6 ifz-6>6 -6 if £>6
8. f(z)=lz—6|= : = .
—(z—6) ifr—6<0 6-z ifz<6
So the right-hand limitis lim M e BEN=T e 228 G Dot andtheligiihnd ik
z—6 B — z—6+ T —6 z—6+ T—6 z_6+ ]
is lim fz) - 1(6) f(ﬁ) Lz—-——ﬁﬂ = lim i lim (— 1) —1. Since these limits are not equal,
6~ T — z—uﬁ- T — z—6— T — z—6—
' 1 (.’E) (6) y
f'6) = hm —— does not exist and f is not differentiable at 6. _ y=f'(x)
z— i B 14 [« S
5 A lafor £ is f'(z) 1 ifx>6
owever, a formula for f'is f'(z) =
-1 ifz<6 e .
6 -4
Another way of writing the formula is f'(z) = l—:—*?l
2 ifz>0 o ) ,
55. (a) f(z) =z|z| = v . (b) Since f(z) = z* forz > 0, we have f'(z) = 2z forz > 0.
—-z¢ ifz<0
3 [See Exercise 19(d).] Similarly, since f(z) = —z2 for z < 0,
we have f'(z) = —2z forz < 0. Atz = 0, we have
0 ~ 7' = lim LSO _ iy 202l _ iy 5,
x xz—0 T — z—-00 T z~—0
So f is differentiable at 0. Thus, f is differentiable for all .

2z ifz>0
(¢) From part (b), we have f'(z) = { h } = 2|z|.
d -2x ifx<0

57. (a) If f is even, then

oy L = h)] — f(=x)

h—‘
= ’];l_.o f(.’E = h’) f(.’l?) ’EEH) (:L‘ _ __)_h_ f(I) [let Az = —h]
=~ —f - e

Therefore, f’ is odd.

_(b) If f is odd, then )
f/(~2) = Jim flot h; —f(=2) _ lim fl=(z~ h;ll — f(=2)
B AlziIBO o AAzz) L =f'()

Therefore, f’ is even.
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59. y In the right triangle in the diagram, let Ay be the side oppesite angle ¢ and Az
g the side adjacent to angle ¢. Then the slope of the tangent line £
ism = Ay/Az =tan¢. Note that 0 < ¢ < 7. We know (see Exercise 19)
\l‘ that the derivative of f(z) = z? is f’(z) = 2z. So the slope of the tangent to
0

x the curve at the point (1, 1) is 2. Thus, ¢.is the angle between 0 and 5 whose

tangent is 2; that is, ¢ = tan™! 2 ~ 63°.

2 Review
CONCEPT CHECK , =

1. (a) ll_rg f(z) = L: See Definition 2.2.1 and Figures | and 2 in Section 2.2.
(b) z11,1‘111+ f(z) = L: See the paragraph after Definition 2.2.2 and Figure 9(b) in Section 2.2.
(c) I!_i’ltlll_ f(z) = L: See Definition 2.2.2 and Figure 9(a) in Section 2.2.
(d) alsx_r'r}l f(z) = oo: See Definition 2.2.4 and Figure 12 in Sectioﬁ 2.2.
(e) 11_1_)1{.10 f(z) = L: See Definition 2.6.1 and Figure 2 in Section 2.6.

2. In general, the limit of a function fails to exist when the function does not approach a fixed number. For each of the following
functions, the limit fails to exist at £ = 2.

y
y y
2.\-
_// IJF ]
il S of i L.
/ 0 2 o — 2 4 x 0 j 4 x
\_-,. ]
...2. 4
f x=2 x

The left- and right-hand There is an There are an infinite
limits are not equal. infinite discontinuity. . number of oscillations.

3. (a)—(g) See the statements of Limit Laws 1-6 and 11 in Section 2.3.
4. See Theorem 3 in Section 2.3. '
5. (a) See Definition 2.2.6 and Figures 12—14 in Section 2.2.
(b) See Definition 2.6.3 and Figures 3 and 4 in Section 2.6.
6. (a) y = z*: No asymptote
(b) y = sin z: No asymptote
(c) y = tanz: Vertical asymptotes = % + 7rn, n an integer

(d) y = tan™" z: Horizontal asymptotes y = +%

(e) y = €”: Horizontal asymptote y = 0 ( lim € = 0)
Z——00

(© 2012 Cengage Learning. All Rights Reserved. May not be d, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.
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(f) y = Inz: Vertical asymptote z = 0 ( liron Inz = —oo)
(8) y = 1/z: Vertical asymptote z = 0, horizontal asymptote y = 0
(h) y = Vz: No asymptote
7. (a) A function f is continuous at a number a if f(x) approaches f(a) as = approaches a; that is, iim f(z) = f(a).
—a
(b) A function f is continuous on the interval (—oo, 00) if f is continuous at every real number a. The graph of such a
function has no breaks and every vertical line crosses it.
8. See Theorem 2.5.10.
9. See Definition 2.7.1.
10. See the paragraph containing Formula 3 in Section 2.7.
11. (a) The average rate of change of y with respect to « over the interval [z1, 2] is f—(%‘)):—ﬂ{(—zl—)
5 2 — 1
. (b) The instantaneous rate of change of y with respéct tozatz =1x;is lim f (z; — i (1) 8
T2—xT] 2 — L]
12. See Definition 2.7.4. The pages following the definition discuss interpretations of f’(a) as the slope of a tangent line to the
" graph of f at z = a and as an instantaneous rate of change of f(x) with respect to z when z = a.
13. See the paragraphs before and after Example 7 in Section 2.8.
14. (a) A function f is differentiable at a number a if its derivative f’ exists (b) y
atz = q; that s, if f'(a) exists.
(c) See Theorem 2.8.4. This theorem also tells us that if f is not
continuous at a, then f is not differentiable at a. ) ~ 0 2 x
15. See the discussion and Figure 7 on page 159.
TRUE-FALSE QuIz
1. False.  Limit Law 2 applies only if the individual limits exist (these don’t).
‘3. True. Limit Law 5 applies.
o . z(x—5) .. sin(z—5) Ay ; . -
§. False.  Consider llm5 - or lim e The first limit exists and is equal to 5. By Example 3 in Section 2.2,
T— = T—s .
we know that the latter limit exists (and it is equal to 1).
7. True.  Suppose that lim [f(x) + g(z))] exists. Now lim f(z) exists and lim g(z) does not exist, but
T—a Tr—a T—a
lim g(z) = lim {[f(z) + g(z)] — f(z)} = lim [f(z) + g(z)] — lim f(z) [by Limit La<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>