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1 Born-Oppenheimer approximation

1.1 Transformation into atomic units
Recall that Schrodinger’s equation is given by

( i 1) U(r) = EV(r)

2Mme 4meg 7

Also note that the dimension of VZis 1/distance?. We wish to transform Schrodinger’s equation into
atomic units. We will use the change of variables

(z,y,2) = (A, \y', \2") and  ¥(r) — /(')

2 2
€ hZdmeo — 0. Also, we
Me €
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The canonical method is to choose A such that mh—; = which gives us A =

can write E = F’/Ey,, where the atomic unit of energy Ej, is called “1 hartree” and is equal to 476:;0 i Now,
if we remove all the primes, we can write Schrodinger’s equation in atomic units:

(_;vz _ 1) W(r) = BU(r)

r

We have successfully non-dimensionalized Schrodinger’s equation.

1.2 The adiabatic and Born-Oppenheimer approximations

Consider that the wavefunction is a function of each electronic coordinate and each nuclear coordinate:
U(ri,...,rn,R1,...,Rm). For the benzene molecule, C;Hg,which contains 54 electrons plus nuclei, this
means that the wavefunction is a function of 164 variables! Now consider the form of the Hamiltonian

IA{:Te‘f’Tn‘i‘Vvee"V‘Vne"'Vnn

For benzene, this Hamiltonian will be the sum of around a thousand terms. ('l start neglecting hats on
the operators that aren’t H just for convenience.) This makes direct computation very difficult. We can do
some transformations:

1. Consider the ratio of proton mass to electron mass my/me >~ 2800. Clearly, nuclei are much heavier;
hence they move much slower than electrons. We can neglect the translation and rotation of these
nuclei and transform our Hamiltonian into center of mass coordinates. This will introduce a mass
polarization term Tp,, = ﬁveivej, so our overall Hamiltonian is

ﬁ:Tc+Tn+V::c+Vnc+Vnn+Tmp

We can consider just the electronic Hamiltonian He = T, + Ve + Vie + Vin which is independent of
nuclear momentum.

2. Assume that
HC(R,’I")’IZJ@(R,’I") :Eciwci(Rar); 7= 1,2,...

This has an infinite number of solutions. Note that H, is Hermitian, so these electronic wavefunctions
can be considered to be orthonormal. Let’s expand 1o as a linear combination of each 1)g;:

7ﬁtot = Z q/jei(Ra T)q/}nL(R)

i=1
Note that the nuclear wavefunction ¥y;(R) acts as the linear combination coefficients. We can insert

this expression into H Prot = EtotPtor and abbreviate T, = V2 to obtain

oo

Z(Tn + He + Tmp)"bnﬂbei = Etot Z wniwei

i=1 i=1



(Vi + He + Tmp) ’@[]nﬂ/}ei = [(Vfﬂﬁm) wei + 2(Vn’¢}ni>(vn¢ei) + wm(viwez)} + ’@[JniEeiwei + ql)niTmp'(/]ei

3. Let’s pre-operate on this expression with f dreypy; = ()e;| to obtain

Z(i)il [<wej|wei> (VIQ]Z/JM) + 2(vn¢ni)<¢ej|v |wei> + wni<wej‘v2|wei> + wm‘Ei<weJ’|¢ei> + wni<¢ej|Tmp|wei>]
- Etot Z =1 wnz ij — Etotz/}n]

- Vi¢nj +E '(/Jn] + Z v wm ¢e3|v |wez> <wej|vi‘wei>¢m’ + <¢ej|Tmp|wei>wni} = Etotwnj

Consider the terms in the summation. 2(Vytn;)(¥ej|Vn|tei) represents 1st order adiabatic coupling,
(16| V2|bei)1bni represents 2nd order adiabatic coupling, and (t)e;|Timp|tei)¥ni Tepresents mass polar-
ization. We can make certain assumptions:

(a) Neglect the mass polarization term. It contains the nuclear mass in the denominator, so it is
small.

(b) Neglect the off-diagonal (i # j) elements in the adiabatic coupling terms.

(c) Neglect the on-diagonal (i = j) elements in the adiabatic coupling terms.

The adiabatic approzximation refers to when we neglect mass polarization and the i # j terms. Note
that the on-diagonal elements of the 1st order adiabatic coupling are zero. Apply the adiabatic ap-
proximation to obtain

,annj + Ej(R)wnj + <wej|Tn|wej>7/)nj = Etotwnj
= [Ta + Ej(R)] + (Vej|Tu|tbej)¥nj = Erottn;

In this, (e;|Th|te;) is called the diagonal correction. In the Born-Oppenheimer approximation, we
also neglect the diagonal correction. We have arrived at three rather important equations:

[Th + E;(R)]Yn; = Fiotthnj (nuclear Schrodinger equation)
[Te + Ve + Vee + Vim|tbej = E;(R)t)e;  (electronic Schrodinger equation)
Ej(R) = (oj| Helte;)
It is important to note the cases when the Born-Oppenheimer approximation fails, some of which are:
e in scattering experiments, where nuclei move quite rapidly

e when two potential energy surfaces are close, yielding an “avoided crossing”; this is related to the
Jahn-Teller effect



2 Internal coordinates

Omitted.



3 Hartree-Fock

3.1 Slater determinants

Recall that a wavefunction is a state function. We may abbreviate a wavefunction by writing ¥(1,2,..., N)
where each integer represents the spatial and spin coordinates for a particular electron. Consider a wavefunc-
tion of two electrons ¥(1,2). We can expand this in a complete orthonormal set of one-electron wavefunctions
for electron 1 (since they form a complete set).

Z ckl '(/Jlﬁ

We can do the same for ¢y, in terms of 1)y, as well.

\I/ Z Z Cky, k2wk1 l/sz( )

ko=1k1=1

The generalized case for N electrons follows trivially. Note that the product of multiple one-electron
wavefunctions ¥, (1)¥,(2) - ¢ry (N) is called a Hartree product. Let us define the permutation operator
P12:

Pio¥(1,2) = ¥(2,1)

It switches electrons 1 and 2. Note that this allows us to describe the Pauli exclusion principle easily,
which is given by

W(2,1) = —0(1,2)

A wavefunction that changes sign upon interchange of any two electrons is called antisymmetric, while
one which retains the original sign is called symmetric. It turns out that we can easily write antisymmetric
wavefunctions as determinants which are called Slater determinants. I won’t go into detail as these should’ve
been covered ad nauseam in previous courses. The antisymmetrization operator Awill act on a product of
one-electron wavefunctions IT = v, (1) - - - ¢k, (V) to produce a determinantal wavefunction Dy, ... x. It is
defined as

where X(Pp) is called the character of permutation p. It is equal to +1 if the permutation is expressed
as an even number of interchanges and -1 if the permutation is expressed as an odd number of interchanges.
3.2 Hartree-Fock equations

Recall that we wish to minimize the energy E[¥] = (U|H|W) where U = AII. Note that AT = A, [4, H] = 0,
and A? = (N!/v/N!)A. Then we have

E = (U|H|V) = (AIl|H|AIl) = (1| AT H|AIl) = (1| AH|AIl) = (II|H|AAI) = v N\(I1| H | ATI)
N!
= ZX(PP)<H‘I;[|PPH>

To obtain an express1on for H consider the Hamiltonian expressed in atomic units, H = T + Vne + Vee +
Vin. The first two terms T + Vne are 1-electron operators; Vge is a 2-electron operator. Finally, Vnn is a
constant (a 0-electron operator). These operators are expressed as



- 1

Te - —52v5

N Ly
Vie = _sz
Ve = F22 \n—ml

i g>1

N Zo 2y,
Vnn = +ZZ‘R Rbl

a b>a

In terms of a one-electron operator ﬁ(z) that includes electron kinetic energy and electron-nuclear attrac-
tion and a two-electron operator §(i,j) that represents Coulombic electron correlation, we have

H=> h(i)+> Y 46,5 +W
i i §>i
Now, we have to evaluate the expression <H|ﬁ |15pH>. Let’s do this part-by-part:
1. Considering the O-electron term:

(U[Vin|¥) = Vi (U|0) =V, (constant)

2. Considering the 1-electron term:

a) Considering the case where P, is the identity operator:
g P y Op

(MAGIT) = (1) (@) - ey (A1 (1) - s(0) - ¥ (N)) = r(D]a (1)) - -~ Wa(DIR(E) (D)) - -

where
1 Z,
h; = /1/11-*(7“) <—2V2 -3 B _r> Yi(r)dr

(b) Considering the case wher P, is a two-element swap:

(A PG = (o hi@) () - 1RG0 (5) -3 (8) -+ ) = (8 () b)) (s (DI (8) I8 ()
= 0

(¢) The term is also equal to 0 for higher character permutations.

3. Considering the 2-electron term:
(a) Considering the case where If’p is the identity operator:
(Mg(i, )T = (i ()95 (319, 3)[ (0)h;(4))

This quantity is known as the Coulomb integral J;;, and it is evaluated as

[ e Mw(w j)dndr,
//wz D 0) 5 )

where the two wavefunction products can be interpreted to be probability densities.
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(b) Considering the case wher P, is a two-element swap:

(g (i, 5 Pi ) = (i (@)15(5)19(E, 3) i (5)1b; (i)
This quantity is known as the exchange integral K;;. It is a non-classical term.
(c) The term is equal to zero for higher character permutations.
A brief aside: From this point onwards I will use functional notation. A functional is a mapping from a
vector space to its underlying scalar field; recall that the function spaces we work with are also vector spaces.
Thus, a functional may map a function to a scalar, acting as a function of a function. For comparison, an
operator is a function between vector (or function) spaces. Formally, the bra is a member of the dual space

of the ket space, meaning that it is one of the infinitely many linear functionals that act upon kets.
Consider the energy functional:

N

E[Y) = (W A7) = Zh+ZZ - ”+vnnfzhi+;22 5~ Kig) + Vi

=1 j>1 i=1 j=1
The latter equality holds true because J;; = Kj; and J;; = Jj;. In operator form, this is equivalently

N N N

:Z<wimi|¢i>+%zz<wiu K;[0i) + Vi

where
Ji = (;(2)|9(1,2)[4;(2))]v:(1))
K; = (;(2)|9(1,2)[4i(2))15(1))

Note that the two expressions are subtly different.

Now, we wish to minimize E[U] = E[t1,%2,...,9¥nN] by varying ;. We will use (¢;|¢;) = d;; as our
constraint and construct the Lagrange functional

Lipr, . on] = E =Y X ({Whilthy) — 65)

(2]

Suppose that we vary (i;| — (¥;| + (6¢;|. Then the change in energy 0E is given by

N
- 1
OB = D (%ilhlvs) + 5 D (09ild; — Kjlw) + fZWJ\J Kilv;)

i=1 %] ,
N A J A A ]

= > (@lhl) + > (0wl — Klas)
=1

= Zéwzvm

where f =h+ Z](j K; ;) and is called the Fock operator. The change in the Lagrange functional is
then

N
SL=0E =Y Xij(vilty) =Y (il | flebi) ZMI% =0

%, i=1

We can vary v; independently, so the part in the brackets must be equal to 0, so

N
) = Z Aijl;)
j=1



This is a set of coupled differential equations for |¢;). We may choose a unitary transform such that
Aij =0 (i # j), Ais = €, thereby diagonalizing f. Thus, we arrive at the Hartree-Fock equations

i) = eilw™)
which is a set of N equations for [1F). Note that

N
A1)+ (jj —ffj)
j=1
The sum forms an “effective potential” calculated with all of the canonical orbital functions. 3 .J;
represents averaged electrostatic repulsion and — ) K is the “exchange term”, which accounts for exchange

potential due to antisymmetry requirements. This is only relevant for identical-spin electrons. €; represents
the orbital energies.

3.3 Koopman’s theorem

Consider a system containing N electrons total:

EN*Zh + = ZZ ij zg Vnn

Now suppose we remove 1 electron from orbital & and keep all the other N — 1 orbitals frozen. Then,

EN 1—Zh + = ZZ i z] +Vnn

i#k l;ék];ék
1Y 1Y 1Y 1Y
En—En_1 = hp+< Jik — = K + = Jpi — = K;
N N—1 k+2; k 2; kj+2jz:; kj 2; k

N
1
= hp+ §Z(Jik — Kii + Jki — Kir)

[NCRI
Mz

L
= hk+§;(%k— )+

N
hy +Z(ij — Kkj) = €
j=1

Thus,
€ — EN — EN_1 = 7IEk

where IE is the ionization energy. This is known as Koopman’s theorem. Note that 2116\[:1 €x # F because
repulsion is counted twice and it is missing Van:

E = Z € — = Z ij Z] Vnn

3.4 Self-consistent field method

The overall process is as such:

1. Guess a set of starting functions {|y1F)}.
2. Construct J, K, f
3. Solve flfF) = ¢;|yfF).

4. Take the solutions |[¢!'F) and go to step 2 until the energy converges.



3.5 DBasis sets
Omitted.

3.6 Restricted versus unrestricted Hartree-Fock
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4 Post Hartree-Fock correlation correction

4.1 Motivation

There are various types of electron correlation that are not fully accounted for through Hartree-Fock. Recall
that the Hartree-Fock method uses a mean field approximation.

Fermi correlation This type of correlation is accounted for by Hartree-Fock but is included here for
comparison. Between electrons of the same spin (a«), there is correlation resulting from the Pauli
exclusion principle (exchange symmetry). The two electrons cannot be found in the same point in
space. In H-F, this is fully accounted for by the electron exchange term — > ; K e

Coulumb correlation Between electrons of different spin (), there is Coulomb correlation between the
spatial positions of electrons arising from classical electrostatic repulsion.

Angular and radial correlation In an s-type orbital, if the two electrons have an angle between them
approximately equal to 7, then the angular correlation in the s orbital is captured by a p type function.
If the two electrons are collinear with the nucleus and the orbital has s symmetry, then to account for
this radial correlation, a tight or diffuse s function is needed.

Dynamic and static correlation One can also divide electron correlation into dynamic vs. non-dynamic
correlation. Dynamic correlation is the instantaneous correlation between movement of electrons,
whereas static configuration is, well, non-dynamic. Static correlation plays a role when the ground
state is well described only with more than one degenerate determinant, in which case the Hartree-
Fock wavefunction is qualitatively wrong.

There are three major correlation methods: (1) configuration interaction, (2) Moller-Plesset perturbation
theory, and (3) coupled cluster. In general, we use a general trial wavefunction

o0
U=> "D =coU" +> k1 UF, + ) okl + -
i=0 k1 ko

That is, the trial wavefunction is a combination of a Hartree-Fock wavefunction, a “singles” wavefunction
US accounting for single electron excitations, a “doubles” wavefunction WP accounting for double electron
excitations, etc. In practice, the Hartree-Fock wavefunction constitutes around 99% of the overall wave-
function. However, that does not mean the correction is trivial; the magnitude of the correction may be
small, but for chemical systems, even small adjustments to energy levels can change reaction spontaneity or
direction.

Note that each wavefunction is given by some determinant, and each determinant represents a single
electron configuration. Thus, the overall wavefunction ¥ is multi-determinantal. Also note that single,
double, etc. excitations refer generally to all types of electron excitations, not just HOMO to LUMO
excitations.

4.2 Overall hierarchy of functions

The overall wavefunction V¥ is constructed out of many different functions. Let’s review the hierarchy of
functions:

1. First, we begin with Gaussian primitives f,.

2. We construct M basis functions y from these Gaussians (where M > N). A basis function is given by
X =2 duf
p

Note that these basis functions are not orthogonal.

11



3. We can construct M molecular orbitals ¢ from these basis functions. The first N of these are occupied
MOs and the remaining M — N of these are virtual MOs. These are necessarily orthonormal and are

given by
ok = Z Cik Xi
i
4. With these, we can construct the full Hartree-Fock wavefunction

\I]HF = A(¢17¢2?"'7¢N)

5. Finally, we correct this wavefunction for correlation and arrive at our full wavefunction:
U = Z Ci\I/i
i

It is important to note that steps 1-3 result in one-particle functions and that steps 4-5 result in many-particle
functions.
4.3 Second quantization

In the first quantization, we describe a many-particle system in the basis of single-particle states. In the
second quantization, which arises primarily in quantum field theory, fields are quantized using the number
of particles occupying each state in a complete set of single-particle states as a basis. The first and second
quantizations are connected via the creation and annihilation operators. Suppose that we have four energy
levels of increasing energy and two electrons; states 1 and 2 are populated. Then the electron in state 2 is
excited to state 3. We can write that as

%) = afan M)

The operator @ is the annihilation operator and removes an electron; the operator afis the creation
operator and adds an electron. A state can be built up with creation operators from the vacuum state |) like
so:

") = ajai)

4.4 Configuration Interaction (CI)

This is the oldest method of correlation correction. It has four basic steps:
1. Use Hartree-Fock to get WHY,
2. Build the excited electron configurations ¥ = . ¢; D;.

3. Determine the amplitudes ¢; by minimizing the energy with the method of Lagrange multipliers. Our
constraint is that the wavefunction must be normalized, so we minimize the quantity

L= (V[H|Y) - A[(¥]P) 1]

Let’s evaluate this expression:

(U|H|D) = ZZCiCj(DilﬁlDﬁ:ZZCiCjHij
ZZ@%‘(DilDﬁ = ZC?

(W|w)

i

L = Z Zcichij — )\C? + A
J
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Hence,
dL

dCi -

0= 2ZCjHij - 2>\C7,
J

Note that the lambdas represent energies. From this, we arrive at the very important matrix equation
HC = EC

H is the CI matrix, E contains the correlation-corrected energies, and C contains the amplitudes.
Consider the elements of the CI matrix. They will be zero in the following cases:

(a) between configurations of different spatial symmetry, e.g. between s and p
(b) between configurations of different spin multiplicity, e.g. between singlets and triplets

(c) between the Hartree-Fock reference and singly excited configuration state functions (CSFs) (Bril-
louin’s theorem)

(d) between CSFs differing by more than 2 excitations

On the other hand, the non-zero elements of the CI matrix will be those corresponding to CSFs
differing by at most two excitations. See: Condon-Slater rules. How many configurations will we have
to calculate? Consider H,O. Using the 6-31G(d) basis, there are 38 spin-orbitals (10 occupied, 28
virtual), and 10 electrons to place in those orbitals. Thus, we have (38 choose 10) different electron
configurations, which equals 472 million!

There are different variations of CI methods.

1. Full CI (FCI) - this only works for small molecules because of computational considerations, as previ-
ously illustrated.

2. Truncated CI

(a) Configuration interaction singles (CIS) is limited to single excitations. It does not change the
ground state energy, because electron pairs don’t end up affecting each other in a new way.

(b) Configuration interaction singles doubles (CISD) is limited to single and double excitations. The
computational complexity is O(M®) and is typically only used for small molecules, although CISD
is the most common CI method.

(c) Configuration interaction singles doubles triples (CISDT) runs in O(M?®).

3. Multi-configuration SCF is a combination of configuration interaction and the Hartree-Fock self-
consistent field method. It runs H-F and determines the MO coefficients and CI coefficients all at
once. Excitations must be truncated, so they are restricted to only a certain portion of the valence,
e.g. the HOMO, the energy level below it, and the two energy levels above the HOMO; the other or-
bitals are assumed to be inactive and frozen. This is a reasonable assumption, because most chemistry
only depends on those parts of the valence. CASSCF uses all excitations in the active space, and is
used for getting a better wavefunction, not necessarily for getting a more accurate energy.

4. Multi-reference CI (MRCI) generates more reference functions from the original H-F reference and uses
all of the references to generate excited configurations.

Note that the difference in energy AE = E — E [WHF] between the true ground-state energy and the
Hartree-Fock ground-state energy is the correlation energy and it is necessarily negative. This is because
the single-determinant H-F approximation does not take into account Coulomb correlation.

13



4.5 Moller-Plesset Perturbation Theory (MPPT)

In perturbation theory, we have

L‘Q>

er{04-191-1-16124—...
E, = EQ+EP+EP+

N (1) + [n0) + n®) + ..

El
!

The corrections to the energy can be expressed as

EM = (O FMp0)
ET(LQ) - <n(0>‘g(1>‘n(1>>

Note that in the physicists’ formulation of Moller-Plesset theory, the Moller-Plesset theorem states that
E(l) = 0. In the chemists’ formulation, the Hamlltoman is partitioned differently, so E,(}) # 0. We have
E(1 ZN/ 2 €;, the sum of the orbital energies, and E 0 4 E,(ll) = FEyr, the Hartree-Fock energy. Thus,
we must consider higher-order perturbation theory to arrive at an improvement.. Including second-order
corrections is referred to as MP2, including up to fourth order is MP4, etc. The first-order state correction
is given by

|n(1)> _ _Z|k(0)><k(0)|H(1)|n(0)> _

—QnHY [0, where

We can now calculate the 2nd order correction for the ground state (n = 0) energy. Here, we will just
use 0 to refer to that state.

2O _ Z <O(0>|H(1>|k<0)>(k(°)|H(1)|0(0>>
(U 0 0
i B — B

This quantity is always negative. For the Hamiltonian, we have

) N R N N N . . N’A N
a0 _ Zf Z )+ 3D [6) = K] = D k() + D Ven )
i=1 =1 =1 j=1 =1 =1
N N ’
A = B =3"%"5; -3 V(i)
i=1 j>i i=1

Note that in the expression for H (), the first term is the correct 2-electron term. The term as a
whole is the fluctuation potential. Note also that [0(9)) = D(() ) which is the H-F wavefunction, so E(l)

<D(()O)|fl(1)|DéO)> = (Vee) —2(Vee) = —(Viee), and that E(O) Zz 1 €, the sum of the orbital energies. Finally,
we can calculate the second-order correction to the energy

occupicd\drtual|<l)(0)|}9(1)|l)@b(0)>|2

B =— Y

1<j a<b

ab(0
5O _ g0
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The determinant Dq?’(o) corresponds to a double excitation. In terms of creation and annihilation opera-
tors, it is a}:aT G;a;, which removes electrons 7, j and adds electrons a, b. Finally, the denominator Eab(o) ((]o)
is equal to €, + €, — € — €;.

It is important to note that this method is not variational and can result in an energy lower than the
actual ground-state energy.

4.6 Coupled Cluster (CC)

Consider an excitation operator T'= T +T5+ T35+ - -+Txn. The first term corresponds to single excitations,
the second to doubles, etc. This operator can excite up to IV electrons. Consider the singles operator
operating on Dy:

occupied virtual

TyDo= Y > tDf

i
In this expression, t¢ is called the excitation amplitude. Recall the method of configuration interaction,
where

Uor=(1+Ty+Th+...)Dg

In contrast, in coupled cluster, we will applt the exponential operator and consider eT; we will use the
Taylor series of e and consider only the Tiand T5 terms of the resulting operator.

1. . O P
Voo = eTDO<1+T+T2+T3+...>D0(1+T1+T2+2T12+T1T2+2T22+...>D0

N ~ 1. N A o~ 1.
<1+T1+ <T2+2Tf> + <T3+T1T2+6T13> +...)D0

In the final rearrangement, the Titerm is a single excitation, the next grouping of terms corresponds to
doubles, and then triples, and so on and so forth. Truncation using this will preseve pair excitations. The
truncation scheme 7" = T is called CCD, Coupled Cluster Doubles, and the truncation scheme T=T+T
is CCSD, Coupled Cluster Singles Doubles. The resulting problem is nonvariational and we must solve a
series of nonlinear equations.

15



5 Density functional theory (DFT)

5.1 Motivation

With Hartree-Fock, we must consider a wavefunction ¥(#,sq,...,7n,Sn). This is a problem with 4N
coordinates (in configuration space). However, suppose we consider the electron density p(#). This is only a
function of 3 coordinates - we are now in real 3D space! The electron density is defined as

/o . . . . . . .
p(7) :N//~o/<13 (7, 81,72, 82, ..., TN, SN )®(T, 81,72, S2, ..., 7N, SN )ds1dradss ... dFydsy

The integration is over both space and spin. The advantages of this method are that the electron density
is a quantity that is intuitive, tractable, and observable. Note that IV is the total number of electrons. Some
properties of p are:

e p > 0 everywhere
o [p(AdF=N
e p() = 0as 7 — o0

. phhas maxima cusps at the nuclei, and %p(?)‘km = —2Z 4p(7). This statement is known as the Kato
theorem.

Clearly, the use of p in place of W is viable.

5.2 Hohenberg-Kohn theorems

Hohenberg-Kohn existence theorem This theorem states that any ground-state property is a functional
of the ground-state electron density p. For example,

E = Elp] = T[p] + Vnelp] + Veelpl

In particular, the Hohenberg-Kohn functional Fp] = T[p] + Vee[p] is guaranteed to be unique and
universal. However, it is unknown.

Hohenberg-Kohn variational theorem This theorem states, in analogy to the variational theorem, that
E[ptrial] Z E[PO] =F

This suggests that we may minimize a trial electron density with Lagrange multipliers:

L= -2 | [ o= ]

oL

3B A [ ot

This is indeed a variational method. However, recall that the form of the functional F is not known.
We can approximate it with Fapprox, indeed we must do that, but in doing so our method is no
longer variational! Recall that the theorem only involves the true functional for the energy and not an
approximate one.
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5.3 Kohn-Sham theory

We can separate F into the sum of a major part and some elusive, small correction. The major part is known
and can be calculated by considering a fictitious system of noninteracting particles (a reference system). We
must obtain the kinetic energy of this system. However, to do so, we need the wavefunction W. Thus,
Kohn-Sham theory reintroduces the wavefunction into DFT. Essentially, we have

E[p] = Tret + Vaelp] + Veelp] + AT[p] + AVec[p]

In place of V.., the potential due to electron correlation, we will consider purely the classical electron-
electron repulsion. Also, we can write AT [p] + AVec[p] = Exc[p], the energy of exchange correlation. All
considered, we have

E[P] = Trer + Ve [P] + ‘/ee,classical [P] + AEXC [/J]
Let’s consider each term individually:
1. Tiet is the kinetic energy of the noninteracting reference. Basically, Tiet[p] = (V| ), —%V12|\I/> , where
U is an antisymmetrized determinantal wavefunction formed from Kohn-Sham orbitals, i.e. ¥ =

A [0S (1)yKS(2) - - §5(N)]. These Kohn-Sham orbitals are numerically very similar to the Hartree-
Fock orbitals - they are almost interchangeable. Substituting the latter into the former, Tycf[p] =

— 1N (WES|V2[pKS),
2. Vhe = dep(F)VnuC(F) = dep(F)[— ZA ZA/TA]-

3. Vee,classical = J [ dFldFQ%. This is also denoted as J[p|. Important note: this erroneously
includes self-interaction!

4. AFE,. is difficult to calculate. In fact, it is unknown. It contains:

e kinetic correlation energy
e Coulombic correlation energy
e exchange energy

e self-interaction correction (recall that it is erroneously included by Ve classical)

To solve this problem, we minimize E|[p] with Lagrange multipliers. In doing so, we arrive at the Kohn-Sham
equations, which are analogous to the Hartree-Fock equations. They are given by

7KS, KS KS,, KS
P9 = €7,

Note that T, necessitates the use of orbitals. Otherwise, it is impossible to calculate. The operator hKS
is given by (for some arbitrary electron 1)

) 1 Z

KS _ 2 A
RS(1) = =5V =) le
A

In this equation, the last three terms constitute the effective potential, and vy.(1) is the exchange cor-
relation potential, which is included here unlike in Hartree-Fock. This operator is analogous to f, the Fock
operator, and vy.(1) is analogous to — > j K. The process for solving the Kohn-Sham equations is as follows:

p(™) .,
— + —dr + vye(1
et [ P o

1. Start with a basis set; generate an overlap matrix and a density matrix P.; = Z;V:1 crjcf;j.

2. Guess some initial electron density to get MO coefficients.

Form a numerical integration grid in three dimensions and compute h%S.

-~

Solve HXSC = SCE for C.

5. From C| generate a new electron density.
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6. Iterate until convergence, then from the final p, obtain E.

This is different from Hartree-Fock in that we guess the exchange correlation. Again, it is not variational,
since the exchange correlation is approximated and not exact. Hence, the calculated ground state energy
can be lower than the actual ground state energy.

5.4 Exchange correlation functionals

Let us first define some terminology:

p(F) = p*(F)+ p°(7) (spindensities)
p* —pP . L
(7 = — (spin polarization)
A —1/3
ro(7) = < ﬂ';) (7) ) (effective radius of one electron)

We can make what is referred to as the customary separation of the exchange correlation energy:

B = Exl] + Eelp] = / p(ex(F)F + / p(Pec(P)dF

In this expression, e, and €. are energy densities corresponding to the exchange and correlation energies.
We also have

_ 0Bk [p] o (7 . Oéxe(T)
ch(f)_ 5p(m = xc(_)+p( ) 5/)(7;»)

We can consider the exchange and correlation energies separately:

Expl = EZ[pl+ ELp]
Elp] = E*+EP +E

There are five major groups of exchange correlation functionals we can use.

Local density approximations (LDA) We assume that e () depends only on p(7). Then

(LDA _ /3

x - _Cxpl
This is also called the Dirac expression or the Dirac term. I have written that this is the Slater x,
method, although I'm not entirely sure what that means. We can also use the local spin density
approximation (LSDA), where

E)I;SDA — _9l/3 [P}X/S 4 p;/?’}

As for correlation, it’s complicated, the most commonly used is €) VN where VWN stands for the
authors who developed this correlation energy estimate. These can be combined by concatenating
method names, e.g. SVWN for Slater exchange and VWN correlation. The latter is somehow obtained
by fitting.

Generalized gradient approximation (GGA) This is a nonlocal method that improves upon LDA. Us-
ing the Perdew-Wang (1986) approximation,

1/15

eEWSﬁ = eiSDA (1 +az® + bzt + cxﬁ)

where z = LX/@, a scaled gradient. Some exchange functionals are PW86, B88 (B), PW91, and PBE;

some correlation functionals are LYP, P86, and PBE. The combined name is just a concatenation, e.g.
PWS8GLYP or PBEPBE.
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Meta-GGA functionals These depend on p, Vp, and either V2p or 7, which is the kinetic energy density
and is related to V2. Two examples are TPSS and THCTH.

Hybrid functionals This method can be used in conjunction with any of the previously listed methods.
Recall that in Hartree-Fock we are able to account for 100% of the exchange with — 3 K. Thus, this
method simply adds some of that H-F exchange energy to the functional for the exchange correlation
and removes some of the DFT exchange energy. An example is

Eye = (1—a)EX"" +aBI" + EPTT

The “half and half” method uses half of the LSDA exchange energy, like so:

E)Ii\&H — % (E)I:SDA 4 ECLSDA) 4 %E)I;IF

One of the most popular functionals is the Becke 3-parameter functional
Ep? = (1—a)EXP 4 aBJ + bDAESSM 4 (1 — ¢) EXSPA 4 cEFGA

The constants a, b, c were determined by fitting and are respectively equal to 0.20, 0.72, and 0.81. An
extremely well-known functional is the B3LYP functional, which uses B88 exchange correction, 20%
Hartree-Fock exchange, and the LYP (Lee, Yang, Parr) correlation functional. There is also B3PW91,
which uses the PW91 correlation correction in place of LYP. There are also parameter-free hybrid
functionals, where the coefficients are not fitted but rather derived from theory, such as PBE1PBE,
which proposes 25% Hartree-Fock exchange.

Nonlocal methods These are the least commonly used and they include virtual orbitals.
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6 Wavefunction analysis

6.1 Different types of orbitals

Recall that our wavefunctions are invariant with respect to unitary transformations of the orbitals. Thus,
we can choose any set of orbitals among U-related sets. The canonical MOs (Hartree-Fock MOs) have the
following properties:

e the Lagrange multipliers are diagonalized

e the orbitals are eigenfunctions of the Fock operator, f

e these orbitals are associated with energies (Koopman’s theorem)

e the symmetries of these orbitals relate to the point group of the molecule
e these orbitals are delocalized and do not align with chemical properties

They are not very useful for predicting things like molecular geometry. We can consider localized MOs, which
are spatially confined. Some methods for finding these localized MOs are:

Boys method Minimize the spatial extent of the orbitals:

N
D (itdillrr — rol*ebites)
i=1
Edminston-Rudenberg Maximize the self-repulsion:
al 1
Z<¢iwi|7|wi¢i>

i=1 |1 — 72

Pipek-Mezey Maximize the partial charges:

Y lpal®

atoms A

where p4 is the Mulliken atomic charge.

There are also natural MOs (e.g. Weinhold) which diagonlize the density matrix P,.;. The eigenvalues are
the occupation numbers (0, 1, 2) and the eigenvectors are the natural orbitals. Also, there are natural bond
orbitals (NBOs) which are based on atom-by-atom partitions of P,..

6.2 Hybrid atomic orbitals
Omitted.

6.3 Partial charges and population analysis

Often we think of different atoms in a molecule as possessing partial charges. How can we use quantum
chemistry to predict these charges? Here are several methods of population analysis.

Mulliken population analysis This is an old and simple method; it can be erratic. It is based on the fact
that ZT’S P.sS.s = N, the number of electrons. Recall that each basis function belongs to a nucleus.
The terms in this summation can be divided into two groups:

e P..S,., the number of electrons in atomic orbital #r

o Py, Ss and PiSys (s # 1), the number of shared charges between atomic orbitals #r and #s
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We can get the electron population on atom A with

M M
Ny = Z ZP’I'SS’!'S

reA s=1

This quantity N4 is called the gross atom population of atom A. Similarly, the gross charge on atom
A is given by
pa=2s— Ny

Lowdin population analysis This is similar to Mulliken population analysis, but instead of using PS, we
use S1/2pPsi/2,

Problems with population analysis Consider the water molecule, H,O. If we use a basis set where all
the basis functions are on O and none are on H, then we end up with pg = +1, po = —2. However, if
we use a basis set where all the basis functions are on H and none are on O, we end up with po = +8,
pu = —4. This looks quite ionic! The partial charges we obtain here are thus highly dependent upon
our choice of basis set.

AIM: Atoms in Molecules This method considers electron densities. Between two bonded atoms, there
is a saddle in electron density, that is, a surface of zero flux. We partition space into different regions
using these flux surfaces and integrate over each region to gain the partial charge for the atom associated
with that region. A problem: consider a single helium molecule placed in the middle of a buckyball,
Cgo- Based on the zero flux surfaces, there will be sixty bonds between He and the C atoms!
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7 Time evolution of wavefunctions

7.1 Time-dependent Schrodinger equation

We represent the time evolution of the state [ V(o)) to |¥(t)) by applying the propagation operator: [¥(t)) =
U(t,t0)|¥(t)). Here are some properties of U:

1. Uis unitary, meaing that Ut = U~'. This can be shown by considering that (¥(¢)|¥(t)) = 1 =
( (o) [UTU]® (t0))-

2. The composition property: U(tg,to) = U(tg, tl)U(tl,to) for a time evolution tg — t; — to.
3. The continuity property: For an infinitesimal time step dt, limgy,_,o U(t + dt, t) = I, the identity.

All three properties are satisfied by an operator defined as such: U(t +dt,t) =1 — iQ)dt, where Q is a
Hermitian operator and has units of inverse time (frequency). Consider that in classical mechanics, the
Hamiltonian is the generator of time evolution, similar to how momentum is the generator of translation and
angular momentum is the generator of rotation. We will define

H

O=_—
h

Thus, the propagation operator is

U(t + dt,t) :I—i$

Naturally, we want to obtain equations of motion for the path ¢y — ¢t — ¢t + d¢. Consider that

)t

Ut 4 dt,to) = U(t + dt, t)U(t, to) = <I - iﬁét)dt> Ult, to)

. . H(t) -
— U(t+dt, to) — Ut tg) = —i ;L )U(t,to)dt
If we divide both sides by d¢ and take the limit as d¢ — 0, we arrive at

= —1 Ul(t,t
50 = Ut to)
This is a 1st-order differential equation for the propagator and is known as the time-dependent Schrodinger
equation for the propagator. We may operate on both sides with a state |¥(¢g)) to obtain the time-dependent
Schrodinger equation for a specific state:

Sw()  H(t)
50 = i |W (1))

7.2 Solving the time-dependent Schrodinger equation

From the differential equations we have

(1)) = [W(to))e #HOD
For a time-independent H (t) = H:
U(t, to) = e~ #H(=10)
(W(1)) = UL, 0)[¥(t0))
For a time-dependent H (t):
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1. In the case where [H (t), H(t3)] = 0:

U(t to) = e =7 It H(t')d

This is valid for a linearly polarized field, such as light shining upon molecules.

2. In the case where [H(t), H(t2)] # 0:

tt01+z<) /dtl/dtg /dth1 to) -+ H(t,)

This series of integrals is known as the Dyson series. We must perform a time-ordered integration
when the Hamiltonian at different times does not commute.

We can express Uin a complete energy eigenbasis of states |a).

S i 7y i 7 14
Ut,0) = e #ft= Ze*EHt\a><a| = Z [1 - ﬁHt+ iﬁHZtQ |a){al

a

> [ hE ot + 5ﬁE%@ +. ] |a)(al
Ze‘iﬁE“t\aMa

Consider these two cases:

1. |¥) is an eigenstate of H: |¥(0)) = |n(0))

[T(8) = In(t) = Y e #7']a) (aln(0)) = e~ #P»

(0))

The exponential part is a time-dependent phase component. Note that all the observables of the system
are invariant with respect to time evolution:

(n(t)|Bln(t)) = (n(0)]et #E7 Be~#Ent|n(0)) = (n(0)|B|n(0))
Thus, the phase of the wavefunction has no physical meaning.

2. |0(0)) = >, la)(al¥(0)) = >, ca(0)|a), a superposition of eigenstates:
(@) =0 0)12(0)) = 3 ea(0) e #a)
Note that this is a non-stationary state, because observables change in time:

(Z(a’lcz/(0)6+;iE”"t> B (Z C“(O)eéEat@)

> D (@|Blajes (0)cy () P E
a’  a

((0)|B¥(1))

7.3 Schrodinger and Heisenberg pictures

(U(t)|B|¥(t)) can be expressed as (( 0 )|UT) <U|\Il( )>) This is known as the Schrodinger picture,
in which ¥ changes and Bstays constant. It can also be expressed as (¥(0)] (UéU) |¥(0)). This is the

Heisenberg picture, in which ¥ is constant and Bchanges. In the Heisenberg picture,

B — BT and BM — 1B + U1 BU + UTBO
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7.4 Interactions with external fields

We will use perturbation theory and assume that we have solved H®|a) = E,|a), where H(t) = H©® +
HO(t) and H is independent of time. Also, [W(t)) = >, ca(t)e”7Fat|a), where the exponential is due
to H© and ¢4 (t) is due to HW(t). We wish to determine ¢, (t), and to do so, we consider the interaction
picture. Let |¥(2)); = US| ¥(t)), where Uy = e~ #H"”'t. Then,

Gven = g o] = (500) ey + o (e)

=[] we + 3[4 (50 + 100) o]

OO () = -

Let I:Il(l) = ﬁgﬂ(l)(t)ﬁo. Then we arrive at the time-dependent Schrodinger equations for the interaction
picture,

e L
Y R H W)
dB; i Ta (D)
Rl QR N }
dt h[l’ I

To review the different “pictures” considered so far:

time — dependence Schrodinger Heisenberg Interaction
state HO 4+ O 0 J71Q)
operator 0 O 1+ g gL

If we left-multiply the TDSE for |¥)iby an eigenstate (k| of H(®), we obtain
i d 5 (1)
ﬁa<k|‘1’>1 = Z<k|H1 l9)(q|¥)1
q

Note that R o R R .
(k| ) = (KOS H M Tolg) = (k| HD |q)e i Br=Eat/n
We will use the notation wy,t = (Ey — E4)t/h. Then,
they, = Zﬁé?e”“’“qt
q

ASDASDAS
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